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We study existence and regularity of weak solutions for the following p-
Laplacian system

—Apu+ AP u|"2u = f, ue WPP(R2),
1,
—App = [u|"¢?, e W, "),
where 2 is an open bounded subset of RN (N > 2), Apv = div(|Vu|P~2Vw) is the
p-Laplacian operator, for 1 <p< N, A>0,r>1,0<60 < p—1 and f belongs to
a suitable Lebesgue space. In particular, we show how the coupling between the
equations in the system gives rise to a regularizing effect producing the existence

of finite energy solutions.
©2019 Elsevier Ltd. All rights reserved.

1. Introduction

This paper has been motivated by the work of Benci and Fortunato [2]. In that work the authors,
investigating the eigenvalue problem for the Schrédinger operator coupled with the electromagnetic field,
studied the existence for the following system of Schrédinger-Maxwell equations in R?

1
—§Au+g0u2: wu, (1.1)
—Ap = 4dnu”.

The existence of a solution of (1.1) is proved by using a variational approach: the equations of the system are
the Euler-Lagrange equations of a suitable functional that is neither bounded from below nor from above
but has a critical point of saddle type.

Starting from this work, first Boccardo in [3] then Boccardo and Orsina in [8] studied the related Dirichlet

problem with a source term f

—Au+ Aplu|"Pu=f, ueW}*(Q),
_ASO = |U|T7

) (12

where {2 is an open bounded subset of RY with N > 2, A > 0 and r > 1.
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In [3] the existence of a weak solution (u, @) in Wy'>(£2) x Wy 2(£2) is proved if f belongs to L™ (£2), with
2N

- N+2
suitable functional. The author proves that if (2*) < m <

= (2*)', where 2* is the Sobolev exponent, using once again that (u, ) is a critical point of a
$7 with r > 2* — 1, the second equation
of (1.2) admits finite energy solutions even if the datum |u|" does not belong to the dual space LT (2).

In [8] the authors improve this result by proving a regularizing effect also on the solution u of the first
equation of (1.2). Existence of a solution (u, @) in Wy ?(£2) x W, ?(2) is proved if » > 2* and f belongs to
L™(82), with m > /. Then, in the case r’ < m < (2*)’, the authors find a finite energy solution u of the
first equation of (1.2) with data f possibly not belonging to the dual space.

In this paper we are concerned with the existence of solutions for the following nonlinear elliptic system
that generalizes (1.2)

—div(|Vul"*Vu) + A" u[ Pu = f, ue WP(92), (1.3)
—div(|Ve|" V) = [ul"¢’, € Wy (£2), ‘
where {2 is an open bounded subset of RY with N >2, 1<p< N, A>0,r>1land0<60 <p—1.
In the case # = 0 the system (1.3) becomes
—div(|Vul" V) + Aplul Pu = f, ue Wyt (R), (1.4)
—div(|Ve"*V) = Juf", p € Wy (). '

For such value of 6, we show how the regularizing effect proved in [8] can be improved, proving the
existence of a weak solution u in W, ?(£2) of the first equation of (1.4) with f belonging to L™(£2), with
(r+1) <m < (p).

Conversely, in the case p = 2 and 0 < 6 < 1 the second equation of the system (1.3) is sublinear. This fact
does not allow us to use the same method as the previous case and we are not able to prove the regularizing
effect on u. However, we generalize the results proved in [3] (in which we recall that p = 2 and 6 = 0).

Without the aim to be complete, we refer to various developments of the paper [2] in which the equations
are defined in R? and the right hand side of the first equation of (1.1) is replaced with a nonlinear function
g(x,u) with polynomial growth in u (see e.g. [1,10-12,15,16,18]).

As concerns semilinear elliptic systems we refer to [14], where the author proves existence, multiplicity
and symmetry of solutions. In the case of elliptic systems with singular lower order terms see [7,13].

The paper is organized as follows. In Section 2 we deal with a regular datum for the first equation in
(1.3). We define the following functional

1 AO+1 A .
s = [ el = 2D Lo 2 [ sy - [ s

and we prove existence of a saddle point (u, ) of J in Wy (£2) x W, ?(2) which is a weak solution of (1.3).
In Section 3 we provide the approximation scheme that gives us estimates in the case # = 0 and, by these
estimates, we prove that there exists a solution in Wy (£2) x W, (£2) of the system (1.4) with f possibly
not belonging to the dual space. We give also a summability result on the solution u of the first equation.
Section 4 is devoted to the case 0 < # < p—1. Once again by an approximation scheme we prove estimates
that allow us to pass to the limit in the approximate equations and to prove the existence of a weak solution
of (1.3), with the datum f in the dual space.

