BRITTLE FRACTURE IN LINEARLY ELASTIC PLATES

STEFANO ALMI AND EMANUELE TASSO

ABSTRACT. In this work we derive by I'-convergence techniques a model for brittle
fracture linearly elastic plates. Precisely, we start from a brittle linearly elastic thin
film with positive thickness p and study the limit as p tends to 0. The analysis is
performed with no a priori restrictions on the admissible displacements and on the
geometry of the fracture set. The limit model is characterized by a Kirchhoff-Love
type of structure.

1. INTRODUCTION

This paper is devoted to the rigorous derivation of a brittle fracture model for elastic
plates by means of dimension reduction techniques. The target (n — 1)-dimensional
plate is represented by an open bounded subset w of R”~! with Lipschitz boundary dw.
As it is typical in dimension reduction problems, the plate is first endowed with a
fictitious thickness p > 0, so that, in an n-dimensional setting, the initial reference

L p

configuration is given by the set Q, := w x (=4, §). The starting point of our analysis

is the by now classical variational model of brittle fracture in linearly elastic bodies [9]

Folu) = % Ce(u) - e(u)dz +H" (), (1.1)
Qp
where the displacement u: ©, — R" belongs to the space GSBD?*((,) of generalized
special functions of bounded deformation [10], e(u) is the approximate symmetric
gradient of u, J,, stands for the jump set of u, H"~! indicates the (n — 1)-dimensional
Hausdorff measure in R”, and C is the linear elasticity tensor. We further refer to
Sections 2 and 3 for the notation and the precise assumptions.

The aim of our work is to study the limit, in terms of I'-convergence, of the func-
tional (1.1) as the thickness parameter p tends to 0. The literature related to di-
mension reduction problems in Continuum Mechanics is very rich. In a purely elastic
regime, we mention [0, 15] for the derivation of reduced models of linearly elastic plates,
and [1, 23, 24, 25, 26, 33, 34] for a number of nonlinear models for plates and shells ob-
tained as limit of 3-dimensional nonlinear elasticity. Further applications to the theory
of elastic plates and shells can be found in [28, 29, 38, 39], where the interplay be-
tween dimension reduction and homogenization is studied. In an elastoplastic setting,
in [17, 18, 19, 35] the authors obtained models for thin elastoplastic plates, starting
from either linearized or finite plasticity, and also proved the convergence of the cor-
responding quasistatic evolutions, in the spirit of evolutionary I'-convergence [36, 37].

In the context of fracture mechanics, the study of the I'-limit of free discontinuity
functionals of the form (1.1) has been considered, for instance, in [2, 7, 8, 10, 21, 32]. In
particular, [7, 10] are concerned with the nonlinearly elastic case, in which the stored
elastic energy density obeys a p-growth condition of the form W(F) > C(|F|P — 1)
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which is incompatible with linear elasticity. The papers [2, 32] consider the antiplanar
case, where the energy is in the form (1.1) but the displacement u is supposed to be
orthogonal to the middle surface w, so that the dimension reduction problem becomes
scalar and is described in terms of GSBV-functions (see, e.g., [5, Section 4.5]). In [21]
the authors considered the convergence of quasistatic evolutions in the vectorial case,
under the assumption that the crack path is known a priori, is transversal to the
middle surface w, and cuts the whole of 2,. In the static setting, the geometrical
restriction on the fracture set was then removed in [8], where the I'-limit of F, in (1.1)
has been studied under the restriction v € SBD(f2,), the space of special functions of
bounded deformation [1]. In order to ensure that sequences equi-bounded in energy
are sequentially relatively compact, the authors had however to assume an a priori
bound on the L*-norm of the displacement u, which is in general not guaranteed by
the boundedness of functional F,.

The aim and main novelty of our work is to study the limit of F, in a G'S B D-setting,
removing the unphysical a priori bound on the norm of the displacement. As in [3],
we prove in Theorem 3.5 that the I'-limit writes

L Coetu) - e(w) dz + 11 (1)

2 (o}
for u € GSBD?(;) such that e;,(u) = 0 for i = 1,...,n and (v,), = 0 on J,.
Here, v, is the approximate unit normal to J, and Cy is the reduced elasticity tensor
of the Kirchhoff-Love theory of elastic plates [15] (we refer to (3.14) for the precise
formulation). The most technical part of our result, which in particular influences the
construction of a recovery sequence in the proof of Theorem 3.5, is the characterization
of the admissible displacement u in the limit model. Indeed, in Theorem 3.2 we show
that v has a Kirchhoff-Love type of structure: the out-of-plane component wu,, does not

depend on the vertical variable x,,, while the in-plane components uq, ..., u,_1 satisfy
e (2, 1) = U (2') — 2p00un () (1.2)
for z = (2/,z,) € O and o = 1,...,n — 1, where U, (2') := f_152 ua (2’ xy) day,. In

contrast to [3], due to the lack of integrability of u we cannot conclude u,, € GSBV (w)
while we can ensure that at a.e. 2’ € w u, is approximate differentiable. Moreover, the
L*>°-assumption used in [3] makes it possible to work in the BD-context, so that (1.2)
is proven by convolution techniques combined with the study of the distributional
symmetric gradient Eu of u (see [8, Proposition 5.2]). In our setting, instead, such an
approach is not feasible as Eu is not a bounded Radon measure for u € GSBD?({)).

To overcome this obstacle, we obtain (1.2) through an approximation result similar
to [12, Theorem 1] and [30, Theorem 5], which therefore allows us to work with func-
tions that are W1 out of the closure of their jump set. The crucial point in such an
approximation is that we need to

(1) guarantee that on large part of the domain €; the n-th component of the
approximating function uy is still independent of x,;

(2) control the H"~'-measure of the projection 7, (Jy, ) of the closure of the jump
set of the approximating sequence u; on w by means of H" (7, (J,)).

The two properties above, together with the fact that actually H" !(m,(J,)) = 0,
allow us to apply the Fundamental Theorem of Calculus in the direction x, to the
sequence ug, obtain a first version of (1.2) for ug, and then conclude by passing to the
limit in k£ and by further exploiting that the jump set J, is transversal to the middle
surface w. This argument is made rigorous in Propositions 4.4, 4.7, and 4.8.
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In a similar way to [3], we show that the jump set J,, takes the form

11
Jy = (JgU Jy, Udgy,) x| —=,= |,
2°2
where @ := (uy, ..., Un—1), concluding the description of the admissible displacements.
Here we point out that in Theorem 3.2 we show (1.2) for all the functions u: Q; — R”
belonging to

KL(Q) :={u € GSBD(N) : ein(u) =0in Qi, H" *(Ju) < 00, (Vu)n =0on J,},

where we do not consider any higher integrability of the approximate symmetric gradi-
ent e(u). Hence, our method highlights the fact that the nature of the Kirchhoff-Love
structure does not depend on a p-integrability (p > 1) of the approrimate symmetric
gradient.

Finally, we extend the I'-convergence result of Theorem 3.5 to the case of non-
homogeneous Dirichlet boundary conditions in Corollary 4.10 and further discuss the
convergence of minima and minimizers in Theorem 4.12 and Corollary 4.13. With
respect to [3], we notice that in the proof of convergence of minima and minimizers
we can not rely on the (higher) integrability of the displacement. Hence, we apply
the recent compactness result in GSBDP, p > 1, obtained in [14] (see also [3] for an
alternative proof and for the case p = 1).

2. PRELIMINARIES AND NOTATION

We briefly recall here the notation used throughout the paper. For n,k € N, we
denote by £" the Lebesgue measure in R™ and by H* the k-dimensional Hausdorff
measure in R™. The symbol M" stands for the space of square matrices of order n
with real coefficients, while M7 indicates the subspace of M" of squared symmetric
matrices of order n. For every r > 0 and every x € R", we denote by B,(x) the open
ball in R™ of radius r and center x. We will indicate with {e1,...,e,} the canonical
basis of R” and with 1g the characteristic function of a set £ C R". For every
¢ € S, ¢ stands for the projection over the subspace &1 orthogonal to &. If € = ¢;
fori=1,...,n, we use the symbol ;.

For every U C R™ open, we denote by My,(U) and M (U) the set of bounded Radon
measures and of positive bounded Radon measures in U, respectively. Let m € N with
m > 1. For every L"-measurable function v: U — R™ and every x € U such that

limsup S OB @) o
™\0 rr

we say that a € R™ is the approximate limit of v at = if

lim LU N By(x)N{|v—al > €})
™\0 rhm

=0 for every € > 0.

In this case, we write
ap-limv(y) = a.
y—)x
We say that z € U is an approximate jump point of v, and we write x € J,, if there
exist a,b € R™ with a # b and v € S*! such that

ap-lim v(x) =a and ap-lim v(z) =0.
y—T y—x
(y—z)v>0 (y—z)-v<0

In particular, for every = € J, the triple (a, b, ) is uniquely determined up to a change
of sign of v and a permutation of a and b. We indicate such triple by (vt (z),v™ (), vy (x)).
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The jump of v at z € J, is defined as [v](z) := v*(z) — v~ (z). We denote by (v,); the
components of v, for i =1,...,n.

