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Entanglement behavior and localization properties in monitored fermion systems
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We study the stationary bipartite entanglement in various integrable and nonintegrable models of monitored
fermions evolving along quantum trajectories. We find that, for the integrable cases, the entanglement versus the
system size is well fitted, over more than one order of magnitude, by a function interpolating between a linear
and a power-law behavior. Up to the sizes we are able to reach, a logarithmic growth of the entanglement can
also be captured by the same fit with a very small power-law exponent. For the nonintegrable cases, such as
the staggered 7-V and the Sachdev-Ye-Kitaev (SYK) models, the numerical limitations prevent us from spanning
different orders of magnitude in the system size. Here we fit the asymptotic entanglement versus the measurement
strength with a generalized Lorentzian, finding a very good agreement, and then look at the scaling with the size
of the fitting parameters. We find two different behaviors: for the SYK we observe a linear increase with the
system size, while for the -V model we see the emergence of traces of an entanglement crossover. In the latter
models, we study the localization properties in the Hilbert space through the inverse participation ratio, finding
an anomalous-delocalization behavior with no relation with the entanglement properties. Finally, we show that
our function also fits very well the system-size dependence of the fermionic logarithmic negativity of a quadratic

model in a two-leg ladder geometry, with stroboscopic projective measurements.

DOI: 10.1103/3sv9-2tkw

I. INTRODUCTION

Entanglement [1,2] is a fundamental concept in quantum
mechanics that has been widely exploited to characterize
many-body quantum systems. It can spotlight the presence of
quantum phase transitions [3] and the existence of topological
boundary modes [4-7], or can distinguish the unitary dy-
namics of thermalizing, integrable, and many-body localized
quantum systems [8—17]. Moreover, in short-range systems
undergoing a unitary evolution, it attains at long times a value
that scales proportionally with the system size (volume law).

Recently, attention has shifted to understanding the ef-
fects of an external monitoring on the long-time steady-state
behavior of the entanglement. Intuitively, in the presence
of projective measurements, the system collapses onto an
eigenstate of the measurement operator and the entangle-
ment remains constant with the system size (area law, in
one-dimensional systems). However this scenario may change
when undergoing both a measurement processes and a Hamil-
tonian evolution. Indeed, the interplay between the entangling
effect of the Hamiltonian dynamics and the disentangling role
of measurements leads to a variety of dynamical phases, char-
acterized by peculiar entanglement behaviors. This gives rise
to the entanglement transitions that have been identified in a
variety of models, spanning from quantum circuits [18-39], to
integrable or solvable [25,40—-68] and nonintegrable [69-76]
Hamiltonian systems.

Focusing on free-fermion systems in the presence of lo-
cal weak measurements, a crossover from a phase in which
the steady-state bipartite entanglement entropy (EE) grows
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logarithmically with the system size to a phase in which it
remains constant has been observed. The numerical evidence
for a transition has been analytically confirmed in the case
of a Z, symmetry [50] and challenged for a U (1) symmetry
[51], suggesting that the logarithmic increase ceases for a
size that is exponentially large in the inverse coupling, thus
being, in the latter case, just a finite-size crossover. In the
same context, when considering nonlocal weak measurements
(e.g., power-law decaying measurement operators) or partic-
ular lattice geometries, one numerically observes transitions
between three distinct situations: A volume-law, an interme-
diate subvolume-law, and an area-law entanglement phase
[77,78]. This is similar to what happens when the dynamics
is only induced by random measurements of nonlocal strings
[79-81].

Here we look at these phenomena from a different per-
spective. We start considering some integrable monitored
fermionic systems (including the ones mentioned above) cou-
pled to the environment through a quantum-state-diffusion
monitoring process. More specifically, we study (i) the tight-
binding chain with onsite dephasing, (ii) the Kitaev chain with
onsite dephasing, and (iii) the Kitaev chain with long-range
dissipators. For these models the EE has been already inves-
tigated in the literature. Here we consider the problem from
a slightly different perspective and find that the steady-state
value of the bipartite EE depends on the system size L in a way
that is well fitted, for all the sizes we study, by the function

JL) = (A, C, b20).
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The rationale behind this fitting function is the following.
For small system sizes, one expects a linear increase of the en-
tanglement entropy with L. The reason is that, in the absence
of dissipation, the entanglement entropy increases linearly in
time, due to the local-Hamiltonian ballistic propagation of
correlations [9,82], and this propagation is stopped by the
environment measurements, on average after a characteristic
time scale. This is especially true in the integrable systems
we focus on, due to the ballistic propagation of quasiparticles
[83]. In the presence of dissipation, this propagation stops
on average after a characteristic time scale, due to the en-
vironment measurements [46]. So, we expect to see a linear
increase of the steady-state entanglement entropy with the
size, if L is smaller than vot*, where ¢* is the characteristic
time after which the propagation stops and vy is the quasipar-
ticle propagation velocity. In fact, for L < vgt*, quasiparticles
(and correlations they bring with them) have the time to satu-
rate the full chain before their propagation is arrested, thus the
long-time entanglement entropy is linear in L. In agreement
with that, a linear increase in L for small system sizes is
exactly provided by Eq. (1) in the limit L <« C~/%. On the
opposite hand, for large system sizes (L > C~!/?), Eq. (1)
gives rise to a power-law behavior f(L) ~ £L'~*. We should
stress that the fit is reliable as long as the numerical points
encompass a range with a maximum L, larger or equal than
the length scale

Ly=C7/" )

separating the short-range linear from the long-range power-
law behavior. For all the fits we perform with Eq. (1), we
check that this condition is verified. In the long-range power-
law regime we find different behaviors (depending on the
value of b) for different models.

In particular, in the tight-binding chain with onsite dephas-
ing it is well known that the system asymptotically in the
system size always obeys an area-law behavior [46,51]. In
this case therefore we fit the steady-state EE with the function
Eq. (1) fixing b =1 so that the large-system-size behavior
is an area law. We find a very good agreement between the
fitting function and the numerical points, fully confirming the
theoretical predictions. We numerically find that L, scales as
a power law in y, not so far from the y~! predictions of
Ref. [46].

The Kitaev chain with long-range dissipators is peculiar as
well. Here we previously found [77] a volume-law regime,
an area-law regime, and an intermediate subvolume regime
that is impossible to fit logarithmically. We find that the fit
with Eq. (1) works fine in the three regimes, providing an
asymptotic linear increase (b = 0) in the volume-law regime,
an asymptotic finite value (b = 1) in the area-law regime, and
an asymptotic power-law behavior (0 < b < 1) in the interme-
diate regime. In the intermediate regime b (and the power-law
exponent 1 — b) display a plateau. A similar power-law be-
havior, called “superdiffusive behavior”, has already been
observed in a model [84] where symmetries allow quasipar-
ticles to propagate long enough to enhance the correlations
and increase the steady-state entanglement. In our model
correlations are instead physically created by the long-range
measured operators decaying as a power law. Moreover, we
find that L, diverges when « tends to 1 from above. Indeed,

for @ < 1, the system displays a volume-law behavior of
entanglement and quite consistently the scale L, separating
volume from power-law behavior tends to infinity.

We point out that, at the present stage, our findings are only
based on a purely numerical analysis, therefore Eq. (1) should
not be exploited to classify the various entanglement phases.
Despite this, as we shall see below, the remarkably good
agreement of such fitting formula with the numerical data
(even in the small-size range, differently from other proposed
scaling Ansdtze) suggests that Eq. (1) may motivate future
investigations on the entanglement dynamics in monitored
systems.