2. Regular data

Let us firstly prove the existence of a weak solution (u,¢) of (1.3) with data f in L™(£2), m > %. This
solution is a saddle point of a functional defined on Wy (£2) x Wy (£2).
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Proposition 2.1. Let f in L™({2), with m > %, andlet A > 0,7 >1and0 <60 < p—1. Then there exists
a weak solution (u, @) of (1.3). Moreover, u and @ are in L>®(£2), ¢ > 0 and (u, ) is a saddle point of the
functional defined on WP (22) x Wy'P(2) as

1 p A(9+1 P A YO+ T : +Y\0+1 "
J(Z,n):{pfmw Jo V" 2 [o ) el = f £z it [ )Pl < ooy
+00 otherwise.

Proof. Fix 1) € W, *(£2) and let I; be the functional defined on W, **(£2) as I1(z) = J(z,1). We have, by
Holder’s inequality and denoting by Cs the constant of the Sobolev embedding theorem, that

A(9 +1)

1
n(z) > 912, 1y = CollF oy a2l oy

This implies that I; is coercive. Now we prove that I is weakly lower semicontinuous, which is that if z,, — z
in Wy (£2) then
I (z) <liminf I1(z,). (2.2)

n—0o0

Since f € L™ () ¢ L") (12) we have that

lim fzn / fz.
n—roo
As a consequence of Fatou’s lemma, it also yields
—/ (Y H)IH 2" < hnmmf—/ W0z, .
Q

Then, by the weakly lower semicontinuity of the norm, we deduce (2.2). Hence there exists a minimum v of
I; on VVO1 "P(£2). Moreover, by the classical theory of elliptic equations, v is the unique weak solution of the
Euler-Lagrange equation

— div(|Vo[P Vo) + AW o P = f, v e WEP(1). (2.3)
We have, thanks to the results in [19], that
[oll 1y + ol ) < a1y (2.4)

where C is a positive constant not depending on f. We define S : Wol’p(ﬁ) — Wol’p(.Q) as the operator
such that v = S(1). Now we consider the functional defined on W, (£2) as I>(n) = J(v,n). As before, since
0 < p — 1, we have that —1I5 is coercive and weakly lower semicontinuous. Then there exists a minimum ¢
of —I,, that is a maximum of I, on W**(£2). Let I5 be a functional defined on Wy 7 (£2) as

9 1 -
T ear = [ e
Since (¢ is a maximum of I, we have

2h(0) = —12<<>+3 s [ g

< by /lwp /fv——l3 . Ve WiP(Q),

so that ¢ is a minimum of I3. We observe that ( > 0 and ¢ # 0 in 2. In fact we have

_ ol / v - / (¢ < 2L / Ve /Q (€l = (),
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then ||C||W1 Py < < |I¢t ||W1 ?(0) and so ¢~ is zero almost everywhere in (2. Now we show that ( # 0. We

consider )\1 to be the first elgenvalue of —A, while ¢; in VV0 P(£2) is the associated eigenfunction, that is

—div(|Ve1 P72 Vir) = Mle1P %01 in 2,
p1 >0 in £2,
1 =0 on 012.

Let t > 0; computing I3 in tp1, we obtain

6+ 1)tP r
L(tpy) = LD [ 1ver =t [ ot
p N 7]

0+ 1)\ tP X
— ( ) 1 / szf _ t9+1/ 30?+1|U‘7 — Cltp _ Cgt0+1,
p 0 7]

0+ 1)\ r .
where ¢ = @/ o € (0,400) and ¢y = /@?Jrlh}‘ € (0,+o0]. By taking ¢ such that
b Q 2
P61
ettt 1 — ¢y < 0, that is t < )" , we have I5(tp;) < 0. Then I3(¢) < 0 = I3(0) and ¢ # 0.
C1

Since ¢ is a nonnegative minimum of I3, thanks to the results in [9], it is the unique weak solution of the
Euler-Lagrange equation

— div(IV¢TIVO) = ol ¢Y e Wy(82). (2.5)
Following [6], we have that
”C”Wl P2) + HCHL‘X’(Q) < CQHUHLOO (2) (2'6)
and we deduce, using (2.4), that
€l sy + I eoe oy < CUFI Gy 0 = R (2.7)

where C and Cj are positive constants not depending on f and v. Now we define T : Wy**(22) — Wy (1)
as the operator such that { = T'(v) = T(S(1))). We want to prove that 7'0 .S has a fixed point by Schauder’s
fixed point theorem. By (2.7) we have that Br(0) C W, () is invariant for T o S. Let {t,} € Wy (1)
be a sequence weakly convergent to some 1t and let v, = S(¢,,). As a consequence of (2.4), there exists a

subsequence indexed by vy, such that

Uy, — v weakly in Wol’p(ﬂ), and a.e. in {2,

Up, — v weakly-* in L°°(£2). (2:8)

