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A B S T R A C T   

Simplified versions of the Shallow Water Equations, known as Kinematic and Diffusive models, are commonly 
applied to the analysis of debris- and mud- flow dynamics. For this reason, the study of their applicability 
conditions represents an important concern. The present work investigates on the applicability conditions of the 
Diffusive Wave Model (DWM) for the prediction of mud-flows of shear-thinning fluid represented by a power-law 
rheology. The study has been carried out through the numerical solution of the DWM and the Full Wave Model 
(FWM) in unsteady conditions with hydrographs of different durations assigned at the channel inlet. The analysis 
has considered different rheological indexes, several values of the Froude (F) and of the Kinematic Wave (K) 
numbers. Predictions of DWM and FDM have been compared considering the mean value of dimensionless errors 
on maximum flow depth,ε∗h, and maximum discharge ε∗q. Positive (negative) error leads to an overestimation 
(underestimation) of the maximum flow depth and flow discharge in the prediction of the DWM. In the present 
analysis the DWM is considered safely applicable in case of underestimation, i.e. for positive values of ε∗h and ε∗q. 
Negative errors are acceptable if their absolute value is smaller than 5%. For all the investigated values of the 
governing parameters, the performance of the DWM has been found to strongly depend on the value of the 
rheological index, worsening as the fluid rheology becomes more shear-thinning. Regardless of the hydrograph 
duration, and for fixed power-law exponent (n) and F values, results indicate the existence of limiting values of 
the kinematic wave numberKh  and Kq above which the DWM is applicable in terms of maximum depth and 
discharge, respectively. For K values smaller than Kh and Kq, the DWM applicability depends also on the 
hydrograph duration. In these conditions and for several values of the (F, n) pair, the threshold values of the 
hydrograph duration necessary for DWM applicability have been identified. The presented applicability criteria 
represent a useful guideline for the practical application of the DWM in assessing the hazard of a mud flood.   

1. Introduction 

Debris- and mud-flows involve fast-moving mixtures of water with 
great volumes of sediment. Typically, they develop in mountain areas 
triggered by heavy rains (Hutter et al., 1994; Iverson and Denlinger, 
2001) particularly after wildfires (Rengers et al., 2016), since they 
reduce the surface water storage (Benavides-Solorio and MacDonald 
2005) and promote the infiltration of the rain decreasing the canopy 
interception (Stoof et al., 2012). Debris- and mud- flows may produce 
huge damages and loss of lives (Hurlimann et al., 2006; Di et al., 2008) 
and cause dramatic changes of the topography, the river morphology 
(Brown and Pasternack 2014), and even the coastal areas (Ciervo et al., 
2015). Owing to their destructive power, these flows have high socio- 

economic impacts (Fuchs et al., 2007; Thiene et al., 2017) and there-
fore the definition of appropriate mathematical models for predicting 
their impact is crucial. The selection of the most adequate model for the 
debris- and mud-flows analysis implies a choice among many available 
options. A first approach assumes a single-phase description of the 
flowing medium considered as a homogeneous continuum with a non- 
Newtonian behavior. However, the use of a constant rheology does 
not furnish accurate predictions for debris-flows when temporal and 
spatial variations of the pore fluid pressure and mixture agitation occur, 
or when mixture composition changes due to segregation of solid par-
ticles (Iverson 2003). Alternative approaches are represented by quasi- 
single phase mixture (e.g. Xia et al., 2018) and two-phase (e.g. Iver-
son, 1997; Pitman and Le, 2005; Di Cristo et al., 2016; Li et al., 2018a, 
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2018b) models. For instance, Iverson (1997) and Iverson and Denlinger 
(2001) proposed a Coulomb mixture theory for debris-flows which 
considers the interaction between the fluid phase, assumed as a New-
tonian fluid, and the granular solid, which behaves as a Coulomb 
fictional material. Greco et al. (2019) compared the performance of two 
different depth-integrated theoretical models, Single-Phase Model 
(SPM) and Two-Phase Model (TPM), in reproducing the impact of a 
mud-flow on rigid obstacles to evaluate the force acting on them. The 
two models show comparable results for the considered two- 
dimensional test case, while some differences are observed in simu-
lating a 1D landslide over a very steep slope. 

In the framework of the single-phase models different formulations 
have been proposed. Some of them assume the existence of a yield stress, 
such as Bingham (Liu and Mei, 1989; Imran et al., 2001; Hewitt and 
Balmforth, 2013) and Herschel–Bulkley (Coussot, 1997; Huang and 
Garcia, 1998; Chanson et al., 2006) models. Conversely, the power-law 
model, without the yield stress, is often adopted for mud-flows, char-
acterized by mixtures of fine sediment and water, with a rheology 
strongly influenced by the quantity of the fine fraction. In particular, the 
shear-thinning power-law model, characterized by an exponent lower 
than one, is particularly adequate for flows with a finite fraction of 
coarse grains (Ng and Mei, 1994; Hwang et al., 1994; Perazzo and 
Gratton, 2004; Longo et al., 2015), encountered for instance in natural 
estuaries (Zhang et al., 2010) or during landslides (Carotenuto et al., 
2015). The power-law model may also result preferable when the cor-
rect rheological characterization of a visco-plastic fluid appears difficult 
(Ovarlez et al., 2011; Chambon et al., 2014). 