Then we move on and extend our analysis to two non-
integrable models: (iv) the 7-V staggered model and (v) the
Sachdev-Ye-Kitaev (SYK) model [85,86], which have been
recently considered in the context of entanglement transitions
[87,88]. Although their nonintegrability prevents us from ac-
cessing large sizes, we have worked out some scaling by
fitting with a generalized Lorentzian the asymptotic entan-
glement at fixed L versus the coupling y to the environment.
Then, we look at the scaling of the fitting parameters with
the system size, finding that the L-dependence of Eq. (1)
is recovered. Collecting all the results, we obtain that for
the fully chaotic SYK model, the EE linearly increases with
the system size at any measurement strength. Conversely,
in the 7-V staggered model, we find hints of an entanglement
crossover in y .

We also address the localization properties of these models.
Analyses of localization/delocalization properties in some in-
tegrable monitored systems already exist [43,67,89]; here we
extend this analysis to nonintegrable cases. Namely, we study
the time- and realization-averaged logarithm of the inverse
participation ratio (IPR) in the Hilbert space and find that this
quantity scales linearly with the logarithm of the dimension
of the Hilbert space, with a slope that depends on y. Its value
corresponds neither to perfect delocalization nor to perfect
localization, but rather to an anomalous delocalization, akin
to a multifractal behavior. This qualitative picture holds also
when moving to the integrable limit and is independent of the
entanglement behavior, suggesting that localization properties
are not related to the entanglement transitions.

To witness the applicability of our procedure in a wider
context, in the third part we show that it also applies to the
fermionic logarithmic negativity (FLN). To do so, we focus
on a noninteracting fermionic model on a two-leg ladder,
undergoing projective measurements at discrete times [78,90].
As for the EE, we find that the asymptotic FLN versus the
system size is well described by Eq. (1), thus we are able
to recognize traces of the different dynamical regimes of the
entanglement through the behavior of the FLN.

The paper is organized as follows. In Sec. II we briefly
recall the Lindblad description of monitored fermionic sys-
tems, focusing in particular on the quantum state diffusion
protocol. In Sec. III we define the asymptotic bipartite EE and
describe the proposed function to characterize its behavior.
Then we present our results for integrable (Sec. IV) and for
nonintegrable models (Sec. V). Finally, in Sec. VI we focus
on the FLN in a ladder fermionic model. Our conclusions are
drawn in Sec. VII. In the Appendix we provide further details
on the stability of our fit (Appendix A), on the time traces
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of the trajectory-averaged EE (Appendix B), and on how to
compute the FLN for the monitored noninteracting fermionic
ladder (Appendix C).

II. MONITORED FERMIONIC SYSTEMS

We consider systems of spinless fermions on a lattice with
L sites, described by Hamiltonians which can be generically
cast as the sum of a quadratic and (possibly) a quartic term
H=H 4+ H® where we define

H® = Z(D,, &fe; + 0 efel + He), (3a)

i,j=1

L
A4 TR
H® = Z (Jijaa €] etece + He.). (3b)
ij k=1

The operators ¢ & annihilate (create) a fermion on the jth site
and obey the canonical anticommutation relations

(e ey =68, {én¢;}=0. @)
To ensure Hermiticity, the complex coupling constants in
Egs. (3) must respect the following constraints:

D =D,

0ij = —0ji, (5a)

£
Jijr = —Jjixt = —Jijik = I ij- (5b)

The H® term is quadratic in the creation/annihilation
operators {c(T)} and is integrable, while the H® term
introduces correlanons between fermions and breaks integra-
bility. In what follows, we consider four different integrable
Hamiltonians [with A® = 0] and two nonintegrable ones
[with H® = 0]. Details on the various models are provided
in Secs. IV=VI and V, respectively.

We are interested in describing the dynamics in the pres-
ence of weak measurements of some Hermitian operator 7;.
As is known [91-93], a single realization of the measurement
sequence can be described by the stochastic evolution of a
pure state |1 (t)) (namely, a quantum trajectory). On average,
the system is described by a density matrix p, = |¥ (¢)) (¥ (¢)]
(the overline indicates ensemble averaging over many trajec-
tories) obeying a Lindblad master equation

RN P
8[101 == _l[H’ pl] + VZ <mj Pt mj - z{mis ,Ot})» (6)

J

where y represents the system-environment coupling. Here-
after we use units of # = 1. We restate that there are many
choices of stochastic-dynamics protocols, also known as un-
ravelings, that provide the same average state p,. Different
stochastic evolutions mimic different measurement protocols.

Except for Sec. VI (whose details are given later), the
results in Sec. IV and in Sec. V are obtained by implementing
a composite dynamics given by (i) a Hamiltonian evolution
following a quantum quench and by (ii) a process of contin-
uous measurement of the operator 71; (with j=1,...,L).
The dynamics, known as quantum state diffusion, along
each trajectory can be obtained by integrating the stochastic

equation [91-93]

d1y @) = - 1H+Z—(m, (m;), ) |dt [y (@)

)dW

Zf(m, @),

where (-), = (¥(t)| - |¥(t)), while W/ are independent
Wiener processes (for j = 1,...,L). The state |y (¢)) along
each trajectory appearing in Eq. (7) is called the unraveled
state. We can discretize the evolution time with steps of length
ot and Trotterize the evolution. In what follows we consider
measurement operators having the property

ﬁfl?:pj—kqjﬁ’lj, with Pjs qI‘ER. (8)
Under this assumption, up to o(8t) terms, we get the expres-

sion [46]
[yt + 61))

where the constant C normalizes the evolved state. The
8W, are zero-mean Gaussian random variables with
(Wi (t) 8W;(t)), = y 8t & 8,». The Lindblad master equa-
tion (6) can be recovered by averaging over the quantum
trajectories and performing the limit 6 — 0.

Coming to the choice of the initial state, in all simulations
we start from the staggered Néel state

A C X/ IOW +@0mj) —q;)y 8t1m; ,—iHdt (@), )

L2

]_[ &1 (10)

where |Q2) is the vacuum state for the é;-fermions. Note that,
in general, this is not the ground state of the Hamiltonian A
inducing the unitary part of the dynamics, so in this sense we
are applying a quantum quench.

¥ (0)) =

III. ASYMPTOTIC AVERAGED BIPARTITE
ENTANGLEMENT ENTROPY

To access the asymptotic averaged entanglement, we con-
sider a partition of the global system into two subsystems
A and B of length ¢ and L — ¢, respectively. We can thus
compute the von Neumann entropy of one subsystem [1],

Se(r) = =Tr[pa(r) In pa(1)], an

being p4 () = Trp[ | (2)) (¥ (¢)]] the reduced density matrix
of subsystem A. Provided the global system is in a pure state
[l¥(¢)), in this case], the quantity S,(¢) is a good measure
of the entanglement between A and B and is usually referred
to as the bipartite EE. Then, we average over many quantum
trajectories

Se(r) = =Trlpa(t) In pa(0)]. 12)

Notice that this operation is different from evaluating the von
Neumann entropy over the average state p; = | (¢)) (V¥ (¢)]
which, besides that, would also not be a proper measure of the
entanglement. Finally, we fix £ to be a fixed fraction of L (in
particular we consider either £ = L/2 or £ = L/4) and esti-
mate the asymptotic long-time value of S,(¢) by performing a
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suitable time average:

_ 1 r_
S = / Se(t)dr. (13)
tr =1 Jy

Here [to, t] is an appropriate time window in which the be-
havior of Sy(¢) has attained a steady-state value. We perform
the average over quantum trajectories numerically, over a fi-
nite number of realizations that we fix as N, = 48, when not
differently specified. The error bars for our data are evalu-
ated as the standard error (root-mean square deviation divided
by V/N;).

