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The classical Morse—Sard theorem claims that for a mapping v: R® — R™*! of class
C* the measure of critical values v(Z,,m) is zero under condition k > n — m. Here
the critical set, or m-critical set is defined as Z, ,» = {x € R™ : rank Vu(z) < m}.
Further Dubovitskii in 1957 and independently Federer and Dubovitskil in 1967
found some elegant extensions of this theorem to the case of other (e.g., lower)
smoothness assumptions. They also established the sharpness of their results within
the CF category.

Here we formulate and prove a bridge theorem that includes all the above results
as particular cases: namely, if a function v : R® — R? belongs to the Hoélder class
Ok, 0 < a <1, then for every ¢ > m the identity

H(Zom N0 () =0

holds for H9-almost all y € RY, where p =n —m — (k + a)(q — m).
Intuitively, the sense of this bridge theorem is very close to Heisenberg’s uncertainty
principle in theoretical physics: the more precise is the information we receive
on measure of the image of the critical set, the less precisely the preimages are
described, and vice versa.
The result is new even for the classical C¥*-case (when a = 0); similar result
is established for the Sobolev classes of mappings W} (R™,R¢) with minimal
integrability assumptions p = max(1,n/k), i.e., it guarantees in general only the
continuity (not everywhere differentiability) of a mapping. However, using some N-
properties for Sobolev mappings, established in our previous paper, we obtained
that the sets of nondifferentiability points of Sobolev mappings are fortunately
negligible in the above bridge theorem. We cover also the case of fractional Sobolev
spaces.
The proofs of the most results are based on our previous joint papers with
J. Bourgain and J. Kristensen (2013, 2015). We also crucially use very deep
Y. Yomdin’s entropy estimates of near critical values for polynomials (based on
algebraic geometry tools).
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RESUME

Le théoréme classique de Morse—Sard affirme que pour une fonction v: R? — R™+!
de classe C* la mesure des valeurs critiques v(Zy,m) est nulle sous la condition
k > n—m. Ici 'ensemble critique, ou m-critique, est défini comme Z, ,, = {z € R" :
rank Vo(z) < m}. Dubovitskii en 1957 et indépendamment Federer et Dubovitskil
en 1967 ont trouvé des élégantes extensions de ce théoréme sous d’autres hypotheses
de régularité. Ils ont également établi 'optimalité de leurs résultats dans ’espace
Ck.

Ici, nous formulons et prouvons un théoréme pont qui comprend tous les résultats
ci-dessus comme cas particuliers. Plus précisément, si un fonction v : R* — R¢
appartient & la classe de Holder C*®, 0 < a < 1, alors pour chaque g > m Iidentité

H (Zom N~ (y)) =0

est réalisée pour HI-presque tout y € R, ot p =n —m — (k+ a)(qg — m).
Intuitivement, le sens de ce théoréme pont est trés proche du principe d’incertitude
de Heisenberg en physique théorique : plus linformation que nous recevons sur
la mesure de 'image de l’ensemble critique est précise, moins les préimages sont
décrites avec précision, et viceversa.
Le résultat est nouveau méme dans le cas classique C* (lorsque @ = 0) ; un résultat
similaire est établi pour les classes de fonctions de Sobolev WF(R™, R?) avec les
hypothéses minimales d’intégrabilité p = max(1,n/k), i.e., il ne garantit en général
la continuité (pas partout différentiabilité) d’une fonction. Cependant, en utilisant
des N-propriétés pour les fonctions de Sobolev, établies dans un article précédent,
nous avons obtenu que les ensembles des points de non différentiabilité des fonctions
de Sobolev sont heureusement négligeables dans le théoréme pont ci-dessus. Nous
couvrons également le cas des espaces fractionnels de Sobolev.
Les preuves de la plupart des résultats sont basées sur nos précédents papiers avec
J. Bourgain et J. Kristensen (2013, 2015). Nous utilisons aussi de facon cruciale
les estimations d’entropie trés profondes de valeurs critiques pour les polynémes
(basées sur la géométrie algébrique outils).

© 2020 Elsevier Masson SAS. All rights reserved.

1. Introduction

The Morse—Sard theorem in its classical form states that the image of the set of critical points of a
C"~4+1 smooth mapping v: R® — R? has zero Lebesgue measure in R?. More precisely, assuming that
n > d, the set of critical points for v is Z, = {& € R™ : rank Vu(z) < d} and the conclusion is that

L (v(Z,)) = 0. (1.1)

The theorem was proved by Morse [34] in the case d = 1 and subsequently by Sard [38] in the general
vector-valued case. The celebrated results of Whitney [42] show that the C"~9*! smoothness assumption
on the mapping v is sharp. However, the following result gives valuable information also for less smooth
mappings.

Theorem A (Dubovitskii 1957 [17]). Let n,d,k € N, and let v: R® — R be a C¥-smooth mapping. Put
v=n—d—k+1. Then

H(Z, N (y)) =0 for a.a. y € RY, (1.2)

where HY denotes the v—dimensional Hausdorff measure.
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Here and in the following we interpret #? as the counting measure when $ < 0. Thus for k >n —d + 1
we have v < 0, and H” in (1.2) becomes simply the counting measure, so the Dubovitskil theorem contains
the Morse-Sard theorem as particular case.!

A few years later and almost simultaneously, Dubovitskil [18] in 1967 and Federer [21, Theorem 3.4.3] in
1969? published another important generalization of the Morse-Sard theorem.

Theorem B (Dubovitskii-Federer). For n,k,d € N let m € {0,...,min(n,d) — 1} and v: R® — R% be a
C* —smooth mapping. Put g, = m + m . Then

H® (v(Zom)) =0, (1.3)
where Z,, , denotes the set of m—critical points of v defined as
Zym ={z € R" : rank Vo(z) < m}.

In 2001 Moreira [33] extended the last result to the Holder class C*< i.e., he proved that for a mapping

v € CH*(R",R?) the equality (1.3) holds with g, = m + e

In view of the wide range of applicability of the above results it is a natural and compelling problem to

extend them to the classes of Sobolev mappings.

In the recent paper [26] by Hajlasz P., Korobkov M.V., and Kristensen J. for k& < n and for Sobolev
classes W) (R™,R?) it was proved a bridge theorem that includes Theorems A-B as particular cases (see
below Theorem 1.3-(ii)). In the present paper we extend this result for the Holder classes C** and for
Sobolev spaces W]f (R™,R?) with arbitrary integer k£ > 1, and also for fractional Sobolev spaces f;*”‘ (e.g.,
for Bessel potential spaces; see Theorems 1.1-1.3).

The integrability assumptions here are very minimal and sharp, they are of kind p(k + ) > n, i.e.,
they guarantee in general only the continuity (not everywhere differentiability) of a mapping. However, we
proved that the ‘bad’ set of nondifferentiability points of Sobolev mappings is fortunately negligible in the
above bridge theorem (see Theorem 1.4) because of some Luzin type N-properties with respect to lower
dimensional Hausdorff measures established in our previous papers [13,22,28].

Let us note, in the conclusion, that the Morse—Sard theorem for the Sobolev spaces was very fruitful
in mathematical fluid mechanics, in particular, it was used in the recent solution of the so-called Leray’s
problem for the steady Navier—Stokes system (see [29]).

1.1. Bridge F.-D.-theorems for the Holder classes of mappings

We say that a mapping v : R” — R belongs to the class C*“ for some positive integer k and 0 < a < 1
if there exists a constant L > 0 such that

|VEu(x) — VFu(y)| < Lz —y|* for all z,y € R".

To simplify the notation, let us make the following agreement: for o = 0 we identify C** with usual
spaces of C*¥-smooth mappings. The following theorem is one of the main results of the paper.

1 1t is interesting to note that this first Dubovitskif theorem remained almost unnoticed by West mathematicians for a long time;
another proof was given in the recent paper [10] covering also some extensions to the case of Hoélder spaces; see also [25] for the
Sobolev case.

2 Federer announced [20] his result in 1966, this announcement (without any proofs) was sent on 08.02.1966. For the historical
details, Dubovitskil sent his paper [18] (with complete proofs) a month earlier, on 10.01.1966.
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Theorem 1.1. Let m € {0,...,n—1}, k>0,0<a <1, k+a>1,d>m, and v € C**(R" RY). Then for
any q € (m,o0) the equality

HH(Zy N v Hy) =0 for Hi-a.a. y € R4
holds, where
g =n—m—(k+a)(qg—m),
and Z, m denotes the set of m-critical points of v: Zy, p, = {z € R™ : rank Vu(z) < m}.

Let us note, that for the classical C*-case, i.e., when a = 0, the behavior of the function g is very

natural:
=0 for ¢ = qgo = m + "™ (Dubovitskii-Federer Theorem B);
g <0 for ¢ > qo (Dubovitskii-Federer Theorem B);
g =V forg=m+1 (Dubovitskil Theorem A);
g =n—m for ¢ = m.

The last value cannot be improved in view of the trivial example of a linear mapping L: R” — R¢ of rank
m.

Thus, Theorem 1.1 contains all the previous theorems (Morse-Sard, A, B and even the Bates theorem
for C*'-Lipschitz functions [8]) as particular cases.

