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Abstract. Zeta-function regularization is applied to the evaluation of the one-loop effective
potential for $O(10} grand unified theories in de Sitter cosmologies. When the Higgs scalar
field belongs to the 210-dimensional irreducible representation of SO(10), attention is focused
on the mass matrix relevant for the SU3)@ SV (2)@U (1) symmetry-breaking direction, to agree
with the low-energy phenomenology of the standard model of particle physics. The analysis is
restricted to those values of the tree-level potential parameters for which the absolute minimum
of the classical potential has been evaluated. As shown in the recent literature, such minima
tum out to be SO(6) @ SO@) or SU(3) @ SU(2) @ SU(2) @ U(1) invariant. Electroweak
phenomenclogy is more naturafly derived, however, from the former minima. Hence the valugs
of the parameters leading to the alternative set of minima have been discarded, Within this
framework, the flat-space Iimit and the general form of the one-loop effective potential are
studied in detail by using amalytic and numerical methods. It turns out that, as far as the
absolute-minimum direction is concemed, the flat-space limit of the one-loop caleulation with a
de Sitter background does not change the results previously obtained in the literature, where the
tree-level potential in flat spacetirme was studied. Moreover, even when curvature effects are no
longer negligible in the one-loop potential, it is found that the early universe can only reach the
50(6) ® §0(4) absolute minimum,

PACS numbers: 0260, 0370, 0420, 1115, 9830

1. Introduction

Qver the last ten years, the idea of Coleman and Weinberg (1973) on radiative corrections
at the origin of spontaneous symmetry breaking has also played a very important role in
cosmology. In particular, in Allen (1983, 1985) the one-loop approximation of path integrals
in curved space was applied to the study of massless scalar electrodynamics and SU(S5)
non-Abelian gauge fields in de Sitter space. For this purpose, the author used zeta-function
regularization (Hawking 1977, Esposito 1994}, and was able to show that the inflationary
universe can only slide into either the SU(3)®SU(2)@U (1) or the SU )R U (1) extremum,
in the case of SU(5) gauge models. In his analysis, Allen (1983, 1985) was dealing with
Wick-rotated path integrals, leading to a Riemannian background four-geometry with S$*
topology and constant scalar curvature, i.c. the Euclidean-time version of de Sitter spacetime.

More recently, work by the authors Buccella et of (1992) and Esposito et af (1993) has
led to a deeper understanding of the results of Allen (1985). However, since the technique
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described by Allen (1985) enables one to evaluate the one-loop effective potential for all
non-Abelian gauge theories in de Sitter space, a naturally occurring question is whether one
can repeat this analysis in the case of physically more relevant GUT theories in de Sitter
cosmologies. For this purpose, our paper studies the one-loop effective potential of §O(10)
GUT theories.

SO(10) gauge theories as unified models for strong, electromagnetic and weak
interactions (Fritzsch and Minkowski 1973, Tuan 1992) have been studied over many years
because of their interesting physical properties. There are several motivations for this choice,
and the strongest one can be found in the predictions for nucleon lifetimes. In this case, in
fact, SO(10) models enable one to obtain higher values for the masses of the lepto-quarks
which mediate proton decay and which were predicted to be too low, with respect to the
experimental lower limit, in the minimal SU/(5) model. This property is essentially related
to the presence of an intermediate symmetric phase between the SO (10) symmetry at the
GUT scale and the SU(3) ® SU(2) ® U(1) symmetry at the weak scale.

Table 1. The interrediate symmetries, the Higgs directions and the 1rrs of SO{10) used for the
Higgs scalar fields are shown for the most physically relevant SG(10) GuT models (Acampora
et al 1994). With our notation, w,p detotes the 54-dimensional irreducible representation of

SO(10).
G Higgs direction RR
SUMps @SUW @ SU(2pr = D 2(w11 + - F weg) = 3o + -+ o) 54
SU(#)ps © SU2), @ SU2 &1 = Prsgo 210
SUGIc@SUQRL@SUQR@U(Dp_Lx D P = (D123¢ + Prass + Paase)/V3 210
SURc@ SURH @SUp @ UL ©(8) = cos{F)Py + sin(F)dt 210