Although in several cases three-dimensional effects are not negli-
gible, depth-averaged models based on 2D shallow-water equation 
(SWEs) are widely accepted for many engineering applications (Iverson 
and George, 2014; Fent et al., 2018) such as for mud-flows routing 
(Armanini et al., 2014; Rosatti and Begnudelli, 2013; Di Cristo et al., 
2020). 

Moreover, even though efficient numerical methods for the solution 
of the SWEs are currently available, simplified models, derived 
neglecting one or more terms in the momentum equation are often used. 
Among the approximate models, we cite the widespread Kinematic 
Wave Model (KWM) and Diffusive Wave Model (DWM). In particular, 
the DWM is usefully applied in flood modelling and rainfall-runoff 
simulations (Aricò et al., 2011; Caviedes-Voullieme et al., 2020), but 
also coupled with sewage models (Martins et al., 2017). In particular, 
Prestinizi (2008) tested the DWM for reproducing a dam-break denoting 
that it is able to reproduce the principal features of the inundation. 

As far as non-Newtonian fluids are concerned, the comparison be-
tween the numerical results and laboratory experiments, carried out 
with reference to Bingham (e.g. Liu and Mei 1989), Herschel–Bulkley (e. 
g. Ancey et al., 2012) and power-law (e.g. Longo et al., 2015) fluids, 
suggests that the DWM may describe the essential features of a mud-flow 
wave. In particular, Longo et al. (2015) analysed the performance of 
both Kinematic and Diffusive models in reproducing the laboratory ex-
periments concerning the propagation of a power-law fluid wave in 
channels. Theoretical solutions are obtained for inclined channel in self- 
similar form for the DWM and with the method of characteristics for the 
KWM. It has been shown that the theoretical solutions describe with 
sufficient accuracy the front propagation before the transition to longer 
roll-waves. Simplified models have been successfully applied also for 
reproducing the dynamics of debris- and mud-flows (O’Brien et al., 
1993; Arattano and Franzi, 2010; Chiang et al., 2012; Gregoretti et al., 
2016, 2019; Bernard et al., 2019). 

In clear-water turbulent flows, the applicability conditions of both 
Kinematic and Diffusive models have been deeply studied either ana-
lysing their linearized version (Tsai 2003) or accounting for the non- 
linear terms (Moramarco et al., 2008ab; Aricò and Nasello, 2018; 
Zheng et al., 2020). Conversely, the applicability conditions of the 
approximated models for mud-flows were not so deeply analysed. 
Starting from the theoretical results of Di Cristo et al. (2013a), 

applicability criteria for some approximate models were deduced in Di 
Cristo et al. (2014a), Di Cristo et al. (2014b) for both a Herschel & 
Bulkley and a power-law rheology through an analysis of the linearized 
equations. Moreover, in Di Cristo et al. (2018a), accounting for the non- 
linear terms, the applicability conditions of both Kinematic and Diffu-
sive approximate models have been defined for a power-law fluid 
studying the analytical solution of the steady problem. Applicability 
criteria have been derived in terms of two non-dimensional parameters 
governing the problem: the Froude and Kinematic wave numbers. It has 
been also shown that the criteria deduced for clear-water flows (Mor-
amarco et al., 2008a) cannot be straightforwardly applied to mud-flows 
for both Diffusive and Kinematic approximate models because they lead 
to non-conservative predictions, in particular for small power-law index 
values (Di Cristo et al., 2018a). A further analysis performed by Di Cristo 
et al. (2019), comparing the unsteady numerical results of the fully non- 
linear model with the corresponding ones deduced through the KWM, 
has confirmed these conclusions. In this unsteady analysis, the criteria 
for the application of the KWM have been provided in terms of the 
hydrograph rising time. The present paper extends the non-linear un-
steady analysis of Di Cristo et al. (2019) to the DWM, considering 
discharge hydrographs at the channel inlet characterized by different 
wave durations. The objective is to provide applicability criteria of the 
DWM for a shear-thinning power-law fluid described by the model 
proposed by Ng and Mei (1994). In the study, carried out through an 
unsteady numerical analysis of both the Full and the Diffusive Wave 
Models, the performance of the DWM are evaluated considering the 
dimensionless error on the maximum flow depth and on the maximum 
discharge. 

The paper is organized as follows. Section 2 reports the governing 
equations for the FWM and of the DWM and the adopted numerical 
methods. Section 3 illustrates the performed tests and the results of the 
comparison between the FWM and the DWM, along with the obtained 
applicability criteria. An exemplification of the proposed methodology 
is illustrated in Section 4. Finally, conclusions are drawn in Section 5. 

2. Unsteady analysis 

2.1. Full wave Model 

A homogeneous layer of an incompressible shear-thinning power- 
law fluid flowing over a fixed bed, with a constant inclination (θ) with 
respect to the horizontal plane, without lateral inflow or outflow is 
investigated. Neglecting the surface tension and considering a laminar 
gradually varied flow where spatial variations occur over scales larger 
than flow depth, so that flow resistance by the sidewalls is negligible 
with respect to that by the bottom, the dimensional depth-averaged 
mass and momentum conservation equations are (Ng and Mei, 1994; 
Di Cristo et al., 2017): 

∂h̃
∂̃t

+
∂q̃
∂x̃

= 0 (1)  

∂q̃
∂̃t

+ β
∂
∂x̃

(
q̃2

h̃

)