The space BV (U;R"™) of functions of bounded variation is the set of u € L'(U;R")
whose distributional gradient Du is a bounded Radon measure on U with values in M".
Given u € BV (U;R"), we can write Du = D% + D*®u, where D%u is absolutely con-
tinuous and D*u is singular w.r.t. £". The set .J, is countably (H"~!, n —1)-rectifiable
and has approximate unit normal vector v, while the density Vu € L'(U; M") of D%
w.r.t. L™ coincides a.e. in U with the approximate gradient of u, that is, for a.e. x € U

it holds
o1 10~ (@) = V(@) - (y = )
y—T |z =y

The space SBV(U;R"™) of special functions of bounded variation is defined as
the set of all w € BV(U;R"™) such that |D*u|(U \ J,) = 0. Moreover, we denote
by SBViee(U;R™) the space of functions belonging to SBV (V;R") for every V € U.
For p € [1,4+00), SBVP(U;R"™) stands for the set of functions u € SBV (U;R"™) with
approximate gradient Vu € LP(U;M™) and H"1(J,) < +oo.

We say that u € GSBV (U;R") if p(u) € SBV.(U;R") for every ¢ € C1(R";R")
whose gradient has compact support. Also for v € GSBV(U;R") the approximate
gradient Vu exists £"-a.e. in U and the jump set J, is countably (X" !,n — 1)-
rectifiable, with approximate unit normal vector v,. For p € [1,400), we define
GSBVP(U;R™) as the set of functions u € GSBV (U;R"™) such that Vu € LP(U;M™)
and H"1(J,) < 4+o0o. We refer to [5, Sections 3.6, 3.9, and 4.5] for more details on
the above spaces.

In a similar fashion, the space BD(U) of functions of bounded deformation is defined
as the set of functions u € L'(U;R") whose distributional symmetric gradient Eu is
a bounded Radon measure on U with values in M7. In particular, we can split Eu as
Eu = E% + E°u, where E%u is absolutely continuous and E®u is singular w.r.t. £™.
Furthermore, the density e(u) € L'(U;M?) of E% is the approximate symmetric
gradient of u, meaning that for a.e. x € U it holds

ot (1) = () ) ()y — ) - (y )
y—x |z —y|?

=0.

=0. (2.1)

The space SBD(U) of special functions of bounded deformation is the set of u €
BD(U) such that |[E*u|(U \ J,) = 0. For p € (1, 400), we further denote by SBDP(U)
the space of functions u € SBD(U) such that H""1(J,) < +oo and e(u) € LP(U; M7).

We now give the definition of GSBD(U), the space of generalized special functions
of bounded deformation [16]. For u: U — R"™ measurable, £ € S"!, 3y € R", and
V CR"”, we set

Hg::{zeRn:z-fz()}, ‘/f::{tER:y+tf€V},
ag =u(y+1t§)-& for everytEV?f, J = {tGVZf: |[ﬂ§]| > 1}.
Uy

Then, we say that u € GSBD(U) if there exists A € M, (U) such that for every
¢ € S*! one of the two equivalent conditions is satisfied [16, Theorem 3.5]:

o for every 6 € CY(R; [—%; %]) such that 0 < ¢ < 1, the partial derivative
De(6(u - €)) belongs to My(U) and |De(8(u - €))|(B) < A(B) for every Borel
subset B of U;

e for H" la.e. y € Il¢ the function ﬁg belongs to SBVZOC(UyE) and

/H 5 |(Da5)|(BS \ Jgg ) +HO (BN Jég) A" (y) < A(B)
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for every Borel subset B of U.

For u € GSBD(U), the approximate symmetric gradient e(u) in (2.1) exists a.e. in U
and belongs to L*(U;M?). Its components are denoted by e; j(u) for i,j € {1,...,n}.
The jump set .J,, is countably (H"~! n — 1)-rectifiable with approximate unit normal
vector v,,.
Finally, if U has a Lipschitz boundary OU and v € GSBD(U), there exists a function
Tr(v): OU — R™ such that for H" l-a.e. x € OU
Tr(v)(x) = ap-lim v(y) .

y%x

yelU
We refer to Tr(v) as the trace of v on 9U. Finally, for p € (1,400) we say that
u € GSBDP(U) if e(u) € LP(U;M?) and H"1(J,) < +o0o. We further refer to [10]
for an exhaustive discussion on the fine properties of functions in GSBD(U).

3. SETTING OF THE PROBLEM AND MAIN RESULTS

In this section we present the setting of the problem and the main results of the
paper. We start by discussing the energy functional that we consider in the non-
rescaled reference configuration. Let w be an open bounded subset of R"~! with
Lipschitz boundary dw. As we aim at deducing a model of brittle fracture on thin films
moving from the variational theory of brittle fractures in linearly elastic materials [9],
we endow w with a fictitious thickness p > 0 and define Q, := w x (=4, §). Therefore,
the starting point of our analysis is the functional

Fp(u) = 3 Ce(u)-e(u)dz + H" 1 (J,), (3.1)
Qp

where the displacement u: Q, — R™ belongs GSBD?(Q,) and C stands for the usual
linear elasticity tensor. In a fracture mechanics setting [9, 27], the volume integral
in (3.1) is the stored elastic energy, while the surface term denotes the energy dissipated
by the production of a fracture set J,. We assume in (3.1) that the elastic body €2,
is homogeneous outside the crack J,. Thus, the elasticity tensor C is supposed to be
constant in space. As usual, we assume that C is positive definite, that is, there exist
0 < ¢1 <9 < +oo such that

c1|E|> < CE-E < | B? for every E € M . (3.2)

As it is customary in dimension reduction, we rescale the energy functional F, to
the fixed domain ) = w x ( — %, %), the so called rescaled configuration. Proceeding
as in [8, Section 3.2], for every v € GSBD?(f2,) we define the rescaled function u in

the rescaled configuration €2y as

u(x) == (vl(wp(a:)), .. ,pvn(wp(;r))) . Yp(x) = (@, pxn) , for (2/,2,) € Q.

(3.3)
We notice that for z € Q7 and o, =1,...,n — 1 it holds
ea,5(V)(¥p(7)) = ea,p(u)(z) = €}, 5(u)(z), (3.4)
€an(V)(p(z)) = ;eam(u)(x) =: eqn(u)(z), (3.5)
1

en,n(v)(wp(w)) = ﬁen,n(u)@) = efhn(u)(m). (3.6)
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We further define
pr(y) =

1
(1/1, ey — I/n) ’ for every p > 0 and every v € R". (3.7)
p

By a change of coordinate and using the notation (3.4)—(3.7), we rewrite (3.1) computed
for v € GSBD*(,) as

Gy(u) == g Cel(u)-eP(u)dz+p [ ¢p(vy)dH L. (3.8)
O Jy
Considering the functional (3.8) for u € GSBD?(£);), we define

lgp(u) for u € GSBD?(Q),
£ ()=l P (3.9)
+ 00 otherwise in LY(y).

We now study the limit of £, as the thickness parameter p tends to 0. Before giving
the exact expression of the limit functional, however, we investigate the closedness of
a converging sequence u, € GSBD?(£) equi-bounded in energy.

Proposition 3.1. Let u, € GSBD*(Q4) and u: Q; — R™ measurable be such that

sup £,(u)) < +00 (3.10)
p>0

and u, — u in measure as p — 0. Then, u € GSBD*(Y), e(u,) — e(u) weakly
in L?(2; M2, ein(u) =0 and €;n(u,) = 0 in L2(Q) fori=1,...,n, and (1), =0
H 1 a.e. on Jy.

Proof. From (3.10) we clearly deduce that e(u,) is bounded in L?(Q; M?) and admits,
up to a subsequence, a weak limit f € L?(Qq;M?). Since u, — u in measure in )y,
from (3.10) and [16, Theorem 11.3] we deduce that u € GSBD?*(Q) with e(u) = f
and that e(u,) — e(u) weakly in L?(Qq; M?).
By definition of £, and by (3.2) we have that
ClHeayn(up)”% = 01P2H€Z,n(up)”% < PQgp(up)

and similarly ci|enn(u,)|3 < p?€,(u,). Hence, (3.10) implies that e;,(u,) — 0 in
L%(Qq1;MT), from which we deduce that e; ,(u) =0 for i = 1,...,n.
Finally, by [31, Proposition 4.6], for every p > 0 we have that

1

|(V )| AH T < / ¢p(vy) dH™ ! < lim inf ¢p(V,) dH
pJ, Ju 0 ?

p— Ju,

< Tlim; =1 < lim .
_hzn_:glf . bp(Vu,) dH _lnpn_)(glfgp(up)

Letting p — 0 in the previous inequality and using again (3.10) we infer that (1), = 0
H* 1 a.e. on J,. O

In view of Proposition 3.1, we expect the limit functional to be defined on the space
KL*() :={u € GSBD*(Q) : ejn(u) =01in Q fori=1,...,n, (3.11)
and (vy)p, =0on Jy,}.
We also define the space
KL(EQ) :={ue GSBD() : ejn(u) =0in Q; fori =1,...,n, (3.12)
H"1(J,) < +o0, and (1), = 0 on J, }.
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We further denote by KL*(U) and KL(U) the same spaces defined on a generic open
subset U of R™.

In the next theorem we complete the description of ICL(£2;1). We collect in Corol-
lary 3.4 the properties of functions u obtained as limits of sequences u, equi-bounded
in energy. The proof of the theorem is given in Section 4 (see, in particular, Proposi-
tions 4.3-4.7).