A complete analysis of the possible symmetry-breaking patterns with Higgs particles in
representations with dimension < 210 and with only an intermediate symmetry group, G’,
between G and SO(10) has led to only four different possibilities for a physically relevant
S0(10) unified model (Buccella 1988), see table 1. With the notation of table 1, SU(3)¢ is
the colour group, SU(2)L r are the left and right SU(2) groups whose representations differ
by their behaviour with respect to helicity. Moreover, B — L is the difference between the
baryon and lepton numbers, D is the discrete left-right interchanging symmetry (Kuzmin
and Shaposhnikov 1980, Chang er al 1984), and SU{(4)ps denotes the SU(4) Pati-Salam
group (Pati and Salam 1973). For these models, using the one-loop approximation for the
renormalization-group equations, the upper limits for the values of the symmetry-breaking
scales of §O(10) (Mx) and G’ (My) are reported for the different maodels in their minimal
formulation in table 2.

Table 2. The masses of gauge bosons are shown for the same models of table I, following

Acampora et al (1994),
G My /105 GeV My/10t Gev
SU@A)ps @ SURW @ SUQr x D 0.55 % 1.640£1 343.70 x 1.250%!
SUA)ps @ SUL ® SURR 5.30 x 1.870! 1.45 x 209041
SURe@SUL & SU2p ® UDp-L x D 1.64 % 2,830=! 0.32 x 1.810%!

SUB)e® SU 2L @ SU@R © U(l)p-L 11.26 x 2.06%! 0.03 x 3.340%1
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As one can see, both models without D symmetry yield sufficiently high values for
the scale Mx, and the model with G' O SU(4)pg predicts Mg = 10°! GeV, while the
one with G’ O SU(3)c ® U(1)p_L gives rise to a value about two orders of magnitude
smaller. Using these results and their implications for proton decay, we can safely restrict
our analysis of the cosmological implications of SO(10} GUT models to the ones which
appear physically more relevant and which contain the Higgs field in the 210-dimensional
irreducible representation.

Our paper is organized as follows. In section 2, aimed at cosmologists who are not
familiar with grand unified theories, we describe the basic elements of SO({10) GUT models
in particle physics, the tree-level potential for the 210-dimensional irreducible representation
and the mass matrix relevant for the SU(3) ® SU(2) ® U (1) symmetry-breaking direction.
In section 3, we derive the one-loop form of the effective potential for $O(10) GUT theories
studied in a de Sitter background. The numerical analysis of the corresponding flat-space
limit is then carried out in section 4. In section 5, we study by numerical methods the one-
loop effective potential in the region where no asymptotic expansion for infinite or vanishing
curvature of the special function occurring in such a potential can be made. Results and
concluding remarks are presented in section 6.

2. S50(10) GuT theory in flat spacetime

The group SO(10) is defined as the set of 10 10 orthogonal matrices with unit determinant,
and with the usual product rules. It has 45 generators here denoted by T;; (i, f = 0, 1,...,9)
obeying the commutation relations

[Tits Tim]| = 1(81 Tk + 85 Tt + 801 Tjow + Sem T )- (2.1

Considering the vector irreducible representation {10) of the group, which we indicate by
¢, the action of the generators Tj; on it is given by

T o = i(8ue; — 8jwk). 2.2

To construct a satisfactory gauge theory based on the $O(10) local symmetry, which
has the proper residual symmetry in the low-energy limit, we need a Higgs mechanism to
break the symmetry spontaneously (O’Raifeartaigh 1986). This is based on the presence
of a fundamental scalar particle (Higgs field), belonging to one or more irreducible
representations (IRRs) of the gauge group, whose dynamics is ruled by a Higgs potential. In
the present case, we are going to study the most general, renormalizable and conformally
invariant Higgs potential constructed by using only the IRR 210, which is obtained by the
completely anti-symmetrized product of four different 10 representations as

Dabed = Nt ® Vs @ o @ 0y (2.3)

where N is the normalization constant, The 210 IRR has four independent quartic invariants,
i.e. [@l* and three non-trivial invariants (see (2.8)—(2.10)), hence the Higgs potential we
are going to construct will be a function of these. Multiplying two 210 representations and
symmetrizing one gets the Clebsch-Gordan decomposition

(210 ® 210)gm = 1 B 45 © 54 @ 210 © 770 @ (1050 & 1050) & 4125 & 8910 & 5940
(2.4)
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where 45, 54, 770 and so on denote the IRRs with dimension 45, 54, 770, respectively.