+ gh̃
∂h̃
∂x̃

cosθ = gh̃sinθ −
τ̃b

ρ (2)  

where ̃t is the time, ̃x is the streamwise coordinate,h̃ the flow depth, ̃q the 
flow rate (for unit of width), g and ρ the gravity and the fluid density, 
respectively. β and τ̃b are the momentum correction factor and the 
bottom stress, respectively. In laminar regime the expressions of the 
momentum correction factor and of the bottom stress are (Ng and Mei 
1994; Di Cristo et al., 2013b), respectively: 

β = 2
2n + 1
3n + 2

> 1 (3)  
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τ̃b = μn

(
2n + 1

n
ũ
h̃

)n

(4)  

being ̃u = q̃/h̃ the depth-averaged velocity; μnand n the consistency and 
the rheological index of the power-law fluid, respectively. For shear- 
thinning fluids the rheological index is smaller than one, while values 
larger than one represent shear-thickening fluids. In the following, only 
shear-thinning fluids have been considered. 

The following dimensionless variables are introduced: 

x = x̃
/

L̃ h = h̃
/

h̃N q = q̃
/

q̃ref t = T̃
/

T̃ref (5)  

where ̃L is the dimensional channel length, ̃qref is the reference flow rate 

for unit width and h̃N the corresponding dimensional normal, i.e. uni-
form, depth. The reference time scale T̃ref is assumed equal to the ki-
nematic wave channel travel-time of the reference discharge 
(Moramarco et al., 2008b): 

T̃ref =
L̃

C̃KWM
(6)  

where ̃C KWM denotes the dimensional celerity of the kinematic wave, 
which for power-law fluid reads (Di Cristo et al., 2018b): 

C̃ KWM = CKWM
q̃ref

̃h N

with CKWM =
2n + 1

n
(7) 

CKWM  being the dimensionless celerity. 
Accounting for (5)–(7), Eqs. (1)–(2) may be rewritten in dimen-

sionless form as: 

CKWM
∂h
∂t

+
∂q
∂x

= 0 (8)  

CKWM
∂q
∂t

+ β
∂
∂x

(
q2

h

)

= −
1

F2

∂
∂x

(
h2

2

)

+ Kh
(

1 −
qn

h2n+1

)

(9) 

In Eq. (9) F denotes the normal Froude number and K the kinematic 
wave number, whose expressions are: 

F =
q̃ref

̃h
3/2

N
̅̅̅̅̅̅̅̅̅̅̅̅
gcosθ

√
(10)  

K =
1

F2

̃L
̃hN

tanθ (11) 

Therefore, as in the clear-water case (Govindaraju et al., 1988a, 
1988b; Moramarco et al., 2008a), for the power-law fluids the problem 
is univocally defined through the two dimensionless numbers (F,K) or 
equivalently 

(
F,KF2

)
. 

As reported with more details in Di Cristo et al. (2019), the system 
(8)–(9) has been numerically solved using an explicit first-order Euler 
scheme for the temporal discretization and a second-order Finite-Vol-
ume method for the spatial discretization. 

2.2. Diffusive Wave Model 

The DWM is obtained neglecting in Eq. (9) the local and convective 
inertia terms, represented by the first two terms at the l.h.s., obtaining: 

∂h
∂x

= KF2
(

1 −
qn

h2n+1

)

(12) 

Taking the spatial (resp. temporal) derivative of Eqs. (8) (resp. of Eq. 
(12)), the DWM may be rewritten into the advection–diffusion form as 
follows: 

∂q
∂t

+ c
∂q
∂x

= v
∂2q
∂x2 (13) 

.where the expressions of the advective velocity (c  ) and of the hy-
draulic diffusivity (v  ) are: 

c =
2n + 1

n
q
h

v =
1

nKF2
h2n + 1

qn− 1 (14) 

The influence of the power-law index value on both the advective 
velocity and the hydraulic diffusivity has been discussed through a 
linear analysis by Di Cristo et al. (2018b) and in the non-linear condi-
tions by Pascal (1991), in studying the stability of power-law fluid 
gravity flows of over a plane. 

The DWM, i.e. Eqs. (8) and (12), has been numerically solved in 
implicit way through a Finite-Volume scheme. The scheme is first-order 
both in space and in time. A Newton-Raphson iterative procedure has 
been used to solve the non-linear algebraic system. 

2.3. Boundary conditions 

For both models, a flow hydrograph is imposed as the upstream 

boundary condition, whose duration ̃T f is expressed as a multiple of the 

reference time scale, i.e. T̃ f = m̃Tref , so that the value of m, assumed 
larger than one, represents the dimensionless duration of the upstream 
hydrograph. 

The hydrograph shape has been assigned accordingly to the 
following four-parameters Pearson type III distribution (Moramarco 
et al., 2008a; Di Cristo et al., 2019): 

q(0, t) = qpt
1

γ− 1e

(

1− t
γ− 1

)

(15)  

where qp  is the dimensionless peak discharge for unit width and γ is the 
dimensionless shape factor, with two different values for the rising 
(γ = γris for t < 1) and the recession (γ = γrec for t > 1) limbs, 
respectively. qp  is assumed equal to 2 and γris equal to 1.3. The γrec value 
is defined imposing that the value of the discharge, averaged in time 
over the duration m, equals the dimensionless reference discharge 
(q̃ref = 1). Zucco et al. (2015) showed that the adopted hydrograph well 
represents the single-peak floods occurring in natural channels. More-
over, it may be considered also representative for debris/mud flows, 
based on the correlation between debris/mud flow and water flow 
discharge (Takahashi, 1991; VanDine, 1985; Chen et al., 2008). 