Moreover, we have
—div(|Von, [P Vo) = £ — AL ) o, "o, =t gy,

and, using Holder’s inequality, the Poincaré inequality and (2.4), we obtain

lgngllr 2y < I prca) + Allong 1720 o) [n 15521 ) < L1 ce) +AC1||f||Lm(Q)|I¢nIIG Ln(gy <

Then, by Theorem 2.1 in [5], we obtain that Vv, converges to Vv almost everywhere in {2. Since

-2
V0, P2Vl 1 oy = lomg 1220 < Crllfloma),

WoP(2) =

we deduce that
Vo, [P 2 Vo, — |V’ *Vu weakly in (L7 ()N, (2.9)
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We recall that v, satisfies

/Q |V1}nk|p_2an,c -Vw + A/Q(w:{k)eﬂwnkv_%nkw = /!2 fw, Ywe W,P(0Q).

Letting k& tend to infinity, by (2.8), (2.9) and Vitali’s theorem, we have that

/|Vv|p_2Vv-Vw+A/(1/)+)9+1\U|T_2vw=/ fw, Yw e WyP(2),
) o o

so that v is the unique weak solution of (2.3) and it does not depend on the subsequence. Hence v,, = S(¢,,)
converges to v = S(¢) weakly in W, *(£2) and weakly-* in L>(£2). Then

|on|” = |v|" strongly in L(£2) Vg < +oo and |||vn\rC2||L1(Q) <C. (2.10)
Using (2.7), (2.10) and proceeding in the same way, we obtain that

Cn = T(vn) — ¢ = T(v) weakly in Wy (£2), and weakly-* in L>(£2),

VCal? 2V ¢ — |V¢[P72VC weakly in (LY (12))¥, (2.11)

and ( is the unique weak solution of (2.5). Now we want to prove that (,, converges to ¢ strongly in VVO1 P(02).
In order to obtain this, by Lemma 5 in [17], it is sufficient to prove the following

lim | (IVGIP VG, = V¢ V) -V (G =€) = 0. (2.12)
n— 00 0
We have that
[ (196 2¥6 - 19er29¢) - ¥ (6.~ 0 = [ 1val - [ 1verive. v, (213)
2 2 0

_ p—2 A p

The second and the third term on the right hand side of (2.13) converge, by (2.11), to HCH:;VLP(Q). Then it
0

is sufficient to prove that

T |G7 (2.14)

= p .

Since (, is equal to T'(v,,) > 0, we have that

/Wvgvsz%V¢“-
0 0

By (2.10) and Vitali’s theorem, we deduce that

. A4+l reo+1l p
nll—>IIéo/Q|,Un| Cn _/_Q |U| C - ||<||W&'p(9)’

so that (2.14) is true and (2.12) is proved. Hence we have proved that if ¢, converges to ¢ weakly in WO1 P(02)
then ¢, = T'(S(1b,)) converges to ¢ = T(S(1)) strongly in W, *(£2). As a consequence we have that T'0S is a
continuous operator and that T'(S(Bg(0))) C W,*(£2) is a compact subset. Then there exists, by Schauder’s
fixed point theorem, a function ¢ in W, ?(£2) such that ¢ = T(S(¢)) and, since T(v) > 0 for every v in

WP (22), ¢ is nonnegative. Moreover let u = S(g), we have that u is a minimum for I; and ¢ is a maximum
for I. Hence (u, ¢) is a saddle point of J defined by (2.1) and a weak solution of (1.3). O
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3. Existence and regularizing effect in the case 8 = 0

In this section we assume § = 0 and we study the regularizing effect on the existence of finite energy
solutions of both equations even if the data do not belong to the dual space. We recall that the assumption
on # implies that we deal with the system (1.4).