Intuitively, the sense of the Bridge Theorem 1.1 is very close to the Heisenberg’s uncertainty principle in
theoretical physics: the more precisely information we received on measure of the image of the critical set,
the less precisely the preimages are described, and vice versa.
Remark 1.2. As we mentioned before, for ¢ = ¢ = m + 772
Theorem B) the assertion of Theorem 1.1 was proved in 2001 in the paper of Moreira [33]. For the minimal

and py = 0 (as in the Dubovitskil-Federer

rank value m = 0 (i.e., when the gradient totally vanishes on the critical set) and ¢ = g, = o Hq =0,
the assertion of Theorem 1.1 was proved by Kucera [30] in 1972. Further, for partial case g =m+1 = d (as
in the Dubovitskil theorem A) and under additional assumption that

|VEu(x) — VFu(y)| < w(lz—yl) |z —y|* with w(r) —0asr—0, (1.4)

the assertion of Theorem 1.1 was proved in the paper Bojarski B. et al. [10] in 2005. Under the same
asymptotic assumption (1.4) the above Moreira result (i.e., when ¢ = ¢o, ptg = 0) was proved by Yomdin in
the paper [43] in 1983.

1.2. Bridge F.-D.-theorems for mappings of Sobolev and fractional Sobolev spaces

Let ke N1 <p < ooand 0 < a < 1. One of the most natural type of fractional Sobolev spaces is
(Bessel) potential spaces £+, (They are Sobolev analog of classical Holder classes C*.)

Recall, that a function v : R — R? belongs to the space XPIH‘“, if it is a convolution of a function g €
L,(R™) with the Bessel kernel Gq, where Gryq(€) = (1 + 472¢2)=(+2)/2_ Tt is well known that for the
integer exponents (i.e., when « = 0) one has the identity



A. Ferone et al. / J. Math. Pures Appl. 139 (2020) 1-34 5

ZLFR") =WFR") if  1<p<oo, (1.5)
where Wzﬂ“ (R™) is the classical Sobolev space consisting of functions whose generalized derivatives up to
order < k belongs to the Lebesgue space L,(R™).

As usual, if (k4 «)p > n, then functions from the potential space fp’““‘ (R™) are continuous by Sobolev
Theorem. But if (k 4+ a)p = n, then functions from potential spaces fp’“""" (R™) are discontinuous in gen-
eral. Thus for this limiting case we need to consider the Bessel-Lorentz potential space f;fo‘ (R™) to have
the continuity. Namely, fp]ﬁ'a (R™,R?) denotes the space of functions which could be represented as a con-
volution of the Bessel potential Gy, with a function g from the Lorentz space L, 1 (see the definition of
these spaces in the section 2). Similarly to (1.5), for the integer exponents (i.e., when oo = 0) one has the
identity

Ly (R™) = WF (R™) if  1<p<oo, (1.6)
where sz) 1(R™) consists of all functions v € WZ’,“(R”) whose partial derivatives up to order < k belongs to
the Lorentz space Ly 1 (see, e.g., [22]).

Theorem 1.3. Let m € {0,...,n—1}, k>1,d>m,0<a <1, p>1 and let v:R® = R? be a mapping
for which one of the following cases holds:

(i) =0, kp >n, and v € W}(R",R%);

(i) a =0, kp=mn, and v € W[’Zl(R",Rd);

(iii) 0 < <1, p>1, (k+a)p>n, andv € LFT*(R", RY);
(iv) 0<a<l,p>1, (k+a)p=mn, andv € fp}ffo‘(R",Rd).

Then the mapping v is continuous and for any q € (m,o0) the equality
H" 9 (Zym NV (y)) =0 for Hi-a.a. y € R?
holds, where again
pg =n—m—(k+a)(qg—m),
and Z, ,, denotes the set of m-critical points of v: Z,, p, = {x € R™\ A, : rank Vo(z) < m}.

Here A, means the set of ‘bad’ points at which either the function v is not differentiable or which are not
the Lebesgue points for Vu. Recall, that by approximation results (see, e.g., [40] and [28]) under conditions
of Theorem 1.3 the equalities

H™(Ay)

v Vr>1.=n—(k+a—-1)p in cases (i), (iii);
H™(Ay) = HP(Ay)

0
0 Twi=n—(k+a—-1)p=p in cases (ii), (iv)

are valid (in particular, 4, = 0 if (¥ + o — 1)p > n). However, it was proved in [22] that the impact of the
“bad” set A, is negligible in the Bridge D.-F. Theorem 1.3, i.e., the following statement holds:

Theorem 1.4 (/22]). Let the conditions of Theorem 1.3 be fulfilled for a function v : R™ — R%. Then
H' (A, Nv (y)) =0 for Hi-a.a. y € R?

for any ¢ > m.
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Remark 1.5. Note, that since p; < 0 for ¢ > ¢o = m + %, the assertions of Theorems 1.3-1.4 are
equivalent to the equality 0 = H4? [’U(AU U Z,U,m)} for ¢ > qo, so it is sufficient to check the assertions of
Theorems 1.3—1.4 for ¢ € (m, go| only.

Remark 1.6. Note that in the pioneering paper by De Pascale [15] the assertion of the initial Morse-Sard
theorem (1.1) (i.e., when k =n—m, ¢ = g = m+1 = d, py = 0) was obtained for the Sobolev classes
W} (R™,R?) under additional assumption p > n (in this case the classical embedding W} (R",R?) < C*~1
holds, so there are no problems with nondifferentiability points). For the same Sobolev class sz (R™,R%)
with p > n the assertion of the Dubovitskil Theorem A was proved in the recent paper [25] by P. Hajlasz
and S. Zimmermann. Finally, the assertion of Bridge Theorem 1.3-(ii) was proved in our previous paper [20]
with P. Hajtasz and J. Kristensen.®

In conclusion, let us comment briefly that the merge ideas for the proofs are from our previous papers [13],
[27,28] and [26]. In particular, the joint papers [12,13] by one of the authors with J. Bourgain and J. Kris-
tensen contain many of the key ideas that allow us to consider nondifferentiable Sobolev mappings. As in
[13] (and subsequently in [27]) we also crucially use Y. Yomdin’s (see [43]) entropy estimates of near critical
values for polynomials (recalled in Theorem 2.7 below). These Yomdin’s results seems to be very deep and
fruitful in the topic, see, e.g., the very recent paper [7] where the Morse-Sard theorems were proved for
min-type functions and for Lipschitz selections.

In addition to the above mentioned papers there is a growing number of papers on the topic, including
[5,6,8,14,24,25,35,36,41].

Some words about the structure of the paper. In the second section we give some basic definitions and
recall some classical results in analysis, which are very useful tools in our study. In the third sections we give
the proofs of main theorems formulated above. For a reader convenience, the most technical part is moved
to the last section 4 (Appendix), where we obtain estimates for the critical values on a single n-dimensional
cube. These estimates are strong enough and useful for a solution of the following more general

Problem C. Let S be a subset of critical set Z, ,, = {rank Vv < m} and the equality H"(S) = 0 (or the
inequality H™(S) < o0) holds for some 7 > 0. Does it imply that H? (v(E)) = 0 for some o = o(7)?

The complete solution to this problem is done in our new paper [23]; this solution based on the technique
developed in the present paper.

Acknowledgment. The work of M.K. is supported by Mathematical Center in Akademgorodok, the agreement
with Ministry of Science and High Education of the Russian Federation number 075-15-2019-1613.

2. Preliminaries

By an n-dimensional interval we mean a closed cube in R™ with sides parallel to the coordinate axes. If
@ is an n—dimensional cubic interval then we write £(Q) for its sidelength.

For a subset S of R™ we write £™(S) for its outer Lebesgue measure (sometimes we use the symbol meas .S
for the same purpose). The m—dimensional Hausdorff measure is denoted by H™ and the m—dimensional
Hausdorff content by H7. Recall that for any subset S of R™ we have by definition

H(S) = [ H(S) = supHi(S),

3 The only technical difference is that in [26] we used the notation Z, ., = {x € R™ \ A, : rank Vuv(z) < m}, i.e., there m — 1
plays the role of the parameter m of the present article.
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where for each 0 < t < o0,

2

i=1 i=1

H*(S) = inf {me(diamSi)m : diamS; <t, SC U Sl} )

where w,, is the volume of m-dimensional unit ball. It is well known that H™(S) = HZ (S) = L£"(S) for
sets S C R™.

To simplify the notation, we write || f||, instead of || f||r &), ete.

The Sobolev space WE(R", R?) is as usual defined as consisting of those R%-valued functions f € L,(R™)
whose distributional partial derivatives of orders | < k belong to L,(R™) (for detailed definitions and
differentiability properties of such functions see, e.g., [19], [32], [44], [16]). Denote by V* f the vector-valued
function consisting of all k-th order partial derivatives of f arranged in some fixed order. However, for the
case of first order derivatives k = 1 we shall often think of V f(x) as the Jacobi matrix of f at z, thus the
d x n matrix whose r-th row is the vector of partial derivatives of the r-th coordinate function.