The IRRs 45, 210 and (1050 @ 1050) give no contribution along the SO(6) ® SO(4)-
invariant direction, This can be easily understood by noticing that the 45 and (10504 1050)
representations do not contain singlets along the above direction, and that the only singlet
contained in the 210 representation is such that C (1%1) (1%:—.01) “_2-:-% = (. With our notation,
(1,1, 1) is the only singlet with respect to the SU#) ® SU(2) @ SU(2) group contained
in the 210 representation. Moreover, we study the Clebsch—Gordan coefficient (Cornwell
1984b) corresponding to the decomposition (1, 1, 1ae ® (1, 1, 130 = (1, 1, Dae.

Hence the only quartic non-trivial invariants, apart from the fourth power of the 210
norm, which is isotropic in the space of IRRs and hence cannot discriminate between the
invariant directions, are |(@@)s|% 1(PP)z0ll* and [[{($diosoli® (where, for example, the
symbol (¢)as stands for the 45 IRR contained in the product of two 210 representations).

By virtue of the above considerations, the most general renormalizable and conformally
invariant Higgs potential, made out of the 210 representation only, turns out to be a linear
combination of the above invariants, with arbitrary coefficients gy, g2, g3 and A

V($) = g1l (D)asll® + 221l (@) 2oll” + g3 (@) j0s0l” + Mgl (2.3)

The IRR 1030 is quite complicated. We thus prefer to express the term [|(¢¢) L@”z as
a function of the representations 45, 54 and 210

I(@dos0ll® = =2 N(@)ash® — F1(@e)sall* + F1(@P)asol® + Fllll*. (2.6)

In other words, since the space of group invariants is a vector space, we can evaluate the
components of ||(¢@)10s0/1? along the basis vectors. Thus, by inserting (2.6) in (2.5) we get
the flat-space potential

V($) = (g1 — Zga)l(@d)as]® + (g2 + 323) 1 (@D)z0l”
— Lesll(@d)sal® + (583 + M)l l*. 2.7)
To clarify the definitions of (@¢)as, (P¢)ao and (Pe)s4, we point out that from the

symmetrized product of two IRRs 210 (¢,pc4) it is possible, using the Levi-Civita symbol
€4y, 10 construct the IRR (bereafter we sum over repeated indices)

210 4
(48)ap = C B3 ZY L Gty beni

1
= ﬁeabcdefghﬂqbcdefqbghi! . (2.8)

Analogously, using the $0(10) invariance of the Levi-Civita symbol, the 210 representation
can be denoted by four, or, equivalently, six indices of the completely antisymmetric tensor

210 apea = QL1 efenit

—C 20 20 20
- Cabmn mncd efgh;;¢abmn¢cdmn

1
= '\/g—oeabcdefghilq}abmnﬁbmmn (2.9)
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and
1
34 b = ﬁ(qbamno ¢bmna + ‘Jbbmno ¢amno) a 5é b. (210)

If @ = b we have nine more terms orthogonal to the trace, here omitted for the sake of
brevity,

Starting from the general potential (2.7), a complete analysis of its absolute minimum
would require, first of all, the computation of the above potential along every direction
of possible residual symmetry, and, secondly, the determination of the ranges for the
parameters, g;, corresponding to the different residual symmetries for the absolute minimum.
This is exacily what was done in the case of SU(5) (Allen 1985, Buccella et al 1992,
Esposito et al 1993) with the Higgs scalar field in the adjoint representation.