Theorem 3.2. Let u € KL(1). Then, the following facts hold:

(i) u, does not depend on x, and it is approzimately differentiable for H™ '-
a.e. ¥’ € w. Moreover, denoting by Vu, its approximate gradient, we have
Vu, € GSBD(w);

(i1) for L™-a.e. (2',x,) € Q1 we have

e (2, ) = U (2') — 2p0qun(2)), a=1,...,n—1, (3.13)

where Uy (2') := fi{% ue (2, ) day, and @ := (Uy,...,Up—1) € GSBD(w);

(i1) Ju = (JgUJy, UJva,) X (— 5, 5).

Remark 3.3. In view of Theorem 3.2 we have that the space KL(Q;) in (3.12) is
(n — 1)-dimensional in nature, as the out of plane component u,, only depends on the
planar coordinates x’, while the planar components u,, « = 1,...,n—1 depend linearly
on z,, through (3.13). However, the approximate symmetric gradient e(u) € MY can be
identified with an element of M1, since the n-th column and the n-th row are zero.
The structure highlighted in Theorem 3.2 is typical of the so called Kirchhoff-Love
plate, which appears in many dimension reduction problems in elasticity. As already
mentioned in Section 1, Theorem 3.2 also states that the Kirchhoff-Love structure of
the displacement does not depend on the p-integrability of its approximate symmetric
gradient.

As a corollary of Theorem 3.2 we obtain the following.

Corollary 3.4. Ifu € KL%(Qy), then the items (i)—(iii) of Theorem 3.2 hold true with
the modification Vu, € GSBD*(w) and u € GSBD?*(w).

In view of Remark 3.3 and of Corollary 3.4, it is convenient to introduce the following
reduced linear elasticity tensor:

CoE-E := ém]%n CE¢ - E¢ for every E € M?™1 (3.14)
E n
where for every £ € R" we have set
el o €lp1 &1
E¢ == : (3.15)
€n—1,1 " €En—1n-1 fn—l
fl to fn—l ‘ En

With this notation at hand, the I'-limit of £, writes

Eo(u) ;/QCoew ce(u)dz +H" N (Jy) i ue KL (),
olu) :(=
+ o0

otherwise in L°(Q1),

and we have the following convergence result.

Theorem 3.5. The sequence &, I'-converges to & w.r.t. the topology induced by the
convergence in measure.

The proof of Theorem 3.5 is given in Section 4.
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4. PROOFS OF THEOREMS 3.2 AND 3.5

We start by proving Theorem 3.2. Its proof is articulated in the next four proposi-
tions. The first two give an approximation result in the spirit of [12, Section 4, Theorem
1] and [30, Theorem 5]. The last two propositions, instead, provide intermediate results
for the proof of items (i)—(iii) of Theorem 3.2.

We now recall the definition (cf. [30, formulas (39)—(41)]) of good/bad hyper-cubes
of an (n—1)-dimensional grid of R™ in relation with a rectifiable set with finite (n—1)-
dimensional Hausdorff measure.

Definition 4.1. Let h € RT. The (n— 1)-dimensional h-grid QY centered at zero and
parallel to the coordinate axis is defined as

Q%IZU U{:L“E]R"::Ei:z}.

i=1 z€hZ

A generic (n — 1)-dimensional h-grid Qy, parallel to the coordinate axis is obtained
simply by translating of a generic vector y € [0,1)", i.e., Qp = Q?L + hy.
We say that @) is a hyper-cube of Q) = Q?L + hy if there exists z € hZ"™ such that

Q==z+hy+(0,h)".

Definition 4.2. Let I' C R” be a countably (H" !, n—1)-rectifiable set with #"~1(I") <
o0o. For every y € R™ we introduce the directional half-neighborhood JY of I’

JY = U[:c,a:—y],
zel
where [a,b] denotes the segment joining a,b € R". Set D := {e;, e; £ ¢j, i,j =
1,...,m, © # j}. Given an (n — 1)-dimensional h-grid Qj, we say that a hyper-cube
Y =2z+hy+(0,h)" of Qp is a bad hyper-cube relative to I if there exist e € D and
n € {0,1}" such that
2+ hy + hn € Jhe, with n; =0, ife=e¢;,
24 hy + hn € Jhe, with n; =n; =0, ife=e;+ej,
z+hy + hn+ he; € Jhe, withn, =n; =0, ife=1¢ —e¢;.
Otherwise, we say that a hyper-cube of Qp is a good hyper-cube relative to I'.
The following proposition provides an estimate of the H" !-measure of the bound-

aries of the bad hyper-cubes, which will be useful in view of the approximating result
of Proposition 4.4.

Proposition 4.3. LetT' C R"™ be a countably (H" !, n—1)-rectifiable set with H"~*(T) <
00, and let I'; be a sequence of measurable sets such that

I'; CT forevery j €N and Z?—[”fl(Fj) =L <.
j=1

Moreover, for every j € N, every h > 0, and every y € [0,1)", let By, ;, be the family
of bad hyper-cubes of Q?L + hy relative to I'; and define

A= |J Q. (4.1)
QEB}L,j,y

Then, for every 6 > 0 there exists a subset H C (0,1)" with £L"((0,1)" \ H) < § for
which for every y € H there exist a sequence hy \, 0 and a sequence j,, ,/ oo such
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that
limsup H" H(0Ap, j,.) < +oc  for every m, (4.2)
k—o0
lim limsup H" ' (94, j,.) =0. (4.3)

m—r00 k—00

Proof. Let D be as in Definition 4.2. For every j € N let us denote by J. 7 the directional
half-neighborhood of I'; and define the discrete jump energy

1 e (2 + hy)
YR (LY = B [
BT =0 Y =

ecD zehZ™
Notice that, by definition of bad hyper-cubes, we have
EY(Tj) > C#Bpjyh" ", (4.4)

for a positive constant C' independent of h and j. Moreover for every h we can give
the following estimate

:H.Jhe(z+hy)
LTS 0 h T B =L
(0,1)m j=1e€D zchZ" [0,1)"
> L e (y) > L e (Y + se)
- s gy = /(/st>dy
X3 [ =X (L
=595 B LTI (MPETESS SEE e
j=1eeD /1I° j=1

where ¢ = max),|=1 (> cp [v-¢|/|e]). Therefore, if we set g(y) := liminf), o+ >332, EY h(T;)
and define

H:={y€[0,1)" | g(y) <cL/d},
by Fatou lemma and Chebyshev inequality we get that
L0, 1)"\H) <.
Moreover, if y € H, we have, up to passing to a subsequence depending on y, that

L
= lim ZEy’ ) < C— (4.5)

h—0t <

Again by Fatou lemma we have, along the same subsequence, that

im i vh(p. é
j:ll}"b%&fE () < gly) < -

o0

Therefore, for every €; > 0 there exists j; € N such that

. . 7h .
1}}35@ EYMT,) <er.

In particular, we can find a subsequence h,lc N\, 0 such that

lim EY"(T;,) = liminf E¥"(T;,) < e .

k—o0 h—0+

Since the bounds (4.5)(4.6) are still valid along the subsequence (hj.), given ez > 0
we can find a sufficiently large jo € N for which

liminf E¥"(T'},) < €.
k—o0
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As before, we can find a subsequence (h?)g C (h})y such that A2 \, 0 and

lim EY"(T},) = liminf E¥"(T'},) < €.
k—o0 k—o0

By induction, given a sequence €, N\, 0, we can construct a sequence j,, / oo and, for
every m € N, the subsequences (h{), C (h}" ')y satisfying

Jim B (83,) = mint B4 () < e

Setting hy := h’lz for every k, we infer that Ay \, 0 and

lim EY"(D; ) < en for every m.
k—o0
Finally, by (4.4) and by definition (4.1) of Ay, ;. we estimate, for a suitable con-
stants c1(n), ca(n) > 0 depending only on the dimension 7,

limsup H" *(0An, j,.) < c1(n) limsup #Byp, j,. , b

k—o0 k—o0

< co(n) limsup E¥" (T}, ) < ca(n)em
k—o0

so that (4.2) holds. By letting m — oo in the previous inequality we infer (4.3). O

We now provide an approximation result for a function v € GSBD(£;) in terms
of more regular functions vy whose jump J,, is contained in an (n — 1)-dimensional
h-grid Qp, and that are W1* out of J,,, as in [30, Theorem 5]. The main difference
is that here, in order to later prove Theorem 3.2, we have to carefully estimate the
measure H" 1(m,(Jy,)), where m, denotes the orthogonal projection of R™ onto e, .
We further point out that our approximation is local in space, i.e., for Q' € €4, and
that we do not need to approximate v in energy, as done in [13]. For these reasons, a
construction similar to that in [30, Theorem 5] can be performed in our setting without
the additional assumptions v € L?(21; R™) and e(v) € L?(Q; M%), which were instead
crucial in [12, 30] to guarantee the convergence in energy and to construct a recovery
sequence.

Proposition 4.4. Let U C R" be open, v € GSBD(U) with H""1(J,) < oo, and
V € U a Lipschitz regular domain with H"~1(0V N J,) = 0. Then, there exists
(0g)$2, C GSBD(V)NWL(V \ J,.; R"™) such that

(i) v — v in measure in 'V as k — oo;

(i) e(vy,) — e(v) weakly in L'(V;M?) as k — oo;
(iii) for every & € SP~1

Jim H (7 (o) \ me(Jy O V) = 0;

—00

(iv) Tr(vg) — Tr(v) in H" -measure on OV as k — oo;

(v) If v - e; is independent of x;, then for H" '-a.e. ' ¢ me,(Jy,) the function t —
vi(2' + te;) - ej is constant.