We use the norm

Ifllwe = Iflle, + IV FllL, + -+ 1V,

and unless otherwise specified all norms on the spaces R® (s € N) will be the usual euclidean norms.
Working with locally integrable functions, we always assume that the precise representatives are chosen.
If w € L110c(€2), then the precise representative w* is defined for all x € ) by

N0
B(z,r)

0 otherwise,

lim ][ w(z)dz, if the limit exists and is finite,
w*(x) =

where the dashed integral as usual denotes the integral mean,

1

][w(z)dz:m / w(z)dz,

B(z,r) B(z,r)

and B(z,r) = {y : |y — x| < r} is the open ball of radius r centered at x. Henceforth we omit special
notation for the precise representative writing simply w* = w.

If £ < n, then it is well-known that functions from Sobolev spaces W’; (R™) are continuous for p > 7 and
could be discontinuous for p < p, = % (see, e.g., [32,44]). The Sobolev-Lorentz space W¥ | (R™) ¢ WE_(R")
is a refinement of the corresponding Sobolev space. Among other things functions that are locally in W’;O’l
on R™ are in particular continuous (see, e.g., [27]).

Here we only mentioned the Lorentz space L, 1, and in this case one may rewrite the norm as (see for

instance [31, Proposition 3.6])

+oo

1Lz, = / [£"({x € R : [ f(a)] > t})] " dt.

0

Of course, we have the inequality

1z, < A0z, (2.1)

By definition we put ||g||z, ,(g) = [[1E - gllL, ., Wwhere 1g is the indicator function of E.

p,17
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Denote by W | (R™) the space of all functions v € WE(R™) whose partial derivatives up to order < k
have finite Lorentz norm L, ;.
For a function f € Ly 1oc(R™) we often use the classical Hardy—Littlewood maximal function:

M (x) = sup ][ 1£()]dy. (2.2)
T>OB(z,r)

2.1. On potential spaces Z3*

To simplify our descriptions, below in the next two subsections we will write « instead of k + «, so here
we assume that o € Ry (i.e., here not necessarily o < 1, as in formulations of main results).

In the paper we deal with (Bessel)-potential space &£, with a > 0. Recall, that function v : R" — R4
belongs to the space £, if it is a convolution of the Bessel kernel G, with a function g € L,(R"):

v =9Y,(9) = Ga*g,
where é;(f) = (1 + 4n%¢?)~*/2, In particular,
lvllzg = llgllz,-
It is well known that
L (R™) = WHR™) if aeN and 1<p<oc.

Recall, that the Bessel kernel is a radial function and it could be calculated as
o'} ’ i
Guo(z) = ao,/tTefffﬂ—7 Yo > 0, (2.3)
0

where a, is some constant.
It is well known, that G, (x) < aq |2|*™™ for 0 < a < n (see, e.g., [4, page 10]) and we need some simple
technical extension of this fact to the derivatives.

Lemma 2.1. If 0 < o < n + 2, then for any integer j € N the estimate
|V/Go(z)| < Claf* (2.4)
holds, where the constant C depends on a,n,j only.

Proof. Denote

Then by direct calculation
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(see, e.g., [4, page 13]). This finishes the proof for j = 1. The proof for j > 1 could be produced the same
way by induction. O

2.2. On Lorentz potential spaces £

To cover some other limiting cases, denote by .Z% (R", R%) the space of functions which could be repre-
sented as a convolution of the Bessel potential G, with a function g from the Lorentz space L, 1; respectively,

lollzg, :==llgllL,.-
Because of inequality (2.1), we have an evident inclusion
1 (R™) € Z(R™).

Theorem 2.2 (see, e.g., Theorem 2.2 in [22], cf. with Lemma 3 on page 136 in [39]). Let « > 1 and
I <p<oo. Then f € LM (R") iff f € fp(fl_l(R") and 887]; € Zp‘ffl(R”) for every j=1,...,n.

(Here for convenience we use the agreement that .Z*(R") = L,(R") when a = 0.)

Corollary 2.3. Let k € N and 1 < p < oo. Then £ (R") = W (R™), where WF,(R™) is the space of
functions such that all its distributional partial derivatives of order < k belong to L, 1(R™).

Note, that locally the space W;LIOC(R") admits also a simpler description: it consists of functions f

from the usual Sobolev space WI’;]OC(R") satisfying the additional condition V¥f € L, 1 10c(R") (i.e., this
condition is on the highest derivatives only), see, e.g., [31].

2.3. Approzimation of Sobolev functions by polynomials

For a mapping u € L1(Q,R%), Q@ C R", m € N, define the polynomial Py ,[u] of degree at most m by
the following rule:

/ v (u(y) — Pomlul(y)) dy =0
Q

for any multi-index v = (y1,...,7,) of length |[y| =91 + - + 7 < m.
The following well-known bounds will be used on several occasions.

Lemma 2.4 (see, e.g., [27]). Suppose v € WY (R™ RY) with k > n. Then v is a continuous mapping and for
any n-dimensional cubic interval Q@ C R™ the estimates

[v=Pll,_ ) < CUQ ™IV 0|lL,(q);
(@)

[V (v—P) = CUQ |Vl i k>n+ 1

Iz

hold, where P = Pg —1[v] and C is a constant depending on n,d, k only. Moreover, the mapping vg(y) =
v(y) — P(y), y € Q, can be extended from Q to the entire R™ such that the extension (denoted again)
vg € WE(R™,R?) and

IV*0q Ly ) < Coll V¥l (@) (2.5)

where Cy also depends on n,d, k only.
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2.4. Approximation of fractional Sobolev functions by polynomials

We need the following natural estimate whose analogs for Sobolev case are well-known (see, e.g., [32]).

Theorem 2.5. Let k> 1,0<a<1,1<p<oo, and v € éf;‘*‘"(R",Rd), i, V=%%1a(g) := Giia * g for
some g € L,(R™). Suppose in addition that

l<k+a<n+2.

Then for any n-dimensional interval Q C R™ there exists a polynomial P = Pg of degree k such that the
difference vg = v — P satisfies the estimate

Y
Vg (2)] < C/W—(k)aﬂdy Vo € Q, (2.6)

where v = £(Q), the constant C' depends on n,k,a,d,p only, and Mg is the usual Hardy— Littlewood
mazimal function for g (see (2.2)).
Proof. Really, this theorem in essence was proved in the paper [22]. Let us recall some arguments from

there. Fix an n-dimensional interval ) C R™ and denote by 2Q) the double cube with the same center as
of size £(2Q) = 2£(Q). We have

7) = / Gz — 4) g(u) dy.
R'n,

Split the function v into the sum
V=71 + Va2, (27)
where

o(z) == / 9(9) Crsale —y)dy,  valx) = / 9(9) Gryalz — y) dy.
2Q R7\20Q

From [22, Lemma A.1] and from the estimate
VGiial2)] < ClafFran-t (2)

(see Lemma 2.1) it follows immediately that
|V’U1 | <C /M—ka-&-l dy Va € Q (29)

Analogously, from the similar estimate

VIGhsa(z)| < Clafttom—d (2.10)
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[22, Lemma A.1] and from Lemma A.2 of the paper [22] and its proof, applying to the function V*vy with*
parameter # = 1 — a;, we obtain

diam [Vkvg(Q)] < C’ro‘_"//\/lg(y) dy. (2.11)

Take the corresponding approximate polynomial P = Py of degree k, then for the difference o = vy, — P we
obtain the following estimates:

sup [Vi(a)| < €1 [ Matw . (2.12)
sup [Vi(z)] <€) [ Matw . (2.13)
Evidently,
po kol /M / - y|n k —dy  Vreq.

Q

From the last formula and inequalities (2.13), (2.9) the required estimate (2.6) follows directly. 0O

Remark 2.6. If under above conditions we have in addition (k4 a — 1)p > n, then by Holder inequality the
estimate (2.6) implies

sug [Vug(x)] < O rkte-1=% IMgllz, @) (2.14)
Te

2.5. On Yomdin’s entropy estimates for the nearcritical values of polynomials

For a subset A of R? and £ > 0 the e-entropy of A, denoted by Ent(e, A), is the minimal number of
closed balls of radius € covering A. Further, for a linear map L: R™ — R? we denote by Ni(L),j=1,....d,
its singular values arranged in decreasing order: A;(L) > Ao(L) > - -+ > Ag(L). Geometrically the singular
values are the lengths of the semiaxes of the ellipsoid L(0B(0,1)). We recall that the singular values of
L coincide with the eigenvalues repeated according to multiplicity of the symmetric nonnegative linear
map vVLL*: R? — R?. Also for a mapping f: R” — R? that is approximately differentiable at 2 € R"™
put A;(f,z) = A\j(dsf), where by d, f we denote the approximate differential of f at z. The next result is
the basic ingredient of our proof.

Theorem 2.7 ([/3]). Let m € {0,...,n — 1} and m < d. Then for any polynomial P: R™ — R? of degree at
most k, for each n-dimensional cube Q C R"™ of size £(Q) =1 > 0, and for any number ¢ > 0 we have that

Ent(er,{P(m) x €@, M <l4e,....; 0 <1l+4+e A nt1 ga,...,/\dgs})
Scy(l-l-E_m),

where the constant Cy depends on n,d, k,m only and for brevity we wrote A\; = \;(P,x).