We aim at studying the dependence on the system size
of the asymptotic averaged EE in Eq. (13). Apart from few
notable exceptions [42,50,51], analytical models allowing for
an a priori determination of the scaling regime are lacking,
and then one must rely on numerical analysis that is usually
limited to small L. Here we propose to use the function in
Eq. (1) for fitting the behavior of S, versus L, determining
the parameters A, C, and b by a fit of the numerical data.
The function interpolates between a linear and a power-law
dependence of S, with L, for increasing the size. In particular,
for L > 1 we have

_ A
Sy~ =L'"". (14)
c

Therefore, the dynamical regime is encrypted in the behavior
of the parameter b, in the following way:

b =0, foravolume-law,
0 <b <1, forasubvolume-law,
b >1, foran area-law. (15)

In what follows, we fit S, versus L for different fermionic
models with Eq. (1). The most interesting result is that this
function seems to fit our numerics very well, independently
of the considered model. In particular, in the next section we
specialize to integrable models, while in Sec. V we focus on
nonintegrable models. For the latter, due to the small attain-
able system sizes (L < 20), it is more convenient to fit S,
versus the coupling y with the environment. We choose a
generalized Lorentzian function and, in the end, we find that
the parameters of the fit scale with the system size, in such a
way that the form in Eq. (1) is recovered (details are provided
in Sec. V C). Finally, in Sec. VI, we switch to a free-fermion
model with a more complicated geometry and a stroboscopic
evolution, for which we consider the entanglement between
two portions of a part of the whole system: as in that case the
relevant part of the system is described by a mixed state, we
resort to a proper entanglement monotone such as the FLN.
To keep the presentation more accessible, we postpone all the
required definitions to that section.

IV. INTEGRABLE MODELS

We first focus on integrable fermionic models, whose dy-
namics can be reliably accessed up to quite large system sizes
(L < 10°), thanks to the Gaussianity property, and the fit of
the asymptotic averaged EE with Eq. (1) is meaningful. In
the following, we consider three models on a one dimensional
lattice, whose Hamiltonian is of the type H = H®. Namely,

the tight-binding chain with local dephasing (Sec. IV A), the
Kitaev chain (Sec. IV B) again with local dephasing, and
the Kitaev chain with long-range dissipators (Sec. IV C), and
study the entanglement behavior for each of these situations.

A. Tight-binding chain with onsite dephasing

We start with a simple tight-binding chain, described by
a nearest-neighbor hopping Hamiltonian and subject to local
(onsite) dephasing [46]:

L
5 J A
Hep = —EJZ_;(cjcj+1 +H.c.), (16a)
m;=h;, for j=1,...,L, (16b)

where J denotes the hopping strength and 7; = 6}6 j is the
onsite fermion number operator. Here and in the other con-
sidered one-dimensional models, we adopt periodic boundary
conditions by assuming 6(221 = 65“ . With reference to Eq. (8),
we have p; =0 and ¢g; = 1. This system possesses a U (1)
symmetry, corresponding to the conservation of the total num-
ber of fermions, N = > ; ;.

In this case, the unraveled state |ir(z)) can be always cast
in a Slater determinant form [46,67]

N L

@) =[1|D Wilxel |12, (17)

k=1 | j=1

so that one ends up with the study of the dynamics of the
L x N matrix U,, a problem which scales polynomially (and
not exponentially) with L. [Starting from the Néel state (10),
wehave N = L/2,sothat U, is a L x L/2 matrix.] As a conse-
quence, quite large system sizes can be reached numerically,
up to some hundreds.

For the model in Eq. (16), the authors of Ref. [46] showed
the existence of an area-law phase for the asymptotic EE.
More recently, the existence of a transition from area- to
logarithm-law has been first claimed [54,94] and then chal-
lenged. In fact, through the replica trick within a Keldysh
path-integral formalism, it has been suggested that only the
area-law phase exists, while the logarithm-law phase should
be just a finite-size crossover, due to the exponential growth
of a localization length with the inverse measurement strength
[51]. For this reason, we fix b =1 in the fitting function
Eq. (1), so that asymptotically for large system sizes one gets
an area law.

Figure 1(a) displays numerical results for S, versus L
(circles), for some values of the measurement strength y, and
the corresponding fit of Eq. (1) (continuous lines). We observe
an accurate agreement between the two. This finding confirms
the asymptotic area-law prediction, considering that the fit
is meaningful because the maximum of the fitting range is
comparable to the scale Ly = 1/C separating the short-range
from the long-range behavior. This is evaluated using the
value of C extracted from the fit and is plotted versus y
in a double-logarithmic plot [see Fig. 1(b)]. Notice that, for
y < 0.1, the data tend to behave as a power law (straight
line in the log plot). Applying a least-square linear fit we
get Ly ~ y~988_ This result is not very far from the behavior
Ly >~ 1/y predicted in Ref. [46].
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(a)

e

[<n

FIG. 1. The asymptotic averaged EE for the model in Eq. (16).
(a) Some examples of S, 2 versus L (circles) for different values of
y, together with the corresponding fits with Eq. (1) (continuous lines)
where we fix the parameter b as b = 1. (b) The length scale Ly = 1/C
—with C obtained by fitting the curves in panel (a) with Eq. (1)—
versus y in a double-logarithmic plot. The straight line results from
the fit of the data for ¥ < 0.1 and corresponds to a power law of the
form Ly ~ y %38, We simulate the time evolution until ¢, = 6 x 109,
with a step 8t = 0.01. Here and in the next figures, we work in units
of / =1.

B. Kitaev chain with onsite dephasing

We now discuss the one-dimensional Kitaev model [95]
with the same local dephasing [55,58]:

L

Ag = =) J(@ej +¢lel, +He) +2ha;l,  (18a)
j=1

(18b)

mjzﬁj, for j=1,...,L,

where J is the nearest-neighbor coupling and 24 is a local
chemical potential. This system has a Z, symmetry, since
the parity P =[] ;f1j of the fermion number is conserved
(the number of particles N itself is not conserved, due to the
presence of the pairing terms 6;6’; 1)

The form of the unraveled state [y (¢)) is slightly different
from the Slater determinant (17) and can be cast in the follow-
ing Gaussian shape [96]:

L
1 At A
WOy =Niexp | 5 30 1Z188 10, (9
Jiij2=1
where N, is a normalization prefactor and Z, is an antisym-

metric L x L matrix that can be written as Z, = —[U,Jr]’1 Vf.
The U, and V; can be cast as the submatrices of a Bogoliubov

—
©

bresdel

L
O T O DD =

16 32 64 96 128 192 256

L
(b)
1.1
B _O__-o——--é
1 o = g
e
e
< 09F s
O.ST____.—-—-C/
0'7 1 1 1 1 1
1 2 3 4 5 6
h
(c)
20
15 e
S /"\\ /,~~~.~ /’/’.\\‘\ ”‘,_——O
1() ,// \\',/ “s_‘ ‘,—
5 L L L
1 2 3 4 5 6
h

FIG. 2. The EE for the model in Egs. (18). (a) §L/4 versus L
(circles) for different values of 4 and fixed y = 1.5, together with the
corresponding fits with Eq. (1) (continuous lines). (b) The fitting pa-
rameter b —obtained by fitting the curves in panel (a) with Eq. (1)—
versus h. (c) The length scale Ly [see Eq. (2)] versus & obtained with
the numerical fit. We evolve up to ¢, = 60 with a step 6 = 0.05 and
take N, = 100.

rotation allowing to construct the fermionic operators that
annihilate the unraveled state (19) and obey linear differential
equations [77,96]. The interpretation as a Bogoliubov rotation
is valid if U, and V, obey a unitarity condition, a constraint
that can be restored (keeping Z, unchanged) by using a QR
decomposition [77]. One can therefore restrict to study the
dynamics of the two L x L matrices U, and V;, keeping a poly-
nomial scaling of the problem complexity and thus allowing
the numerics to reach systems with a few hundreds of sites.