Unfortunately, the technical difficulties due to the complexity of the group SO(10)
with respect to the unitary groups and the size of the RR used, make it impossible to
extend the previous analysis to the present case. For this reason, at least at this stage,
we restrict our considerations to the study of the modifications, indoced by one-loop
and curvature effects (section 3), of the symmetry-breaking pattern, for choices of the
parameters, g;, corresponding to the absolute minimum of the potential at tree level, invariant
under the residual-symmetry group SU(3) @ SU(2) @ U(l). These are the only ones
relevant for particle physics in flat space, because they predict the correct low-energy limit
phenomenology.

The most general singlet, ¢, with respect to the group SU(3)® SU(2)® U (1) contained
in the 210 representation is

¢o = % (#1234 + P3ass + Pse12)

+ % (1278 + 2478 + P78 + Pi29p + Paa00 + Ps6o0) + Z3rsso (211

where (z2+22+z2) = 1. Varying the z; parameters within their ranges, we get the following
residual-symmetry groups (see comments in section 1)

22=0—=>8SU@B)c@SUQL®SUQR@U(I)s-L (2.12a)

22=3=0—=>SUR)c@SULRSUQr@U)p-Lx D (2.12b)

21 =22=0— SU@)ps @ SU2)L ® SUDr (2.12¢)
71 Z2

_—— = SUG e Ul 2.12d
A7 23—+ SUGS)® U(1) ( )
otherwise = SU3)c @ SURNL @ U1, @ U(1)p-1, (2.12¢)

where Tag is the z component of the SU(2)g group.
Inserting (2.11} in (2.7), one gets in flat spacetime

Vv =55t Li+5h+0-0 il 1)



where
@ = 5iz( — 108g; -+ 288 + 140g3) (2.14)
Y =58 (2.15)
5=—1g (2.16)
fo=(zF + z%)2 +23(2z;1 + «/533)2 4 %z‘z‘ 2.17)
fy =(zizs + Z/V3) + @z + fa 2.18)
£ =30(ziz3 + 23/3)" + 30233+ (227 - 1of - 322)°

+5(2 + 2B) + 522(2z) + VBrs) + 2. (2.19)

Since, in the following analysis, & is always negative and o may take negative values, the
tree-level potential (2.13) is unbounded from below, unless we impose the restriction

81

e 8l
9

A2 ""é"'(fa)max + o (fmax- (2.20}
Note also that contributions proportional to a cubic term in the potential {denoted by g in
Acampora et al (1994)) are set to zero, since we are assuming conformal invariance of our
model (Buccella et al 1992, Esposito e af 1993). This assumption enables one to be more
predictive, because it leads to a smaller number of free parameters. In the models proposed
in Acampora et al (1994) a complete study of the potential at tree level for the case z; = 0
has been carried out, including the range of the bare-potential parameters, such that the
absolute minimum lies in the two-dimensional surface (z2 = 0).

However, since we are interested in the modification of the bare potential produced
at one loop by de Sitter curvature, we can use only part of the inequalities appearing in
Acampora et al (1994). More precisely, the parameters are bound to lie in regions where
the mass spectrum is positive and the first derivatives of the effective potential vanish,

Thus, the allowed ranges for the parameters become:

D=0 3=1=5060504)~SUASUQ)WL®SU2)x

y >0 § <0 g=0 o> -2y
(i) 2+22 =12 SURc ® SUQR)L® SU@R® U(1)p-r
oa>0 B=0 —3a <y < —lo

3(902 + 9y — 18y +4(3a + 7¥) /=3y (@ T 7)) PP
320(y — +/=3y(@ + ) 103 + )’

In the case z) = 1, z3 = 0, one finds that it is impossible to obtain positive mass for both
(6,2,2,-2/3) and (1,2, 2,2). In fact, this 1s a saddle point in the space representation,
Indeed, since we are interested in the case when the intermediate symmetry group contains
SU (4)ps for the reasons described in the introduction, we can restrict our analysis to case (i).

For our purposes we need to compute the mass matrix for the gange bosons. This
comes from the kinetic term for the Higgs field when we expand this scalar field around its
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vacuum expectation value, go, to get {Dyudo, D*¢o) = G*(Tupto, Toadpo) AP A% ¥, where
round brackets denote the scalar product in the 210-dimensional space and G is the gauge
coupling constant of the SG(10) group. Since the general form of ¢y is given, we can
evaluate the action of the 45 generators, T, on it.