As far as FWM is concerned, whenever hypercritical conditions occur 
at the channel inlet, an additional boundary condition is required and, 
imposing the instantaneous validity of the normal flow rating curve, the 
following flow depth value is assigned: 

h0 = q(0, t)
n

2n + 1  (16) 

At the channel outlet, for both models the critical flow depth is 
imposed which, for a power-law fluid, reads (Di Cristo et al., 2019): 

hc =
̅̅̅̅̅̅̅̅̅̅̅̅
βq2F23

√
(17)  

3. Numerical tests 

3.1. Criteria for the DWM applicability 

The prediction of the maximum values of the hydraulic variables 
such as flow depth and rate constitutes the essence of a typical hazard 
assessment. From this standpoint, the capacity of the DWM in repro-
ducing the results of the FWM is tested in terms of mean values along the 
channel of relative errors on the maximum flow depth and maximum 
discharge (εh and εq) denoted with ε*

h  and ε*
q  , respectively. εh  and εq  
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are evaluated along the x axis as (Moramarco et al., 2008b): 

εh(x) =
hDWM

max (x) − hFWM
max (x)

hFWM
max (x)

100 εq(x) =
qDWM

max (x) − qFWM
max (x)

qFWM
max (x)

100 (18)  

wherehFWM
max  and hDWM

max  (resp. qFWM
max  and qDWM

max  ) are the dimensionless 
maximum flow depth (resp. flow rate) computed by the FWM and the 
DWM, respectively. With the aim of excluding the regions where the 
boundary conditions may have a large influence, ε*

h  and ε*
q  are 

computed limitedly to 0.05 ≤ x ≤ 0.95 (Moramarco et al., 2008b). A 
positive mean error indicates that, on average along the channel, the 
DWM overestimates the flow depth (or discharge) predicted by the 
FWM, while negative value results in an averaged underestimation, 
which for a typical flow routing problem represents a non-conservative 
prediction. 

3.2. Performed tests 

Several numerical tests have been performed under a variety of flow 
conditions, characterized by different synthetic inlet hydrographs. 
Different tests have been carried out varying the hydrograph duration 
from 5 to 20000. Correspondingly, the γrec  value ranges between 1.1 (m 
= 5) and 12,536 (m = 20000). The rheological index has been varied in 
the whole shear-thinning range, namely n ≤ 1, the normal Froude 
number covers the hypocritical range. Finally, in the tests the kinematic 
wave number has been varied from 5 up to 100. All simulations have 
been performed with the same spatial step Δx = 0.005, while the time 
step was equal to Δt = 10∙10− 7 for the FWM and Δt = 10∙10− 4 for the 
DWM. The accuracy of the numerical solutions has been tested verifying 
the independence of the simulation results when reducing the spatial 
and temporal step values. In particular, halving both the mesh spacing 
and the time step, the differences on ε*

h  and ε*
q  are below 0.1% and 

0.2%, respectively. 

4. Results and discussion 

Figs. 1 and 2 report the mean error of the maximum flow depth and 
discharge, ε*

h  and ε*
q  , respectively, as a function of the hydrograph 

duration, m, for F = 0.25 and for four different rheological indexes 
values, i.e. n = 0.25, 0.50, 0.75, 1.00. Two different values of the ki-
nematic number have been considered, namely K = 5 (a) and K = 16 (b). 

Independently of the kinematic wave number and the power-law 
index value, Fig. 1 shows that ε*

h  monotonically decreases with m, 
asymptotically reaching its minimum negative value. Such a value 

corresponds to the quasi-steady conditions, ε*
h,qs, reported as red hori-

zontal lines in Fig. 1, and it coincides with the averaged flow depth error 
evaluated assuming valid in each instant the steady solution (Di Cristo 
et al., 2019). Such a monotone behavior has been verified for all the 
investigated (F, K, n) triplets (results not shown for the sake of brevity). 

The DWM differs from FWM for the inertial terms in the moment 
equation, i.e. l.h.s. of Eq. (9). Since for high values of m the local inertia 
becomes negligible, Fig. 1 shows that ignoring the convective inertial 
term an underestimation of flow depth has induced and then negative 
values of ε*

h  are observed. For shorter hydrograph durations, the local 
inertia progressively attenuates this underestimation. Indeed, small 
values of m, i.e. short hydrograph durations, are characterized by an 
overestimation of flow depth and positive values of ε*

h  . 
In this study the DWM is assumed to be conservatively applied for 

positive mean error values, representing a flow depth overestimation. 
Conversely, negative values of ε*

h, corresponding to an underestimation 
on the maximum flow depth, imply a non-conservative application of 
the DWM. In what follows, the DWM is considered safely applicable 
provided that the negative values of ε*

h  are larger than a prescribed 
threshold value. As in previous studies (Moramarco et al., 2008b; Di 
Cristo et al., 2019), this threshold is assumed equal to 5% and therefore 
the DWM would be considered applicable whenever ε*

h > − 5%. 
Considering the monotone dependence of ε*

h  on m and that the mini-
mum value of ε*

h  corresponds to the asymptotic value ε*
h,min = ε*

h,qs  , the 
condition ε*

h,qs  > − 5% guarantees the applicability of the DWM inde-
pendently of the hydrograph duration. For instance, Fig. 1 shows that, 
for F = 0.25 and K = 5 and K = 16, the DWM may be safely applied for all 
the m values only for the case corresponding to a Newtonian fluid, i.e. n 
= 1, and K equal to 16 (see Fig. 1b). In all the other cases reported in 
Fig. 1, since ε*

h,qs  < − 5%, the condition ε*
h  ≥ − 5% defines an upper 

bound of m for the applicability of the DWM in terms of error on the 
maximum depth, mh,max  . 