4 That means, that now our function V*wvy plays the role of mapping v from arguments of [22, proof of Lemma A.2].
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2.6. On Choquet type integrals
Recall the following classical theorem referred to D.R. Adams, see, e.g., [1]-[2] or [3].

Theorem 2.8. Let 5 >0, n— Bp >0, and s > p > 1. Then for any g € L,(R™) the estimate
[ Halte € R s M(1ag) (@) = ¢y de < Clll, (215)
0

holds with T = %(n — Bp), where C' depends on n, p, s, 8 only.

Here
9(y)
Igg(x :z/idy
p9(%) A

is the classical Riesz potential of order .

The above estimate (2.15) fails for the limiting case s = p. Namely, there exist functions g € L,(R™)
such that |Igg|(x) = +oo on some set of positive (n — Sp)-Hausdorff measure. One possible way to cover
this limiting case s = p is using the Lorentz norm instead of Lebesgue norm in the right hand side of (2.15).
Such possibility was proved in the recent paper [28].

Theorem 2.9 (see Theorem 0.2 in [28]). Let f >0, n— fp > 0, and p > 1. Then for any g € L,(R™) the
estimate

[ Halts € R M(13g) @) = 63D e < Clgl, (216
0

holds with 7 = n — Bp, where C' depends on n, p, 5 only.

The above theorems are not fulfilled in general for p = 1. However, similar results hold in case p = 1 for
derivatives of Sobolev mappings. Namely, the following Theorem was proved by D.R. Adams [2].

Theorem 2.10. Let k,l € {1,...,n}, | < k. Then for any function f from the Sobolev space W¥(R™) the
estimates

/Hgo({x eR™: M(V'f)(z) > t})dt < C|V*f||L, (2.17)
0

hold, where T =n — k + 1 and the constant C depends on n, k,I.

The application of above estimates on maximal functions is facilitated through the following simple
Lipschitz type inequality (see for instance Lemma 2 in [16], cf. with [9]).

Lemma 2.11. Let u € WI(R™,R?). Then for any ball B C R™ of radius r > 0 and for any number ¢ > 0 the
estimate

diam({u(x) : x € B, (MVu)(z) <e}) < Cper
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holds, where Cyy is a constant depending on n,d only.
Using the similar calculations, one could obtain the following refinement of the above Lemma.

Lemma 2.12. Let u € Wi(Q,R?), where Q is an n-dimensional interval. Then for any ball B C R™ of radius
r > 0 and for any number € > 0 the estimate

diam({u(z) : x € BNQ, (MgVu)(z) <e}) < Cyer
holds, where Cys is a constant depending on n,d only, and
Mqf =M(q-f),

i.e.,

Mof(z) = supm / F)ldy. (2.18)

r>0
QNB(z,r)
2.7. On Fubini type theorems for graphs of continuous functions
Recall that by usual Fubini theorem, if a set £ C R? has a zero plane measure, then for H'-almost all
straight lines L parallel to coordinate axes we have H!(L N E) = 0. The next result could be considered as

functional Fubini type theorem.

Theorem 2.13 (see Theorem 5.3 in [26]). Let u >0, ¢ > 0, and v : R"® — R? be a continuous function. For
a set E C R™ define the set function

O(E) = ECiLIJlijj ;(diam Dj)“ [diam v(Dj)]q,

where the infimum is taken over all countable families of compact sets {D;}jen such that E C Uj D;. Then
®(-) is a countably subadditive and the implication

P(E)=0 = [H“ (E N v_l(y)) =0 for Hi-almost all y € R?
holds.

2.8. On local properties of considered potential spaces

Let B be some space of functions defined on R™. For a set @ C R”™ define the space Bjo.(€2) in the
following standard way:

Bioc(Q) :=={f : Q@ — R : for any compact set E C §2 3g € B such that f(z) = g(z) Vx € E' }.

Put for simplicity Bioc = Bloc(R"™).
It is well known that for ¢ > p > 1 the inclusions

Lq,loc C Lp,l,loc C Lp,lom
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hold (see, e.g., [31]). Respectively, it is easy to see that for a > 0 one has

(0% (0% (0%
gq,loc C jp,l,loc C "S’ﬂp,loc'

Since the Morse—Sard type theorems have a local nature, if we prove some of these theorems for £, then
the same result will be valid for the spaces £y and £* for all ¢ > p. Similarly, if we prove some Morse-Sard

type theorems for £

b1, then the same result will be valid for the spaces £* with ¢ > p, etc.

2.9. Approzimation by Hélder—smooth functions

We need also the following approximation result.

Theorem 2.14 (see, e.g., Chapter 3 in [/4] or [11]). Let p > 1, k € N, o € (0,1). Then for any f €
ZFr(R™) and for each e > 0 there exist an open set U C R™ and a function h € CF*(R™) such that

(i) L"(U) <e;
(ii) each point x € R™\ U is an Lebesgue point for f and V f;
(iti) f=h and Vf=Vh on R"\ U.

Note, that in the cited references the approximation property is discussed for the case of Sobolev spaces
Wlf, but the proof for the ff*‘a (R™) space easily follows from the just mentioned Sobolev case and some
standard arguments on real analysis concerning approximation limits and Whitney-type extension theorems
for Holder classes (see, e.g., Theorem 4 in [39, §2.3, Chapter 6]).

3. Proofs of the main results
3.1. Bridge Federer—Dubovitskii theorem for Sobolev mappings

Recall, that bridge Dubovitskii—Federer Theorem 1.3 for the case (ii) was proved in our previous paper [26].
The purpose here is to prove Theorem 1.3 (i). But of course, the case (i) with & < n follows immediately
from the case (ii) (see the section 2.8). So we need to consider here only the situation Theorem 1.3 (i) with

k>n and p=1.
Fix integers m € {0,...,n — 1}, d > m, k > n, and a mapping v € W¥(R",R?). Then, by Lemma 2.4

the function v is C''-smooth.
Denote Zy, ., = {x € R™ : rank Vou(z) < m}. Fix a number ¢ > m. Denote in this subsection

p=pq =n—m—k(qg—m).
Recall, that we need to consider only the case

q € (m7 qO]a

n—m

where go = m + = (see Remark 1.5). Then by direct calculation we have p > 0.

The required assertion of the bridge Dubovitskii-Federer Theorem 1.3-(i) is equivalent (by virtue of
Theorem 2.13) to the identity

®(Zym) =0,
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where by definition

O(E) = ECiLIJl,fDx Z(diam Dj)“ [diamv(Dj)]q. (3.1)

As indicated the infimum is taken over all countable families of compact sets {D;};en such that E C |J; D;.

Before embarking on the detailed proof we make some preliminary observations that allow us to make a
few simplifying assumptions. We could assume without loss of generality that

[Vo(z)] <1 Vo e R".
Denote Z, = Z, . Then from Theorem 4.6 (i), applied to our values of ¢, it = p14 we obtain immediately
Lemma 3.1. Let g € (m, qo]. Then for any sufficiently small n-dimensional interval Q C R™ the estimate
®(Z,NQ) < CUQ)"™ ™V - | Vro||{ T, (3:2)
holds, where the constant C depends on n,m,k,d only.
(Indeed, we have by direct elementary calculation, that now the exponent ¢ + p + (k — 1 — n)(qg — m)

from the formula (4.49) coincides with n(m — ¢ + 1) from (3.2).)
Note, that by our assumptions k& > n, therefore

L
m .
k

n
q<go=m+

Corollary 3.2. Let ¢ € (m,q.]. Then for any ¢ > 0 there exists & > 0 such that for any subset E of R™ we
have ®(Z, N E) < e provided L™(FE) < 4. In particular, ®(Z, N E) = 0 whenever L™(E) = 0.

Proof. Let £L™"(E) < 6. Then we can find a family of nonoverlapping n-dimensional dyadic intervals @; such
that £ C |J; Q; and }_£"(Q;) < 4. Of course, for sufficiently small ¢ the estimates
J

IVE0llLy @) <1 UQy) < 6n

are fulfilled for every j. Denote

rp=0Q)), 0=Vl @), o=V, (3.3)
In view of Lemma 3.1 we have

<CZ n(m—q+1) q m

Since by our assumptions
O<m—-—g.+1<m—-q+1<1,

we have
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Hoélder ineq. m—q+1 qg—m
n(m_q+1) i i ’ Z .
E :Tj Uj < C E ’I"j 0
J j J

< c'ommatl . gamm,
The lemma is proved. 0O

By the classical approximation results (see, e.g., Chapter 3 in [44] or [11]), our mapping v coincides with
a mapping g € C*(R™,R?) off an exceptional set of small n—dimensional Lebesgue measure. So we need to
check the assertion of Theorem 1.3-(i) for C*~smooth mappings now.

Lemma 3.3. Let ¢ € (m, q,] and g € CF(R™,RY), k > n. Then
Dy(Zg,m) =0, (3.4)
where @, is calculated by the same formula (3.1) with g instead of v and Z, ,, = {x € R™ : rank Vg(z) < m}.