The monitored dynamics of the model in Egs. (18) has been
widely studied from a numerical point of view [55,57,58],
always supporting a transition from a logarithm-law to an
area-law regime, depending both on the measurement strength
and on the parameter % in the Hamiltonian (18a). This tran-
sition has been also analytically proved by exploiting an
approach based on a nonlinear sigma model [50].
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In Fig. 2(a) we show our numerical results for S; /2 Ver-
sus L (circles), for some values of & and fixed y, and the
corresponding fit obtained using Eq. (1) (lines). Even in this
case we observe a nice agreement between the numerical data
and the fitting function, over all the considered range of sizes
16 < L < 192. In Fig. 2(c) we plot Ly versus h and see that
it is always significantly smaller than the maximum of the
range of sizes where we apply the fit [L;,x = 256 as shown in
Fig. 2(a)], thus confirming the reliability of our fit. Looking in
more detail at the fit exponent b as a function of 4 [Fig. 2(b)],
we observe a monotonically increasing behavior, contrary to
that for the tight-binding model reported in Fig. 1. We also
see that b now gets significantly smaller than one, for small
values of 4. So we can more confidently state that, in this case,
there is a large-h regime where the EE displays and area-law
behavior and a small-% regime where the EE is likely scaling
with the system size in a subvolume way. Unfortunately, it is
difficult to mark a precise crossover point: in the region where
b is slightly smaller than one, the same issues occurring for
the model of Sec. IV A emerge. In particular, with the avail-
able system sizes, it is impossible to distinguish between an
area-law and a logarithm-law behavior. Curiously, the thresh-
old value h =~ 3, conjectured to be the crossover point (for
y = 1.5) on the basis of an alternative fit of the numerical
data up to L = 256 performed in Ref. [58], is compatible with
the analysis reported in Fig. 2(b). However we stress that,
despite the procedure in Ref. [58] was rather sensitive to
finite-size effects, the one outlined here seems to us more
appropriate and robust in this sense (see Appendix A for
details on the numerical stability of the fits). Here we have
only discussed the case y = 1.5, although we checked that
analogous considerations apply for other values of the system-
bath coupling, leading to the same qualitative conclusions (not
shown).

C. Kitaev chain with long-range dissipators

A nonlocal-measurement extension of the previous case
can be obtained by keeping the same Hamiltonian Hy as
in Eq. (18a), but using long-range Lindblad operators which
decay as a power-law with the distance. More specifically, the
jump operators are given by [77]

L
=Y fiy(&; —ehe; + e,
j=1

1 1
fij N +Dij)a’ for i,j=1,...,L, (20)
with « >0, and N(e) = (N — 1) > (1 +Dij)~ being
the Kac normalization factor. Here D;; is the distance between
the ith and the jth site. Since we are considering periodic
boundary conditions, we assume D;; = min(|i — j|[, N — |i —
J1). With reference to Eq. (8) we have g; =0 and p; =
i fi
Also in this model the Z, symmetry associated to the
parity is preserved and, due to the particular structure of the
measurement operators, the quantum-state-diffusion dynam-
ics preserves the Gaussianity of the unraveled state |y (¢)),
that can be cast in the form Eq. (19). Previous numerical
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~ 72!’ .
107°F \
r ®----0----g
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FIG. 3. The EE for the model in Eqgs. (18a) and (20). (a) SL/Z
versus L (circles) for different values of « and fixed y = 0.1, h =
0.5, together with the corresponding fits with Eq. (1) (continuous
lines). (b) The fitting parameter b —obtained by fitting the curves
in panel (a) with Eq. (1)— versus «. (c) The length scale L, [see
Eq. (2)] versus « obtained with the numerical fit. We simulate the
time evolution until#; = 3 x 10%, with a step 8¢ = 0.005. The shaded
areas locate the two crossover regions found in Ref. [77] for the same
set of parameters used here.

investigations of the dynamics of this model already showed
the emergence of three parameter regions where the EE be-
haves distinctly, ranging from volume-law, to area-law, as well
as to subvolume-law scaling with the system size [77]. The
subvolume scaling occurs in an intermediate region between
the area-law and the volume-law ones: this corresponds to a
steady-state EE exhibiting a less-than-linear growth that, dif-
ferently from more common cases, is faster than logarithmic.

All these regimes can be recognized by fitting the asymp-
totic averaged EE with Eq. (1). To show this fact, we
concentrate on the case y = 0.1 and 2 = 0.5. In Fig. 3(a) we
show numerical data for different power-law exponents « (cir-
cles) and the corresponding fit (lines), that nicely reproduces
all the curves. In Fig. 3(b) we show the parameter b vs «. The
shaded areas locate the two crossover regions, respectively
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at 0.5 S af <1 and at of &~ 3.2, discussed in Ref. [77]. We
expect a volume-law behavior for @ < a7 and, in fact, we find
b ~ 0. In contrast, for oo > o, we expect an area-law regime
and, in fact, we get b > 1. Finally, in the intermediate region
between area- and volume-law regimes where a subvolume
increase in L was observed, we consistently find an exponent
b ~ 0.8, which is roughly constant in all the region. Regarding
the last observation, we point out that in Ref. [77] the observed
subvolume growth was faster than the logarithmic one. More-
over, no analytical function to describe the behavior of the
entanglement with the system size was proposed there, while
the fitting function Eq. (1) we suggest here well describes
this behavior. Even for this model, qualitatively analogous
considerations apply for other values of y.

In Fig. 3(c) we plot the length scale Ly given in Eq. (2)
versus «. In the range where we can evaluate it, we find it to be
smaller than the maximum of the range where the fit is applied
[Lmax = 192, see Fig. 3(a)], marking the reliability of the fit.
For o < 1 it diverges. This is consistent with the fact that, in
this range of «, the entanglement grows as a volume-law, thus
the length scale L, separating the small-size range of linear
increase from the large-size range of power-law increase in
Eq. (1) entropy diverges. Notice that when o = 1 one has
b > 0 and Ly is not divergent but finite, although much larger
than Ly,y. (We do not show it because it is of order 10'°.) This
value of « is probably the transition point between volume-
law and power-law regimes; Anyway, numerics confirms that
here the steady-state entanglement entropy behaves linearly
on the whole range where the fit is applied, being Ly > Lax.

V. NONINTEGRABLE MODELS

Let us now switch to two paradigmatic nonintegrable mod-
els, namely, the staggered #-V chain and the SYK model. In
both cases, we are forced to resort to exact diagonalization
methods in the full many-body Hilbert space, therefore our
numerics cannot go beyond system sizes L ~ 20, preventing
us from reliably fitting the data at various values of L with
the function in Eq. (1). Nonetheless, in what follows we show
that, for fixed L, the asymptotic bipartite EE as a function of
the system-bath coupling y can be fitted reasonably well by a
generalized Lorentzian function

foy) = K, Q, B=0). 1)

1+Qy#f’

The usual Lorentzian function is recovered for g = 2 [97].

