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The tape-substrate detachment mechanics has been extensively studied in the last decades. The most popular
approach to this topic consists of finding the detachment load through a balance between the potential and the
adhesion energies within the well-established Griffith framework of the elastic fracture mechanics. This work
shows how it is possible to obtain, in general conditions, the energy release rate of a flexible tape with elastic
substrate system, with no allowance for the elastic energy. In particular, a simple expression is given for energy
release rate as a function of internal forces and rotation at a single section of the tape. Apart from the theoretical
interest, the method provides a numerical evaluation of the energy release rate suitable when tackling large
displacements fields. Such evaluation turns out to be faster and more accurate of those available even in the
recent literature. Further, the proposed methodology can be used as an efficient data reduction technique for
experimental determination of the tape — substrate adhesion energy. Several evaluations from literature of the
energy release rate and the detaching load, encompassing debonding of configurations ranging from thin tape to

stiff lamina, turn out to be degenerated cases of our general expression.

1. Introduction

The proper understanding of the detachment mechanics of tape-
substrate systems is a very important issue for many modern advanced
engineering applications. They range from structural adhesive junctions
to layered composite delamination, from coating integrity to the
description of the ability of plants and animals to cling to surfaces.

Peeling mechanics of thin films has been extensively studied in the
last decades. The Kendall seminal work (Kendall, 1975) probably con-
tains the most referred model for the detachment of a thin tape from a
rigid substrate. The model is based on the assumption that a unique
parameter, the surface energy I or, in fracture mechanics terms, the
fracture toughness, rules the strength of the bonding, independently
from adherends’ mechanical properties and load direction. After this,
many other theoretical, numerical or experimental works started from
the same assumptions, and extended their application field up to
considering bending or shear stiffness of the tape, compliant substrates,
nonlinear elasticity, details of the tape-substrate interaction, effects of
fracture mode mixity, and so on (Williams and Kauzlarich, 2005; Wei
and Hutchinson, 1998; Eremeyev and Naumenko, 2015; Gouravaraju
et al., 2021).

A natural extension of the Kendall theory for describing the
detaching tape from substrates is the beam model, in which the tapes are
regarded as beams with non-negligible bending stiffness. To model the
peeling behaviour in this range, many works were conducted via

https://doi.org/10.1016/j.ijsolstr.2023.112277

employing the ‘elastica’ models (Devitt et al., 1980; He et al., 2018; Xu
and Ding, 2020). The finite rotation of the peeled tape can be described
by such kind of models, while inextensibility or small strain assumption
is often adopted.

By increasing the bending stiffness, the debonding mechanics be-
comes more and more similar to the delamination of layered composite
structures, which is prevalently studied by a different scholar commu-
nity (Keary et al., 1985; Shokrieh et al., 2011). As a consequence, the
bonding strength between materials is obtained using test settings
belonging to one of the two extreme categories: the steady state peeling
test (sometimes indicated in literature as peeling test, without further
specifications) or the delamination tests. The assumptions behind the
steady state peeling test are a negligible bending stiffness of tape and
substrate stiffness; whereas, with reference to delamination, small de-
formations and uncoupled stretching and bending are usually assumed
(Heide-Jgrgensen et al., 2021). Both schemes provide relations between
the applied load and the debonding energy. In the peeling scheme, the
unitary debonding energy (i.e., the critical energy release rate) is
essentially proportional to the load level, whilst for mode I delamination
scheme (cleavage) it is proportional to the squared bending moment. To
a first look, this seems describing a very different behaviour.

In many applications, the detaching behaviour is found depending
on the load direction or, in fracture mechanics terminology, on the
loading mode mixity (Andrews and Massabo, 2007; Barbieri et al., 2018;
De Lorenzis and Zavarise, 2008). This imposes to consider that the
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Fig. 1. Two-dimensional model of the tape detachment from a compliant substrate.

adhesion energy is no longer an interface intrinsic property, but it also
depends on the loading mode. Consequently, in this case we should not
refer to adhesion energy but rather to de-adhesion resistance. When this
occurs, the concept and the calculation methods of the energy release
rate remain of course unaltered but, in order to use it for calculating the
detaching load, different interface strength models are needed, in which
a local stress analysis is necessarily involved.

In this paper, a general solution for the energy release rate (also
indicated here with its acronym E.R.R.) of a semi-infinite elastic tape,
peeled off from an infinitely long elastic substrate, is derived. Such a
solution is a straight consequence of the Griffith definition of energy
release rate as the thermodynamic variable associated to the state var-
iable ’crack length’, which, in the peeling mechanics framework, be-
comes the length of the detached portion of the tape. It allows
determining the E.R.R. by the bare knowledge of the tape cross section
force, moment, and rotation of a single tape section. This result is valid
(with few limitations) in the field of nonlinear elasticity, large dis-
placements, anisotropic materials.

The methodology has been tested via an accurate nonlinear elastic
analysis with a 2D finite elements model. The numerical evaluations of
the energy release rate have been performed both via the classic finite
difference method, and by the newly proposed approach. According to
the recent literature, the classic method is still the state of the art for this
kind of problems, but this new method turns out to be faster and more
accurate.

The numerical model was defined having in mind a possible test set
up. Hence, the finite elements analysis presented for showing the ac-
curacy of the methodology can also be thought of as a simulation of a
hypothetical physical test. This gives an idea of how this methodology
can be used as an efficient data reduction technique for experimental
determination of the tape - substrate adhesion energy.

In the last section is shown that some results, well-known in litera-
ture, can be derived as degenerate cases of our general solution. These
results are the steady state peeling solution, and the energy release rate
associated to the delamination from a substrate of a flexible layer subject
to normal, shear or bending load. In fact, the shear compliance effect
becomes non negligible when the thicknesses of the tapes have the same
order of magnitude of the detached length, or in cases with strong elastic
anisotropy; otherwise, its effect is usually shadowed by the bending
compliance. In this work, the shear is considered by means of the Tim-
oshenko beam model. Finally, a solution with the tape modelled as an
‘elastica’ beam with shear compliance is derived from the same general
formula. For each of the previous conditions, the peeling load has been
evaluated, assuming the adhesion as ruled by a unique surface energy I'.

2. Energy release rate evaluation in the general case.

As a starting hypothesis for our calculation, the substrate was
assumed as elastic, with constant thickness and infinite length (or rigid
and finite), whereas the tape is assumed semi-infinite in length. Tape
and substrate can be made of anisotropic materials. However, for sake of
clarity, the energy release rate evaluation will be performed using a
slightly simplified model: the whole substrate plus tape is two-
dimensional; the tape is modelled as a beam capable of small strain
and large rotations; the materials are assumed isotropic. Anyway, as we
will point out at the end of this section, these restrictions can be relaxed
at some conditions, making the proposed solution very general. In the
following, we will refer to the bonded element as the tape regardless of
its flexural stiffness, even if it was a very stiff lamina.