Proof. We can assume without loss of generality that g has compact support and that |Vg(z)| < 1 for all
x € R™. We then clearly have that g € W5(R"™ R?), hence we can in particular apply the above results to
g. The following assertion plays the key role:

(%) For any n-dimensional interval Q@ C R™ the estimate

O(Zgm N Q) < CLQ)" ™D | VEgo |78,
holds, where the constant C depends on n,m, k,d only, and we denoted

V4o(e) = Vhg(a) - f VFo(w) du
Q
The proof of (x) is almost the same as that of Lemma 3.1, with evident modifications (we need to take the
approximation polynomial Pg(z) of degree k instead of k — 1, etc.).

By elementary facts of the Lebesgue integration theory, for an arbitrary family of nonoverlapping n-
dimensional intervals @); one has

> IVFa0,llL@) =0 as supl(Q;) =0 (3.5)
. J
J

The proof of this estimate is really elementary since now V¥g is a continuous and compactly supported
function, and, consequently, is uniformly continuous and bounded.
From (%) and (3.5), repeating the arguments of Corollary 3.2, using the assumptions on g and taking

0 = IV*30,llLi@), o= 0;
J

in definitions (3.3), we obtain that ®,(Z, ) < € for any € > 0, hence the sought conclusion (3.4) follows. O

By the above-mentioned approximation results, the investigated mapping v equals a mapping g €
CF(R™ RY) off an exceptional set of small n-dimensional Lebesgue measure. This fact together with
Lemma 3.3 readily implies
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Corollary 3.4 (cp. with [15]). Let q € (m,qo]. Then there exists a set Z, C Z, of n-dimensional Lebesgue
measure zero such that ®(Z, \ Z,) = 0. In particular, ®(Z,) = ®(Z,).

From Corollaries 3.2 and 3.4 we conclude that ®(Z,) = 0, and this finishes the proof of Theorem 1.3-(i)
for the required case k > n, p = 1.

Remark 3.5. As we could see from the above proofs, the assertion of Theorem 1.3-(i) is valid also under
assumption v € BV, (R",R?) (instead of W{) with the same k. Here BV}, means the space of functions
v E I/Vlk_1 such that its k-th (distributional) derivatives are Radon measures.

Remark 3.6. Thus, the assertions of Theorem 1.3-(i)-(ii) are proved. Of course, these assertions imply the ful-
fillment of the statement of Theorem 1.1 for the extreme borderline cases @« = 0 and o = 1, because the
corresponding Holder spaces C* and C™! are contained in the Sobolev spaces W, and Wi+ (with p > n)
respectively.

3.2. Bridge F.-D. theorem for Hoélder classes of mappings
This subsection is devoted to the proof of Theorem 1.1. It is sufficient to consider the general case 0 <
a < 1 (see Remark 3.6).
Fixme{0,....n—1}, k>1,d>m, 0 < a<1,and v € CH*(R" RY). Take also a parameter ¢ > m.
Of course, as in the previous subsection, it is sufficient to consider the case
q € (m, o),

T
assume without loss of generality that

where ¢o = m + By definition of the space C*® and since the result has the local nature, we may

|VFu(z) — VFu(y)| < |z —y|* for all 2,y € R™, (3.6)
[Vo(z)| <1 for all x € R™, (3.7)
v(z) =0 if |z| > 1. (3.8)

Denote again Z, = Z,, = {x € R" : rank Vu(z) < m}. Now the parameter p is different from the
previous subsection:

p=n—m—(k+a)(g—m). (3.9

As before, the assertion of the Bridge Dubovitskii-Federer Theorem 1.1 is equivalent (by virtue of Theo-
rem 2.13) to

where we denoted

O(E) = ECiLIJlij Ej:(diam Dj)M [diam U(Dj)]q.

As indicated the infimum is taken over all countable families of compact sets {D;}jen such that E C |J; D;.
The proof of Theorem 1.1 consists of several steps.
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STEP I. Applying Theorem 4.1 to the present case u defined by (3.9), we obtain immediately the following
assertion, which is the main tool for further arguments:

(%) Under above assumptions on v, for an arbitrary sufficiently small n-dimensional cube Q of size
r =£(Q) the estimate
o(Z,NnQ)<Cr" (3.10)

holds, where the constant C depends on n,m,k,d,a only.

Of course, the last estimate implies
O(Z,NF)<VY(Z,NF)<C-L'F) (3.11)
for any measurable set F' C R", where the countably subadditive set function ¥ is defined as

¥(F) = lim Fcbxlijj’ > (diam D;)" [diam v(D;)]*. (3.12)

diamD; <o 7

Here the infimum is taken over all countable families of compact sets {D;};en such that ' C |J; D; and
diam D; < 6 for all j.

STEP II: THE CASE m = 0.

Suppose now that m = 0. In other words, now Z, = {z € R" : Vu(x) = 0}. Thus V*v(x) = 0 for almost
all x € Z,,. Then we have the decomposition:

Zy=FEyUE,

where L"(Ey) = 0, and every = € E; is a density point for the set {z € R" : V¥v(z) = 0}. It implies, by
elementary arguments, that

o [740(0) = VHo(@)

Y=z |z — yl|~

—0 Vx € Fy.

Then, checking the proof of the basic estimate (3.10) (see also (4.11)), we see that for any point = € F; the
identity

i 2% N0, 7))

r—0 rn

=0 (3.13)

holds, where Q(z, ) denotes the cube centered at x with £(Q)) = r. By usual elementary facts of real analysis
and by subadditivity of ®(-), the convergence (3.13) implies that ®(E;) = 0. The equality ®(Ep) = 0 follows
from the condition L™(Fy) = 0 and (3.11). So ®(Z,) = 0 as required. The case m = 0 is finished completely.
STEP III: THE CASE m > 0.
From this point, for all the steps below we assume that m > 1. By definitions, we have

Zy, = FEqU Fy, (3.14)
where

Ey = {z € R" : rank Vo(z) < m}, Ey :={z € R" : rank Vu(z) = m}.
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By construction, Ey C Z, ,,—1, so we can apply the previous estimate (3.11) for m’ = m — 1 instead of m
to obtain

U(Ep) < o0, (3.15)
where U is defined as W (see (3.12)) with p replaced by
p=n—m'—(k+a)g—m)=p—(k+a—-1)<p.
Of course, the inequalities \T/(EO) < oo and g < p imply \I'(EO) > U (Ep) =0, and, consequently,

B(Ey) = 0. (3.16)

STEP IV. Now we have to estimate the last term ®(F;) with rank Vu|g, = m. By Implicit Function
Theorem and by the local nature of the considered results, we can assume without loss of generality that

U(.T) = U(y’ Z) = (y7 f(yv Z)) Vz € En, (317)

where for z = (21,...,z,) € R” we denote y = (21,...,Zm), 2 = (Tm+1,-...,2Tn), in particular, z = (y, 2),
and f:R"™™ — R is some C**-Holder mapping.
Now the condition rank Vv|g, = m can be rewritten in the following equivalent form:

vzv(yv Z) = 0 V(y, Z) S E17 (318)
where we denote V,v = % = (ax‘?ﬁ, e ai“n).

From formula (3.18) using Fubini’s Theorem and standard facts about density points of Lebesgue mea-
surable sets it is easy to deduce that there exists a decomposition Fy = E, U E,, such that

L"(E.) =0, (3.19)
Viu(y,z) =0 V(y,z) € B Yl=1,...,k; (3.20)

. [v(o, 2) —v(¥os 20)| _
le)rrzlo Py = =0 Y(yo, 20) € Eus. (3.21)

Then from Egoroff’s Theorem on uniform convergence of measurable functions, for any d > 0 there exists a
decomposition

FE..=FUFE (3.22)
such that
LM(F) <6, (3.23)

and the uniform convergence

‘U(ya zZ+ h) — ’U(y, Z)'
ED e 0 V(y,z) € E (3.24)

holds. Here 0 # h € R™ ™, and convergence is uniform with respect to h, i.e., for any & > 0 there exists
pe > 0 such that for every (y, z) € E and for each h € R"™™ satisfying 0 < |h| < p¢ the inequality
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[0(y, 2+ h) = v(y, 2)| < & |h[*He (3.25)

holds.
STEP V. We claim that for any z¢ = (yo,20) € E the convergence

lim ®(ENQ(xo,1))

r—0 rn

=0 (3.26)

holds, where we denote by Q(z,r) the n-dimensional cube centered at x with side length r.

This claim is proved by direct elementary calculations. Indeed, fix arbitrary £ € (0,1) and take pg < 1
from the previous Step IV. Let 0 < r < pe. The cube Q = Q(xo,r) can be represented as Q = Qy X @,
where @)y and @ are the corresponding cubes of the same size in spaces R™ and R™~"" respectively.

Denote € = £ rk+2=1 Assume without loss of generality that % is an integer number, put

N=¢cm (3.27)
and consider the decomposition
N
Q=@
j=1
where every @); is the corresponding cube of size er in the “y-space” R™. Denote further
J={j=1,...,.N:En(Q; xQ.) #0}.