In Sec. VA we describe how S; versus y can be fitted
by the function in Eq. (21) for the -V model with onsite
dephasing, while in Sec. VB we do the same for the SYK
model. In Sec. V C, we discuss how the parameters K, Q, B
depend on the size L. This analysis shows that, in both cases,
the dependence of S, on L is of the same form as in Eq. (1);
this finding provides us with the rationale for fitting S, versus
y with a nonintuitive function as Eq. (21). As a last stage to
understand nonintegrable models, in Sec. VD we focus on
their localization properties, by checking for the scaling of
the IPR with the dimension of the Hilbert space. We find an
anomalous delocalization behavior, which is apparently not
related to the behavior of the EE.

A

DD b= bt bt b = 00
SN

e

[n 3

0.01 0.1 1

FIG. 4. The EE for the model in Egs. (22). Some examples of
§L/2 versus y (circles), for various system sizes up to L = 20 (see
legend), together with the corresponding fits with the generalized
Lorentzian function in Eq. (21) (continuous lines). We simulate the
time evolution until 7, = 2 x 10 with a step 8t = 0.01, while we set
W=V=1

A. Staggered -V model with onsite dephasing

We consider a tight-binding chain with onsite dephasing,
described by
L
A t . .
H.y = § :[_ E(@;ejH +H.c.)+W(=1)/n;

j=1

1\ /. 1
+V nj—E I’lj+1—§ ,

j=1, ..., L,

(22a)

(22b)

m; =n;, for

where ¢ has the same meaning of J in Eq. (16a) (here we use a
different notation for historical reasons), W denotes the stag-
gered chemical potential, and V' the nearest-neighbor particle
interaction strength. The dissipation is the same as in Eq. (16),
and the Hamiltonian Eq. (22a) reduces to Eq. (16a), when
V =W = 0. Note that the presence of a quartic term (V # 0)
as in H® prevents this Hamiltonian from being diagonalized
with the techniques discussed in Sec. IV. In fact, this model is
nonintegrable.

As for the integrable tight-binding chain of Eq. (16), this
model exhibits U (1) symmetry, thus the dynamics conserves
the total number N of fermions. This observation allows us
to restrict the dynamics to the sector of the Hilbert space
referring to N fixed by the initial condition. In our case we
initialize with the Néel state Eq. (10), that takes into account
the presence of N = L/2 fermions, hence we can restrict to the
so-called half-filling sector, whose Hilbert space dimension is
N = (L?Z)' We approach this problem numerically, using the
Krylov algorithm implemented in the Expokit package [98],
which allows us to reach sizes up to L = 20. This model has
been considered in Ref. [87], where evidence of both loga-
rithmic and volume-law scaling of the asymptotic averaged
EE has been found.

Figure 4 displays our numerical results for the asymptotic
averaged EE S} ), versus the measurement strength y (circles)
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and the corresponding fit obtained with Eq. (21) (continuous
lines). We can see that the latter performs well over a range of
y € [8 x 1073, 4] corresponding to more than two orders of
magnitude.

B. SYK model with onsite dephasing

The SYK Hamiltonian is a fermionic long-range interact-
ing lattice model, being characterized by random four-particle
interactions [85,99]. Adding dissipation in the form of local
dephasing, as in Eq. (16), the model can be written as

L
N 1 .
At at A A
Hsyx = \/? . %: ljij,kl ¢; ¢y, (23a)
L]k, =
mj=n;, for j=1,...,L, (23b)

where the couplings J;;; are independent Gaussian dis-
tributed complex variables, with zero average ((J;ju)) =0
and variance ((|J;;|*) =J*, (J € R). The L™/? prefactor
in front of the interaction strength guarantees that the system
bandwidth is of the order of L, in the thermodynamic limit
L — oo, such that extensivity of thermodynamic quantities
as the energy is preserved [100-102]. Analogously as for
the dissipative tight-binding chain Eq. (16) and the dissi-
pative t-V staggered model Eq. (22), this model conserves
the total number of fermions, thus having a U (1) symmetry.
Again, by initializing the system in the Néel state Eq. (10),
we can restrict to the half-filling sector with L/2 fermions,
and numerically study the dynamics using the same Krylov
algorithm as before.

The SYK model is elusive to perturbative treatments at any
energy scale, lying far outside the quasiparticle paradigm. In
fact, it is known to be a paradigm for quantum chaos, display-
ing fast scrambling [103,104], a nonzero entropy density at
vanishing temperature [101], and a bipartite EE that scales
linearly with L for all the eigenstates (even for the ground
state) [105,106]. In the context of entanglement transitions, a
related model of Brownian SYK chains subject to continuous
monitoring has been considered in Ref. [88].

In Fig. 5 we show our numerical results for the averaged
asymptotic EE versus the measurement strength (circles) and
the fit obtained with Eq. (21) (continuous lines), displaying
again a good agreement between the two, over the same range
of y values as in the -V model.

C. Discussion

The results shown in the two previous subsections cannot
help too much in determining the asymptotic properties of the
EE. However, some information can be deduced by looking at
the fitting parameters. In Fig. 6, we show the behaviors of g
vs L (a), K vs L (b), and of InQ vs In L (c), for both the -V
(orange) and the SYK (green) models.

Although the sizes we are able to handle are too small
for providing a precise statement, the exponent B versus L
seems to approach an asymptotic constant value for the SYK
model, while in the 7-V chain it seems to steadily increase to
eventually approach a linear behavior with increasing size. On
the other hand, it is evident that the parameter K grows almost
linearly with L, for both models. More specifically, by fitting

6‘ e~ L=38
—e— L =10
q —o— [ =12
—o— [ =14
5 L =16
e~ L =18
) ~—0— L =20
4
.
31
21
1
0 .
0.01 0.1 1

FIG. 5. The EE for the model in Eq. (23). We show some exam-
ples of §L/2 versus y (circles), for various sizes up to L = 20 (see
legend), together with the corresponding fits with Eq. (21) (continu-
ous lines). We simulate the time evolution until #5 = 3.4 x 10%, with
astep 6t = 0.01, and fix J = 1.

a
1.4 (@)
¢----®- -~~~ e----®----®----"®----9
1.2 ¢ SYK
_e-
= -V
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0.8 . s , . .

K
N W = ot D
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YT e svk
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FIG. 6. Parameters obtained from the fit with Eq. (21) and plotted
against the system size: 8 vs L (a), K vs L (b), and InQ vs InL (c).
The Page value [black line in (b)] for S;, is averaged over N, = 48
realizations of a fully random state as in Eq. (25). Panel (c) is in
log-log scale.
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the data of Fig. 6(b) as
K ~mL* +k, 24)

we find x = 1.023 & 0.008 for the ¢-V model, while x =
0.955 £ 0.039 for the SYK model. Therefore K, correspond-
ing to the value of the EE in the y — 0 limit, increases
linearly with the system size L. For comparison, the black line
also reports the value of S/, for a random state of the form

er Yoil |nj}) (25)

where |{n;}) are the simultaneous eigenstates of the opera-
tors 71; and gy,,) are random phases uniformly distributed in
[0, 27r]. This has been worked out some time ago by Page
[107]. We find that K closely follows the value predicted
by Page, suggesting a thermal behavior of the half-system
reduced density matrix in the limit y — 0, in agreement with
previous results on systems obeying eigenstate thermalization
[10-13,17].