We consider the datum f in L(T“)/(Q) and a sequence {f,,} such that

fo € L®(2), |fal < |f| ¥n € N and f, — f strongly in L)' (02).
By Proposition 2.1, there exists (un, n) in Wy (£2) x W, P(£2) that satisfies

{—div(|Vunp2Vun) + Apnlun| 2wy = fo, (i),

3.1
—div(|Ven|P 2Ven) = |un|", (ii), (3.1)

with ¢, > 0, u, and ¢, in L>®(2). Choosing u,, as test function in (i) and ¢, in (i¢) of (3.1) we have

/|vun‘p+A/ ‘Pn|un|r:/fnuna /‘V@n|p:/ |un‘r@n-

2 2 2 2 2
/ IVun\p+/ [Vonl? SC/ fatin. (3.2)
(7 2 (7

Choosing u,} = tnX {u,>0} as test function in (i) we obtain

| 19ent Ve vut = [ ualrut = [ (33)
£

For the term on the left hand side of (3.3) we have, by Young’s inequality and (3.2), that

_ 1 1
/lem” Ve, - Vub < » /Q Venl” + ;/9 [Vt (3.4)

1 1
D Jo PJao I?)

Putting together (3.3) and (3.4), we obtain

/ |u:{|r+1 SC/ Fnlin,.

In the same way, using u,, = —unX{u, <0} as test function in (i), we have

[rartt<c [ g
2
Sl = [t [t <c [ g <o [ il (35)

Then, applying Holder inequality to the right hand side of (3.5) with exponents (r+1)" and r+ 1, we deduce

Then

so that

Junllzriga) < O iny o (3.6)
This implies, by (3.2) and Holder’s inequality, that
41
[ 19+ [ 1900 < CU sy lnlzrsar < CU Ty (3.7)
and
i, r4l
[ alunl” < CUI vy (39)

As a consequence of (3.6), (3.7) and (3.8), we have the following lemma.
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Lemma 3.1. Let f in L(T‘H)I(Q), and let A > 0 and r > 1. Then the weak solution (un,en) of (3.1) is
such that

a0y + ey + ol oy + [ onlunl” < O

where C(f) is a positive constant depending only on ||f||L(T+1)/(Q).

The above lemma implies that there exist subsequences still indexed by u, and ¢,, and functions u and
¢ belonging to W,"*(£2) such that

u, — u weakly in Wy (), and a.e. in £,
u, — u weakly in L™ (£2), and strongly in L(£2) Vg < max{r + 1,p*}, (3.9)
©n — @ weakly in Wol’p(()), and a.e. in {2.

By applying these convergence results, we can prove the following existence theorem.

Theorem 3.2. Let A > 0, and let r > 1 and f in L™(R2), with m > (r + 1)’. Then there exists a weak
solution (u, @) of system (1.4), with u and @ in Wy P ().

The proof is a consequence of the proof of Theorem 4.2 in the case § = 0. We deduce, by Theorem 3.2,
the regularizing effect for the solutions of (1.4). We assume

Np-1)+p

N_p and f e L™(2), withm > (r +1). (3.10)

r+1) <@ <r>

Remark 3.3. Under these assumptions we note that, if m > (p*)’, thanks to the results in [4], we
N -1
have that u belongs to Wy (£2) N L!(2), with ¢ := %
—pm
N
Pr 5 ¢ belongs to Wol’p(Q) even if the datum of the second equation of (1.4) does

N(p—1)?+p(p—1) +p?r
not belong to the dual space. We verify that my > (p*)’. Since

. Then, if — < (p*)’, that is m < my =
r

pNr
Np—-1%+p(p—1)+p?r

Np
> = & > **1,
(r") N( 1) r>p

my =

it follows thanks to (3.10). Moreover we have that, if m < (p*)’ (i.e. the datum f does not belong to
W17 (12)), then u belongs to W, P (£2). Hence we have a regularizing effect due to the system: the functions
u and ¢ belong to Wg "P(£2) because of the coupling between the equations. This fact does not follow on being
solutions of the single equations.

We now prove summability results for w.

Proposition 3.4. Under the assumptions (3.10), the weak solution u of (1.4), given by Theorem 3.2, belongs

-1
to L°(£2), with s = w
m(p—1)+1

Proof. We recall that u is obtained from (3.9) and that (un, ;) is a weak solution of the system (3.1).
Choosing (u;7)" as test function in (iz) of (3.1), with v > 1, we have

s [ e vy = [ iy 1)
2 2



432 R. Durastanti / Nonlinear Analysis 188 (2019) 425-438

Applying Young’s inequality to the left hand side of (3.11) we obtain, by Lemma 3.1, that
v / Venl" Ve - Vul (uf) 7 < C / Veul” +C / [V P ()P (3.12)
Q Q Q
—C(f)+C [ [Tul .
Q
Now using (u;7)P?~P*! as test function in (i) of (3.1) we have, by Holder’s inequality, that