One now takes the decomposition of the adjoint representation 45 under the group
SU(3) ® SU(2) @ U(1). This makes it necessary to use a standard notation in particle
physics, where (I, r, x) denotes the tensor which behaves as an /-dimensional representation
under SU(3), r-dimensional under SU/(2) and takes a value x when acted upon by the
U(1) generator. By virtue of the Wigner—Eckart theorem (Cormawell 1984a), defining
m? = G*||¢ol?, and evaluating the Clebsch-Gordan coefficients, one finds that the non-
vanishing eigenvalues m'ﬁ,’n x @re m%l.l‘l) = m%]‘l‘_n = m?[z2/2] with degeneracy 1,
m%g_!_zﬁ) = mz[%(zlz"‘z%)] with degencracy 3’ m%3,2,l/6) = m2[§2z12 + EIZ% +Z§ - mzz‘m]
with degeneracy 6, and mb ; _sy = m?[32] + 322 + 22 + 322122 + V273 2223] also with
degeneracy 6. Note that this is the mass matrix relevant for the SU(3) ® SU2Y @ U(1)
symmetry-breaking direction. This choice is motivated by the low-energy phenomenology
of the particle physics standard model, and all groups containing SU(3) @ SU(2) ® U(1)
lead to the same kind of mass matrix (of course, the z; parameters take different values for
different groups). Hence we only rely on the ¢ singlet appearing in (2.11).

3. One-loop effective potential in de Sitter space

Within the framework of inflationary cosmology, the quantization of non-Abelian gauge
fields has been recently studied in the case of SU(5) GUT theories (Allen 1985, Buccella et
al 1992, Esposito ef al 1993). In this case one starts from a bare, Euclidean-time Lagrangian

L = L Tr(F,, F*) + ; Te(D,p) (D*0) + Vole) (3.1)

where both the gauge potential, A, and the Higgs scalar field, ¢, are in the adjoint
representation of SU(5). Note that boldface characters are used to denote the curvature
2-form, ¥, in the non-Abelian case, to avoid confusion with the curvature 2-form, F, in
the Abelian case. The background four-geometry is de Sitter space with $* topology. The
background-field method is then used, jointly with the gauge-averaging term first proposed
by ’t Hooft

Ly = & Te(V, A% — 6 (g0, ))°. 3.2)
This particular choice is necessary to eliminate from the total action cross terms involving
Tr(V,A*) and the commutator [po, ¢], where ¢y is a constant background Higgs field.

After sending & — oo (Landau condition), and denoting by Q@ = 2n2a* the volume of a
four-sphere of radius a, the resulting one-loop effective potential is (Allen 1985)

i -
V(%) = Vo(q)o) + ﬁ lOg det i 2{8gb( == 8uv D+R;w) + gvafb(%)]

] (3.3)
2]

since the ghost determinant cancels the longitudinal one.

vy
dp, 0y

1
+ 30 logdet,u,“zl: -8 0
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To understand how to generalize (3.3) to §O(10) GUT theories, we have to bear in mind
only the first line of (3.3), since, by virtue of the Coleman—Weinberg mechanism, only
gange field loop diagrams contribute to the symmetry-breaking pattern in the early universe
(Allen 1983, 1985, Buccella et af 1992). Dencting by ¢ the logarithmic derivative of the
" function, and defining the functions A and P by means of

3+ 2
A@) = 12+ - fz - Yo -dvmdy
_ fl - Y -y dy 3.4)
Pizy=3z2"+z (3.5)

one thos finds for the SU(S) model (Allen 1985)

24

V(g0) = olow) — 5= [AG]) + Pl log(a?)] 3.6)
=1

where the m? are the 24 eigenvalues of the mass matrix M2,
In the case of the SO0} GUT modgl, the same method used for SU(S) in Allen (1985)
shows that the one-loop eifective potential, V, takes the form (see appendix)