As far as the mean error on the maximum dischargeε*
q  is concerned, 

Fig. 2 shows that, independently of the K and n values, ε*
q  has a non- 

monotone behavior with the hydrograph duration. Starting from a 

value 
(

ε∗q,min 

)
pertaining to the lowest investigated m value, ε*

q  

monotonically increases up to a maximum (always positive) value and 
subsequently decreases vanishing for sufficiently large hydrograph du-
rations. The zero asymptotic value is again consistent with the quasi- 

steady approximation 
(

ε*
q,qs = 0

)
. The above described functional 

dependence of ε*
q  on m has been found for all the investigated Froude 

Fig. 1. Flow depth mean error as a function of the wave duration for four different rheological indexes, n = 0.25, 0.5, 0.75, 1.0  (F = 0.25). a) K = 5; b) K = 16. Red 
horizontal lines correspond to the quasi-steady condition ε*

h,qs(For interpretation of the references to colour in this figure legend, the reader is referred to the web 
version of this article.). 
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and kinematic wave numbers values, and independently of the value of 
the power-law exponent (results not shown). 

If ε∗q,min  is larger than − 5%, the DWM may be safely applied for all 
wave durations. For instance, for K = 16 (Fig. 2b) such a condition holds 
for all the considered n values, while for K = 5 (Fig. 2a) only whenever n 
is larger than 0.25. In particular, a further investigation has shown that 
ε∗q,min is still smaller than − 5% for n = 0.45. When ε∗ 

q,min < − 5% (see for 
instance the K = 5 and n = 0.25 case in Fig. 2a), there exists a lower 
bound of m for the safe application of the DWM in predicting the 
discharge, mq,min  . 

Inspecting Fig. 1a and 1b, it is also noted that for a fixed value of the 
(F, n) pair and of the hydrograph duration m, as K increases ε*

h,min 

(negative value) increases. In general, numerical analyses have 
confirmed that the absolute value of errors in terms of both flow depth 
and discharge decreases for increasing K. This can be explained 
considering that an increase of K induces in both full (Eq. (9)) and 
diffusive (Eq. (12)) momentum equations an increase of the source term 
(difference between effects of gravity and friction). 

In conclusion, when ε*
h,min > − 5% (resp. ε*

q,min > − 5%) the DWM can 
be safely applied to predict the flow depth (resp. discharge) for all 
hydrograph durations. Conversely, when ε*

h,min < − 5% (resp. 
ε*

q,min < − 5%) there exists an upper bound, mh,max (resp. a lower bound, 
mq,min) for the hydrograph duration in order to safely apply the DWM for 
predicting the flow depth (resp. the discharge). In this case, an analysis 
aimed to individuate the values of triplet (K, n, F) for which ε*

h,min and 
ε*

q,min are larger than − 5% has been carried out. 
In particular, for given values of F and n, analyzing the results in 

quasi-steady conditions, the value of K for which ε*
h,min equals − 5% has 

been determined. Denoting with Kh this value, it follows that the DWM is 
applicable for hydrograph of any duration in terms of maximum flow 
depth whenever K ≥ Kh. Similarly, the analysis of the results at m = 5 
has led to define the value of K for which ε*

q,min is equal to − 5%, denoted 
with Kq  . Fig. 3 reports for several values of n, i.e. n = 0.25, 0.5, 0.75, 
1.0, and for Froude number F ≥ 0.1, the values of the limiting kinematic 
wave numbers Kh and Kq. In this map the applicability region is repre-
sented by the area on the right of Kh and Kq lines. For all hydrograph 
durations, the DWM can be safely applied to predict both flow depth and 
discharge whenever K is larger than both Kh and Kq, i.e. K =

max
{

Kh,Kq

}

. 

Fig. 3 shows that for all n values there exists a Kh value, and it de-
creases as the Froude number increases. This observation implies that 
the applicability range of the DWM in terms of maximum flow depth 

enlarges with the Froude number. For Froude number larger than 0.45 
the applicability of the DWM holds for all considered rheologies. For 
fixed value of Froude number, an increase of the power-law index leads 
to a strong enlargement of the applicability region, i.e. Kh reduces with 
n. For instance, for F = 0.1, increasing n from 0.25 up to 1.0 leads to a 
reduction of Kh  from 84 to 14. 