/g Vi [P (uh)ymr < C /Q [V [ (ug )+ C /Q on ()T (3.13)
1

< C/ fn(ujl-)m—p—&-l <Ol fllzme) (/ (’u,:)m’([)’y—p-i-l)) "
Q Q

As a consequence of (3.11), (3.12) and (3.13) we obtain

1

/ (W)™ < C(f) + Cllfllpme (/ (u:)m’(p’)’_?'i‘l)) " (3.14)
Q Q
Imposing r + v = m/(py —p+ 1) we have
r(m—1)+m(p—1) m(pr+p—1)
= d = = .
7 m(p—1)+1 and =Ty m(p—1)+1
We verify that v > 1:
Vzr(m—l)+m(pfl) 1<:>m>r+1:(7’ 1y,

m(p—1)+1 - - r
which it is true by (3.10). Then, by (3.14), we deduce

lut s (2) < C(f),

where C(f) is a positive constant depending only on || f||zm(0). In the same way we obtain, using u,, as test
function, that

[ 2o (@) < C(F)-
Then we have
unlls(2) = lut sy + lluy s (o) < C(f),
and u, converges to u weakly in L°(§2), so that v € L*(£2). O

Remark 3.5. Comparing this summability result on « with the result contained in (3.9) we observe that

-1 1
et s e ms T ey,
m(p—1)+1 r
then, if (3.10) holds, L*(£2) C L™t1(£2). Moreover, if m > (p*)’, it follows from [4] that u belongs to L!({2),
N -1
with ¢ = M We have that
N —pm

s>t m < my.
Summarizing we obtain that the best summability results for u are
we L), if (r+1) <m<my, (3.15)

and
ue L), ifm>m;.

Then we note, by (3.15), that we have also a regularizing effect for the summability of the solution w.
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4. Existence and regularizing effect in the dual case

433

We prove now the existence theorem for a weak solution of (1.3) for # > 0 and f belonging to L(P*)/(Q).

Let {f.} be a sequence that satisfies

fo € L2(0), |ful < |f| ¥n € Nand f, — f strongly in L¥"' ().

Then, by Proposition 2.1, there exists a solution (uy, ¢,) in Wol’p(ﬂ) X Wol’p(ﬁ) of the system

—div(|Van P2 Vu,) + A% un|" " up = fu,
7le(‘V§0n|p QVSDH) - |un| wfw

with ¢, > 0, u, and ¢, in L*°(2). Choosing u,, as test function in (I) and ¢,, in (IT) we have

/|Vun\p+A/ o " /fu
0

Then

We obtain, by (4.3) and applying Holder’s inequality and the Sobolev embedding theorem, that

/|vun|”+/ |wn|ch/ o
0 0 0

/|Vun|p§/ |wn\P+/ |wn|1’gc/ o,
(] 0 (] 0

< CHfHL(p*)’(

so that
”unHWl Py =

Moreover, by (4.2), we deduce

<l

< f/ Voul” +

L(p ) (2)

/ O, | <C||f\L(p*>,(Q).

Choosing u;} as test function in (/1) we obtain

-2 +1
/ Veonl 2V, - Vit = / fun |, = / .
(9] (9] 0

Using Young’s inequality and (4.4), we find

/‘ +‘T+1 0 /|v¢nlpf2v¢nvu+§7/ |v§0n|p
2

In the same way, choosing u; as test function in (I7), we deduce

r+1 ¢
[l < I o

+1 +1 +1
/w 0 /er sof;+/9\un|r o < OlIfI7E

so that

As a consequence of (4.4), (4.

5

) and (4

.6), we have the following lemma.

/ Vit

= vl < U

L

and [gullyro o < CIAITE,

*)l

/|V§0n‘p:/ |un|'f 0+1
2 2

Q)”un”LP*(Q) < C”fHL(p*)’(Q)Hunllwgm((z)v

«)

@)

(4.1)

(4.6)
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Lemma 4.1. Let f in L(p*)l(Q), and let A>0,r >1and 0 <6 < p—1. Then the weak solution (un,vn)
of (4.1), given by Proposition 2.1, is such that

r r+1
ety + Nonltogay + [ el + [l < C

where C(f) is a positive constant depending only on Hf||L<p*)/(Q).

Once again, by Lemma 4.1, there exist subsequences still indexed by u, and ¢,, and functions u and ¢
in W,*(£2) such that

Uy — u weakly in Wol’p(()), strongly in L4(f2), with ¢ < p*, and a.e. in {2,

4.7
©n — ¢ weakly in Wol’p(Q), strongly in L({2), with ¢ < p*, and a.e. in {2. (4.7)

Theorem 4.2. Let A> 0, andletr >1,0<0 <p—1and f in L™(L2), with m > (p*)’. Then there exists
a weak solution (u, ) in Wy (2) x WP () of system (1.3).