The schematic of the problem is depicted in Fig. 1. The tape is loaded
at its tip with a force P, inclined of an angle ¢ with the substrate un-
deformed plane, plus a flexural moment M. The tape barycentric axis is
inclined at its tip with an angle 67, generally different from ¢.

2.1. General framework

For clarity of exposition, before calculating the energy release rate,
the relevant thermodynamic framework, following the original Griffith
insight (Griffith, 1921), is recalled, as a brief informal premise to
calculate the E.R.R. and the detachment load.

Using a standard technique well-known in thermodynamics (see, e.g.,
Sychev, 1973), the system constituted by the substrate plus a removable
tape is framed by defining an opportune thermodynamic potential /7.
The latter is obtained by adding to the elastic system, which state is
completely described by the generalized displacement vector s, in turn
defined by n independent components s;, and a further state variable L,
representing the free tape undeformed length. The possibility to variate
Ly makes free the corresponding surface energy RLy. To sum up, the
thermodynamic potential is given by:

(s, Ly) = W(s,Lo) + RLy = U(s,Ly) — Py e s + RL €D)

where the state variable s represents the equilibrium generalized
displacement of the point in which the generalized load Py is applied at a
given Ly. Further,? is the mechanical free energy, composed by the in-
ternal elastic energy U plus the external potential Py e s, and RLy is the
surface free energy.

The thermodynamic equilibrium, which is composed of the elastic
plus the configurational equilibrium, is attained at a state (s, Lyp) where
the stationarity condition dII = 0 holds. The irreversibility of the
detachment is accounted by adding to the stationarity condition the



G. Cricri

International Journal of Solids and Structures 273 (2023) 112277

Fig. 2. Virtual deformation of the tape. 1) Actual equilibrium configuration; 2) Incremented equilibrium configuration; 3) Apparent tape increment. The load of the
variated configuration (P + AP, M + AM) is chosen ad hoc, i.e., such that the white portion of the beam and substrate have exactly the same deformation before and

after the detachment increment.

constraint dLy > 0 (Kaczmarczyk et al. (2017)).

Usually the condition d/7 = 0 is enforced by setting to zero the I7
partial derivatives with respect to each component of the state variables
array {z;} = (s1,... Sn, Lo). It is matter of elementary algebra that, equiv-
alently, one can set to zero any complete set of independent directional
derivatives {v;} resulting from the linear combinations of the partial
derivative directions {z;e;}. Hence, the (unconstrained) stationarity
condition is also guaranteed by:
dH:O(—»a—H:O Vi(—»d—H:VHovi:O Wi 2

0z; dv;

We will assume the first n directions coincident with the partial de-
rivatives ones (i.e., the unitary increment of each single variable s;) and
the (n + 1)-th direction composed of a unitary increment of Ly plus an
arbitrary combination {c;} of the displacement increments.

{vj:/é./' ji<n 3)

Vit1 = Ci/éi + ?/H»l
Using the definition (3), the condition (2) becomes:
dil o

== | <
dv; Os; 0 L=

dll =0+ ()]
dil oIl oIt 0

v oston,

The additional constraint dL, > 0 is accounted by using the well-
known Kuhn-Tucker conditions (Kuhn and Tucker, 1951); hence, the
thermodynamic equilibrium requires:

oI
2 0 U
— =P,
dil Os
a0 =0 =4 (G -R)aL, =0 )
dl > 0;bG <
ato >0 M >0 dLy > 0;bG <R
n+1

Where, b represents the tape constant width and, by a natural definition,

1 da¥ 1
G Lav 17, ds U
dvn+l dvn+l

“bav, b Vet v = ci€i e (6)

Applying the definition of directional derivative, it’s easy to verify that G
isindependent of any set {c;}. The interpretation of conditions (5) is well-
known in fracture mechanics: if the energy release rate G < R/b, they
prescribe the ordinary elastic equilibrium at dLy = 0; otherwise, if at
equilibrium it results G = R/b the detachment is active and dL, > 0. This

is exactly what was pointed out by Griffith in its original work. In addi-
tion, we bring the generalized definition (6) for the energy release rate.
Eq. (6) allows calculating the E.R.R. by the mechanical free energy
increment resulting from the virtual unitary increment of Ly plus any
possible virtual increment of the displacement vector ds. In fact, the
directional derivatives in Eq. (6) can be simply expressed by:

b (b)) () -
vy dLy z[.x,:c,dLU’ vy ALo ) js—ciar,
Hence:
1 ds dUu
ootfre(®) () e ®
b dLy dsi=cidLg dLo dsi=cidLg

2.2. Tape detachment energy release rate

In most of the relevant literature dealing with the tape detachment
(indeed, in all the literature this author is aware of), the energy release
rate is calculated using one of the following methods: 1) Applying the
original (and yet usual) Griffith definition, corresponding to Eq. (8) with
¢; = 0; 2) Applying an incremental free energy balance, corresponding to
Eq. (8), where ds follows from the real incremental equilibrium over
time. Both methods are well-known and reported in many elementary
fracture mechanics textbooks. Both methods require the calculation of
the elastic energy stored within the tape and the substrate in order to
perform the derivative dU/dL,.

Considering that an important fraction of elastic energy is contained
in a small zone around the crack tip (involving both tape and substrate
deformations), calculating dU/dL needs a detailed numerical model. In
fact, when the elastic energy is evaluated using simplified analytical or
semi-analytical models, even in the case of rigid substrate, the literature
outcomes show that dU/dL, evaluations are only approximate (Shokrieh
et al., 2011; Peng and Chen, 2015; Heide-Jgrgensen et al., 2021).

The method proposed in this paper is conceptually very simple. This
author intends to calculate the energy release rate assuming a particular
virtual displacement increment ds; = c;dLo where the elastic energy rate
can be exactly evaluated in closed form. The consequences of this little
change of perspective are non-trivial.

The initial step is to select the incremented (virtual) equilibrium
configuration such that all the tape and substrate displacements are
exactly translated of —ALy with respect to the actual equilibrium
configuration. Hence, the incremented configuration differs from the
actual one by a single aspect: a virtual increment of the tape length takes
place, as is indicated in Fig. 2.
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Fig. 3. A) Tape increment kinematics; B) tape increment equilibrium. The angles ¢r, 01, yr, represent, respectively, the cross-section rotation, the barycentric axis

rotation angle and the shear angle.