Let us now comment on the behavior of Q. In fact, as
clearly emerging from Fig. 6(c), it behaves quite differently
for the two models. The double-logarithmic plot tells us that
this is consistent with Q o« L, a scaling consistent with a
behavior described by Eq. (1). Although the achievable sizes
are too small for a large-L extrapolation, we may obtain an
estimate of the exponent y by applying a linear fit to

InQ ~ylnL+gq, (26)

finding
y=157+£0.04 (t-V model), (27a)
y = —0.207 £0.002 (SYK model). (27b)

Substituting all these findings in Eq. (21), we can recast the
asymptotic EE in the form

mL* + k

T+ e’ .

EL/Z ~
where we used the fact that x &~ 1 [Fig. 6(b)]. Extrapolating to
large L, we recover the same dependence on L as in Eq. (14):

— A .

S L/2 "™ TCL (29)
with A = m, C = ¢4, and b = y. Combining this result with
those obtained by fitting O, we observe that our procedure pre-
dicts different EE scalings for the two nonintegrable models,
in the thermodynamic limit.

From the one side, for the SYK model we obtain a su-
perlinear scaling Sz,» ~ L'*"7 [cf Eq. (27b)]. Of course, a
superlinear growth of the EE cannot be possible for arbitrarily
large sizes and, in fact, it is due to finite-size effects. To
corroborate this statement, in Fig. 7 we plot the asymptotic
EE of the SYK model versus L, for different values of y, and
compare with the value predicted by Page [107] for a random
state as in Eq. (25) (black line): after an initial superlinear
transient, which can be better appreciated for small values of
y, all the curves approach a linear behavior that is below the
Page value. This result shows that the fully chaotic nature of
the SYK model [103,104] (namely, all its eigenstates show an

6
—e— 7 =0.008
—e— 7 =0.08
5F ~e~ =018
o~ 7=04
v =0.8
4 L o~ Y =2
o~ 7=4 )
—— Page ) )
e ’1.,
o 3 . o
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2 ) o .o ¢
s I ° °
1 ‘e e o
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@ e --® O I
08---:.,’1’*_3_,.,4.__’,_
4 6 8 10 12 14 16 18

FIG. 7. The behavior of S, /2 versus L for the SYK model. Notice
the linear increase with the size, after a possible small-size superlin-
ear transient for the smaller values of y. For comparison, we also
report the Page value (black value) corresponding to the average over
N; fully random states. The other parameters are the same as in Fig. 5.

EE linear in the system size [105,106]) is so robust to survive
the measurement process and to lead to a linear increase of the
steady-state entanglement with the size, independently of the
measurement strength y .

From the other side, for the staggered 7-V model we find a
very different behavior. Since 1 — b~ —0.57 [cf Eq. (27a)],
at some point the EE should start decreasing. This is likely
to be ascribed to a finite-size effect: For larger sizes the fit
with Eq. (21) might not work anymore. This is corroborated
by the fact that, in this case, B(L) increases with the system
size [see Fig. 6(a)] and does not saturate, so the correct form is
EL/z ~ L7957 /yBL) This means that, for y < 1, the increase
of B might compensate the decrease of L=°7 and the area-law
behavior might survive only for y > 1. Therefore, our results
suggest the presence of an entanglement crossover from an
area-law behavior, for y 2 1, to a regime characterized by
some kind of entanglement increase, for y < 1. Unfortu-
nately, our numerics does not allow us to make any precise
statement on that.

D. Inverse participation ratio and localization properties

Here we consider the inverse participation ratio (IPR), de-
fined as

IPR(1) = Y [} lw ) I, (30)
{n_,}

where {n;} are the “classical” configuration states with n;
fermions on the jth site, being simultaneous eigenstates of
all the operators 71;. The IPR, introduced in Ref. [108], is a
standard measure of delocalization and does not scale with
the dimension of the Hilbert space in the case of perfect
localization, while it scales as the inverse of this dimension in
the case of perfect delocalization. We consider the #-V model
(Sec. V A), its integrable version for V = 0 (where the quartic
terms disappear and a description as in Sec. IV A is possible)
and the SYK model (Sec. V B). All these models conserve
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FIG. 8. The averaged logarithm of the IPR versus the logarithm
of the relevant Hilbert subspace size, for (a) the staggered ¢-V chain
(Eq. (22a), with W =V = 1) and (b) the SYK model [Eq. (23)]. The
various curves for different values of y display a linear dependence
with some slope m. (c) The value of m versus y for the SYK model,
the staggered 7-V chain, and the integrable tight-binding chain with
a staggered potential (Eq. (22a), with W =1 and V = 0). We set
t; = 10* for the staggered chains and #; = 1.5 x 10* for the SYK
model, with a time step §¢ = 0.01.

the number of fermions, thus the dimension of the Hilbert
subspace involved in the dynamics is Nj = (L /2) We take
the logarithm of the IPR in Eq. (30) and consider its average
In(IPR) over the quantum trajectories and the time.

As shown in Fig. 8(a) for the #-V model and in Fig. 8(b) for
the SYK model, the quantity In(IPR) behaves always linearly
with In(N7). We have also analyzed the slope m of this linear
dependence versus y [see Fig. 8(c)] and, even for this, the
behavior is qualitatively the same for all the three cases. From
the one side, m changes smoothly with y, independently of the
integrability properties and of the behavior of the EE. From
the other side, we always get a value —1 < m < 0, meaning
that the system is neither perfectly delocalized nor perfectly
localized.

Ancilla

System

FIG. 9. Sketch of the noninteracting fermionic ladder model
in Eq. (31). The blue and red spheres indicate the two chains
of fermions representing the System and the Ancilla, respectively.
Fermions can hop between neighboring sites within the System (¢,),
the Ancilla (#,), and between the System and the Ancilla (7;,). Wavy
lines represent noise acting on the System and the Ancilla. After
tracing out the Ancilla and partitioning the System into two parts
A and B, we study the entanglement between them.

In summary, in the considered range of y, the models
we tested are not localized (as shown in Ref. [88] for the
tight-binding case), as they always display an anomalous delo-
calization akin to a multifractal behavior [43,67,109,110]. We
have thus found that, for these monitored systems, localization
and delocalization properties seem to have no relation with the
entanglement behavior, although the latter may behave very
differently.

VI. FERMIONIC LADDER MODEL

Finally, we test our fitting function on a slightly dif-
ferent model, which has been introduced and discussed in
Refs. [78,90]. Namely, we consider a noninteracting system
of two coupled fermionic chains, each of them with L sites,
interacting via local hopping terms, as shown in Fig. 9. The
quadratic Hamiltonian is given by

Hlad = Z[(I(CJOC]+1 o +Hc)+1 Z(C/ |C]2 +H.c),
J.o J

(€29)
where 652 are fermionic annihilation (creation) operators on
the jth site (j =1, ..., L) of the oth chain (¢ =1, 2). The
hopping amplitudes within the two chains are ¢, and #,, while
112 is the interchain hopping amplitude. Each chain is subject
to periodic boundary conditions, c(L‘J:I I 6(1(), Chain 1 is
referred to as the System, while chain 2 acts as the Ancilla; the
global system is referred to as the Ladder, due to the geometry
of the coupling. The noise is modeled via random projective
measurements of the particle number, 7;, = cjI Cj.o, With
measurement probabilities p; and p, for the System and the
Ancilla, respectively.