Proof. Let u and ¢ be the functions defined in (4.7). We want to pass to the limit in (II) of (4.1). We
recall that ¢,, satisfies

/Q Veonl" 2V, - Vi) = /Q "0, W € WEP(). (48)

We want to prove that |u,| ¢? strongly converges to |u|"¢? in L'(2). Fix ¢ > 0 and let £ C . By
Lemma 4.1 there exists k € N such that

r r r Tr ]- r
/ |y ‘PZ :/ _ |unl ‘PZJF/ _ unl SDZ <k / ‘PZJF :/ _ |unl +1<PZ
E En{|un|<F} En{|un|>%} E k J{un|>F)

=T C 5T
<T /¢ﬁ+ﬁ§k /cp,el-i-g.
E E 2
Since, by (4.7), ¢? strongly converges to ¢’ in L'(£2), applying Vitali’s theorem, there exists § > 0 such

that |F|] < § and
/Iunlrwigﬁ/w%fgo.
E E 2

Then, once again using Vitali’s theorem, we have
[un|"@% — |u|"p” strongly in L*(£2). (4.9)
Hence, by Theorem 2.1 in [5], we obtain that V,, converges Vi almost everywhere in 2. Moreover

p—2 p—1
11V onl v‘Pn”(Lp’(Q))N < ||30n||W01,p(m < C(f),

so that
Vo P>V, = |Vol? >V weakly in (LP (2))V. (4.10)

Fix ¢ in W, P(£2) N L>(£2), we have, by (4.10), that
lim / |V<pn\p72Vg0n -V = / |V<p|p72V<p - V.
2 2

n—oo

On the other hand, by (4.9) and Vitali’s theorem, we find

i [ Junl" el = [ ful'e".
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By passing to the limit in (4.8), we obtain that
[ 19eP7Ve 9o = [ urto. e win@)n I (@), (4.11)
Let 7 belong to W**(£2). Choosing 1 = T} (n) as test function in (4.11), we obtain
/ VolP Ve - VTi(n / |ul" T () (4.12)
We have that |V<p|p_2V<p - VT (n) converges to |Vgp|p_ V¢ - Vi almost everywhere in {2 and that

IVl Ve V)| < [IVel

with ||V|" >V - V| in L*(£2). Then, by Lebesgue’s theorem, we deduce

lim / |Vo|P >V - VTi(n) = / IV|P >V - V. (4.13)
Now we want to let &k to infinity on the right hand side of (4.12). We recall that
Jul " T (n) = [ul " T () = ul""Ti(n7),

where |u|" Ty (n") and |u|"?T,(n™) are nonnegative functions increasing in k. We have that |u|" /Ty (nT)
converges to |ul"@/nt and |u|"¢?T)(n™) converges to |u|"¢?n~ almost everywhere in 2. It follows from
Beppo Levi’s theorem that

Jim / " T (' / " and Jim / " T~ / "

lim / " " Ti(n) = lim / " T () — lim / " Ty (17 (4.14)
k— o0 k—oo 0 k—oo 0

- / " / " = / " .
0 (] 2

Letting & to infinity in (4.12), by (4.13) and (4.14), we obtain

/Q IVol|P *Vp - Vi = /Q lul"¢%n, V€ Wy ().

so that

Then ¢ in W, P(£2) is a weak solution of the second equation of (1.3).
Now we want to pass to the limit in (I) of (4.1). We have that w,, satisfies

/|Vun|p Vi, - v¢+A/ <p9+1|un|“2un¢=/ fath, VO € WEP(R2). (4.15)
2

Fix € > 0. Choosing ¢ = T (Gr(un)) i
€

1 o Te(Gr(up T (G (un
,/ |vun|P+A/ 90?1+1| n| 2un 5( k(u )) :/ fn E( k(u ))
& J{k<|un|<k+e} {Jun|>k} € {Jun|>k} €

Dropping the first nonnegative term, we have

n (4.15), we obtain

- - T n
A @Z+1‘un|r ! <A ¢Z+1|un|r 2un (Gr(tn))
{lun|>k+e} {lun|>k} €

= /{mzk} 17 € = /{|unzk} Il
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so that