Of course, to respect the above prescription on the displacement
field, and contemporarily keep the tape at equilibrium, the load (P, M) of
the actual configuration must become the internal load (P, M) for the
variated configuration at the same tape free length. This, being the
elastic solution unique, is sufficient to guarantee that the variated
configuration is a mere translation of the equilibrium one (plus the
virtual tape increment). Hence, the load applied at the tape tip of the
variated configuration, (P + AP, M + AM), is exactly the (unique) load
which equilibrates the apparent tape increment with the internal load
(=P, —M) as depicted in Fig. 2.

Note that such a variation of the equilibrium configuration exists
only if the substrate is infinite (or rigid) along the (undeformed) tape
length direction; this is the reason for the assumption made initially.
Because of the above statements, any variation of the elastic energy is
contained within the apparent tape increment located at the tape tip.
The incremented configuration described above will be named in the
following the ‘translational increment’ (TI).

With reference to Egs. (7) and (8), the translational increment (ds;,
dLy) is chosen such that ds; allows reproducing the particular incre-
mented configuration of Fig. 2. Hence, the energy release rate G is
calculated assuming the TI in the general definition of Eq. (8):

va-re (i), (i), - ()
dLy TI dLy TI dLy TI
where s, ¢, are the generalized displacements of the tape tip as indi-
cated in Fig. 3.

Due to this ad hoc selection of the translational increment, the elastic
energy increment AU of the whole system coincides exactly with the
elastic energy attributed to the apparent tape increment only. Hence, the
elastic energy rate is given by the following expression, independently
from substrate elasticity, large strain, or finite displacements:

9

du
AU = v, AALy=> | —— = Aoy, (10)
dLy/

0

where vy, is the elastic energy volume density at tape tip and A the cross-
section area.
The calculation of the external work rate in Eq. (9) requires assuming

a kinematic model for the apparent tape increment. In Fig. 3, a detail of
kinematics and its equilibrium, following the Timoshenko beam theory,
is represented.

Following the translational increment, the apparent tape increment
is displaced, from the actual equilibrium configuration to the virtual
one, by a vector As, which is the sum of a rigid translation As, and the
elastic deformation Asgqgc (Fig. 3). The rigid translation Asy of the
apparent tape increment is given by:

As(,:a—&-b:ALo{_O]} +AL‘){CUS¢T] an

singy

where the vector components are referred to the global axes (x, y).

To calculate the elastic portion of As, considering again Figs. 2, 3: the
equilibrium of the apparent tape length increment requires AP = 0; AM
= PALgcos(p - ¢7). Further, let N, V be respectively the axial and the
transversal components of the load P, referred to the local axes (&,1) of
the undeformed tape increment; it is easily recognised that:

(== resio

V = P; = Psin(p — ¢;) a2

The first order elastic displacement (ASegstic, Adeqsic) Of the apparent
tape increment is calculated using the load condition indicated in
Fig. 3b. Note that the bending moment increment AM is needed to
preserve the local equilibrium, but, at first order, it does not contribute
to the elastic displacements. The result is, in the (x, y) reference system:

NAL,

0 .
N A cospy — Sszmd)T 5m)
Selastic = a
o NALy o VAL
A Sindr T A cosy
MAL
AP iasiic = El 0 (13b)

where E and S are respectively the Young and the shear elastic moduli,
A = kA and « is the shear factor of the tape cross-section. By combining
Egs. (11), (12), (13), we get the total tape tip generalised displacement
rate:

Peos(p — Psin(p —
—1+ cosgpy + Mwsd)r _ Mxim/)T
(ﬂ) — lim <ﬂ + Asel(astir) _ EA SAS (%) — lim <A¢ela€1i(r> _ % (14)
dLy) ;;  AL—0\ALy AL ) Pcos(op — ¢7) . Psin(p — ¢;) dLy ) aL—0\ ALy EI
singy + A singy + A cosr
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Fig. 4. Geometrical (deformed) model for the FE calculations (on the left); on the right, the corresponding geometry and loads useful for applying formula (19) is

represented.
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Fig. 5. Model geometry h; = 5; hy = 10; I; = 200; Iz = 30; I3 = 100; b; = 20; b2 = 20; ¢ = 10. Tape and substrate elastic constants: Eigy, = 70,000; Vigpe = 0.35; Eqyp =

7000; vy = 0.35. The black circle indicates the measuring point.

On the other hand, the beam model assumed for the apparent tape
increment allows evaluating the elastic energy rate given in Eq. (10):

au = Avy,, = i + v +M2
dLo), " 2EA 2SA, 2EI
[Peos(p — ¢y)]* | [Psin(e —¢p) " M

- 2EA + 25A, 7] as

Finally, we can evaluate the energy release rate using Eq. (6), and
substituting in it the results (14, 15). The result is the following:

dSo
bG=Pe erAU,,-p

[PCOS((P - ¢T) ]2 [PSi”((P - ¢T) ]2 M?
+ 2EA + 254, 7]

(16)

= Pleos(p — y) — cosy]

Since the cross-section rotation defined in the Timoshenko beam
model is an averaged quantity not easy to identify in a real bended
beam, it is convenient to get an expression of the energy release rate as a
function of the barycentric axis rotation 0t instead of ¢r. To this aim, the
shear angle yr can be calculated using the following equilibrium
equation:

1% _ Psin(¢p — ¢r)

3 Ay = KA, 17
SA, SA, ’ an

Yr=0r—¢r =

where the shear factor x assumes, for rectangular cross-section and
Poisson coefficient v = 0.3, the value k = 0.85 (Dong et al., 2010).

Since the shear angle yr is small, due to the small strain hypothesis,
Eq. (16) is simplified at the first order as follows:

bG = Plcos(p — O0r) — cosgp —y o sin(p

[Pcos(p — 61) N [Psin(p — 67)]"  M?

— 0]+ 2FA 25A, 2FEI

(18)

Then, substituting the result (17) in Eq. (18) and applying some
simple algebra we finally get the energy release rate general formula
which is the main achievement of this work:

[Pcos(p — 07)]  [Psin(p —07)]F  M?

=P —6,)— — el

bG [cos(ep — Or) — cosp] + SEA 25, +2EI
19

Eq. (19), as well as Eq. (16), are valid independently of whatever
happens into the whole tape or substrate, except near the tip tape, where
the local behaviour is supposed to follow the Timoshenko beam model.
As a consequence, the substrate compliance (even if varying non-
linearly), the local tape curvature, the material nonlinearity (but still
elastic), even the presence of a cohesive zone, have no effects on this
expression. It is also highlighted that, in the present model, the flexural
(ED), axial (EA) or shear (SAg) stiffness’s are considered as independent
each other, so that the tape or the substrate could possibly be anisotropic
or a part of a laminated composite.