Proof. First we prove that there exists a sequence (vj,)p>0 C GSBD(V)NWhee(V \
Ju, s R™) satisfying (i), (i7), (iv), and (v) as h — 0T, plus the fact that J,, C Q) + hy
for some y € [0,1)". In order to prove this, we proceed similarly to [30, Theorem 5]:
consider for a.e. y € [0,1)" the (n — 1)-dimensional h-grid Q) + hy and consider the
discretized function of v

vp(€) ==v(€+hy), §€hZ"N(U - hy),
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and define the continuous interpolation of ”Z

wy (z) = Z v%(f)A(zv_(gw) forz € V,

h
gehZrnU

where
n

Ax) =[]0 = |z ™.

=1

Let us fix V @ V' @ U and let us define the piecewise constant strain in the direction
e€ D as

Yy he) — Y .
() = 3 D 20O Dy ey (@), 2 eV,
Lev’

where ¢/, (€) := 1 — 1 (€ + hy). Notice that, since V € V' € U, then EY" is well
defined in V for every sufficiently small A > 0. We claim that

h—0t

lim (/ |EYM () — fo(x)] dx> dy =0 for every e € D, (4.7)
o0 \Jv

where f. := e(v)e - e. In order to simplify the next computation let us set
QUE) :=[¢+hy+[0,A)"INV, U/ =U-hy.

Now we write

/[0 e ( /V BV () — fe(a:)]dm>dy (48)

_ (v(£+hy+he)—v(§+hy))‘ecy o) de

i /[OvU” (»5; /Qz(s) h enl8) = Jel2)|d >dy

B (v(§+ hy+ he) —v(+hy))-e

= /V (Z /W - & (6) — fel(@)| Ty o) (@) dy) do

1%

I (Z

Lev’

(v(z + he)h— v(z)) - e]lU\Jeh(z) _ ()

xr —z
Tip,1)n ( ) dz) dz,
]éﬂo,h)“ OO\ h

where in the last inequality we have performed the change of variable z = £ + hy and
we have used the trivial inclusion [0,1)" N (% —y) C [0,1)". We can continue the
estimate (4.8) by noticing that the cubes £ + [0, h)™ are pairwise disjoints, so that

[ (et = pwias)ay 0o
< [ (e [ ) = o)t (T ) 0 s
< /V <hl /U B (v(z + he) — v(2) - 1[0,1)n<xh2>dz>dx

w [ (e [ 1@ (557 )z Jas.

h — fe(z)
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We treat the last two integrals in (4.9) separately. For the first we have that

/(%”UV (U(Hhe){”(z” — fel@)| 1 ("’C;Z)dz>dx
LG L e

v(y +te+ he) —v(y +te))-e
h _fe( )

Tjp.1n (”Hjl_te) dt) dy)dx

( ( < |Dsv(y + te + se) - e — fe(x )ds)ﬂ[o 1)n (x—y—te) dt>dy>dx
(U\Jeh)s h
=/V(,j/ </(U\J8h (F ety e 50 = 2@ as g (F4=1 ) at )y ),

where in the last equality we have used the fact that ¢ ¢ (U \ J")¢ implies {t + s :

s€[0,h)} N (Jy)¢ = 0. We can continue the previous estimate with
]. Z+h€)—’l}(z)) e T — 2
<h U\Jeh h — fe(2) ]l[o,m h dz |dx

S/V<]£ <hn/\fez+se) ol );101)n< Z>dz>ds>dx
]ﬁh </V <][_[0’h)n ol + s€) — fe(x)]dz>da:>ds

:f(/ <]€Jh) |fe(a:—z—|—se)—fe(x)|dz>d:n)ds
:/01</[01 </ \fe(@ + h(se — 2)) — fo(x )!d:c)dz>ds

The continuity property of the translations in L!(U) plus the Dominated Convergence

Theorem allow us to deduce that
Tjg.1n <x - Z) dz) de  (4.10)

) 1 (v(z +he) —v(2))-e .
hllgl'*‘ v <hn /U\Jeh h fE( )

5,}'55& ;(/{01 </|f6m+h( e—2))— folx )|dm>dz)ds—0

The second term on the right-hand side of (4.9) can be estimated as follows

1 —
/ / [ fe(@)| Lo,y | " )dz ) dz g/ ][ \fe(z + x)|dz | dz
1% hn Jeh ’ h Jeh [07h)n
:/ </ ]fe(z)|dz>dm.
[071)n J8h+h],‘
Being £7(J¢") infinitesimal as h — 0% (see the proof of Proposition 4.3), we easily

deduce that
) 1 T —z
T, V<hn /Jah |fe(x)|ll[071)n< . >dz>dx (4.11)

< lim (/ |fe(z)|dz>dx20.
h—07+ [071)n Jeh+hw

As a consequence of (4.9)—(4.11) we obtain the claim (4.7). Moreover, by looking at
the proof of [30, Theorem 5, formulas (1’)-(3’b)], thanks to the fact that V € U and
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H 1OV N J,) =0, we deduce that

lim (/ |w (x) — v(x)| A1 d:r) dy =0, (4.12)
h—0% J[0,1)n Vv

lim (/ Tr(w))(z) — Tr(v)(z)| Al d?—["_l(x))dy =0, (4.13)
h—0% J[0,1)n oV

lim EYM(OV)pp) dy =0, (4.14)
h—0t+ [0,1)"

where (OV)n = {z € R™ : d(z,0V) < nh} and EY"((8V),p) is defined as in [30,
formula (32)] as

:H-he
B (0V)) =0y Y e

hle|
eeD  £€(0V)pn—hy
£e(0V ) pn—hy—he

We recall that since J, is countably (H"~1, n —1)-rectifiable and has finite measure,
arguing similarly to [20, Lemma 3.2.18] we find a sequence K; of compact subsets
of R"~! with associated Lipschitz maps ¥;: K; — R" such that 1;, (K;,)Nt;,(Kj,) = 0
for j1 # j2 and

HM(JU\ G wj(Kj)) =0 and H" (y;(K;)\ J,) =0 forjEN.  (4.15)

j=1
In addition, being H"~1(0V N J,) = 0 we may also suppose that

Vi(K;) @V or ¢j(K;) € U\V for j€N. (4.16)
For every m € N\ {0}, let j,, be such that

1
> HTHy(K)) < 3 (4.17)
J>Jm
Let us set 'y, := J, and I'j,, := Ujs;, ¥;(K;) for m > 1. In view of (4.15)-
(4.17) we can apply Proposition 4.3 from which we deduce, in combination with (4.7)
and (4.12)—(4.14), that there exists y € [0,1)", a subsequence of (j,)m, which with
abuse of notation we still denote by (jm)m, and a subsequence (hy)y for which we have

lim / |EY"% (2) — fo(z)|dz =0 for e € D, (4.18)
k—o0 1%
lim / lwy (x) —v(x)|Aldx =0, (4.19)
k—oo Jy/ k
lim Tr(w) )(z) — Tr(v)(z)| ALdH"  (z) =0, (4.20)
k—oco Joy k
lim EY™ ((0V)n,) =0, (4.21)
k—o0
lim limsup H" ' (94, ;,.) =0, (4.22)
m—o0 k—00
limsup H" YA, j,.) < +o0 for every m, (4.23)
k—o0

where Ay, ;.. is the union of bad hyper-cubes of Q?Lk + hyy relative to I';,,. We further
notice that, following the proof of Proposition 4.3, we may assume that the first term
of the subsequence I';, = J,,. Since y is fixed, in what follows we omit the dependence
on y.
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Now we proceed with the construction of (vy)32,. Arguing similarly to [30, Theo-
rem 5] we define the function vi equals to 0 on each bad hyper-cube of Q%k relative
to Jy, and vy := wy, otherwise in V. In this way (4.19)-(4.21) imply (i) and (iv) by
arguing in a very same way as in [30, Theorem 5], while (v) comes by construction.
To prove (i) we first notice that (4.18) implies in particular that

EM — f weakly in L'(V) as k — oc.

By using Dunford-Pettis Theorem, we deduce the existence of a positive and increasing
map ¢: RT — R with limy_, 1 p(t)/t = 00, for which

sup/ o(|EM|)dz < +o0o.
keNJV

On the other hand it is possible to verify that for a.e. x belonging to a good hyper-cube
of Q%k relative to J, the continuous interpolation wy, satisfies

le(wn,)(x)e - ¢] < C|ER ()], (4.24)

for a dimensional constant C' > 0. For instance, if e = e¢; we have that

e(wp,)(z)er - e1 = Z €<v%k (f)A<x_(€h+hky)>>el =
cehpZrnU k
1 n
= —hfk Z (U}yzk(g) '61)<H(1— |$j—§j—hkyj|)+>
cehpZmNU
z1—€1—hry1€(0,h)

n

D SN CACRY (H<1 - hkym*)

cehp ZmNU J£1
z1—€1—hry1€(—h,0)

.y (e dora) )

. 10 =12 = & = Py )2, 4, ()
£ehpZmOU k j#1
z1—€1—hiy1 €(0,h)
where, in the last step, we have used the fact that x belongs to a good hyper-cube.
Hence, we deduce (4.24) for e = e;. In a similar way, we can conclude (4.24) for every
eecD.

As a consequence
le(vg)(x)e - €| < C|EM ()] for a.e. z € V, fore € D.