In contrast to what is described in the previous sections,
here the Ladder undergoes a stroboscopic (and not continu-
ous) evolution, during which the periodic dynamics consists
of alternating unitary evolutions and projective measurements
[37,73]. The global system, prepared in a random prod-
uct state at half filling, evolves under H,q for a time T,
and is then subject to instantaneous local projective mea-
surements [78,90]. The cycle repeats Ny times until 7, =
Ny 1y, at which a steady state is reached (for details on the
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FIG. 10. (a), (b), (c), (d): The FLN EL/Z versus L, for different values of 1, p;, and p,. Circles denote the numerical data, while lines
correspond to the fitting function. (e), (f), (g), (h): The fit parameter b vs p,, for the values of p; and #, of the corresponding panel above. (i),
(4), (k), (1): The length scale Ly given in Eq. (2) vs p,, for the values of p; and 7, of the corresponding panel above. The other parameters used

aret; = landt, = /2.

protocol see Appendix C). The final state of the Ladder is
pure p = |W(ty)) (V(ty)|, while the density matrix reduced
to the System, p; = Tr, p, obtained by tracing out the Ancilla
degrees of freedoms, is generally represented by a mixed state.

We are interested in the entanglement between two halves
of the System chain, which can be quantified through the FLN,
an entanglement monotone that, contrary to the EE [2,111—
113], is a suitable entanglement measure for mixed states.
This is defined as

E =1In Tr|,ofeA

, (32)

where pf’* is the partial time-reversal transformation of the
reduced density matrix p;, operated with respect to the par-
tition A whose length is chosen to be £ = L/2 [90,114-117].
We note that the negativity is usually calculated (for bosons)
by looking at the spectrum of the partial transpose of the
density matrix (instead of the partial time-reversal). However,
the partial transpose does not preserve the Gaussianity of the
state [118], so that the negativity of Gaussian fermions cannot
be calculated from the correlation matrix. However the par-
tial time-reversal transformation [114] preserves Gaussianity,
meaning that the FLN can be obtained from the correlation
matrix (see Appendix C).

We look at the steady-state trajectory-averaged negativity,
by averaging over N, trajectory realizations and also over
the last m =5 time steps after ty, in order to smooth out
fluctuations. Similarly to Eq. (13), we have

_ )
Eip = - Z Erpp(ty + 5T4). (33)

s=1

The dynamics induced by the Hamiltonian in Eq. (31) is
Gaussian preserving. As detailed in Appendix C, this allows

us to extract the FLN from the two-point correlation function
[90,114-117]

Dijior(T) = (W(D)|E] 20| W(T)) (34)

thus allowing for numerics up to large system sizes. The
shown results are obtained for 7; = 250 and N, = 150, to
ensure convergence.

This model was studied in Ref. [78] and more extensively
in Ref. [90], with the purpose to investigate measurement
induced transitions in the presence of non-Markovian noise.
A rich phenomenology was observed: for small values of
1, a crossover from a logarithmic- to an area-law scaling of
the entanglement is induced either by p; or by p,. On the
other hand, for large values of f,, the logarithmic behavior
persists and is actually enhanced for strong p,, so that the
Ancilla protects the entanglement of the system from noise.
In particular, the logarithmic scaling is clearly seen at larger
system sizes L = 80, with finite-size corrections at lower L.
In what follows we fix t{ = 1 and #;, = 7 /2, to maximize the
coupling between the chains.

In Fig. 10, we show the data for different values of p;, p»,
and #, and the relative fitting curves obtained with Eq. (1),
noticing that the numerical data are well described for all the
considered parameters. In the top panels we show the FLN
vs L for different t,, p; (different panels) and p, (different
colors). In the bottom panels we show the relative fitting
exponent b versus p;. In particular, in panel (a) we study
the regime of small #, and large p;, where the FLN grows at
small L and saturates to an area law. This behavior is well
fitted by Eq. (1), as also shown by the values of b which
are consistently larger than 1, see panel (e). In panels (b)
and (c), in correspondence of large #,, we observe a regime
where b is significantly smaller than one [panels (f) and (g)],
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corresponding to a regime where the asymptotic FLN scales
logarithmically with the system size. Finally for smaller #, and
small p, [panel (d)], we distinguish both an area law at large
P> and a logarithmic growth at small p,, a behavior recalling
the plots in Fig. 1(a). However, differently from Fig. 1 where
no transition exits and one has always an area law with b = 1,
in this case the exponent is monotonous with the transition
parameter, marking a difference between the two cases. More-
over, b is always close to one [panel (h)], making it difficult
to locate the exact value of p;, corresponding to the crossover
between b > 1 and b < 1. Indeed, while the analysis based
on the fit with Eq. (1) locates the crossover at p, &~ 0.5, a
refined analysis proposed in Ref. [90] signals the emergence
of the transition from a logarithmic to an area phase at smaller
values p, =~ 0.25. In panels (i)—(1) we plot Ly, i.e., the length
scale defined in Eq. (2) and separating the volume-law from
the power-law entanglement behavior, versus p,. We always
find a value of Ly smaller than L,, = 256 (the maximum of
the range where we apply the fit), confirming that the fit is
reliable also in this case.

VII. CONCLUSIONS

In summary, we have proposed the function in Eq. (1) to
describe the behavior of the steady-state long-time EE in mon-
itored fermionic systems, which interpolates between a linear
behavior, at small L, and a power-law behavior, at large L.
Up to the sizes one can reach with state-of-the-art numerical
techniques (10" < L < 10%), we are able to recover a corre-
spondence between the parameters of the function and some
entanglement scaling laws already known in the literature
(from area-law, to logarithmic, subvolume-law, and eventually
volume-law behavior).

We have tested our function by fitting, in different inte-
grable and nonintegrable models, the steady-state EE attained
by evolving under a quantum-state-diffusion dynamics. More
specifically, in the nonintegrable cases, we have fitted the
steady-state EE versus the coupling y with the environment
using a generalized Lorentzian function, and we have recov-
ered the behavior described by Eq. (1). In particular, we have
chosen three integrable one-dimensional models (namely, the
tight-binding chain with onsite dephasing, the Kitaev chain
both with onsite dephasing and with long-range dissipators)
and on two nonintegrable models (namely, the staggered
t —V chain and the SYK model). We have also tested our
function in a noninteracting fermionic model on a two-leg
ladder, finding that it also provides a good description of the
scaling of the long-time fermionic logarithmic negativity, sug-
gesting that our result is a good indicator of the entanglement
scaling, independently of the monotone considered. In all the
above cases, we have found a good qualitative agreement with
the existing knowledge of the entanglement behavior with
the system size. Note that the logarithmic growth with L,
although not explicitly present in our formula of Eq. (1), can
be glimpsed by a power-law fitting behavior with an exponent
b~ 0.8. On the basis of a purely numerical analysis, one
cannot rule out that this might also be due to a finite-size effect
asymptotically providing an area law.

Let us stress again that, due to the lack of a proper analyti-
cal support, the results presented here should not be intended

as suitable for predicting any otherwise unknown entangle-
ment phases. However, given the reliability of Eq. (1) in
capturing the entanglement behavior for a variety of different
models in a fairly wide range of system sizes, we think that
this result may contribute to the development of the theory of
entanglement transitions in monitored systems. We are aware
of already existing conformal field theory descriptions of this
phenomenon, consistent with a large-L behavior. We think it
is however worth investigating whether it would be possible to
formulate a theory that can incorporates the small-size behav-
ior not only as “corrections”. Moreover in some cases, as for
the description of the intermediate regime in the Kitaev chain
with long-range dissipator, the fitting function (1) is likely to
perform better than the usual logarithmic scaling guess.