About the discharge, in the investigated range of the governing pa-
rameters, for n > 0.5 the DWM is always applicable independently of the 
wave duration. Only for n ≤ 0.5 a lower bound of the kinematic wave 
number for the discharge prediction Kq  exists as shown in Fig. 2. 
Furthermore, differently from the flow depth, Kq  increases with F, and 
therefore the applicability region of the DWM for the discharge shrinks 
with the Froude number. For a fixed Froude number, the dependence of 
Kq on the power-law index is similar to the one of Kh  , i.e. a reduction of 
n increases the Kq value. For instance, for F = 0.8, increasing n from 0.25 
up to 0.5, Kq reduces from 40 to 10. As far as the prediction of both flow 
depth and discharge is concerned, Fig. 3 indicates that for n > 0.5 the 
lower bound of the kinematic wave number Kcoincides with Kh, there-
fore for Froude number larger than 0.45 and n > 0.5 the DWM is 
applicable both in terms of flow depth and discharge for all m values. A 
different conclusion holds for n ≤ 0.5. Indeed, at large F numbers, the 
applicability range is bounded by Kq, conversely for low Froude number 
value the limiting values Kh is more restrictive. As consequence for small 
values of n a non-monotone dependence of K on the Froude number is 

Fig. 2. Discharge mean error as a function of the wave duration for four different rheological indexes, n = 0.25, 0.5, 0.75, 1.0  (F = 0.25). a) K = 5; b) K = 16.  

Fig. 3. Limiting values of the kinematic wave number numbers Kh  and Kq Vs 
the Froude number. Black lines: Kh; Red lines: Kq. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.) 
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found. For instance, at n = 0.25 the minimum value of K is detected at F 
= 0.3 (K ≅ 23). 

With the aim of defining the DWM applicability conditions for K 
smaller than Kh or Kq  , the influence of the hydrograph duration has 
been investigated. As previously discussed, an upper (lower) bound 
mh,max (mq,min) of the hydrograph duration has to be respected for the 
safe application of DWM in predicting the flow depth (discharge). Those 
bounds depend on the values of the Froude and kinematic wave numbers 
along with the power-law exponent and they been computed starting 
from the results of the numerical simulations. 

As far as the flow depth is concerned, for each power-law index value 
considered in Fig. 3, accounting for the results in terms of Kh, Froude 
numbers up to 0.4 have been investigated. For each (F, n) pair, the DWM 
may be applied for maximum flow depth prediction whenever m⩽mh,max.

Fig. 4 reports the mh,max values as function of the kinematic wave 
number K for the considered rheological indexes, n = 0.25, 0.5, 0.75, 1.0 
and for (a) F = 0.1, (b) F = 0.2, (c) F = 0.3, (d) F = 0.4. The (K, m) pairs 
on the right of each curve corresponds to applicability conditions. 
Consistently with the conclusion that for K⩾Kh, the DWM can be safely 
applied for all wave durations, the curves in Fig. 4 diverge as K ap-
proaches Kh  . As far as the discharge is concerned, owing to the results in 
terms of Kq  of Fig. 3, for identifying the mq,minvalues, the investigated 
Froude number range has been extended up to 0.8, while only the 
power-law index 0.25 and 0.5 have been considered. Fig. 5 reports the 
mq,min values as a function of the kinematic wave number K for Froude 
numbers ranging between 0.1 and 0.8 and rheological indexes n = 0.25 
(a) and 0.5 (b). For each (F, n) pair, the DWM may be applied for 
maximum discharge prediction whenever m⩾mq,min and therefore the 

region above each curve individuates the applicability domain. 
The comparison between Figs. 4 and 5 reveals that mh,max extends 

over one or two orders of magnitude whereas mq,min spans about ten. 
Moreover, for a fixed value of the Froude number, the applicability re-
gion both in terms of flow depth and flow rate enlarges for increasing K 
and n. The dependence on the Froude number is different. For a fixed 
value of n, the applicability region for the maximum flow depth (resp. 
flow rate) prediction enlarges (resp. shrinks) when the Froude number is 
increased. Both conclusions agree with the results shown in Fig. 3. 

The effects of the power-law exponent and the kinematic wave 
number on the applicability regions may be easily explained analyzing 
the magnitude of the terms of Eq. (9), since the DWM is expected to 
approximate better the FWM, whenever the inertial terms at the left- 
hand side of Eq. (9) are smaller than the ones at right-hand side. 

The rheological index n influences the two l.h.s. terms and the source 
term at r.h.s. With regards to the inertial terms, Fig. 6 depicts CKWM and 
β as functions of the power-law index. Fig. 6 suggests that n marginally 
affects the coefficient of the convective inertia term, β, while the 
reduction the power-law exponent strongly increases the weight of the 
local inertia through CKWM. This behavior contributes to the reduction of 
the DWM applicability area as n decreases (Figs. 4 and 5). 

Moreover, the influence of the power-law exponent on the source 

term S(q, h) = Kh
(

1 −
qn 

h2n+1

)

is illustrated in Fig. 7, by plotting the iso- 

contours of S(q, h)  for two values of the power-law index, namely n =
0.25 and n = 1.0, and assuming a conservative unitary value of the ki-
nematic wave number. The comparison between Fig. 7a and 7b suggests 
that the magnitude of the source term is substantially larger for n = 1.0 

Fig. 4. Upper bound mh,max  for DWM applicability in terms of maximum flow depth as function of the kinematic wave number K for different rheological indexes, n 
= 0.25, 0.5, 0.75, 1.0 and for (a) F = 0.1, (b) F = 0.2, (c) F = 0.3, (d) F = 0.4. 
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than for n = 0.25, particularly for small values of the flow depth. This 
behavior contributes to reduce the DWM applicability domain as n 
decreases. 

Finally, for a fixed value of n and independently of the value of the (q, 
h) pair, S linearly increases with K, which justifies the corresponding 
enlargement of the DWM applicability region. 