For this reason, if we define the positive, increasing, and superlinear map 1c: RT —
R* as po(t) := p(t/C), then we deduce

sup/ vol(le(vr)(x)e - e])dr < +o0. (4.25)
keN Jv

Since I'j, = J, and, by construction, J,, C dAp, j,, by (4.23) we have the additional
information

sup H" " H(Jy,) < +00. (4.26)
keN

Combining (4.25) with (4.26) and (i), we can make use for example of the technique
in [16, Theorem 11.3] to deduce the validity of (ii).

To prove (iii) we fix £ € S"~1. To simplify the notation we denote by Ay and Aj
the union of bad hyper-cubes of ng relative to J, and J, NV, respectively. By
construction, J,, is contained in JA; N'V. We proceed as follows: first we estimate
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the measure of the projection of A} onto &L, then we show that the measure of the
projection of (A \ A4} )NV onto &1 is infinitesimal as k — oo, and finally we deduce (iii).
In what follows we consider only those indices j for Wthh Y (K;) € V (see (4.16)).

Let us denote by By, ; the set of bad hyper-cubes relative to @Z)j( ;) and let B;Lk j

be the set of hyper-cubes for which one of their edges is contained in the set {x €
V| dist(z,9;(K;)) < hy}. Then, By, ; € Bj, ;. Now fix a direction { € S"~ LIf we

"
set By ; = Wg(UQeB’;LkJQ) we have that

H B\ me (5 (K5))) = O(L/k). (4.27)

Indeed, equality (4.27) follows from the fact that By ; C {y € IT¢ | dist(y, me (v (K;))) <
(1+ +/n)hi} and clearly, since m¢(v;(K;)) is compact it holds true

Jim 2 ({y € T | dist(y, me (v (K))) < (1+ V)i \ me(95(K;)) = 0.
In view of (4.27) given m we can find k,, such that for every j < j,, and for every
k> km

H B\ e (v (K )))<Tm (4.28)

Let us define By, 1 := Bk1 and, by induction, By, ; := B,’C’] \U Bk,l forevery 1 < 5 <
jm and for every k > k,,. Notice that (4 28) implies

H" Y Brj \ me(vj(K;))) < — for 1 <j<jmand k> k. (4.29)
Jm
Now for every k > k;,, by construction we have that if Q € B;lk j for some 1 < j <

Jm., then m¢(Q) C U 1 Bi,j. Therefore, we can use (4.15) and (4.29) to estimate for
every k > k,

((Lj U vrg<cz>)\7rs<mv>> (4.30)

J=1QEBy,,;

< ((Lj QLBJ @)\ ( ij(f@)))

(0 U @) (Qrasin))

J=1QeB;, ;

< (( U Bm) ( § Ws(%(&))))

7j=1

Jm
<D HT (Brg \ me(t(K;))) < e
j=1
To estimate the H"!-measure of the projection of the bad hyper-cubes relative to
J»NV which do not belong to By, ; for some 1 < j < j,,, we can notice that such hyper-
cubes are contained in the family of bad hyper-cubes relative to I';,, = Ujs;,. ¥ (K;).
If we denote by A the union of such bad hyper-cubes, we can use relation (4.22)
to write

hijm

limsup H"* (me(0A}, j,.)) < limsup H" (e (AR, ) (4.31)

k—o0 k—o0
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< limsup ’Hnil(aAhk,jm) =0(1/m),

k—o0

where in the first inequality we have used the following general fact
A C A= me(04") C me(0A),
for every couple of sets A’, A C R" with A’ C A and A bounded. Now we define
Ap :={Q € 9}, : @ is a bad hyper-cubes for J,, QNV # 0, QN (V \ (OV)nn,) # 0}
A7 :={Q € 9}, : @ is a bad hyper-cubes for J,, QNV # 0, QN (V \ (OV)np,) = 0}

Notice that if Q € A,lg then @ is a bad hyper-cube relative to J, such that Q@ C V. In
particular, the inclusion @@ C V implies that actually () is a bad hyper-cube relative
to J, NV. Namely, the following implication holds true

Qe A= QcCA,. (4.32)

On the other hand, if @ € Ai then @ is a bad hyper-cube relative to J, such that
Q@ C (OV)np, which means that each of its edges is contained in (OV),p,. A similar
argument to the proof of [30, (3”) in Theorem 5] shows that there exists a dimensional
constant ¢ > 0 for which

(#HARL < B ((OV )y )-

In particular we can infer
H (o U @) < #ADE ! < B (VD)
QeA?
Condition (4.21) ensures that
: n—1 _
lim A (a( U Q)) ~0. (4.33)
QeA?

Every bad hyper-cube relative to J, which has non-empty intersection with V is con-
tained in A}, U AZ. Therefore, if we set

Ap:=J @ and 47 = ] @
QEeA;L QeA?
we can give the following estimate
H" N e (0A N V) \ me(J, N V) (4.34)
< H" (e (0AL) \ me(Jy N V) + H" (e (0AF))
< H" (7 (0A)) \ me(Jo N V) + H' (e (0AF)),
(

where for the last inequality we have used (4.32) to deduce that m¢(0A}) C me(0AL).
We estimate separately the limsup of the last two terms of (4.34). Concerning the first
term we can use implication (4.32) to write

H*(me(0AL) \ me(Jo N V) < H (e (0An, j,0))

+H”‘1<<G U Wg(Q))\Wf(JvﬁV)>v

J=1QEBy, ;

for every m, where we have used that

jm
me (@A A )l U 7@

J=1Q€EBy, ;
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Hence, we can make use of (4.30) and (4.31) to write

limsup H" ™ H(me(0A)) \ 7e(J, N V) < O(1/m) +e. (4.35)
k—o00
The second term on the right-hand side of (4.34) can be estimated by using (4.33), i.e
lim sup H" (¢ (0A7)) < limsup H" (3( U Q)) =0. (4.36)
k—ro00 k—o00 QeA2

Thanks to (4.35)—(4.36) and the arbitrariness of m € N and € > 0 we obtain from (4.34)
Jim H" Y e (0A N V) \ me(J, N V) =
—00

Finally, (44i) is proved since .J,, C 0A,NV. O

Remark 4.5. The same argument used in [12, pp. 940-941] and [30, pp. 326-327, proof
of (17)] shows that whenever v € GSBD?(U) then (ii) of Proposition 4.4 becomes
le(v) —e(v)| 2y — 0 as k — co. We further mention that items (7)—(iv) of Proposi-
tion 4.4 can be also deduced, in the setting 1 < p < oo, from the recent results of [11,
Theorem 5.1]. However, property (v) does not directly follow from [l 1, Theorem 5.1]
because of the lack of regularity of the jump set of the approximating sequence, which
is not essentially closed.

Remark 4.6. Here we limit ourselves to observe that, in point (7i7) of the previous
theorem, also H" 1 (m¢(J, N V) \ me(Jy, ) goes to zero as k — oo but possibly only for
a.e. £€8S" L

In the next proposition we show (i) of Theorem 3.2 and do a first step towards the
proof of formula (3.13).

Proposition 4.7. Let u € KL(1). Then, u, does not depend on x,. Moreover, for

every o =1,...,n — 1 there exists an H" '-measurable function 1o : w — R such that
1 1
ua (2, 20) = Tr(uq) (x/, —§> - (a:n + §>7/1a($/) for L-a.e. (2',x,) € Q. (4.37)

Proof. Combining the fact that e ,(u) = 0 with (1), = 0 we easily deduce that
Dy,u, =0, so that u,, does not depend on z,,.

To show formula (4.37) we consider a Lipschitz-regular open set w’ € w such that
’H”_l((&u’ X (—5, 5)) nJ ) =0. For0 < < %, we apply Proposition 4.4 to the
function w on the open sets w x ( 3.3) and ' x (—4,6), taking care to have chosen
§ > 0 such that H*" 1(9(w’ x (—6,8)) N J,) = 0 (a.e. choice of § does the job). We
denote by (up)n, C GSBD(w' x (—8,8))NW1L(w' x (=6, 8)\ Ju, ; R"™) the approximating
sequence given by Proposition 4. 4

First of all notice that since (1), = 0, by property (iiz) of Proposition 4.4 we know
that H"Y(m,(Ju,)) — 0 as h — oo. By passing eventually through a subsequence we

may suppose Y, H" }(mn(Jy,)) < co. Hence, if we define

Ap = U T (Juy ) and A= ﬁ Ay,
k>h

then H"1(A) = 0. Moreover, from (i) and (iv) of Proposition 4.4 we deduce that
there exists a set  C (—3,%) with #'() = 0 such that for & = 1,...,n — 1 the
following holds true:

(1) Jim [ Jun(a) = ulal )] AT @) =0, € (5 B\
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(2) lim / T ())&, ~8) — Tr(ua) (&', ~0)| ATdH™(a') = 0.

h—o00
We claim that for every t1,t, € (—3,3) \ I we have
(2 t1) — Tr(ug) (2, —0) _ ua (2’ te) — Tr(ug) (2", —0) 2" a e in o (4.38)
(t1 +0) (ta +0)

To show (4.38) fix € > 0. We use conditions (1) and (2) together with Egoroff’s
Theorem to deduce that, up to subsequences, there exists a measurable set £ C '
with H" 1w’ \ E) < € such that

i ffun (s t1) = u( 0 Lo ey =0, (4.39)
i {fun (- t2) = u(, t2)| Lo vy =0, (4.40)
(|77 ((up)a) (-, =0) = Tr(ua) (-, =0)l| oo m) = 0. (4.41)

Now let 2/ € w'\ (AU E). Then, there exists h for which 2’ ¢ Ay, that is, 2’ €

Misnl@' \ T (Ju,,)]. Therefore, being 7, (Jy,) closed sets, for every k > h there exists
r > 0 (depending on k) for which

B (@) x (=8,0) N Ty = 0, (4.42)

where B?~1(2) C w’ denotes here the (n—1)-dimensional ball of radius 7 and center 2.
In particular, being w, independent of x,, by (4.42) and by (v) of Proposition 4.4
we have that the approximating functions wy is such that (ug), does not depend
on r, in the set B"~!(2') x (—6,8). Moreover, since uy is Lipschitz continuous on
Br—1(2') x (=4, 6), we can apply the Fundamental Theorem of Calculus on the segment
{2'} x (=0,t1) (zn, < §) to deduce that, fora =1,...,n—1,

(u)a (2’ t1) — Tr((uk)a)(a:', —0) = 2/_61 Can(uk) (@', t)dt — (t1 + 6) Do (ug)n(z') .