Characterizing the short-size behavior of the entanglement
can also be useful from an experimental point of view. In fact,
if one could find a way to extrapolate information on the en-
tanglement scaling by looking at the behavior for small sizes,
it would be then easier to access any experimental verification
with present-day technologies [119].
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APPENDIX A: FIT STABILITY

Here we provide some arguments regarding the stability
of the fit proposed in Eq. (1). In particular, we focus on the
stability of the parameter b, by fitting the same data of Fig. 2
in a range [Luin, Lmax], With varying Ly, and L.

The results are shown in Fig. 11. In the top panels we report
the value of b obtained by a fit of the numerical data for the
EE 874 in a range of system sizes from L = 16 to L = 256,
constraining the fit either from L,;, = 16 to a varying size
Limax [panel (a)], or from a varying size Ly, t0 Lpax = 256
[panel (b)]. We notice that the fit parameter remains more
stable when small sizes are taken into account. In fact, as
emerging from panel (b), if Ly, is too large, one can also
predict a wrong entanglement behavior (i.e., the fitted value
of b can become smaller or larger than one, thus signaling
a change of behavior from subvolume-law to area-law). This
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FIG. 11. Top panels: The exponent b as a function of Ly, (a) and Ly, (b), for the same data of Fig. 2. The black line marks the value
b = 1. Bottom panels: The various fitting functions for the numerical data of the EE with & = 2 (black circles), as obtained by changing the

values of L, (c) and of L, (d).

result suggests that, differently from the logarithmic fit cur-
rently employed in the literature, our procedure is rather
sensitive to the behavior for the EE at smaller system sizes,
compared to the one at larger sizes. It is thus important to ob-
tain a good knowledge of the short-size behavior (L < 100),
which is more easily accessible by numerical approaches.

To test the quality of our findings, in Figs. 11(c) and 11(d)
we have plotted the best fit function for the data with & = 2.
The different curves have been obtained either by varying Ly«
and fixing L, = 16 [panel (c¢)], or by varying Ly, and fixing
Lunax [panel (d)].

APPENDIX B: TIME TRACES

Some examples of the time traces for the trajectory-
averaged half-chain EE, S;/,(¢), are shown in Fig. 12. We
present results for (a) the integrable staggered tight-binding
model, (b) the nonintegrable staggered -V model, and (c) the
SYK model.

We can observe that, for the SYK model, the EE saturates
the fastest and displays the smallest fluctuations in time. Al-
though in the presence of measurements (y = 0.04), the SYK
model shows a dramatically fast relaxation to the stationary
long-time limit value Sz, and is self-averaging. On the other
hand, the mere absence of integrability does not qualitatively
change the main features of the time traces for Sy />(t) (com-
pare (a) with (b), where the only difference is to choose V = 0
or V = 1 in Eq. (22a), respectively). We recall that the results

presented in the main text are obtained by further averaging
such curves over the time. This double averaging process, over
the trajectories and time, allows us to smoothen fluctuations
and to get rid of them (we checked that the presented results
are stable by further increasing N,.).

APPENDIX C: FERMIONIC LOGARITHMIC NEGATIVITY
IN THE LADDER MODEL

Following Ref. [90], we first show how the correlation
matrix (34), for the free-fermion model on a two-leg ladder
described in Sec. VI, evolves under the combined action of the
unitary dynamics and the measurements. Our protocol is com-
posed of (i) a unitary dynamics generated by the Hamiltonian
inEq. (31), U = e~ and (ii) a sequence of measurements
of the fermionic number 71; , on each site, with probability p,
(foro =1,2).

The state of the ladder after the unitary evolution is given
by |¥(t,)) = U |¥(0)). Going in the Fourier-Nambu space we
can write

Hia = Z 1/}; Hy ¥,
k
where

o 2t cosk t
e = ( Ha 21> oS k) (€

174311-13



PICCITTO, CHIRIACO, ROSSINI, AND RUSSOMANNO

PHYSICAL REVIEW B 112, 174311 (2025)

S (a) Tight-binding (b) t—V p (c) SYK
4 —e— [ =8 —e— [ =8
7L —e—i [ =10 —e— L =10
L=12 5 L = 12
e [ —14 —— =14
6t 3t e L= i
< 5 !
S
n 4t 2+ 3
3L
2
2t 1t
1 1
0 . . . . . . 0 . . . . . . ot . . . . . . .
0 100 200 300 400 0 100 200 300 400 0 100 200 300 400
t t t
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and

<
=
Il

@1 &) e == Z e e, (C2)
R

is the Nambu spinor in Fourier space. In this way, we can
factorize the unitary evolution operator as U = ®,Uy, where
Uy = e~ ™% can be written using an explicit analytic expres-
sion [78,90].

During the unitary part of the evolution, the correlation
matrix D(t) can be thus shown to change according to [49,90]

D(r + 1,) = R"D(0)R, (C3)
with

D 1 —ik(m—n) 7y

R = - Xk: e Ur. (C4)

For what concerns the impact of measurements, the oper-
ators 7, and 1—7; , are orthogonal projectors, thus the
probability to measure n;, =1 is given by p, —1(7) =
(W(7)| Ay, |W(T)), while the probability to measure n; , = 0
is given by p,, ,—o(t) = 1 — py, ,=1(7). The effect of the mea-
surements translates into the following update rule for the
correlation matrix D;; 54/(7) [90]:

(1) For each site ! belonging to chain u, extract a ran-
dom number z , € (0, 1]. If z;,,, < p,, the measurement is
performed.

(2) If the measurement must be performed, extract a sec-
ond random number ¢; , € (0, 1].

(3) Ifqi,u < pny,=1(7), then the operator 7, ;, is applied to
the state:

(o)) > D (C5)
| g, 1WCT)) I
which, thanks to Wick’s theorem, results into
Dij,mr’(l') g Dij,aa’(r) + 5518j180u80’u
B Dil,a;/.(f),Dlj,ua’(f). (C6)

Dll,uu(t)

4 If g1, > pn,,=1(7), then the operator 1 —#; , is ap-
plied to the state:
(1 —7y,,) V(7))
(L= 7y ) [E()) 11

|W(r)) =~ (C7)

which results into
Di.fﬁﬂ/(t) g Dij,mr’(T) - Sil(sjlsauaa’u

((Sil,au - ’Dil,a,u(f))(slj,ua’ - Dlj,ua’(r))
+ .
1 — Dll,,u,p,(t)

(C8)

The FLN can be obtained through the spectrum of the
correlation matrix D(t), reduced to the degrees of freedom of

the system. In particular £ = In Tr|,of"| =1In Tr,/,of*‘ (pf*‘ )%,

where pf" is the partial time reversal of the reduced density
matrix of the system p;, with respect to the subsystem A.

Since the partial time reversal transpose preserves the Gaus-
sianity of the state, then also pf*‘ and the product ,of" (,ofe")T
are Gaussian, so that their spectral properties can be calculated
from the correlation matrix.

We define D ;; = D;; 11 the correlation matrix restricted to

the System and introduce
Fl,ij =2Dl,ij —(S,‘j. (C9)

Given a bipartition of the System into subsystems A and B, the
matrix I'y takes the block form

r r
r, — 1,AA 1,AB . (C10)
Tiga Tiss
We also introduce the correlation matrices
r +i
r, — .l,AA 1,AB Cl11)
+iliga —Tiss

associated with p™ and (of*)".
The FLN is then computed from the eigenvalues {A ;} of D;
and from the eigenvalues {1 ;} of I',, defined as [120,121]

Ty =31 -0 +T Ty + T, (C12)
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in particular it holds [115]

L

5A=Z{m(@+ﬂ)+%ln[(l—mzﬂi]}- (C13)

Jj=1
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