It is easy to realize that, due to this calculation method, the energy
release rate formula above pointed out keeps its validity even for non-
plane problems, provided that: 1) the substrate is infinite in length (or
rigid and finite), with constant thickness and with material x-
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Fig. 6. Energy release rate vs. applied load. Comparison between the present methodology and the calculation via the classic definition. The thumbnails represent

the Von Mises equivalent strain at the first and last load step.

translational symmetry; 2) At least a small zone, where the loads and the
tip angle are measured or calculated, is correctly modelled by the plane
Timoshenko beam theory with small strain. With such assumptions, also
the presence of a curved crack front, an anticlastic beam curvature or a
non-constant transverse strain in the neighbourhood of the crack are
three-dimensional characteristics not affecting our result. Further, we
could use the same method (operating few very natural and simple
modifications) for calculating the E.R.R. for hyperelastic tapes, or pre-
stressed tapes, or even torqued or skew bended tapes.

In Appendix A, in order to better clarify the operation of the present
calculation method we reported a very simple detaching model, valid in
the range of the cleavage delamination, where the energy contributions
can be evaluated the in a closed form.

2.3. Numerical verification

Eq. (19) can be used, as it is, in laboratory tests for determining the
fracture work, provided that both the load (P, M) and the tip angle 07 are
measured. Further, the energy release rate can be calculated using a
finite elements model (or another opportune numerical technique) for
the tip angle evaluation. Actually, in literature many similar test set-ups
are reported, based on the same parameters (see, e.g., Stigh et al. 2010).
Unless the present formulation, they are usually based on the Rice J-
integral and are only valid in the small displacements range.

For corroborating these theoretical conclusions, a finite elements
simulation of a hypothetical detachment test has been conducted. We
considered an elastic tape bonded to an elastic substrate as in Fig. 1, but,
in addition, we imagined joining the tape extremity to a holed block as if
it was pulled on by a loading machine. It is understood that, substituting
the block and a certain portion of the tape with the corresponding in-
ternal force and bending moment, we must get the same energy release
rate (see Fig. 4). Hence, if we measure the load P, the angle 6 and the
distance d at a ‘measuring point’ far enough from both the crack tip and
the loading block, the energy release rate is easily calculated with for-
mula (19).

The input for the numerical model is reported in Fig. 5. The calcu-
lations have been performed using the ANSYS code. The crack has a
fixed length 12 + bl/2; finite displacements and finite strain were

considered. The Cauchy stress vs. logarithmic strain constitutive law was
assumed as linear. The mesh of the tape and substrate are made of square
linear plane elements with plane stress assumption. Three decreasing
element sizes es were used: hl/es = 4 (coarse mesh); hl/es = 10 (me-
dium mesh); hl/es = 20 (fine mesh).

The loading point coincides with the hole centre; it is linked to the
hole edge with kinematic constraints. The force was applied by imposing
a y-displacement at the loading point in the range (0, 25), using 50 equal
load steps; hence, the loading force P is actually provided by the code as
areaction force. At each load step the values of P, 6 and d were detected
at the measuring point; then the energy release rate was evaluated using
formula (19).

For comparison, the energy release rate was also calculated using the
Griffith definition, i.e., minus the derivative of the elastic energy U over
the crack area increment at fixed displacement of the loading point. This
implies performing two calculations corresponding to different (very
close) crack length for each energy release rate evaluation. The results
are reported in Fig. 6.

Both the E.R.R. evaluations, respectively obtained with the present
method and the classical one converges to the same curve. In addition,
the present method converges much faster.

Notice that the measuring point is arbitrarily located, provided that
at the corresponding tape section the elastic energy rate Avy;, is correctly
evaluated by Eq. (15). In other word, the tape must behave at the
measuring point section as a Timoshenko beam,; if this condition is met, no
matter of large strain, substrate elasticity or loading block effects on
elastic energy. For completeness, we confirm that the maximum strain
calculated at the measuring point section is few percent unit, making the
numerical evaluations fully compatible with our model.

In conclusion, this verification shows that the present methodology is
useful for numerical evaluations. Indeed, the most used method present
in literature for solving the problem considered in this section is based
on evaluation of the energy release rate via a numerical derivative of the
free energy. As already noticed, the calculation via numerical derivative
has two major drawbacks, compared to the new proposed methodology:
first, it requires two analyses per each E.R.R. evaluation; second, the
quality of the result strongly depends on the mesh accuracy.

Finally, even if no results from physical tests are reported here, the
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Fig. 7. Dimensionless peel load as a function of the tip tape angle. ¢ = 7/3,EA/bI" = 1000, SA,/bI' = 333,M = 0; h is the tape height, Ly the initially detached

length. The substrate is assumed rigid.

present methodology promises clear advantages when assessing the
detachment from a compliant substrate. The major of them is the pos-
sibility to evaluate the energy release rate of such complex phenomenon
via a few simple global measures.

3. Peeling load evaluation

The peeling load determination is probably the main objective when
using the energy release rate approach. To highlight this aspect, it is
interesting to consider the consequences of using formula (19). Refer-
ring to the equilibrium Eq. (5), we assumed, for simplicity, the detaching
unit surface energy independent of the mode mixity of debonding, so as
to keep constant R = bI'. The stationarity condition requires that when
the detaching process is operating (i.e., dLp > 0) at quasi static regime,
the equality G =TI is kept; otherwise, the detached tape length is kept
constant (dLyp = 0) and G < I'. In any cases, the static equilibrium con-
dition at fixed Ly must be always realized.

Let the equilibrium condition at dLy = 0 be expressed by the general
condition f(load, tip angle) = 0; the following equations rule the pre-
detaching and detaching process:

G <T;dLy = 0—f(P,M,Ly,0r, substrate)

=0 no detaching, unknown O (20)

G=TI};dL,

>0-— {f (P’g(’lf%lgz’ s)ubsira_tez) =0 active detaching, unknown 0r, L
k) yVT) — -
@n

Thus, the peeling process is divided into two phases, corresponding
to the two equations above. The first one, where dLy = 0, G < T, imposes
the ordinary elastic equilibrium (possibly nonlinear) and determines 0t
as a function of the applied load (P, M), the initial free length L;y and the
substrate compliance. The second one, where G =T, dLy > 0, imposes
two conditions to be contemporarily satisfied: first, the ordinary elastic
equilibrium with unknown Ly, 01; second, the detachment condition
with only unknown the angle 6r.