Hence, by using (4.39), (4.41), the weak convergence (ii) of Proposition 4.4, and
the fact that e, ,(u) = 0, we can take the integral on an arbitrary measurable set
B C W'\ (AUE) on both side of the previous inequality and let &k — oo to deduce that

ua (@', t1) = Tr(ua) (@', =6) oy o o
A h+o ) = fim [, Dalunn(@) dHTH). (443)

Notice that the uniform convergence (4.39)—(4.41) together with the fact that uy €
Whoo([wx (=8, )]\ Ju, ; R™) guarantee that the integrand in the left hand side of (4.43)
belongs to L'(w'\ (AUE)). Thanks to (4.40), the same argument shows that for every
measurable set B C w’\ (AU E) it holds true

ua (', t2) = Tr(ua) (2, =0) . 1 e / L
/B ot o dH" ™ (a') = lim BDa(u;g)n(:c)d’H Ya'). (4.44)

Finally, putting together (4.43) with (4.44) we deduce that

(@ t1) = Tr(ua) @) _ ualete) “Tr(un) o=9) sy o)
t1+6 to+ 6

Letting € N\, 0 in the construction of E, we deduce (4.38) since H"1(A4) = 0.
Now fix t € (—1, 1)\ I and define the measurable set
o (2, xn) — Tr(ug) (@', —=0)  un(2!,t) — Tr(ug) (2, —9) }

H = {xew’x(—d,é) ’ (l’n+5) - (t+5)
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We claim that H has full measure in w’ X (—4,d). Indeed by using Fubini’s Theorem
we can write

LM(H) = /Z H V{2 ew | (2, 2,) € HY) da,,
which immediately implies our claim thanks to (4.38). By applying again Fubini’s
Theorem we infer that
H {zn € (=6,0) | (' ) € HY) =26  H" lae 2/ cuw.
Thus, defining
Tr(ug)(z',—0) — ug(2',t)

Y2 (z') = (5 0) for H" t-ae. 2’ €W,
we obtain exactly that for L™-a.e. z = (2/,z,) € W' X (—06,0)
U (2, ) = Tr(ua) (2, —0) — (zn + )Y (), (4.45)
for every o = 1,...,n — 1. Moreover, since Tr(uq)(z’,—6) — Tr(ua)(2',—3) as

0 — %Jr, defining
Tr(ua) (', —1) — ua(2’,t)

)1 for H" Lae. 2’ €'
t+ 3
Jr

Yo(2') =

and passing to the limit as § — 17 in (4.45) (this can be done since a.e. § > 0
is admissible) we obtain (4.37) for L™-a.e. (2',2,) € w’ x (—3,3). Finally, (4.37) is
achieved by letting ' 7 w. O

Proposition 4.8. Let u € KL(1). Then, there exists I" C w such that

11
J,=T' (—77). 4.46
Moreover, if 1o are as in Proposition 4.7, then the functions

v(2) = <T7“(u1) <:U’, f%>, coy Tr(up—1) (:c', 7%)) ,
P(a’) = (W1(2),..., Yn-1(2))
belong to GSBD(w).

Remark 4.9. Notice that being the jump of u of the form .J, = I/ x (—%, %) and being u,,

independent of z,,, then also Jy,, is of the form I' x (—3, %) for some I'" C I".
We are now ready to prove Proposition 4.8.

Proof of Proposition J.8. By [16, Theorem 4.19] we know that for £l-a.e. x, € (—3,3)
it holds true

(u1 (s 2n)y ..oy tun—1(-,2,)) € GSBD(w).
In order to simplify the notation, set w(z', z,) := (w1 (2, zp), ..., up—1(2', xy,)). Thus,
by (4.37) there exist y,, # z, such that

w(xla yn) - w(xlv Zn)
(Zn - yn)
which in turn, by using again formula (4.37), also implies v € GSBD(w). This gives

the second part of the proposition. In particular, we notice that w(-,z,) € GSBD(w)

for every z, € (—3, ).

= (2') € GSBD(w),
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In order to prove J, = IV x (—%, %) for some IV C w, it is enough to prove that for
1

H " tae x = (2, x,) € J, we have

Hl(({x'} X (— % %)) N Ju> ~1. (4.47)

Suppose x = (2/, x,) € Jy. Since, by Proposition 4.7, u,, does not depend on z,,, (4.47)
is satisfied whenever 2’ € J,, . Thus, without loss of generality we may assume 2’ ¢
Ju,, - Then, there are two possibilities:
(1) there exists y, € (—3,3) \ {z,} such that (2/,y,) € Ju;
(2) (2',t) ¢ Jy for every t # xy,.
In case (1), we further distinguish two subcases: either v, ((2/,y,)) = v ((2, 2,,)) or
v ((2',yn)) # tvu((2’,xy)). In the first case, by using formula (4.37) together with
the fact that u, does not depend on z,, we have
"t) — ! 11 11
u(e, )5_1;(33 8) _ (¥(2'),0) for (2/,t,s) € w x (— 3 5) X (— 3 5) . (4.48)
This implies that z’ is a point of approximate continuity for 1) or a jump point for 1
with vy (2') = £vy(2/, 2,). In particular, the last relation follows from (4.48) written
for (t,s) = (yn,zn), from the equality vy, ((2',yy)) = *v((2, xy,)), and from the fact
that 1) does not depend on z,, and (1), = 0.
Suppose now that 2/ is a jump point of ¥ (in the case of a point of approximate

continuity one can argue in the very same way). Then, there exist a # b € R™ and
a' #b € R"! such that

u(x +ry) = alfy,@).2503(Y) + b1{_v,(@2)=>01 (V) 5
locally in £"-measure as r — 07, and
(@' +ry) = d' L, @)2500(Y) + VL by @) 250y (¥)

locally in H" !-measure as 7 — 0F. These two convergences imply that if we set
xo = (2, t) with ¢ # x,, by using

w(z!,t) —u(a', xy,)

= (¢¥(2'),0),

Ty — 1t

we deduce

w(zo +1y) = [a+ (zn — t)(a’,0)] L, (2)2>0) (¥) (4.49)

+ [b + (fn - t)(b/’ 0)]1{—Vu(m)~z>0} (y) )
locally in H" '-measure as r — 0. Since
11
a+ (z, —t)(d',0) #b+ (x, —t)(V,0) for a.e. t € ( ~ 5 5)

the convergence in (4.49) implies that (2/,t) € J, for a.e. t € (—3, 3). Hence, (4.47) is
satisfied if (1) holds and vy (2/, yn) = tv (2, z4).

In order to show that the set of 2’ satisfying (1) and vy (2, yn) # +vu (2, 2,,) is H2-
negligible, we recall that 1, %, % € GSBD(w), and notice that, since z’ €
Ty \ Ju, and (vy)n = 0, it holds 2" € Jy(. 4,.) N (. ) and vu(@', 2n) = (Vi( oy (27), 0).
Hence, applying for instance [5, Proposition 2.85],

0= Hn_Q({:E/ € Jw(-,xn) N Jw(-,yn) : Vw(-,a:n)(‘r/) # j:yw(-,yn)(l‘/)})
=H"2({z' €w\ Ju, | (1) holds and =+ vy (2, z,) # vu(z' yn)}).
Therefore, H" !-a.e. x satisfying case (1) also fulfills (4.47).
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Finally, suppose (2) holds. Such points are a subset of J,, denoted here by A,
satisfying HO((A)Sr) = 1 for every o’ € m,(A). Since (v,)n = 0, by the Area Formula
we have

H ma(A) = [ HO(A)) dH /yyu el dHML =
Ilen

and we conclude (4.47). O
We are now in a position to conclude the proof of Theorem 3.2.

Proof of Theorem 3.2. First we prove that u, is approximately differentiable L£"-a.e.
in Q. In view of [20, Theorem 3.1.4] it is enough to prove that the approximate
partial derivatives O;u, exist L™-a.e. in € for every ¢ = 1,...,n. Since we already
know that u,, does not depend on z,, we need only to prove d,u, exist L"-a.e. in
for every a =1,...,n— 1.

Given a, we notice that since u € GSBD(£), setting & := (e, + €4)/v/2 we have
that O¢(u - §) and Oy uq exist L™-a.e. in € and by formula (4.37) also Onu, exists
L™a.e. in 4.

