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domain along space and time directions, and joining the idea of Schwarz’s meth-

algorithms, the computational load assigned to subdomains must be equally
distributed. Usually computational cost is proportional to the amount of data
entities assigned to partitions. Good quality partitioning also requires the vol-
ume of communication during calculation to be kept at its minimum. In order
to deal with DD-DA problems where the observations are nonuniformly dis-
tributed and general sparse, in the present work we employ a parallel load
balancing algorithm based on adaptive and dynamic defining of boundaries
of DD—which is aimed to balance workload according to data location. We
call it DyDD. As the numerical model underlying DA problems arising from
the so-called discretize-then-optimize approach is the constrained least square
model (CLS), we will use CLS as a reference state estimation problem and we
validate DyDD on different scenarios.
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1 | INTRODUCTION

Data assimilation (DA, for short) encompasses the entire sequence of operations that, starting from observations/
measurements of physical quantities and from additional information—such as a mathematical model governing the
evolution of these quantities—improve their estimate minimizing inherent uncertainties. DA problems are usually for-
mulated as an optimization problem where the objective function measures the mismatch between the model predictions
and the observed system states, weighted by the inverse of the error covariance matrices.!? In operational DA the amount
of observations is insufficient to fully describe the system and one cannot strongly rely on a data driven approach: the
model is paramount. It is the model that fills the spatial and temporal gaps in the observational network: it propagates
information from observed to unobserved areas. Thus, DA methods are designed to achieve the best possible use of a never
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sufficient (albeit constantly growing) amount of data, and to attain an efficient data model fusion, in a short period of
time. This poses a formidable computational challenge, and makes DA an example of big data inverse problems.> There
is a lot of DA algorithms. Two main approaches gained acceptance as powerful methods: variational approach (namely,
3DVAR and 4DVAR) and Kalman filter (KF).”® Variational approaches are based on the minimization of the objective
function estimating the discrepancy between numerical results and observations. These approaches assume that the two
sources of information, forecast and observations, have errors that are adequately described by stationary error covari-
ances. In contrast to variational methods, KF (and its variants) is a recursive filter solving the Euler-Lagrange equations.
It uses a dynamic error covariance estimate evolving over a given time interval. The process is sequential, meaning that
observations are assimilated in chronological order, and KF alternates a forecast step, when the covariance is evolved,
with an analysis step in which covariance of the filtering conditional is updated. In both kind of methods the model is
integrated forward in time and the result is used to reinitialize the model before the integration continues. For any details
interested readers are referred to References 10-12.

Main operators of any DA algorithm are dynamic model and observation mapping. These are two main components
of any variational approach and state estimation prolem, too. In the following, we start considering CLS model, seen as a
prototype of any DA model.!* CLS is obtained combining two overdetermined linear systems, representing the state and
the observation mapping, respectively. In this regards, in Reference 14 we presented a feasibility analysis on constrained
least square (CLS) models of an innovative domain decomposition framework for using CLS in large-scale applica-
tions. DD-DA framework, based on Schwarz approach, properly combines localization and partial differential equation
(PDE)-based model reduction inheriting the advantages of both techniques for effectively solving any kind of large-scale
and/or real-time KF application. It involves decomposition of the physical domain, partitioning of the solution, filter
localization and model reduction, both in space and in time. There is a quite different rationale behind the framework
and the so-called model order reduction methods (MOR),!> even though they are closely related each other. The primary
motivation of Schwarz methods was the inherent parallelism arising from a flexible, adaptive and independent decompo-
sition of the given problem into several subproblems, though they can also reduce the complexity of sequential solvers.
Schwarz methods and theoretical frameworks are, to date, the most mature for this class of problems.!>1%17:18 MOR tech-
niques are based on projection of the full-order model onto a lower dimensional space spanned by a reduced-order basis.
These methods has been used extensively in a variety of fields for efficient simulations of highly intensive computational
problems. But all numerical issues concerning the quality of approximation still are of paramount importance.'® As men-
tioned previously DD-DA framework makes it natural to switch from a full scale solver to a model order reduction solver
for solution of subproblems for which no relevant low-dimensional reduced space should be constructed. In the same
way, DD-DA framework allows to employ a model reduction in space and time which is coherent with the filter localiza-
tion. In conclusion, main advantage of the DD-DA framework is to combine in the same theoretical framework model
reduction, along the space and time directions, with filter localization, while providing a flexible, adaptive, reliable and
robust decomposition. That said, any interest reader who wants to apply DD-DA framework in a real-world application,
that is, with a (PDE-based) model state and an observation mapping, once the dynamic (PDE-based) model has been dis-
cretized, he should rewrite the state estimation problem under consideration as a CLS model problem (cfr Section 3.1)
and then apply DD-DA algorithm. In other words, she/he should follow the discretize-then-optimize approach, common
to most DD-DA problems and state estimation problems, before employing the DD-DA framework. Summarizing, main
topics of DD-DA framework can be listed as follows.