Conversely, the effect of the Froude number on the applicability 
bounds mh,max and mq,min is more complex. In fact, the Froude number 

influences both the weight of the r.h.s. of Eq. (9) and the boundary 
condition at the channel outlet (Eq. (17)). Indeed, a reduction of F causes 
the weight of the pressure differential term to increase, and similarly the 
magnitude of the r.h.s. of Eq. (9). At the same time, it also leads to a 
reduction of the critical flow depth at the channel outlet, with a not 
easily foreseeable effect on the relative error in terms of both maximum 
flow depth and flow rate. 

The above results allow to define the DWM applicability conditions 

Fig. 5. Lower bound mq,min  for DWM applicability in terms of maximum discharge as function of the kinematic wave number K for F ranging between 0.1 and 0.8 
and two rheological indexes: (a) n = 0.25, (b) n = 0.50. 

Fig. 6. Dimensionless celerity CKWM, (a), and coefficient of the convective inertia, β, (b) as function of the rheological index.  

Fig. 7. Source term values as function of the discharge and flow depth for two rheological indexes: (a) n = 0.25, (b) n = 1.00.  
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analyzing the mean error along the channel length. Indeed, although 
present results are useful for hazard assessment at large scales, such as 
the basin one, the criteria fulfillment does not ensure that the DWM may 
accurately describe the spatio/temporal dynamics of the hydrograph. A 
systematic comparison of FWM and DWM under this perspective is out 
of the scope of the present research. However, in order to give an idea 
about the local and instantaneous error in the DWM application, a flow 
condition, in which the criterion is fulfilled, has been analysed in detail. 
The following condition has been considered: n = 0.25, F = 0.2, K = 20, 
m = 16, for which ε*

h  = − 5% and ε*
q  = 5%. Fig. 8 compares the time 

evolutions of the flow depth (Fig. 8a) and discharge (Fig. 8b) predicted 
by the two methods at three different channel locations, namely x =
0.25, x = 0.5 and x = 0.75. 

Fig. 8a shows that while the DWM correctly predicts the celerity of 
the front, some differences are visible in terms of celerity of the 
maximum value of flow depth. Indeed, the flow depth peak moves 
slightly faster in the DWM than in the FWM. From Fig. 8b, some dif-
ferences are still observed in terms of celerity of maximum discharge, 
but the trend is less clear with the peaks of the DWM that move slightly 
faster in the first half of the channel and slower downstream. Fig. 8 also 
clearly indicates that for the considered condition, negative value of ε*

h  
and positive values of ε*

q  correspond to a DWM underprediction of 
maximum of flow depth and overprediction of the maximum discharge, 
respectively. To quantify the performance of the DWM in reproducing 
the spatio/temporal dynamics of the hydrograph, several indices have 
been considered. Firstly, the Nash–Sutcliffe efficiency index (Nash and 
Sutcliffe 1970): 

NSq =

[

1 −

∑
t(qFWM(t) − qDWM(t))2

∑
t

(
qFWM(t) − qFWM

)2

]

⋅100 (19) 

has been analyzed. In Eq. (19) qFWM(t)  and qDWM(t)  are the 
dimensionless instantaneous flow rates computed by the FWM and the 
DWM, respectively, in a given section and qFWM  is the FWM discharge 
mean value in the same section. In addition, the the local values of εh  

and εq  have been computed along with the relative errors on the time to 
peak flow depth (thp ) and discharge ( tqp  ), expressed as 

εthp
=

(
tDWM
hp

− tFWM
hp

tFWM
hp

)

⋅100 εtqp =

(
tDWM
qp

− tFWM
qp

tFWM
qp

)

⋅100 (20) 

Table 1 reports the values of the considered five indices at the three 
sections represented in Fig. 8. 

The very high values of the NSq index indicate very good reproduc-
tion of the hydrograph shape by the DWM. The relative errors on the 
estimation of the maximum flow depth and discharge show that the 
differences between the peak values, i.e. the underprediction of the 

maximum flow depth and the overprediction of discharge, are within 
10% and increase along the channel. For the time to peak of flow depth 
and discharge, the relative errors are between 10% and 20%. Present 
results suggest that criteria deduced analyzing the spatially averaged 
errors, such as the one herein presented, have to be applied with caution 
whenever a detailed information about the hydrograph dynamics is 
required. In other words, there is not a univocal way to assess the 
applicability of the DWM, but different criteria can be defined by 
selecting appropriate error parameters for the considered application. 

4.1. An example of application: The Cervinara mud-flows 

In order to show that the DWM applicability conditions can be 
satisfied in real mud-flows, the historical event occurred in 1999 in 
Cervinara (Southern Italy) is considered. The area was hit by prolonged 
heavy rains and their action over the pyroclastic deposits covering the 
hills triggered several mud-flows which reached the town center causing 
damages and fatalities. Two episodes form this dramatic series are 
considered in the following to provide an example of the possible 
application of the above methodology, namely the two mud-flows 
arising from the Iozzino and San Gennaro watersheds (Cascini et al., 
2011). 