We now claim that

Oattn, = 20¢(u - &) — Oaa — Opla La.e. in Q7. (4.50)

Indeed, up to a set of L"-measure zero we have that for every x € ; the following
holds true:

ap- lim WEFE) £ —ul@) & e (u-&)(z), (4.51)
h—0 h

ap- lim — Uale + hen) Ua(T) = Opuq(z), (4.52)
h—0

ap- lim Ualz + hea) ~ Ya(@) = Oquq (), (4.53)
h—0 h

ap-lim ¥ (2’ + hey) = ¥(2'). (4.54)
h—0

By a simple algebraic computation we can write
Un(x + heq) — up () (4.55)
= up(x + hey) — un(x + heq + hey) + up(z + heq + hey) — up(x)
= Up (2 + heg) — Un(z + heq + hep) + V2u(z + hV2€) - € —V2u(zx) - €
— (e + BV3E) — ta(2))
By Proposition 4.7, u,, does not depend on z,,. Thus,
un(x + heq) — up(x + heq + hey) = 0. (4.56)
By (4.51) we have that for L™-a.e. = € ()

ap e mg)ﬁ VU € gpefu€)(a). (4.57)

We re-write the last term on the right-hand side of (4.55) as

ua(l‘ + h\/ig) - ua(x) = ua(x + h(en + ea)) - ua($ + hea) + ua(x + hea) - ua(l‘) :
Using formula (4.37) we have that
Ua (T + hen + €a)) — U (T + heq) = —htbo (2’ + hey)
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which implies, together with (4.54), that for £L™-a.e. x €
U (T 4 hieq + €p)) — tua(x 4 heq)

ap- lim —po (") = Opual), (4.58)
h—0 h
where ¥, « = 1,...,n—1 are the functions determined in (4.37). Therefore, combin-

ing (4.52), (4.53), and (4.58) we deduce that for £"-a.e. z € Oy
ua(lﬁ + h\/if) — Uoz('r)

ap- lim = Onua(x) + Oqua(x) . (4.59)
h—0 h
Inserting (4.56)—(4.59) in (4.55) we obtain (4.50).
Since a € {1,...,n — 1} was arbitrary, we deduce that w, is approximately dif-

ferentiable £"-a.e. in ;. Furthermore, since u, does not depend on x,, u, is ap-
proximately differentiable H" !-a.e. on w. If we denote (with abuse of notation)

Vu, = (O1up, . ..,0h—1uy), then Vu, is the approximate gradient of w,,.
In order to prove that Vu, € GSBD(w), we claim that
Vug(z') = (v1(2'), ..., Yn-1(z')) for H" lae 2’ cw. (4.60)

Once we show (4.60), the fact that Vu,, € GSBD(w) will follow from Proposition 4.8.
The equality (4.60) is a consequence of the hypothesis e; ,(u) = 0 and of (4.37). The
latter yields that Opua = —to L"-a.e.. Hence, being e, ,(u) = 0, we infer exactly
0oy, = o L"-a.e., which is (4.60).

In order to prove (3.13) notice that formula (4.37) becomes now

ua (2, 20) = Tr(uy) (a:’, —%) —(mn—k%)(%un(m’) for L™-a.e. (z/,2,) € Q1. (4.61)

Recalling that Q1 = w x (—3, 3), by integrating both sides of (4.61) with respect to

zn, € (—3,3) we obtain

Ua(2') = Tr(uqa) (95/, —%) - %aaun(x’) for L"-a.e. (2',2,) € Oy .

Combining the last two equalities we deduce exactly (3.13). The fact that @ €
GSBD(w) simply follows now by (3.13).

We are finally left to prove that J, = (JzUJy, UJvy, ) X (—3, 3), for which we follow
the lines of [, Proposition 5.2, Step 4]. By Proposition 4.8 we already know that J,, =
I x (=3, %) for some IV C w. Thus, we only need to show that IV = JzU.J,, UJyy, up
to a set of H" 2-measure zero. First, we prove I'" C JzUJ,, UJvy,. By formula (3.13)
and by Proposition 4.7 we have that

u(z' t) — u(a, s) , 11 11
for (2',t,s) € w x (—7,7> X (—7,7>.
s—t ( ) 2’2 2’2
Hence, for H"2-a.e. ' € I, either 2’ € Jy,, or 2’ is an approximate continuity point
for Vu,,. In the first case, we clearly have 2/ € Jz U J,,, U Jyy, -
Let us suppose, instead, that z’ is an approximate continuity point of Vu,. By
rewriting formula (3.13) in the vectorial form as

(Vuy(2'),0) =

U = (ﬂla ce. ,ﬂnflvun) - ~rn(8lun7 cee ,anfluna 0) )

then, it is easy to see that, being 2’ a point of approximate continuity for Vu,,, the fact
that (z/,2,) € J, for a,, € (—1,1) forces 2’ € Jz U J,,. This gives the first inclusion
I'"'C JzgU Jy, UJvy,.

To prove Jz U Jy,, U Jyy, C I we argue as follows: if 2’ € J,, , then, by definition

of J, , we have
({0 (-5 )na) =1
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Hence, we can reduce ourselves to prove the inclusion in the case 2’ € JzU Jy,,, . Since

Ju=T"x (-3, %), we can choose %, € (—3,3) such that v(-) := u(-,%,) € GSBD(w)

and .J, = I up to a set of H" 2-measure zero in w. Moreover, formula (3.13) implies
that
Ivu, C JgUJy and Ju C Ivu, Uy .

Thus, we deduce that, up to an H"2-negligible set in w,
Ju, \Jz C Jp =T" and Ja\ Jyu, C Jp=T". (4.62)

It remains to prove that
Jgu, NJg C T, (4.63

If 2/ € Jyu, N Jz and Jy,, , Jz have the same tangent plane at 2/, i.e., v := vg(2')
+vg,, ('), for a = 1,...,n — 1 there exist £F,n*t € R* ! with ¢+ # ¢~ and nt #9
such that, by (3.13),

(ula cee 7un—1)((x/7 J:n) + Ty) - (§+ - xnn+)ﬂ{u-z>0} (y) + (gi - xnni)]]-{fv-z>0} (y)
locally in L"-measure as r — 0. Since £ — z,n™ # & — 2,n~ for ae. z, € (—3, 3),
we deduce that H!(({2'} x (=%,3))NJy) =1 and 2/ € I

Finally, applying [5, Proposition 2.85] to the functions @, z,Vu, € GSBD(w) for
zn € (—3, 1), we deduce that

H" 2 ({2 € Jyu, NJa: va(a!) # £y, (2))}) =0.
This gives (4.63) and the conclusion of the Theorem. O

~—

We can also conclude the proof of Corollary 3.4

Proof. By Theorem 3.2 we know that items (i)—(¢iz) of Theorem 3.2 hold. Since u €
GSBD?(£;) we deduce from the intermediate Propositions 4.7 and 4.8 that Vu,,u €
GSBD?*(w). O

We are now in a position to prove the I'-convergence result of Theorem 3.5.

Proof of Theorem 3.5. We follow here the steps of [3, Theorem 5.1]. Since the conver-
gence in measure is metrizable, we can show the I'-convergence in terms of converging
sequences. As for the I'-liminf, for every infinitesimal sequence py, every u: 01 — R",
and every uj, € GSBD?(Qy) such that u; — u in measure and

liminf &, (ux) < 400,
k—o0

we have, in view of Proposition 3.1, that u € KL£*(Q;). Furthermore, since (1), = 0
H" L-a.e. in Jy, by [31, Proposition 4.6] for every p > 0 we have that

H N (T,) = / ¢5(vu) AH" ! <liminf | ¢5(vy, ) dH" ! (4.64)
Ju

k—00 Juk

<liminf/ Gpp (Vg ) AH™ L
k—o0 Juk

For every v € GSBD?(;) let us set &(v) := (eag(v))’;jﬁlzl. Then, by defini-
tion (3.8)—(3.9) of £, we have

Coe(u) - e(u)dz <liminf [ Coe(ug)-e(ug)dx
o k—o0 o}

<liminf [ Ce’*(uy)-e’*(uy)dz.
k—oo Jo,

(4.65)
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Hence, combining (4.64) and (4.65) we infer that
< Tim
Eo(u) < hkn_1)£f Epp (ug)
which in turn implies that & < I'-liminf, .o &,.
We conclude with the T-limsup inequality. Let u € GSBD?(Qy). If u ¢ KL*(Qy),

then & (u) = +oo and there is nothing to show. If u € KL2(Qy), let us fix A\ =
(Ay .-y An) € L2(£21;R™) such that

Coe(u) -e(u) = C(e(u))x - (e(u))r a.e. in (4.66)

where we recall the notation introduced in (3.14)—(3.15). Let hy1,...,hpn € CZ()
be such that

hpo = 2Xa  in L*(Qq), for a € {1,...,n— 1}, (4.67)
hpn = Anin L2(Q1), (4.68)
phpis, pVhyi — 0 in L*(Q) fori € {1,...,n}. (4.69)

In particular, (4.67)-(4.69) imply that the sequences

H,o(2 zy) = p/o hpolz',t)dt € L*() for a € {1,...,n — 1},

H, (2 xy) = p/ hpn(a',t)dt € L*()
0

satisfy H,;, OjH,; — 0 in L?*() for every i,j € {1,...,n}.
For every x = (2, z,) € Q1 we define

up(z) = u(x) + (Hpy,. .., Hyp) (2). (4.70)

Then, u, € GSBD*(Q), Ju, = Ju for every p >0, and (v,)n = 0 on .J,,,. Moreover,
we have that u, — u in measure on ;.