By construction, every rectangle Q; X @Q., j € J, has the size er and 1-Lipschitz condition (see (3.7))
along y-coordinates, and respectively size r and the strong Lipschitz conditions (3.25) along z-coordinates,

that imply
diamv(Q; x Q) < 2(er + &rFt) = der = ¢kt (3.28)
Finally we have
nEB(ENQ) < 3 [diamu(Q x Q1)) < (4g) TN krewtn CHLEY yagammyn, (3.29)
jeJ

Since ¢ could be taken arbitrary small, the proof of the Claim (3.26) is complete. Of course, this claim and
the countable subadditivity of ® imply immediately

P(E) = 0. (3.30)

Let us summarize what was done on the previous steps III-V. For arbitrary § > 0 we obtain the decom-
position

Z, = EyUE,UFUE,
where ®(Ey) = ®(F) =0, L(E,) =0, and L(F) < §. By virtue of estimate (3.11) this implies

®(Z,) < Cé,
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consequently,

Thus Theorem 1.1 is proved completely.
3.8. Bridge F.-D. theorem for mappings of potential spaces fp’”O‘(R",Rd): case k <n

This subsection is devoted to the proof of Theorem 1.3, case (iii). Here we consider the situation when
1<k<mnand 0<a«a<1. Then k+ «a—1 < n. Since our results have a local nature (see Subsection 2.8 for
more precise explanations), it is sufficient to consider only the case

n—-p<(k+a—-1)p<n (3.31)

i.e., when v is a continuous function by Sobolev Imbedding Theorems, but the gradient Vv could be

discontinuous.
Fix m € {0,...,n—1},d > m, and v € ZF"*(R",R?). In other words,

V=Y1a(9) = Gria*g

fore some g € L,(R™).
Take a parameter ¢ > m. Of course, as in previous subsection, it is sufficient to consider the case

q € (m, qO]a
where ¢, =m + 772. In particular, we have
n—m
—m<qg,—m= < . 3.32
q=Mm=go—m= " <p (3.32)
Now the parameter p is the same as in the previous subsection:
p=n—m—(k+a)(g—m). (3.33)

Denote again Z, ,, = {x € R\ A, : rank Vov(z) < m}. Here A, means the set of ‘bad’ points, where v
is not differentiable or MVwv = co. Recall that this set has a small size, namely,

HT(A,) =0 Vr>1.=n—(k+a—1)p.

As before, the assertion of the Bridge Dubovitskii-Federer Theorem 1.3 is equivalent (by virtue of The-
orem 2.13) to

®(Zym) =0,
where

O(FE) := ECiLIJlijj ;(diam Dj)/L [diamv(Dj)]q.

Since @ is a subadditive set-function, it is sufficient to check only the equality
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®(Z,) =0,
where we denote
Zh i ={x € Zym : |[Vo(z)| <1}
From the inequality ¢ —m < p (see (3.32)) we conclude that

q—l—,u(gi:g)n—(k—i-a—l)(q—m)>n—(k+a—1)p:7'*, (3.34)

so the key assumption (4.20) of Theorem 4.3 is fulfilled now.

STEP I: ESTIMATES ON A SINGLE CUBE. Applying the just mentioned Theorem 4.3 to the present case
p=pg =n—m-—(k+a)(¢g—m), we obtain immediately the following assertion, which is the main tool for
further arguments.

Lemma 3.7. Under above assumptions on v, for an arbitrary n-dimensional cube Q of size r = £(Q) the
estimate

(7. NQ)<C (Uqr(kﬂv;j)qﬂi i Uq_mrnqu’"))’ (3.35)
holds, where
o =Myl (3.36)
and the constant C depends on n,m,k,c,d,p only.
STEP II: ESTIMATES ON SETS OF SMALL n-LEBESGUE MEASURE.

Lemma 3.8. Under above assumptions on v, for any & > 0 there exists § > 0 such that for any subset E of
R™ we have ®(Z, N E) < e provided L™(F) < §. In particular, ®(Z, N E) = 0 whenever L™(E) = 0.

Proof. Let L™(E) < ¢, then we can find a family of nonoverlapping n-dimensional dyadic intervals @ such
that £ C Uz @p and 3 £"(Qp) < 6. Of course, for sufficiently small § the estimates
B

IVF0llr (@0 <1, £(Qg) <87 <1 (3.37)
are fulfilled for every . Denote
rs=0Qp), 5=Vl 0., o=I1V*0lL, .00 (3.38)
In view of Lemma 3.7 we have
O(E)<C Z ag_mrg(li ") +C Z Ugr(ﬁk+a7%)q+”. (3.39)
B B

Now let us estimate the first sum. Since by our assumptions ¢ —m < p (see (3.32)), we have



A. Ferone et al. / J. Math. Pures Appl. 139 (2020) 1-34 23
a—m pP—qgtm
B

p—at+m
p

< Qo™ (E"(E)) . (3.40)

g—m n(lfu) Holder ineq. »
Sapmn T e (Y

B

The estimates of the second sum are again handled by consideration of two separate cases.
Case I. ¢ > p. Then

Z (k+a—f a+p £ Z (3.41)
B

B

Case II. ¢ < p. From the definition (3.33) we have the following elementary identity:

(kta—")g+p=nl1-LtmE+a—-1)>n1-95). (3.42)
P P P
Then
( ( Hélder ineq. B =t
a k+a—— ¢1+H n 1__ older ine »
> ot S <) ()
B B B B
< g5t (3.43)

Now for both cases (I) and (II) we have by (3.39)—(3.43) that ®(E) < w(d), where the function w(d) satisfies
the condition w(d) N\, 0 as d \, 0. The lemma is proved. O

STEP III (FINISHING OF THE PROOF OF THEOREM 1.3 (III) FOR THE CASE k < n).

From Theorem 2.14 it follows that for any & > 0 there exists a decomposition R* =UUE, E=R"\ U,
where meas(U) < ¢ and the identities v = h and Vo = Vh hold on the set F, where the mapping h
belongs to the class C*(R™,R?). By Theorem 1.1, proved in the previous subsection, we have ®(Z/ N E) =
®,(Z;, N E) = 0. On the other hand, by Lemma 3.8 the value ®(Z, N U) could be made arbitrary small.
Therefore, ®(Z!) = 0 as required.

8.4. Bridge F.-D. theorem for mappings of potential spaces fpk“‘o‘(]R",]Rd): case k >n

The proof for this case can be done almost word by word the same way as in the previous subsection with
the following evident difference: on the Step 1 for the estimates on a single cube we need to use Theorem 4.2
instead of Theorem 4.3. Thus the proof now is even much easier since on the right hand side of the estimate
of Theorem 4.2 we have only one term (instead of two terms in the estimate of Theorem 4.3).

8.5. Bridge F.-D. theorem for mappings of Sobolev—Lorentz potential spaces XPETQ(RW R%) with
(k+a)p=n

The proof for this case could be done almost word by word the same way as in previous subsection 3.3
with the following evident difference: on the Step 1 for the estimates on a single cube we need to use
Theorem 4.4 (ii) instead of Theorem 4.3. Also we need to use the following well-known supadditive property
for Lorentz norms:

Suppose that 1 <p < o0 and F = UgeN , where E; are measurable and mutually disjoint subsets of

. Then
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S, Ly < IFIE, oy
J

where by definition || f||L, ,(g) = ||f-1E|lL, ., and 1 denotes the indicator function of the set E. (See, e.g.,
[37] or [31].)

Summarizing the results, obtained in above subsections 3.1, 3.3 — 3.5, we conclude, that the proof of
Theorem 1.3 is finished completely.

4. Appendix: estimates of the critical values on cubes

Let >0, ¢ > 0, and v : R — R? be a continuous function. For a set £ C R™ as before define the set
function

®(E) = inf Z(diam D;)" [diam v(D;)]", (4.1)

where the infimum is taken over all countable families of compact sets {D;};en such that E C (J ; Dj. Then
®(-) is a countably subadditive and the implication

OE)=0 = [7—[“ (E N v—l(y)) =0 for H%almost all y € R? (4.2)

holds (see Theorem 2.13).
Our purpose here is to estimate ® for subsets of critical set in cubes for different classes of mappings.
For all the following four subsections fix m € {0,...,n — 1} and d > m. Take also a positive parameter
q > m and nonnegative p > 0 required in the definition of the set—function ®.
For a regular (in a sense) mapping v : R™ — R? denote as before

Zym ={x € R"\ A, : rank Vu(z) < m}.

Here A, means the set of ‘bad’ points, where v is not differentiable or which are not Lebesgue points for Vo
(of course, A, = 0 if the gradient Vv is a continuous function). It is convenient (and sufficient for our
purposes) to restrict our attention on the following subset of critical points

Zh ={x € Zym : |Vu(z)| <1} (4.3)
4.1. Estimates on cubes for Holder classes of mappings

Fix k> 1,0 < a <1, and v € C**(R",R?). By definition of the space C*® and since the result has
the local nature, we may assume without loss of generality that

|VFu(z) — VFu(y)| < |z — y|* for all 2,y € R™, (4.4)
[Vo(z)] <1 for all x € R™. (4.5)

The main result of this subsection is contained in the following

Theorem 4.1. Under above assumptions, for any sufficiently small n-dimensional interval Q C R"™ the
estimate

D(Q N Zym) < CUQ)TTHHE+a=Da=m) (4.6)
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holds, where the constant C depends on n,m, k,a,d only.
Proof. Let the assumptions in the beginning of this subsection be fulfilled. Fix an n-dimensional interval
Q C R™ of size £(Q) < % Without loss of generality we may assume that the origin 0 € ). Take the
polynomial P of degree k such that

Viu(0) =VIP(0)  Vj=0,1,...,k. (4.7)

Denote vg = v — P. Then from assumption (4.4) we have

|VFug(x)] < r® for all z € Q. (4.8)
Vg (z)| < rhte-t for all z € Q, (4.9)

where we denote for convenience 7 = \/n £(Q). Put ¢ = r**2~1. Since by our choice £(Q) < ﬁ, we have in
particular that

e<1. (4.10)

Denote Z, = Q N Z, . Since VPq(z) = Vu(z) — Vug(z), |Vvg(x)| <e, [Vu(z)| <1, and Apy1(v,2) =0
for « € Z,,, we have®

Z, C {x €Q:M(Pg,x)<l+4e,....n(Pg,z) <1l+4+e, Apt1(Pg,z) < s}.