Based on the experiments by Carotenuto et al. (2015), the power-law 
model can be adopted to describe the rheology of the muds developed 
after the intense washing of pyroclastic deposits. From the rheological 
study the value of the consistency and of the rheological exponent have 
resulted equal to μn = 21.4 Pa sn and to n = 0.1  , respectively. Based 
on the hydrological data and on the results of the simulations reported 
by Cascini et al. (2011), the peak unit width discharges have been 
estimated as qref = 0.011m2/s  for Ioffredo watershed and qref =

0.033m2/s  for San Gennaro one. The typical values of the longitudinal 
slope and flow width in the urbanized area have been estimated from 
available cartography as θ = 0.049 for and  θ = 0.032 for the Ioffredo 
and San Gennaro watersheds, respectively. Combining the above data 
with the bottom shear stress relationship (Eq. (4)), the reference Froude 

Fig. 8. Time evolution of flow depth (a) and discharge (b) at three different abscissas x = 0.25, x = 0.5, x = 0.75 for the condition n = 0.25, F = 0.2, K = 20, m = 16.  

Table 1 
NSq index, relative errors εh  and εq  , εthp 

and εtqp  
at three different abscissas x 

= 0.25, x  = 0.5, x  = 0.75 for the condition n = 0.25, F = 0.2, K = 20, m = 16.   

x = 0.25 x = 0.5 x = 0.75 

NSq  99.9%  99.4%  99.1% 
εh   − 2.3%  − 4.4%  − 7.4% 
εq   0.8%  5.7%  9.2% 
εthp    − 18.6%  − 9.0%  − 11.5% 
εtqp   

10.8%  11.9%  − 13.8%  
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number has been evaluated from Eq. (8) as F = 0.45 and  F = 0.65 for 
the two mudflows. The main data characterizing the two examples are 
summarized in Table 2. 

The evaluation of the Kh  value for the considered rheology 
confirmed the effect of the shear-thinning behavior. As indicated in 
Fig. 3, for both values of the Froude number it results Kh⩽5, implying 
that the criterion on the mean values of the dimensionless error on the 
maximum flow depth is satisfied for any meaningful value of the channel 
length and for any duration of the flow hydrograph. As far as the cri-
terion on the mean values of the dimensionless error on the maximum 
flow discharge is concerned, the values of Kq have been computed as 
44.8 and 43.4, for the events resulting from Ioffredo and San Gennaro 
watersheds, respectively. With these threshold values the DWM is 
applicable, independently of the hydrograph duration, in reaches with 
lengths longer than 50 m. 

5. Conclusions 

The present study investigates the applicability of the Diffusive Wave 
Model (DWM) in predicting the unsteady propagation of a mud-flow 
wave, represented through a shear-thinning power-law fluid, 
described through the model proposed by Ng and Mei (1994). The 
analysis accounts for the non-linearity of the governing equations, 
which have been numerically solved. For the Full Wave Model (FWM) an 
explicit first-order scheme in time and a second-order Finite-Volume 
method for the spatial discretization has been adopted. The DWM has 
been numerically solved with an implicit Finite-Volume scheme with a 
first-order in space and time approximation. 

Different tests have been performed varying the wave duration of the 
hydrograph imposed at the inlet and considering different rheological 
index (n), several values of the Froude (F) and of the Kinematic Wave (K) 
numbers. The applicability conditions are expressed considering as in-
dicators the mean values of the dimensionless error on the maximum 
flow depth and on the maximum discharge, ε*

h and ε*
q, respectively. Since 

positive errors lead to an overestimation of the maximum flow depth 
and flow rate, in the presented analysis the DWM is considered safely 
applicable for positive values of ε*

h and ε*
q and for negative values larger 

than − 5%. 
About the mean error on the maximum flow depth, present results 

indicate that it monotonically decreases with the wave duration, with an 
asymptotic minimum negative valueε*

h,min corresponding to quasi-steady 
conditions. Conversely, the mean error of the maximum flow discharge 

starting from a values at the lowest wave duration 
(

ε∗q,min

)
achieves a 

maximum positive value and then it decreases tending asymptotically to 
zero for quasi-steady conditions. These observations suggest that the 
conditions ε*

h,min > − 5% and ε*
q,min > − 5% guarantees the applicability 

of the DWM, independently of the wave duration, in terms of maximum 
flow depth and discharge, respectivelly. Conversely when ε∗ 

h,min < − 5\%, 
there exists an upper bound of the wave duration below which the DWM 
can be safely applied for predicting the flow depth. Similarly, when 
ε∗ 

q,min < − 5% the DWM can be adopted for evaluating the maximum 
discharge when the wave duration is larger than a lower bound. 

For a fixed rheology, the study of the ε*
h,min and ε*

q,min variability with 
respect to the governing dimensionless parameters F and K suggests that 
for a fixed F, the condition ε*

h,min > − 5% (resp. ε*
q,min > − 5%) is satisfied 

when the kinematic wave number exceeds the threshold value Kh  

(respectively Kq). Indeed, DWM can be safely applied independently of 
the hydrograph wave duration for the flow depth (resp. the flow rate) 
prediction whenever K is larger than Kh  (resp. Kq  ). The Kh  and Kq  . 
values have been determined for several values of the (n, F) pair. 

When the condition on K is not verified, i.e. K< Kh  (respectively 
K < Kq  ), further maps have been derived for evaluating the upper and 
lower bounds of wave duration for the safe application of the DWM in 
predicting the flow depth and the discharge, respectively. 

The presented results clearly indicate that the rheology substantially 
affects the magnitude of the errors, reducing the applicability of DWM 
for shear-thinning fluids. Finally, the proposed methodology has been 
applied to two mud-flows occurred in 1999 in Southern Italy and 
involving fluids with pronounced shear-thinning behaviour. It has 
shown that even in these extreme conditions the applicability region of 
the DWM is still of technical interest. 
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