We now write the components of e”(u,). Since u € KL2(Q), for every o, =
1,...,n— 1 we have

1
eg,ﬂ(ul)) = ea,ﬁ(u) + 5(8QHP’5 + 8,8Hp,a) ,

1 1
egm(up) = —hpa(z zn) + §8aHp7n(m’,xn) ,

2
eﬁ,n(“p) = hp,n<37/7$n> .

Thus, from (4.66)—(4.70) we deduce that

1
: 13 - P P n—1
/l)ll% Ep(uy) = /l)lr% 2 Jo, Ce (up) e’ (up)dz +H" " (Ju)

- % Cle(u)) - (e(u))x dz + HP () = Eo(u)
1951

and the proof is thus complete. O

In the following corollary we show that we can naturally handle the presence of
boundary conditions satisfying the properties of (3.11). Although the result follows
directly from Theorem 3.5, it justifies the study of convergence of minima and mini-
mizers, considered in Theorem 4.12 and Corollary 4.13 below.
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Corollary 4.10. Let g € KL*(R")NH(R™;R™), and let us define, foru € GSBD?(£)),

£9(u) = & (u) + H'1 <{Tr(u) £ Tr(g)} 1 <8w X <_ % ;))) ()

11
EJ(u) := Eo(u) + H™ <{Tr(u) #Tr(g)} N <8w X < ~ 5 2>)> . (4.72)
Then, &5 T-converges to E w.r.t. the topology induced by the convergence in measure
m Ql.

Proof. We consider @ C R™ ! smooth, bounded, and such that w € @, and define
Q:=wx( L 1). For every u € GSBD?(£);), we consider the extension

T 202
~ [ u inQy,
u.—{ Y mEve,. (4.73)
Then, we can rewrite &3 (u) as
1
£9(u) = 1 [ Cer(a)-er(a)de + / () A
2 Q1 JzNQ

With this notation at hand, we can show the I'-liminf inequality by following step
by step the proof of Theorem 3.5. Given u, € GSBD?(€) such that u, converges in

measure to u € GSBD?(£)1), we consider their extensions 1, u € GSBD%(Q). If

sup £9(u,) < +o0,
p>0

we deduce that e(u,) — e(u) weakly in L2(Qq;M?) and u € KL*(€), so that also
@ € KL£2(Q). Furthermore, the bulk energy satisfies
/ Coe(u) - e(u) dzr < lim inf/ CeP(uy) - € () d .
Ql Q1

p—0
As in (4.64) we have that
H" 1 (Jz N Q) < lim inf/ _¢p(vg,) dH" .
Jﬂpﬂﬂ

p—0

Noticing that H"(Jz N (€2\ 1)) = 0 and
e (43 ronn o= (-43).

we deduce that £J(u) < liminf, o &J(u,).

A recovery sequence can be constructed as in (4.70), where we modify a function u €
KL*(94) within by considering h,; € C2°(€;) as in (4.67)—(4.69), so that u remains
unchanged on dw X ( — %, %) O

We now discuss the convergence of minimizers of the functionals £J. To do this, we
recall here the GSBD-compactness result obtained in [14, Theorem 1.1] (see also [3]).

Theorem 4.11. Let U C R™ be an open bounded subset of R™, let ¢: RT — R™ be an
increasing function such that

e

im

7 — +OO,
t—+oco t

and let u, € GSBD?*(U) be such that

Sup/ o(le(uy)|) dz +H" " (Jy,) < co.
p>0JU
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Then, there exists a subsequence, still denoted by u,, such that the set
A:={z€U: |uy(z)] = +o00 as p — 0"}

has finite perimeter, u, — u a.e. in U\ A and e(u,) — e(u) weakly in L*(U \ A;MD?)
for some function u € GSBD*(U) with u = 0 in A. Furthermore,

H"H(J, U A) < liminf H" ().
p—0

From Theorem 4.11 we deduce the convergence of minima and minimizers.

Theorem 4.12. Let g € KL*(R™) N HY{(R™;R"), and let ) be the sequence of func-
tionals defined in (4.71). Assume that u, € GSBD?*() satisfies

liminf 9 (u,) < +o0. (4.74)
p—0
Then, there exists a subsequence, still denoted by u,, such that the set
A:={z e |uy(x)| = +o0 as p — 0}

is a set of finite perimeter. Moreover, there exist A’ C w and u € KL*(Q) with u = 0
in A such that

A—A’x<—;,;), (4.75)
up = u a.e.in O\ A, (4.76)
e(u,) — e(u) weakly in L?(Q \ A; M), (4.77)
LT, U0 A) + H <{Tr(u) £ Tr(g)} N <8w « ( _ % ;))) (4.78)

11
< liggiélf " Gp(va,) dH 1+ H ! ({Tr(up) #Tr(g)} N (8w X < — 5 2>)>
Proof. Let w and Q be as in the proof of Corollary 4.10. Along the proof, we denote
by 0*FE and 9*E the reduced boundary of a set £ C Q in O and ﬁ, respectively.

The existence of the set A and of a limit function v € GSBD?(£;) such that (4.76)-
(4.77) holds follows from Theorem 4.11 applied to the sequence u, € GSBD2(1)
defined as in (4.73). Precisely, there exists A C Q and & € GSBD?(£2) such that (4.76)—
(4.77) hold for @, and @ in Q. Since %, =& = g in ©\ 2 and g € H'(R";R"), we
clearly have that u := @lg, € GSBD?(€) and A C Q.

Let us denote by v, 5, , the approximate unit normal to Jz U I*A. By [31, Propo-
sition 4.6], u and A are such that

/ _ dla, vy 5 ) AR <liminf [ @(z,vg,) dHT! (4.79)
JzUo* A

p—0 ']’LNLp
for every ¢ € C(Q x R™) such that ¢(x,-) is a norm on R™ for every z € Q and

aly| < é(z,v) < ealv| for every € Q and every v € R",

for some 0 < ¢ < ¢ < +00.
Recalling (3.7), we deduce from (4.79) that for every p > 0

O5(Va 5o a) AR <liminf | ¢p(vg,) dH" 4.80
|, o ot ) nipt [, éplva) (4.50

< : : - n—1
< llggélf , ¢p(1/u,,) dH
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[ EISN n—1
= l1gg£1f " d’p(l/up) dH

+H”—1<{Tr(up) £ Tr(g)} N (8w < <— % ;))) < to0.

Passing to the limsup in (4.80) as p — 0 we deduce that (vz. ,)n = (Vu)n = 0 H" I
a.e. in J, UJ*A. Tt follows that there exists A’ C w such that (4.75) holds.

As a consequence of (4.74), we infer that e;,(u) = 0 in ; for every ¢ = 1,...,n.
Hence, u € KL?*(Q;). Taking into account that (1), = (V3. 4)n = 0 and that
Janowx (=2 1) 2 (rrw) 2 Trg) ) nowx (- L1
u w 27 2 - ru r g w 27 2 )
we infer (4.78) by rewriting (4.80), and the proof is thus concluded. O

Corollary 4.13. Under the assumptions of Theorem 4.12, let u, € GSBD?()) be a
sequence of minimizers of £J. Then, there exist a subsequence, still denoted by Uy, such
that the set A := {x € Q1 : |u,(x)| — 400} is of finite perimeter, and a minimizer u €
KL*(Q41) of & with u = 0 on A such that (4.76)~(4.77) hold. Moreover, 9*A C J,,,
e(up) — e(u) in L2(Q1;MD), and

H( )+ H ! <{T7‘(u) £ Tr(g)} N <8w x <_ : ;))) (481)
~lim 6p () AH™ 4 11 <{Tr(up) £Tr(g)} N <aw x <_ % ;))) ,

Proof. Let u, be as in the statement of the corollary. Then, it is easy to check
that (4.74) is satisfied. Hence, Theorem 4.12 implies that there exist A and u €
KL£2(Q4) such that (4.75)(4.78) hold. The minimality of u follows from Theorem 3.5
by a I'-convergence argument. Indeed, by (4.77)—(4.78) we have that

Coe(u) - e(u)dz < lim i(l)rlf Ce’(up) - € (up) da (4.82)
941 p= 9751
H T, U A) + HM ! <{Tr(u) #Tr(g)} N <8w X ( — %, ;))) (4.83)

< lim inf Gp(va,) dH" ! +7{"_1<{T7“(up) #Tr(g)} N <8w X ( ! 1)))

p—0 Jup 2 ’ 2

Thanks to Corollary 4.10, for every v € KL?(Q;) there exists a sequence v, € GSBD?(;)
converging to v in measure such that

EJ(v) = /l)i_r)r(l) E9(vp) - (4.84)
Combining (4.82), (4.83), and (4.84) we deduce that

EJ(u) < | Coe(u)-e(u)dr +H"(J, UD*A)
Q1

s ({Tr(u) #Tr(g)} 0 (8w . <‘ > ;>)>

< limi g < limi g — <9
< h;n_}lgf E9(up) < llzrig(r)lf E(vp) = & (v),

which yields the minimality of w. Since we can construct a recovery sequence w, €
GSBD?(§) for u such that €5 (w,) — &J(u) and u,, is a minimizer of £J for every p, we
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deduce that, along a suitable not relabeled subsequence, the inequalities (4.82)—(4.83)
are actually equalities. This implies that 9*A C J,,, (4.81), and that

Coe(u) - e(u) dz = lim Coe(uyp) - e(u,) dz.
o r=0 Joy

From the last equality and from Proposition 3.1 we infer that e(u,) — e(u) in L*(Q1; M?).
(]
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