Applying Theorem 2.7 to polynomial P and using the Lipschitz condition diam vg(Q) < e r, we find a finite
family of balls T; C RY, j =1,..., N with N < Cy (1 +&~™), each of radius 2er, such that

N
U Tj D ’U(Zv).
j=1

Therefore, we have

(4.10)
®(Z,) < CNelr?th < Oy(1 4+ ™) elpdth < Celmptth,

The last formula, because of definition of e, implies the required estimate (4.6). The Theorem is proved. O
The analysis of this simple proof shows, that if we replace the condition (4.4) by more general assumption
[VFu(z) — VFu(y)| < AUQ)™ for all 2,y € Q,
then instead of (4.6) the modified estimate
D(QN Zym) < C AT Q)1+ FamDia=m) (4.11)

holds, where again the constant C' depends on n,m, k, «, d only.

5 Here we use the following elementary fact: for any linear maps L;: R™ — R?% and Lo: R™ — R the estimates A\; (L1 + L) <
Ai(L1) + ||L2|| hold for all l =1,...,d, see, e.g., [43, Proposition 2.5 (ii)].
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4.2. Estimates on cubes for Sobolev classes of mappings. Case I: (k+a —1)p>n
Fixk>1,0<a<1l,1<p<oo,and v € Zp’”a(R”, R%). In this subsection we consider the case, when
(k+a—1)p>n, (4.12)

i.e., when the gradient Vv is a continuous and uniformly bounded function by Sobolev Imbedding Theorems.
For convenience, in this section we assume that

sup |Vu(x)| < 1.
zeRn

Theorem 4.2. Under above assumptions, there exists a function h € L,(R™) (depending on v only) such that
for any sufficiently small n-dimensional interval Q C R™ the estimate

B(Q N Zym) < C ot (@) Eremt=)amm) (4.13)
holds, where

o= [[hllL,@) (4.14)
and the constant C' depends on n,m,k,«,d,p only.

Proof. The proof here is very similar to the proof of Theorem 4.1 from the previous subsection, but in the
beginning we have to obtain the uniform estimates for the gradient of the difference between the function
and some polynomial.

Let the assumptions in the beginning of this subsection be fulfilled. Put [ = min{: € Z : k+a—n—2 < i}.
In particular, [ > 0. Denote k = k — {. Then by construction

k+a—n—2<0. (4.15)
We claim also, that
(k+a—1)p>n. (4.16)

Indeed, if k+a —n—2 < 0, then [ = 0, k = k, and the inequality (4.16) follows immediately from the
assumption (4.12). On the other hand, if kK + @ —n —2 > 0, then [ > 0 and by construction we have
l—1<k+a—n—2, that is equivalent k + o —n — 1 > 0, and the inequality (4.16) follows from the
assumption p > 1.

Put v = V'v. From the inclusion u € fg””‘(R",Rd) it follows that u = ¥, ,(9) := G, * g for some
g € L,(R™). We will use the Hardy-Littlewood maximal function Mg (see (2.2)). The well-known properties
of maximal functions (see, e.g., [39]) imply

h:= Mg e L,(R™).

Fix an n-dimensional interval @ C R" of size r = £(Q) < 1. From Remark 2.6 (see formula (2.14)), applied
to the function u = Gy, * g, and from assumption (4.16), it follows that there exists a polynomial P of
degree k such that

Slelg [Vug(z)| < C||Mgllz, @) phta-1=-3 (4.17)
xr
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where ug = u — P. Since u = Vlv, we have that for some polynomial P of degree k the estimate

sup [Vug(e)| < 7' sup [Vug(e)| < € | Mgllz, @ 7% (4.18)
IS ASS

Denote the right hand side of the last inequality by €. Of course, taking r = ¢(Q) sufficiently small, we could
assume without loss of generality that € < 1.

From this step we could repeat almost word by word the last part of the proof of Theorem 4.1 to obtain
the required estimate (4.13). O

4.3. Estimates on cubes for Sobolev classes of mappings. Case II: n—p < (k+a—1)p<n

Fixk>1,0<a<1l,1<p<oo,and v € .iﬂpk*"‘(R", R%). In this subsection we consider the case, when
k4 a>1and

n—p<(k+a—1)p<n, (4.19)

i.e., when v a continuous function by Sobolev Imbedding Theorems, but the gradient Vv could be discon-
tinuous.

From the inclusion v € ZF+*(R",R?) it follows that Vv = ¥,(g) := G4 * g for some g € L,(R™). We
will use the Hardy—Littlewood maximal function Mg. The well-known properties of maximal functions (see,
e.g., [39]) imply

Mg e L,(R™).
Theorem 4.3. Under above assumptions, if an addition
g+pu>1o=n—(k+a—1)p, (4.20)

then for any n-dimensional interval Q C R™ of size r = £(Q) the estimate
®(Z:NQ)<C (Uqr(k+a—%)q+u + UqmTq-i-M-l-(k-l-ol—l—%)(q—’m))7 (4.21)

holds, where
o= [Mgllr, @) (4.22)
and the constant C depends on n,m, k,c,d,p only.

Proof. Let the assumptions in the beginning of this subsection be fulfilled. Fix an n-dimensional interval
Q C R™ of size r = £(Q). Take the polynomial P of degree k from Lemma 2.5 such that

My(y
|Vug ()] < C/ W(k)aﬂ dy Vo € Q, (4.23)
Q

where vg =v — P.
Put

ee = [[Mgllz, @ r" 7. (4.24)
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We emphasise that now we can not assume that ¢, is small since the exponent k + o — 1 — % is strictly less
than zero.
Denote

0= ||M9HLP(Q)7
and for each j € Z define
Ej={z€Q: Mq|Vugl(x) € (2271, 2]} and & =HI"(Ey),
where Mg is the modified Hardy-Littlewood maximal function defined by formula (2.18). Put

_ (g+mpp
n—(k+a-1)p’

T:‘%(nf(kJrafl)p):quu.

From these definitions it follows, in particular, that

<i)s — pth (4.25)

Ex
further, since n < (k + a)p, we have
s>q+u, (4.26)
moreover, since by Theorem assumption ¢+ p > n — (k + a — 1)p, we have
5> p. (4.27)
Then by Theorem 2.8 (applied for the case 8 = (k + a — 1)),
i §;27% < Co* (4.28)
j=—o00

for a constant C depending on n,d, 3,7, s only. By the definition of the Hausdorff measure, for each j € Z
there exists a family of balls B;; C R™ of radii r;; such that

Ej C U Bij and Zr;};ﬁ‘« < C(Sj. (429)
=1 =1

Denote
Zj = Z;) N Ej and Zij = Zj N BZJ
By construction Z;, N Q = J; Z; and Z; = |, Zy;.

Take an integer value j, such that e, € (2971, 27<]. Denote Z, = |J
construction

i< Zj, Zyw = szj* Zj. Then by

ZyNQ=2,UZ, Z.C{xeZ,NQ: Mg|Vugl|)(z) < e}
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Further, since VPg(z) = Vo(z) — Vog(z), [Vug(z)| < 27, [Vu(z)| < 1, and A\, (v,z) = 0 for z € Z;;, we
have®

Zij C{z € Bij: M(Pg,x) <142, A(Pg,2) <1+27, A\py1(Po,z) <271,
From definition of F; and from Lemma 2.12 (applying to the function vg) we have
|UQ(CE) - 'UQ(y)| < CM2jTij Vx,y S Zzg

From this fact, applying Theorem 2.7 to polynomial Py with B = B;; and € = ¢; = 2/, we find a finite
family of balls 7, C RY, v =1,...,v; with v; < Cy (1 + e; ™), each of radius (1 + Ca)e;7i , such that

2
U T, D 'U(ZU)
v=1

Therefore, for every j > j, we have

(Zij) < Crvgelrdi = Co(1+e;™)20% T < Cy(1+ ™) 200 L, (4.30)
where all the constants C', above depend on n,m,k,d only. By the same reasons, but this time applying
Theorem 2.7 and Lemma 2.12 with € = ¢, and instead of the balls B;; taking the big ball B O @ with
radius y/nr, we have

B(Z,) < Cs(1 + e ™)elpath, (4.31)

kta=1=% s equivalent to the right

The right hand side of the last formula, from the definition of ¢, = o1
hand side of the required estimate (4.21).