In Fig. 7, the dimensionless peel load magnitude P is represented as a
function of the tip tape angle for different initial free lengths Lyjy. The
continuous thick line represents the load at detaching condition,

calculated with formula (19); this line is unique, since it does not depend
on the detaching initiation phase, as we emphasised in the previous
section. The dashed thick lines represent the equilibrium condition at
fixed Liy (they are real equilibrium paths only before the detaching
starts); they depend, in general, on the initial tape free length Ly and on
the substrate compliance; further, they are generally nonlinear. The
dashed curves were calculated by means of a finite elements model
constituted by Timoshenko beam elements with finite rotations.

In the presence of a smooth cohesive zone with a softening branch in
the peeling model, the two load-angle curves (for a given Lpy) would
become a unique, smoothed one, since there is not in that case a clear
separation between the two phases. Hence, the dashed and continuous
lines would represent the asymptotic trend far from the cusp of the
unique load-angle curve. The smoothing shape depends on the cohesive
zone length: the shorter the length, the sharper the curve; if this length is
zero, the smoothing phase is absent.

These results agree with the literature numerical achievements (Peng
and Chen, 2015; Sauer, 2011), where it is highlighted that the pull-off
force is generally higher at the detaching onset then at the steady state.

Assumed negligible the cohesive zone length, Egs. (20), (21) provide
the range and the trend of the peeling load, which necessarily falls
within the tip tape angle interval 6r € (0r(Liv), ¢ ). An examination of
Eq. (19) allows us to argue that the detaching load P decreases when 0t
increases for any possible value ¢ or any beam stiffness (within the limit
of small strain); for this reason, the maximum peeling load occurs at the
cusp of the curve, i.e., Pmex = P(6r(Liv) ) = Piv. Instead, when the cusp
is absent, due to the presence of a softening cohesive zone with non-
negligible length, the maximum load is possibly attained at steady
state peeling regime, i.e., Pnax = P(¢) = P, as shown by Peng and Chen
(2015).

4. Particularizations of the general result

To make our result useful for fully analytical evaluations, we need to
calculate in closed form the tape tip angle 61 (or ¢7). Actually, such an
angle contains every nonlinear effect one had kept off to the formulas
(16) or (19), so this is in general a non-trivial achievement.

In this section, some closed forms of the energy release rate as a
function of the applied load are pointed out, derived from opportune
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Fig. 8. Delamination of a stiff beam from a compliant substrate. Superimposed to the generic substrate, the Winkler elastic foundation model is also draft. The

substrate stiffness in x-direction is leaved unspecified.

Table 1
Comparisons of Eq. (25) with literature outcomes.

Literature model Substitutions in ~ Peeling energy ~ References

eq. (25) release rate
Mode I moment load ¢ =0, Vi pu M? .
plus mode I force G = 2FD + Suo and Hutchinson
load p2 (1990)
2FAb
Mode I force load, M =0, =7/2, G= X
. Li and Carlsson
compliant u =0,va [P(Lo + 4) ]
substrate, Euler- T 2EDD (2000)
Bernoulli beam
Mode I force load, M =0, =17/2, Similar results in
rigid substrate, A =0,Yu - Shokrieh et al.
Timoshenko beam P(Lo + p) 2 (2011); Thouless and
T 2ED Yang (2008)

simplifications of the general expressions (16) or (19), which give the E.
R.R. as a function of the applied load and the tape tip angle. The results
are compared with the corresponding literature ones, if existing, in order
to assess our solution. Further, we present and discuss some new results.

Of course, evaluating in closed form the tape tip angle is possible
only if well specified models of the tape and substrate are assumed, so
the results of this section are less general than those reported in the
previous sections.

4.1. Steady state peeling. Energy release rate and peeling load close form
evaluation.

If let M = 0 in Eq. (19) and, further, supposing to peel off the tape
from the substrate for a long enough length, after some transient the
force P will become aligned with the tip angle 07, i.e. Or—¢. With these
assumptions, Eq. (19) gives the following asymptotic expression for the
energy release rate:

PZ

bG = P[1 — cosp] +—

2FA (22)

It is worth noting that the substrate compliance, as well as the flex-
ural or the shear compliance, play no role in the E.R.R. evaluation. Of
course, Eq. (22) coincides with the well-known Kendall solution (Ken-
dall, 1975), whose validity is so confirmed for a more general case. In
fact, in his work Kendall found Eq. (22) under some additional hy-
potheses, which are: the model is 2-dimensional and the substrate rigid;
the shear compliance is null; the tape is made with isotropic material. All
these limitations are unnecessary, as we showed in section 2.

The steady state peeling load is obtained imposing in Eq. (22) the
detachment condition G = I'. The result is the following well-known
formula, which is of course coherent with the representation given in
Fig. 8 for 67 = ¢:

-(1- COS(p)] (23)

4.2. Stiff lamina with small tip rotation angle. Energy release rate and
peeling load close form evaluation.

In the cleavage delamination range, or, anyhow, when the tape is
stiff to the flexure, the beam is supposed to be subject to small dis-
placements. Thus, it is possible to put in formula (16) ¢;<1, so
obtaining:

MZ
2E1

[Psing]”

N [Pcosg)?
28A;

2FA

bG = (Psing)py (24)

The tape tip cross-section angle ¢, can be evaluated in closed form
under the additional hypothesis that not only the section near the tip,
but the whole free tape portion behaves as a linear Timoshenko beam
with length Ly (see Fig. 8).

Actually, in Massabo et al. 2019 is reported a closed form of E.R.R.
deriving from the exact 2D solution of this problem in linear elasticity.
The authors assumed the substrate being a half-plane, the materials
isotropic and the second Dundurs parameter § = 0. In its range of val-
idity, the 2D result is of course more accurate the one presented in this
section, because, differently from the general result (19), the beam
behaviour hypothesis is here extended to the whole tape.

Within the limits of a beam model, the effect of the substrate
compliance on the E.R.R. can be approximately evaluated in closed form
by using the classic Winkler elastic foundation model (see e.g., Barber
(2011)). Having indicated with k the foundation rigidity per unit area
(Fig. 8), the equilibrium equations with the relevant boundary condi-
tions for the Timoshenko beam (Shokrieh et al., 2011) provides the tape
tip cross-section angle ¢, and, in turn, the ERR:

_[P(Ly + {)sing + MT . (Pcose)*

bG = 2
G 2EI 2EA (25a)
4EN'*  EI
ST R = 25b
=\ +u <bk) 5 (25b)

The characteristic length ¢ can be thought as a combination of the
substrate/beam compliance characteristic length A and the shear char-
acteristic length pu.