1. DD step: we begin by partitioning along space and time the domain into subdomains and then extending each subdo-
main to overlap its neighbors by an amount. Partitioning can be adapted according to the availability of measurements
and data.

2. Filter Localization and MOR: on each subdomain we formulate a local DA problem analogous to the original one,
combining filter localization and MOR approaches.

3. Regularization constraints: in order to enforce the matching of local solutions on the overlapping regions, local DA
problems are slightly modified by adding a correction term. Such a correction term balances localization errors and
computational efforts, acting as a regularization constraint on local solutions. This is a typical approach for solving ill
posed inverse problems (see, for instance, 33).

4. Parallel in time: as the dynamic model is coupled with DA operator, at each integration step we employ, as initial and
boundary values of all reduced models, estimates provided by the DA model itself, as soon as these are available.

5. Conditioning: localization excludes remote observations from each analyzed location, thereby improving the condi-
tioning of the error covariance matrices.
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To the best of our knowledge, such ab initio space and time decomposition of DA models has never been investigated
before. A spatially distributed KF into sensor based reduced-order models, implemented on a sensor network where
multiple sensors are mounted on a robot platform for target tracking, is presented in References 20,21,22.

1.1 | Contribution of the present work

The introduction of a dynamic redefining of the DD (we call it DyDD), aimed to efficiently deal with DA problems where
observations are nonuniformly distributed and general sparse is the main focus of the present work. Indeed, in such cases
a static and/or a priori DD strategy could not ensure a well-balanced workload, while a way to repartition the domain
so that subdomains maintain a nearly equal number of observations plays an essential role in the success of any effec-
tive DD approach. We present a revision of DD-DA framework such that a dynamic load balancing algorithm allows for
a minimal data movement restricted to the neighboring processors. This is achieved by considering a connected graph
induced by the domain partitioning whose vertices represent a subdomain associated with a scalar representing the
number of observations on that subdomain. Once the domain has been partitioned, a load balancing schedule (schedul-
ing step) should make the load on each subdomain equals to the average load providing the amount of load to be sent
to adjacent subdomains (migrations step). The most intensive kernel is the scheduling step which defines a schedule
for computing the load imbalance (which we quantify in terms of number of observations) among neighboring sub-
domains. Such quantity is then used to update the shifting of the boundaries of adjacent subdomains (Migration step)
which are finally re mapped to achieve a balanced decomposition. We are assuming that load balancing is restricted
to the neighboring domains so that we reduce the overhead processing time. Finally, following Reference 23 we use a
diffusion type scheduling algorithm minimizing the Euclidean norm of data movement. The resulting constrained opti-
mization problem leads to normal equations whose matrix is associated to the decomposition graph. The disadvantage
is that the overhead time, due to the final balance among subdomains, strongly depends on the degree of the vertices
of processors graph, gien by the number of neighboring subdomains of each subdomain. Such overhead represents the
surface-to-volume ratio whose impact on the overall performance of the parallel algorithm decreases as the problem
size increases.