From (4.30) we get immediately

) (4.29) ]
®(Ze) < Co(l+e,™) D 0D 20080 <7 Cy(142.™) D 2795,

J2jx 4 3>
(4.26) B i (g—s) o (428) “mn _(g—s)
< Cs(14¢g,m™)20-4a7s Z 2%, < Ca(l+e,™es of
J2Jx
(4.25)
< Cs(1+e,™)elrath, (4.32)

The right hand side of the last formula, by the same reasons (see the commentary after (4.31)) is equivalent
to the right hand side of the required estimate (4.21).
Thus from (4.31)—(4.32) the required estimate (4.21) follows. The Lemma is proved. O

4.4. Estimates on cubes for Sobolev—Lorentz classes of mappings: the general case (k+ a)p > n

Fixk>1,0<a<1l,1<p<oo,and v € fp’ffo‘(R", R%). In this subsection we consider the case, when
k+4+a>1and

(k+a)p >mn, (4.33)

6 Here we use the following elementary fact: for any linear maps L;: R™ — R?% and Lo: R™ — R? the estimates A\; (L2 + L) <
Ai(L1) + ||L2|| hold for all l =1,...,d, see, e.g., [43, Proposition 2.5 (ii)].
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i.e., when v is a continuous function (see, e.g., [27]), but the gradient Vv could be discontinuous in general
(if (k+a—1)p <n).

Theorem 4.4. Under above assumptions, there exists a function h € L, 1(R™) (depending on v) such that
the following statements are fulfilled:

(i) if (k+ a—1)p > n, then gradient Vv is continuous and uniformly bounded function, and for any
sufficiently small n-dimensional interval Q C R™ the estimate

®(Z/ N Q) < C gl mpatutlhta—i=g)g—m) (4.34)

holds, where again

r= E(Q)v o= Hh’”Lp,l(Q)’ (435)

and the constant C depends on n,m, k,c,d,p only.
(i) if n —p < (k+ a — 1)p < n, then under additional assumption

g+p>1ei=n—(k+a—-1)p (4.36)

for any n-dimensional interval Q C R"™ the estimate
o(Z NnQ)<C (aqr(kJraZ)quu + aq—mrq+u+(k+a12)(qm)> (4.37)

holds with the same o,r.

Remark 4.5. Formally estimates in Theorem 4.4 are the same as in Theorems 4.2-4.3, the only difference
is in the definition of o (using the Lorentz norm instead of Lebesgue one, cf. formulas (4.14) and (4.35)).
However, Theorem 4.4 is ‘stronger’ in a sense than the previous Theorems 4.2-4.3. Namely, there are some
important (limiting) cases, which are not covered by Theorem 4.3, but one could still apply the Theorem 4.4
for these cases. It happens for the following values of the parameters:

(k+a)p=n, (4.38)

or
(k+a—-1)p=n, (4.39)

or
q+ =Ty (4.40)

It means that the Lorentz norm is a sharper and more accurate tool here than the Lebesgue norm.

Proof of Theorem 4.4. As in the previous subsection 4.2 put [ = min{i € Zy : k+a—-—n—2 < i}. In
particular, I > 0. Denote k = k — [ and u = V'v. Then by construction

we ZFR"Y),  k+a-n-2<0, (4.41)
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moreover,
(k+a-1p>n if (k+a—-1p>n (4.42)
see the above discussion around (4.15)—(4.16)). From the inclusion u € P R™ R?) it follows that
p,1

u=%,(9) = Gj,, g for some g € L,(R"). We will use the Hardy-Littlewood maximal function Mg.
Recall, that by properties of Lorentz spaces, the standard estimate

IMgllz,. <Clglz,.

holds for the considered case 1 < p < oo (see, e.g., [31, Theorem 4.4]). Put h = Mg.
The proof of Theorem 4.4 is very similar to that one of Theorems 4.2—4.3: the main differences concern
the limiting cases (4.38)—(4.40) mentioned above.

e CASE (k+ a — 1)p > n. The required assertion in (i) follows immediately from Theorem 4.2 and from
the well-known inequality

1z, @ < Ifllz,. Q)

e CaSE (k+ a —1)p = n. Then by above notations I = 0 and v = u = G144 * ¢g. Fix an n-dimensional
interval @ C R™ of size r = £(Q). Take the polynomial P of degree k from Theorem 2.5 such that

My(y
Q

where vg = v — P. Put o = [ Mgl ()
Put 8 = (k+ a —1). From the generalized Holder inequality for Lorentz norms

My(y) 1
/ﬁ dy < [Myllz, @) _7(0271_/3 =ClgllL,.
Q p—1°°°
(see, e.g., [31, Theorem 3.7]) and from (4.43) it follows immediately that
sup [Vog(z)| < C[Mgllz, @) =Co (4.44)

Denote the right hand side of the last inequality by €. Of course, taking r = £(Q) sufficiently small, we
can assume without loss of generality that ¢ < 1. Thus to finish the proof for this case we could repeat
almost word by word the last part of the proof of Theorem 4.1 to obtain the inequality

B(Z, N Q) < Cot—mpith, (4.45)

which is equivalent to the required estimate (4.34) for the considered values of k, a, p.

e Case n—p < (k+a—1)p < n. Then again [ = 0, u = v, and for this last case the required assertion (ii)
can be proved repeating almost “word by word” the same arguments as in the previous Theorem 4.3
with the following evident modification: now it is possible that s = p (respectively, ¢ + u = 7), and for
this situation one has to apply Theorem 2.9 instead of previous Theorem 2.8 (where s > p). O
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4.5. Estimates on cubes for Sobolev classes of mappings WE(R™), k > n

As usual, by Wf(R”,Rd) we denote the space of functions v : R” — R? such that all its generalized
derivatives Div, j =1,...,k up to order k belong to the space L,. It is well known that

WER") = ZF(®R")

for p > 1. In this subsection we consider the limiting case p = 1 for Sobolev spaces WF. It is well known
that functions from the Sobolev space W (R",R?) are continuous if

k> mn, (4.46)
so we assume this condition below: fix k > n, and v € WF(R", R?).

Denote again Z, ,, = {z € R™\ 4, : rank Vu(x) < m}. Here A, means the set of ‘bad’ points, at which
either the function v is not differentiable or which are not Lebesgue points for Vu. Recall, that the set A,
is small in a sense: the equality

H™(Ay) =0 for T =n—k+1 (4.47)
holds (see, e.g., [13]); in particular, A, =0 if k —1 > n.

As in the previous section, it is convenient (and sufficient for our purposes) to restrict our attention on

the following subset of critical points
Zl, ={x € Zym : |[Vv(z)| <1} (4.48)
Take also a positive parameter ¢ > m and nonnegative p > 0.

Theorem 4.6. Under above assumptions, the following statements hold:

(i) if k—1 > n, then the gradient Vv is continuous and uniformly bounded function, and for any sufficiently
small n-dimensional interval Q C R™ the estimate

(7! N Q) < C gt~ mprtrtk=l-n)(g—m) (4.49)
holds, where again

r=0Q), o = IV*L, (), (4.50)

and the constant C' depends on n,m,k,d only.
(i) if k = n, then under additional assumption

g+p>1 (4.51)
for any n-dimensional interval Q@ C R™ the estimate
®(Z,NQ)<C <qu“ + aq—mr”’”), (4.52)

holds with the same r,o, and with C depending on n,m,k,d only.
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Remark 4.7. Estimates in Theorem 4.6 are very close to the estimates in Theorem 4.4 (formally, we could
obtain these estimates, taking & = 0 and p = 1 in Theorem 4.4 and using the corresponding another
definition for o, cf. (4.35) and (4.50)). But in Theorem 4.6 we could not use the maximal function as before:
it is well known, that in general

ka’lj ¢ L]_(Rn)

Proof of Theorem 4.6. Let the assumptions in the beginning of this subsection be fulfilled. Fix an n-
dimensional interval  C R™. Take the approximating polynomial P = Py from the subsection 2.3 and
denote vg = v — P, r = £(Q). Then we have

HUQHLW(Q) < Cr* " VR, )
Vool o) S Cr* " IV if k2n+1, (4.53)

where C' is a constant depending on n,d, k only. Moreover, the mapping vg can be extended from () to the
entire R™ such that the extension (denoted again) vg € W¥(R", R?) and

IV*0q Ly ) < CollV*0]lL, (@), (4.54)

where Cj also depends on n,d, k only.
The rest of the proof of Theorem is very similar to that one of Theorems 4.2-4.4. Consider two different
cases.

o CASE k > n. Then from (4.53) it follows immediately that
HVUQHL @ < Cork=t=n, (4.55)

where o = |[V*v||1,, (q). Denote the right hand side of (4.55) by e. Now to finish the proof for this case
we can repeat almost word by word the last part of the proof of Theorem 4.1 to obtain the required
estimate (4.49).

o CASE k =n. Now from Theorem 2.10 and (4.54) we have

/"Héo({a: €Q: M(Vug)(z) > t})dt < C ||Vkv||L1(Q) =Co. (4.56)
0

Then for this last case the required assertion (ii) can be proved repeating almost “word by word”
the same arguments as in the previous Theorem 4.3 with many obvious simplifications (now we have
parameters « = 0, s = p = 1, etc.), and with the following evident modification: one has to apply
formula (4.56) instead of previous Theorem 2.8. O
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