Synthetically, both the substrate and the shear compliance affect the
energy release rate by increasing the apparent tape flexibility respect to
the Euler-Bernoulli beam bonded to a rigid substrate. Of course, the
energy release rate is consequently increased. The result (25) can also be
interpreted as the E.R.R. evaluated for a tape bonded to a rigid substrate,
but with interposed a linear cohesive zone model with traction-
separation law ¢ = k[u,] (see e.g. Valoroso and de Barros, 2013).
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Fig. 9. Graphical solution of Eq. (A.8). The graph represents the implicit relationship between ¢ —¢, ¢ —¢r, \/PL2/EI, with ¢ —¢; at ordinate, y/PL2/EI at abscissa
and ¢ —¢, on the curves. At P = 0, the curves intersect the ordinate at exactly ¢ —¢,; for this reason, the curves are labelled directly by their intersection with P = 0.

The dashed lines represent a particular solving triad ((/} ~o, 9 —pr, \/PL3/EI > = (n/2,7/4, V2 ).
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Fig. 10. Maximum detaching load as a function of the dimensionless initial free tape length and substrate compliance. EA/bI" = 1000,u/h = 0.5,M = 0.

It is worth noting that for a rigid substrate Eq. (25) gives ¢ = p.
Actually, this parameter measures the effect of using the Timoshenko
beam theory instead of the Euler-Bernoulli one regardless of the sub-
strate. Fixed the beam material and the cross-section, the factor u/ Ly is
proportional to h/ Lg; hence, as expected, the shear effect is important
only for relatively short tape lengths.

As estimated e.g., by Olsson (1992) via FE analysis, for h/ Ly = 10 in

mode I the Euler-Bernoulli model underestimates the E.R.R. of about
10% for isotropic beams, whilst up to 50% for some orthotropic ones.
Merely adopting the Timoshenko beam model, in the form presented
here, we can account for these discrepancies at least at 75%.
Several well-known literature results arise from degenerations of
expression (25). In Table 1 the most meaningful examples are reported.
Of course, due to the symmetry, the mode I E.R.R. expressions
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Finite rotations
Small rotations (eq. 27)
Steady state (eq. 23)
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Fig. 11. Maximum detaching load as a function of the dimensionless initial free tape length and substrate compliance. EA/bI" = 1000,4/h = 0.5,M = 0.

reported in Table 1 for the peeling from a rigid substrate are also
representative of one half of the corresponding E.R.R. by Double
Cantilever Beam (DCB) tests.

If the beam material is assumed isotropic (and EA/SA; = 3), the E.R.
R. for the mode I force load on a rigid substrate and the Timoshenko
model reported in the last line of Table 1 becomes, for the DCB test (with
rectangular cross-section):

2
_ (PLy)? w\* _ (PLo) I+v h
=" L) TEe 'V e
. 12(PLy)? A%
~ W(l 105 °E) (26)

The above result is close to the one obtained by Li et al. (2004) via
numerical evaluations with a 2D model. In detail, the coefficient the
authors calculated for h/Lg was 0.674 instead 0.5. The difference be-
tween them is attributed to the difference between the beam model used
here and the two-dimensional domain used in the aforecited work. In
fact, the latter model has an additional transverse compliance, absent in
the beam model, which obviously justifies the higher, and more accu-
rate, evaluation of G.

Notice that, having calculated the tape tip angle with a beam model,
the E.R.R. given in Eq. (25) represents an approximation compared to
the general formula (19). In practice, the validity range is approximately
realized if the tape preserves its beam-like shape even under a localised
surface load, as which is present at the detaching location.

The maximum peeling load is obtained, again, imposing in Eq. (25)
Lo = Liy; G = I. Considering M = 0 for simplicity, the result is the
following formula, which is also coherent with the representation given
in Fig. 7 for small tip tape rotations:

) -1/2
|:bl" <(LIN +6) (sing)” + L(casgo)z ) }

Py

o @7

2EI 2EA

It is worth noting that Eq. (27) can be used in evaluating the
maximum load also for a detaching process which implies finite tip tape
angles 07, providing the process onset when the angle 0ris yet small, i.e.,

07 < 1 at initial free length L.
Eq. (27) also provides a rough estimation of the detaching load when

10

the tape is yet completely bonded to the substrate, which is also the
maximum load. In fact, putting in it Ly = 0, we get:

—1)2
([ (25 s o]

4.3. Energy release rate and peeling load calculation of a tape modelled as
an ‘elastica’ beam

L
BT

(28)

If the tape tip rotation Or is finite, the finite rotations beam theory
with linear elasticity can be used for calculating it. The simplest theory
of ‘elastica’ beam can be found in classical mechanics textbooks, e.g.,
Timoshenko and Gere (1961).

In their paper, Devitt et al. (1980) also used the finite rotations beam
theory for the peeling energy release rate evaluation. Their approach, as
many other following similar ones, possibly enriched with shear or large
strain effects (He et al., 2018; Heide-Jgrgensen et al., 2021), was based
on the calculation of the strain energy of the system (i.e., the tape, since
the substrate was assumed rigid). In this way, the energy release rate
approximation depends on the precision allowed by the strain energy
evaluation of the whole free tape portion.

In contrast, we will use the finite rotations model only for calculating
the tape tip angle, and not for the strain energy. Thus, the small strain
hypothesis allows considering negligible both the axial elongation and
the shear angle effects on the tip angle determination, even if such ef-
fects are present in the resulting energy release rate.

For the sake of simplicity, we limited the E.R.R. calculation to the
case where the tape tip is loaded only by the force P, keeping zero the
tape tip moment M. We continue to use Fig. 8 as a reference for dis-
cussing this model.

The finite rotations model allows to relate the beam tip cross-section
angle ¢ and the beam root cross-section angle ¢y, to the load P thor-
ough the following implicit formula, reported here from Appendix B
(formula B.9):

2
br=0 —f<§0 — o PL”)

73 (29)

This formula can be approximately evaluated with some numerical
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algorithms, or, more roughly, by using the graph of Fig. 9. In Appendix
B, a detailed explanation of the derivation of the above result is reported.

Like showed in section 4.2, also in this case the root cross-section
angle ¢y is related to the substrate compliance. This fact provides the
second condition needed to evaluate the couple of unknown ¢y, ¢ as a
function of the load. Indeed, the moment My acting at the root cross-
section is (see Appendix B):

Mo = /2EIP[cos(p — ¢br) — cos(p — by ] (30)

hence, using the solution provided by Shokrieh et al., 2011, we can
write:

[cos(¢p — ¢pr) — cos(p — ¢py) | (31)

2P 2+ p?)P
Since Eq. (31) was deduced under the hypothesis of linear elastic
substrate, it is valid only for small substrate root angles 6y = ¢, + 7o,
and consequently for small ¢,. It is convenient to take advantage from
this fact, and use a simplified version of that equation, valid for ¢,—0, i.
e.
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This result extends and at the same time simplifies the findings by
Devitt et al. (1980). In fact, the calculation sequence S1-S3 gives the E.R.
R. for a generic load angle ¢, not merely for ¢ = z/2. Further, our so-
lution considers the shear effect. Finally, it is also valid for a compliant
elastic substrate having a characteristic length 1. We also stress that the
solution by Devitt et al. (1980) implies the explicit calculation of the
elastic energy, which is not the case of our method.