A/ o [ s/ £l
{lun|>k+c} {lun|>k}

Letting ¢ tend to zero, by Beppo Levi’s theorem, we obtain

r—1 1
/ OO u, " < Z/ | f1- (4.16)
{lun|>k} {lun|=k}
Once again fix ¢ > 0 and let F C 2. By (4.16), we have
/ 9+1|un| :/ 0+1|un| +/ 9+1|un|
En{|un|<k} ENn{|un|>k}
1
< k””/ A £
A Jfjunl2k)

As a consequence of (4.7) and applying Vitali’s theorem, there exist k and § > 0, with |E| < &, such that
- /<2 and E:H/ ot <2,
A J{unl >y 2 B 2
uniformly in n. Then we deduce

/ P un| " <o, (4.17)

uniformly in n. We recall that, by (4.7), ©?tu,|" "' converges to ¢?+1u|""" almost everywhere in £2.
Thanks to (4.17), applying Vitali’s theorem, we obtain that

@O, | = T u|"! strongly in L(02). (4.18)
We have that
—div(\Vun|p72Vun) = Ag09+1|un|“2un + fn = n,

and, by the assumptions on f and (4.18), that ||gn||;1(o) < C. Applying Theorem 2.1 in [5], we obtain that
Vu, converges to Vu almost everywhere in (2. Moreover

<),

p—2 pP—
||\Vun| vun”(Lp’(Q))N < || || IP(Q)

then
IVn|P 2V, — [VulP~2Vu weakly in (L7 (2))V. (4.19)

By passing to the limit as n tends to infinity in (4.15), by (4.18) and (4.19), and applying Lebesgue’s theorem,
we deduce that

[ 19ar2vu-Tosa [ s = [ o, v e wir@) nLx(@).
Q Q Q
Proceeding as when we passed to the limit in (I7), we have
/ [VulP">Vu - Vo + A/ | P = / fu, Yoe Wyt(Q).
Q Q Q
Then u in W, *(2) is a weak solution of the first equation of (1.3) and (u, ¢) is a weak solution of (1.3). [
Remark 4.3. We want to stress the fact that, in order to prove this theorem, we only used the results (4.7)

obtained as consequence of the estimates in Lemma 4.1. Since the results (3.9) are analogous, proceeding in
the same way we can prove, as said before, Theorem 3.2.
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Remark 4.4. We observe that, thanks to the results in [6], the second equation of (1.3) admits a weak
/

solution in WyP(R) if [ul” € L*(R2), with s > (91—)&- 1) . We recall that u belongs to L'({2), with
Nm(p—1) et Y . L. .
t = —————=. Then, if - < | =—— | , we deduce once again a regularizing effect on ¢ due to the coupling
N — pm r 0+1
in the system. We have that
t - ( p* )/ < Npr
— m < mg = .
roo\0+1 YT Np-12+pp-1) +p>r—0(p—1)(N -p)

For this to be possible we must have that » > p* — 1 — 6. We stress the fact that for § = 0 we recover the
regularizing effect on ¢ observed in Remark 3.3.

In this case (@ > 0) we are not able to prove a regularizing effect on the existence of a finite energy
solution for the first equation of (1.3). We feel that this is an obstacle only due to the method used, and
that the following conjecture should be true.

Conjecture 4.5. Let A> 0, andletr > 1 and 0 < 0 < p— 1. Then there exists 1 < m < (p*)’ such that if
[ belongs to L™ (2), with m > m, then there exists a weak solution (u,p) in Wy P(£2) x Wy () of system
(1.3).

For instance if we assume that |u,| < c¢, in 2, for some ¢ > 0, we are able to prove that this conjecture
is true with m = (r + 14 6) and r > p* — 1 — 6. Indeed, if we consider the approximate problem (4.1),
choosing u;!" as test function in (II), we obtain

2 r r+1 1 r4+1+6
[ 1900Vt = [ ualtt = [ 5 [t @)

So, by Young’s inequality, using (4.3) and applying Holder’s inequality, we deduce from (4.20) that

1 +1+6 - 1 1

79/ \“mr S / [V |” 2V<Pn'v“:: < 7// |V‘Pn|p+7/ ‘Vuvﬂp

< Ja 7] P Je PJo
1 1

< = [ Vel + 3 [ 1Vual < € [ 1fllunl < CUlyesrior o lenlirsncey
P Jao PJa 9]

Thus we have, once again, that

1
HUTLHWOI»P(Q) + ||(pn||W01,P(Q) +/ 9+1|un| /‘Q |un|'r+ 0 < C(f)’

where C(f) is a positive constant depending only on Hf||L<T+1+9>/(Q).

Thanks to these estimates it follows from Remark 4.3 that we can pass to the limit in (4.1). Hence we
have proved our conjecture with m = (r + 1+ 6)’.
We note that for § = 0 we obtain m = (r 4+ 1)’, that is, exactly, the result stated in Theorem 3.2.