- 1 45
V=¥-5 ;[A(azm,?) + P(a’m?) log(n%a?)] (3.7)
where (cf (2.13)}
Ve =(Latfs + 1vfy + 3865 + O = 8))Igoll* + S RIIgol%. 3.8)

The corresponding one-loop effective potential in (3.7) is obtained by inserting the formulae

45
Y A@*m?) = 6A[a’m* (32} + 325 + 2 + §V2u2 + 213 na)]

=1
+6A[a*m* (22} + 323 + 25 — v/2/3 2223)]
+ A[a’m?1z2] + 3A[a’m?3(c} + 23)] (3.9)

45
3 P(@®m}) = a’m®(102} + 4v2 1uzp + F2d + 1223)

i=l
+a*m* (22t + V2 2l + d2fed
+ V2033 + 54 + Sudn + 42

+ 2v221 2022 + 52223 + 323). (3.10)
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4. Flat-space limit

The one-loop effective potential (3.7)~(3.10) can hardly be used for an analytic or
numerical study of the absolute minimum, since it involves a large number of complicated
contributions. 'We therefore begin by studying its flat-space limit, ie. its asymptotic
behaviour when the four-sphere radius, @, tends to co. The corresponding asymptotic
form of A(z) is (Allen 1985)

A(z) ~ —(32° + 2+ 55) log(z) + 32° + z + constant + O (7). (4.1

For the purpose of numerical analysis as @ — oo, the expansion (4.1} can be further
approximated as

Az) ~ 32%(3 — log(z%). (4.2)
Thus, defining (cf the end of section 2)
hy = %z% + %z% + Z% + %ﬁzmz + \/2% 2223 4.3)
he =32} + 322 + 53— V2/3 0z 4.4)
by = 323 {4.5)
ha = 3(zf +23) (4.6)
B = 31+ 3h7 + gh3 + i3 @)
m
Y= “.8)

equations (3.7)-(3.10) and (4.2} lead to

v ¥V 3 I3 3
priabwie my‘[zh%(B — log(h})) + Zf1§(3 — log(h?))
h% 2 3 2 2
+ §(3 — log(#})) + §h4( —log(hd) — hllog(y?) |. (4.9)

The problem now arises of finding the absolute minimum of the potential (4.9) by
numerical methods. Since zj, 22, z3 lic on a unit two-sphere, they can be expressed as
z1 = sin{@) cos(g), zz = sin(f) sin{e), zz = cos(#). For given values of the parameters
o, ¥, A, § appearing in (3.8), we have thus to minimize with respect to &, ¢, y. For this
purpose, we point out that y.i; should be < 1, since it is the ratio of the gauge boson mass
to the cut-off value. Hence one gets a further restriction on A which, combined with the
inequality (2.20), yields the sufficient condition

A2 o+ Flel{fe) max T 5181(S5) max- {4.10)
With our notation, Ag is given by
4 3 h2
Ao :gz[ h%(3 —log(h?)) + —hﬂ( -~ log(h})) + 33( — log(h})

+ 393 ~tog) - 34310807)| - @1
mingd,p)
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where fis the function such that ( JF‘" + A)}'4 =V, The corresponding numerical analysis,
carried out by using the MINUIT minimization program available in the CERN libraries,
shows that the absolute minimum always lies in the 6 = 0 direction. This is the
SUA)ps @ SU(2) @ SU (2)r symmetry-breaking direction (see (2.12¢)). Thus, as far as the
absolute-minimum direction is concerned, the flat-space limit of the one-loop calculation
with a de Sitter background does not change the results found in Buccella et al (1986),
where the tree-level potential in flat spacetime was studied. Remarkably, since the value of
y leading to the absolute minimum of V' in the presence of symmetry breaking has been
found to be Yy, € [0.4, 0.8] in the regions where the inequality (4.10) is satisfied, one can
evaluate p from (4.8) as

p= Mz (4.12)

This formula for 1 can be used to derive the values of the four-sphere radius corresponding
to given values of the dimensionless parameter pa (see below).