The peeling load is calculated by adding the equilibrium condition to
the detaching occurrence. As pointed out in sec. 3, the detachment
maximum load Py is realized at the initial free length of the tape Ljy. The
direct evaluation Pjy(Lpy) is quite cumbersome; instead, the inverse
evaluation Lin(Pjy) is simpler, and is obtained realizing the following
sequence R1-R4, for any fixed ¢, A, EA, EI, SA,, b I'. For avoiding un-
essential meticulousness, we assumed, in the followings, as rectangular
the tape section.

R1) Given Pyy/bI, calculate X = cos(¢ —¢¢) using Eq. (16) with the
condition G =T". In dimensionless form, we can write this condition as a
quadratic equation in the unknown X:

[6(1)7 —3] 2 (5 X2 X + 1 + fcosw —6(3) 25 (5)° = o.

R2) Calculate ¢ using Eq. (31) and the result X from step 1. The
dimensionless quadratic equation whose result is ¢y, derived from Eq.
(32), is reported here for completeness.

2 2
2P 2+ 2P 2 _ 4 #\2 | BT Pmvcosg | 4 A%
by = = sinp + ZM cos(p — ¢pr) — 17% cosp — osing {1 12{<h Jr(h) EA b o 12 h Jr2<h>
2EI EI 2
2
(32) bI" Pysing A\ 2bT" Prysing N2 2| er Py
— do+ [6() —24(2) +(5) | &= 2Xx-
Solving for ¢,, we get the root cross-section angle: EA bT h) EA  bU h <h> EA T
cosp) = OR3) Introduce in equation (29) or (B.8) ¢ —¢ from step R2 and
P
by = g((ﬁr-ﬁ, f/),/w)
12
(4* 4 242) Psing (2 + 24%) Psing 22 Psing ? 2(2 +u2)P (A2 + p?) Pcosg
== 2 + 2 - - (cos(¢ — ¢r) — cosp) -
2(EI — (2 + p?) Peosg ) 2(EI — (¥ + p2) Pcosyp) 2E1 EI EI
33)

By solving the system of Egs. (29) and (33), we obtain the unknown
cross-section angle ¢; as a function of the load magnitude P, the load
angle ¢, the free tape length L, the shear characteristic length x, and the
substrate/beam compliance characteristic length A. Therefore, putting
¢ in Eq. (16), finally the energy release rate results as a function of the
load in case of finite rotations.

The couple of Egs. (29), (33) can be solved for any fixed ¢, A, y using
the following iterative scheme.

S1) Define the starting beam root angle.

[bolo =0

S2) Calculate iteratively [¢];, [¢o];, up to a convergent n-th pair
[$7]n = b1 [#oln = Po is reached.

orli=0 —f<(/’ - [(l)()]i—l’ \/% )

ol = g([¢T]n§7 <P7/17M>

(formula29)

(formula 33)

S3) Calculate the E.R.R. as a function of & = ¢ —¢p; with formula
(16), reported here for clarity in an opportune form.

[PCUS"ST]Z
2EAb

[PsiniT]2

P
G=7 (coséy — cosg) + 2SAb

11

@ —¢7 = cos X from step R1, then calculate Y = F(p —¢g, ¢ —¢7). The
relevant part of equation (B.8) is reported here for clarity.

d¢

coslp — §7) — cost

—bo
Y =

R4) Using again equation (B.8), where is established Y = ‘/ZPLg /EI,

calculate the initial length, corresponding to the initial load input, and
evaluate Ly (Ppy).

Liy ( 1 EA) / (P,N)
X _Ye —_ =
h 12 oI br

As exemplificative result of the above calculation sequence, in
Figs. 10, 11 the detachment maximum load Py is plotted as a function of
the initial free tape length Ljy, substrate compliance characteristic
length X and two different load angles ¢. The outcomes are reported, for
comparison, together with formula (23), giving the steady state peeling
load, and formula (27), which gives the initial load in case of tape tip
small rotations.

As expected, the results from Egs. (27) and (23) represent good ap-
proximations of the general ‘elastica’ outcome obtained via the above
calculation sequence (R1-R4) at small or large initial lengths. In fact, the
small initial length corresponds to initial tape tip small rotation, whereas
the large initial length corresponds to tip tape rotations approaching the
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load angle ¢. In addition, the effect of the substrate compliance correctly
vanishes in approaching the steady state peeling. It seems interesting to
observe that the two approximate solutions (23) and (27), considered
together, provide an acceptable engineering solution with finite rotation
for the whole range of initial lengths. Indeed, the maximum deviation of
the peeling load for ¢ =z/3 is about —30% at Lyy/h = 45+7.5,
whereas the maximum deviation for ¢ =27/3 is about +15% at

5. Conclusions

In this work, the peeling of elastic tapes from compliant substrates
was discussed. To model the general mechanics of the whole detaching
process, the stationarity of the thermodynamic free energy was used.
Such an approach, at detaching condition, corresponds to equate the
energy release rate to a unique, materials dependent, surface energy.

The main reported achievement is a method for calculating the en-
ergy release rate based on global equilibrium arguments that, in contrast
to the main relevant literature, avoids the explicit calculation of the
elastic energy within the whole volume of tape and substrate.

The method covers the range from the delamination/cleavage to the
steady state peeling, taking account of the bending and shear effect as
well as the substrate compliance. In principle, it is also valid for non-
linear materials (if elastic), or out-of-plane loading condition like tor-
sion or skew bending; possible further developments are open in these
directions.

Having shown that — for negligible smoothed cohesive zone length —
the detachment load decreases when the free tape length increases, it is
possible to estimate the maximum detachment load of the peeling pro-
cess by solving a single equilibrium condition, as imposed at the initial
free tape length. This was done in closed form for small tape rotations,
and in numerical and graphical form for finite tape rotations.

By applying the proposed method in degenerate conditions like
negligible bending stiffness or small rotations, well-known literature

Appendix A. A simple analytical application
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results are recovered and so recognised as belonging to this more general
framework.

In general, it was found that both the substrate compliance and the
tape shear or bending compliances influence the energy release rate
evaluation by increasing it. Consequently, the maximum peeling load
decreases. Such an effect is higher at shorter free tape length and
completely disappears in case of a long free tape portion (i.e., when the
steady state phase of peeling acts).