References

[1] A. Ambrosetti, On Schrodinger-Poisson systems, Milan J. Math. 76 (2008) 257-274.
] V. Benci, D. Fortunato, An eigenvalue problem for the Schrodinger-Maxwell equations, Topol. Methods Nonlinear Anal.
11 (1998) 283-293.
[3] L. Boccardo, Elliptic systems of Schréodinger type in the spirit of Benci-Fortunato, Adv. Nonlinear Stud. 15 (2015)
321-331.
[4] L. Boccardo, D. Giachetti, Some remarks on the regularity of solutions of strongly nonlinear problems and applications,

Ric. Mat. 34 (1985) 309-323.


http://refhub.elsevier.com/S0362-546X(19)30191-9/sb1
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb2
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb2
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb2
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb3
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb3
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb3
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb4
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb4
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb4

438

(5]
[6]
[7]
(8]

(9]
(10]

(11]
(12]
(13]

(14]

(15]
(16]
(17]

(18]
(19]

R. Durastanti / Nonlinear Analysis 188 (2019) 425-438

L. Boccardo, F. Murat, Almost everywhere convergence of the gradients of solutions to elliptic and parabolic equations,
Nonlinear Anal. 19 (1992) 581-597.

L. Boccardo, L. Orsina, Sublinear elliptic equations in L®, Houston Math. J. 20 (1994) 99-114.

L. Boccardo, L. Orsina, A variational semilinear singular system, Nonlinear Anal. 74 (2011) 3849-3860.

L. Boccardo, L. Orsina, Regularizing effect for a system of Schrodinger-Maxwell equations, Adv. Calc. Var. 11 (2016)
75-87T.

H. Brezis, L. Oswald, Remarks on sublinear elliptic equations, Nonlinear Anal. 10 (1986) 55-64.

G. Cerami, G. Vaira, Positive solutions for some non-autonomous Schrodinger-Poisson systems, J. Differential Equations
248 (2010) 521-543.

G.M. Coclite, A multiplicity result for the nonlinear Schrédinger-Maxwell equations, Commun. Appl. Anal. 7 (2003)
417-423.

T. D’Aprile, D. Mugnai, Solitary waves for nonlinear Klein-Gordon-Maxwell and Schrédinger-Maxwell equations, Proc.
Roy. Soc. Edinburgh, Sect. A 134 (2004) 893-906.

L.M. De Cave, F. Oliva, M. Strani, Existence of solutions to a non-variational singular elliptic system with unbounded
weights, Math. Nachr. 290 (2017) 236-247.

D.G. de Figueiredo, Semilinear elliptic systems: existence, multiplicity, symmetry of solutions, in: M. Chipot (Ed.),
Handbook of Differential Equations: Stationary Partial Differential Equations, vol. 5, Elsevier Science, Amsterdam,
2008, pp. 1-48.

Z.-Q. Han, M.-H. Yang, Existence and multiplicity results for the nonlinear Schrédinger-Poisson systems, Nonlinear
Anal. RWA 13 (2012) 1093-1101.

A. Kristaly, D. Repovs, On the Schrédinger-Maxwell system involving sublinear terms, Nonlinear Anal. RWA 13 (2012)
213-223.

L.Boccardo F. Murat, J.P. Puel, Existence of bounded solutions for nonlinear unilateral problems, Ann. Mat. Pura Appl.
152 (1988) 183-196.

D. Ruiz, The Schrodinger-Poisson equation under the effect of a nonlinear local term, J. Funct. Anal. 237 (2006) 655-674.
G. Stampacchia, Le probléeme de Dirichlet pour les équations elliptiques du seconde ordre & coefficientes discontinus,
Ann. Inst. Fourier (Grenoble) 15 (1965) 189-258.


http://refhub.elsevier.com/S0362-546X(19)30191-9/sb5
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb5
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb5
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb6
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb7
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb8
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb8
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb8
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb9
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb10
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb10
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb10
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb11
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb11
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb11
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb12
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb12
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb12
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb13
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb13
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb13
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb14
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb14
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb14
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb14
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb14
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb15
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb15
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb15
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb16
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb16
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb16
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb17
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb17
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb17
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb18
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb19
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb19
http://refhub.elsevier.com/S0362-546X(19)30191-9/sb19

	Regularizing effect for some p-Laplacian systems
	Introduction
	Regular data 
	Existence and regularizing effect in the case =0 
	Existence and regularizing effect in the dual case 
	References