To complete this section, we think it helpful for the reader to evaluate the behaviour of
the flat-space limit one-loop effective potential as § — 0, since & = 0 yields the absolute-
minimum direction as stated above. The analytic calculation shows that the potential, V, in
(4.9) obeys the relation

4
. v Y625, 27 9 '
;l_l’g Vi, .80 =Vin= =3 [ ) A T + 3 log(})]. {4.13)

The corresponding behaviour of Vi for various values of A (A = 0.03, 0.02, 0.015, 0.012)
are plotted in figure 1, for y € [0, 1].

.03 .02 .01% .0
¢.0%
0.005} /
. g 0.6 0.8

-0.005

12

¥y
1

Figure 1. The flat-space limit of the dimension-
less one-toap effective potential at & = 0 (4.13)
plotted against y (4.8). The curves correspond
to values of A of 0.03, 0.02, 0.015 and 0.012,
respectively.

-0.01

-0.015¢%

5. Numerical evaluation of the absolute minimum

As one can see from equations (3.7)-(3.10), the one-loop effective potential for our
cosmological model takes a complicated form, and it is not clear whether curvature can
modify the results of section 4, once the same values for «, ¥, 8, A have been chosen. The
corresponding absolute minimum has been evaluated using again the MINUIT minimization
program and choosing different values for the dimensionless parameter pa, since it is
convenient t0 work with the dimensionless form of the one-loop potential, obtained by
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Viy)
.03 .02 .015 .012
0.04
0.03
Q.02
o.01 Figure 2. The dimensionless form of the one-loop
: effective potential in de Sitter space at § = 0 and
. uae = 30 plotted against y. The curves comespond
- ¥ 1o @y, d = (O and the same values of A as in
0.2 0.4 0.5 0.8 1 figure 1.
Viy}
.03 .02 ,015 .012
0.00%

¢.0008
0.0006
0.0004¢

0.000Z2}

Figure 3. The one-loop potential of figure 2, but

-0.0002
evalnated for pua = 300,

dividing (3.7)(3.10) by u*. Of course, the parameters in the effective potential are
@, ¥, 6, A, ua, whereas the arguments are y, &, .

Interestingly, if ua is < 1, the term L R||¢| in the potential (3.7)=3.10) dominates
over all other contributions, and hence does not lead to any symmetry breaking. Thus, only
intermediate values of pa are relevant for the symmetry-breaking pattern. In this case the
absolute minimum is still found to be SO (6) @ SO(4) invariant (with & = 0), providing the
inequality (4.10) is satisfied. In figures 2 and 3, obtained setting pa = 30, 300, respectively,
the one-loop effective potential is plotted as a function of y when o = y == § = 0. Note that
these particular values are chosen since the flat-space effective potential (4.13) is independent
of &, v,8. Hence, ¢, ¥,8 can be set to zero for simplicity when the curvature vanishes,
whereas in the presence of curvature they are set to zero to compare the flat-space analysis
with the de Sitter case.

A naturally occurring question is, what can be learned from the comparison of figure 1
with figures 2 and 3. Indeed, the values of the independent variable, y, for which the
absolute minimum is attained are modified in the presence of curvature. The smaller ua
(stronger curvature), the more substantial the change of the shape of our plots. In particular,
figure 2 shows that for ua = 30 and & = y = § = 0 no symmetry breaking occurs, even
though for other choices of ¢, ¥ and J, a non-trivial absolute minitmum is present. In
contrast, from figure 3, corresponding to pa = 300, the effects of curvature on the absolute
miniroum of the potential can be easily seen (cf figure 1).

Remarkably, cur numerical investigation shows that, providing the mass matrix is
positive-definite, the potential is bounded from below, and the gauge boson mass remains
smaller than the cut-off value, the absolute-minimum direction remains SQ{6) ® §0(4)
invariant in flat or de Sitter space, if the tree-level potential has this invariance property. To
help the reader, table 3 shows, for the same values of the parameters used in figure 3, the
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Table 3. The values of ymip and the dimensionless ane-loop effective potential are shown for
the same values of the parameters used in figure 3.