Apart from the above theoretical results, the method is useful for fast
and accurate numerical evaluations of the energy release rate. In fact,
what is needed is just the load and the rotation of a section — not
necessarily the tip section — where the Timoshenko beam theory de-
scribes the tape static equilibrium accurately enough; both these quan-
tities are trivial outcomes of any finite element calculation.

Further, the general formula (19) reported for the energy release rate
is particularly useful for experimental determination of the adhesion
surface energy at any tape geometry and loading condition, from
delamination of stiff laminae to peeling of thin films.
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In the simple model considered here, the substrate is assumed rigid; the tape model is a Euler-Bernoulli beam subject to small displacements; the
load is a force P orthogonal to the substrate. Under these assumptions, the energy release rate is given by the well-known expression G = P2L2/2EIb. In
fact, this formula is the basic one from which many standardized test formulas stemmed.

In Fig. Al, three schemes are represented, used for deriving the energy rate balance: the two classic ones, i.e., fixed displacement and fixed load
under the crack increment, and the scheme following the translational increment, as derived in section 2.2.

The technique under verification requires the application of the bending moment AM at the tape tip, in addition to the forces. For a generic tape tip

load (P, M), the Eulerian beam theory gives:

_ PL} ML(Z).

3EI ' 2EI’

PL} ML,
s— _ ‘
3EI

1
R M (pstMe) =
a5 g U g (P MO)

P’Ly  PML} ML
6El ' 2EI ' 2EI

(A1)

The elastic energy rate W; and the external work rate Wy are easily derived from the above formulas:

3
pw, — 4V _ (PLO

_dU _ (PLy MIL}\ dP (PL}
T dL, \B3EI ' 2EI

dp  (PLy ML)\ dM  (PLo+M)*
dL, 2EI  EI ) dL, 2EI

ds deo PL} MIL2\ dP PL?
— P M= (20,20 0,7
bW dL, + dLy (3EI 2EI ) dLy + <2EI EI /) dL, EI

ML0> dM | (PLy + M)’

(A2)

(A3)

Imposing again M = 0, the energy release rate components W;, Wa, are reduced to:

_ PLy dP  PL} dM  (PLy)’
" 3EldL, 2EIdL, 2EI

bW,

2
_PL} dP +PL3 aM  (PLy)

bW =35 dL, ' 2EI dL, ' EI

(A4)

(A5)

Asreported in Fig. Al, the fixed displacement condition, also indicated with ‘cond a’ is characterized by ds = 0, dM = 0. The fixed force condition is
indicated with ‘cond b’ and enforces dP = 0, dM = 0. The translational condition, indicated with ‘cond c’, or TI in section 2.2, is defined by dP = 0, dM

= -PdL,. The relevant load derivatives are reported in Table A.1
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P
i AP #0 $7,

Fig. Al. Equivalent calculation schemes for determining the energy release rate: a) fixed displacement; b) fixed load; c) translational increment.

Table A.1
Load derivatives for the three virtual displacement increments under consideration.
L a
dLy dLo
Cond a (fixed displacement) 7%
Lo
Cond b (fixed force) 0 0
Cond c (translational increment) 0 -p

At this point, the elastic energy rate W; and the external work rate W5 can be calculated for the three considered displacement increments
substituting in equations (A(2), A3) the load derivatives given in Tab. I. The results are reported in Table A.2.

As expected, regardless of the particular values W; or W, the energy release rate G = W2 — W holds constant and is correctly evaluated. Note that
the translational condition corresponds to a zero elastic energy rate; this result must also be provided by formula (15). Actually, the simple bended
Euler-Bernoulli beam under consideration in this section gives N =0, M = 0, 1/SAs = 0. Hence, formula (15) also states that the elastic energy rate is
exactly zero. Finally, formula (19) reduces to bG = P9, which, using the Ovalue provided by eq. A(1), trivially gives the correct E.R.R. value.

Table A.2
Elastic energy rate (A) and external work rate (B) vs. paths a, b, c.
~1dUu P ds G=W,-W;
" =pa, W =} L,
Cond a (fixed displacement) (PLo)? 0 (PLo)*
 2EDb 2EIb
Cond b (fixed force) (PLo)? (PLo)? (PLo)?
2EIb EIb 2EIb
Cond c (translational increment) 0 (PLO)2 (PLD)2
2EIb 2EIb

13
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Appendix B. Derivation of elastic tape tip rotation

Let z be the axis beam arc length at a generic deformed configuration. The local momentum equilibrium for small deformation is given by Yoshiaki
et al. (1990):

am am , B
7Z+V:0 => = —Psin(p—¢), ¢$=(0—y) (B.1)

Further, the momentum-curvature constitutive equation provides:

dgp _dM __ d¢

M =El— = — =EI B.2
dz ~ dz a7 (8.2

On the other hand, some manipulations provide the following useful formula (Bisshopp and Drucker, 1945):

dm? dM dz dp & dz 2 dM

— =2M— — =2F]— El— — =2(El)"— = 2E[— B.3

d¢ dz d¢ dz d7 d¢ (ET) d7 dz (B-3)
Hence, substituting (B.1) into (B.3), one gets:

am? .

ﬁ = —2EIPsin(¢p — ¢) (B.4)
Eq. (B.4) is easily integrated between the limits [¢, ¢7] and [M, M7]:

M:—M* = —2EIP /(» sin(p — ¢)de (B.5)

@

Since, by hypothesis, M7 = 0, Eq. (A.5) becomes:

M? = 2EIP[cos(p — ¢y) — cos(p — $)] (B.6)

Being known M, Eq. (B.2) can be now integrated over the free beam length, so providing a useful expression for calculating ¢;. In fact:

d 7 g 1 [ r d 2PL2
M:EI—¢=> ib:—/ dz > ¢ =\ (B.7)
dz 0w M ELJ, b \/cos(p — ¢r) — cos(p — §) El

The change of variable ¢ = ¢ —¢ makes the result more compact, so giving:

“ d 2PL2 PL:
/ 75 0 & =f| &, —0 (B.8)
& \/CosEr — cosé EI EI
where the angle &7 = ¢ —¢y is implicitly given as a function of &, = ¢ —¢y, 1/PL3/EL Hence:
PL?
_ _ 4 THo). B.9
or=0—f ((.0 ®os El )7 (B.9)
Psin(g — ¢r)
O0r = _ B.10
r=¢r+ SA. ( )
Note that if we impose in Eq. (B.7) ¢, = 0,¢ = n/2,1/SA, = 0, we get the solution also derived by Devitt et al. (1980):
o do 2PI}
/ _ ___ (B.11)
o \/sinfr — sinf EI
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