A JYmin V(J’m)/#"
0.030 0 no symmetry breaking
0.020 0 no symmetry breaking

0015 022  —06x107*
0.012 032  —-026x 1077

values taken by Ymin and the corresponding values of the dimensionless one-loop effective
potential. The § and ¢ entries are omitted, since = @ and ¢ is undetermined in the
presence of spontaneous symmetry breaking along the SO (6} @ SO (4) direction.

6. Results and concluding remarks

The main results of our investigation are as follows.

First, the one-loop effective potential of §O(10) GUT theories in de Sitter space has been
obtained for the first time. This analytic result represents the continuation of the program
initiated in Alilen (1985}, where the tools necessary for any non-Abelian gauge theory in
de Sitter space were described in detail. Note that, while (3.7) holds for any irreducible
representation of SO(10), (3.8) relies on the 210 representation, and (3.9), (3.10) lead to a
particular form of such a potential, once SU(3) @ SU(2) @ U(1) invariance for the mass
matrix is required to agree with electroweak symmetry.

Second, the flat-space limit of the corresponding Coleman—Weinberg effective potential
has been evaluated for the 210 representation.

Third, the numerical analysis of the absolute minimum has been carried out in the case
of the mass matrix relevant for low-energy limit phenomenology. Interestingly, de Sitter
curvature does not affect the flat-space symmetry-breaking pattern, leading only to the
S0(6) ® §O(4) symmetry-breaking direction.

A naturally occurring question is, whether the analytic study of the absolute minimum
can be performed, to check the results of our numerical investigation. In principle, this
research appears possible, although it goes beyond the author’s computational skills, due
to the many parameters appearing in the SO(10) effective potential. For the time being,
we should emphasize that our results, although obtained after a time-consuming numerical
analysis, remain preliminary,

It has been our task to work under the restrictive conditions summarized at the end of
section 5, while other forms of the mass mafrix remain unknown in the literature. Thus, a
complete mathematical treatment similar to that done in Allen (1985) for SU(3) theories is
lacking, and appears to be a topic for further research. Moreover, since the Higgs field (if
it exists) is actually varying in time, it appears necessary to evaluate the one-loop effective
potential of non-Abelian gauge theories in closed FRW cosmologies, de Sitter being just one
particular case. This more complicated analysis would supersede the approximations made
in Allen (1983) and Esposito ef af (1993) in the study of the evolution of the early universe.
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Appendix

To obtain the one-loop effective potential (3.7), (3.8) one starts from the bare, Euclidean-
time Lagrangian (cf (3.1))

= I To(F F*) + 3 Te(D.¢) (D*8) + Vo(é) (A.1)

where D, = 3, — igA“"’# T% VYa,b=0,...,9. According to the background-field methed,
one expands the field, ¢, as

$=¢o+¢ (A2)
where ¢ is the background value, and b is a perturbation. The four-metric, g, is also

expanded as in Allen (1983, 1985). The resulting one-leop form of L, i.e. the Lagrangian
quadratic in the perturbations, is

L = LTe(F,, F*) + 1 Te(D,)(D*$)

+ LE[ (V. A*) " |[@I1T"™ 40} — (b0l T |8}]

3’V
+ %ngZ"((ﬁngtmTpﬂtﬁo)qu“ + Vo + %(a‘)zv; s {A.3)
Moreover, the gauge-averaging term we are looking for is (cf Allen 1985)
~ i e Tore ~ 12
Lguge = S Te[(V, 44)™ + B((@1T"™ g0} ~ (90l T"™16))]". (Ad)

By virtue of equations (A.3), (A.4), cross terms disappear in LM 4 Lyayge if and only if
= ——19&'1 This leads to

LY + Longe = § Te(Fu F**) +  Tr(D,$) (D*9)
~ 7 ~ ~
+ ST(Vua") "] — BT g0} — GolT P

Vo

2 1
+ A ol T TP o) AP E 4V + §(¢)2_a %
¢

7 Au (A.5)
By splitting the gauge potcnti'al into transverse and longitudinal parts on the §* background,
and following Allen (1985), one obtains an equation similar to (3.3), where the mass matrix
has 45 eigenvalues rather than 24. Hence (3.7) is proved.
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