1.2 | Related works

There has been widespread interests in load balancing since the introduction of large-scale multiprocessors.?* Applica-
tions requiring dynamic load balancing mainly include parallel solution of a PDE by finite elements on an unstructured
grids?® or parallelized particle simulations.?® Load balancing is one of the central problems which have to be solved in
designing parallel algorithms. Moreover, problems whose workload changes during the computation or it depends on
data layout which may be unknown a priori, will necessitate the redistribution of the data in order to retain efficiency.
Such a strategy is known as dynamic load balancing. Algorithms for dynamic load balancing, as in References 27-30,
are based on transferring an amount of work among processors to neighbors; the process is iterated until the load differ-
ence between any two processors is smaller than a specified value, consequently it will not provide a balanced solution
immediately. A multilevel diffusion method for dynamic load balancing,?! is based on bisection of processor graph. The
disadvantage is that, to ensure the connectivity of subgraphs, movement of data between nonneighboring processors can
occur. The mentioned algorithms do not take into account one important factor, namely that the data movement resulting
from the load balancing schedule should be kept to minimum.

1.2.1 | Organization of the work

The present work is organized as follows. As we apply the proposed framework to CLS model which can be seen as pro-
totype of variational DA models, in order to improve the readability of the article, in Section 2 we give a brief overview of
DA methods, that is, both KF and Variational DA, the variational formulation of KF and finally we give a brief description
of CLS model. In Section 3, we describe main features of DD-DA framework and its application to CLS model. DyDD is
presented in Section 4, through a graphical description and the numerical algorithm. Validation and performance results
are presented in Section 5 and, finally, in Section 6 we give conclusions and future works.
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2 | THE BACKGROUND

In order to improve the readability of the article, in this section we give a brief overview of DA methods, that is, both KF
and Variational DA, then we review CLS model as prototype of DA models. To this end, we also review the variational
formulation of KF, that is, the so-called VAR-KF formulation, obtained minimizing the sum of the weighted Euclidean
norm of the model error and the weighted Euclidean norm of the observation error.

2.1 | Kalman filter

Given x, € R", let x(t) € R*, Vt€ [0, T], denote the state of a dynamic system governed by the mathematical model
M peadx(®)], At > 0:

{x(t + A = MepadX(D)), Vit + At € [0, T] W

x(0) = xo

and let:

Yt + At) = Hypadx(t + AD)], (2

denote the observations where H;,,, is the observations mapping. Chosen r € N, we consider r + 2 points in [0, T] and
t=-"L.

LertJr %{tk}kzo,l, ...r+1 be a discretization of [0, T], where t, = kAt, and let X, be the state estimate at time ¢, for
k=1, ... ,r+1;wewill use the following operators:?, fork=0, 1, ... , 7, Mixs1 € R™", denoting the discretization of a lin-
ear approximation of M b, andfork=0,1, ... ,r+1, H, € R™" which is the discretization of a linear approximation of
H; with m > n. Moreover, we let w, € R" and v, € R™ be model and observation errors with normal distribution and zero
mean such that E[wkvl.T] =0, fori,k=0,1, ... ,r+1, where E[-] denotes the expected value; Q; € R™" and R, € R™"™,

are covariance matrices of the errors on the model and on the observations, respectively, that is,
Qc :=Eww]] Ry :=E[wyv]] Vk=0,1,...r+1L

These matrices are symmetric and positive definite.
KF method: KF method consists in calculating the estimate Xy, at time #; 1, of the state x;; € R™:

X1 = Miggpixx +wy, Vk=0,1,...,r (3

such that
Vi1 = HiepiXipn + Vi1, VEk=0,1, ..., 7. 4
KF algorithm: Given X, € R" and Py = O € R™" a null matrix, for each k=0, 1, ... ,r KF algorithm is made by two

main operations: the Predicted phase, consisting of the computation of the predicted state estimate:
Xicw1 = Mick+1%k3 (5)
and of the predicted error covariance matrix:
Pys1 = My PkM, ., + Qi (6)
and the Corrector phase, consisting of the computation of Kalman gain:

Kiy1 = PepH (Hi1 P HY, | + Rin) ™, (7)

of Kalman covariance matrix:

Py = (I - Kk+1Hk+1)Pk+1,
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and of Kalman state estimate:
X1 = Xiq1 + Kir1 Vi1 — Hi1X0e41)- (8)

Finally, we introduce the VAR-KF model. For k=0,1, ... ,r:

X1 = argmin,  cpadicr1 (K1)

. & 112 2
= argmin,  g. {”xk+1 = My Xl [, + [Vker = HienXen |y, } :

3 | VARDA MODEL SET UP

IfQ c R", n € N, is a spatial domain with a Lipschitz boundary, let:

u(t + h,x) = M nlu(t, x)] VxeQtt+hel0,T],(*h>0)
u(to, x) = up(x) h=0, x€EQ , )
u(t,x) = f(x) x€0Q, Vtel0,T]

be a symbolic description of the 4D-DA model of interest where
u: (t,x)€l[0,T] X Qm u(t,x) = [u[1](t,x), u[2](t,x), ... ,u[pv](t,x)],

is the state function of M with pv € N the number of physical variables, f is a known function defined on the boundary
0Q, and let

v:(tx)e[0,T] X Q+— vt x),

be the observations function, and
H :u(t,x) —» v(t,x), V(t,x)€e[0,T]xQ,
denote the nonlinear observations mapping. To simplify future treatments we assume pv=1. We consider N, points of

QCcR": {xj}szH_,Np C Q; nops points of Q, where ngps < Np, : {¥j}j=1,... n,.; N points of [0, T] : D([0, T ={t1}i=0,1, ... ,N-1
with t; =ty + I(hT); the vector

uo = {Uo;}j=1,... N, = {Uo(G)}j=1,...N, € R,
which is the state at time t(; the operator
M € RN =1, ... N,

representing a discretization of a linear approximation of M,_ , from ¢;_; to t;; the vector b € RM> accounting boundary
conditions; the vector

u = {uzi}lzl,...,N—l;]':l,...,Np = (W, %) =1, N1y, N, € RN,
representing solution of M;_, ;atf; for =1, ... , N, thatis, the background; the vector
v = V(L) e, oy, € R,
consisting of observations at ¢;, for =0, ... ,N —1; the linear operator

H eRWw®N =0, .. N-1,
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representing a linear approximation of 7{; matrix G = Gy_; € RV "M guch that

H,
H
! I>1
G =4]: ,
H,
H, =1
and R=diag(Ry, Ry, ... ,Ry_1) and Q=VVT, covariance matrices of the errors on observations and background, respec-

tively. We now define the 4D-DA inverse problem.>?

Definition 1. (The 4D-DA inverse problem).3* Given the vectors v = {v;}=, .. n_1 € RN s, uy € R, and the block

matrix G € RV "N, '3 4D-DA problem concerns the computation of
uPA & RN,
such that
v=G-uPA, (10)

subject to the constraint that ud* = uy.
We also introduce the regularized 4D-DA inverse problem, that is, the 4D-VAR DA problem.
Definition 2. (The 4D-VAR DA problem). The 4D-VAR DA problem concerns the computation of:

uPA = argmin, _p~, J (1), 11)

with
J(u)=allu—ubllf271+IIGu—VIIfﬁ, (12)

where «a is the regularization parameter.

Remark: 1t is worth noting that here we are considering a linear approximation of the observation operator, hence a
linear operator G, although this is not at all required, at least in the formulation of the 4D-VAR problem. A more general
approach for numerically linearize and solve 4D-VAR DA problem consists in defining a sequence of local approximations
of J where each member of the sequence is minimized by employing Newton’s method or one its variants.3**> More
precisely, two approaches could be employed:

(a) by truncating Taylor’s series expansion of J at the second order, giving a quadratic approximation of J, let us say
J. Newton'methods (including LBFGS and Levenberg-Marquardt) use J?°. The minimum is computed solving
the linear system involving the Hessian matrix V2J, and the negative gradient — V J.

(b) by truncating Taylor’s series expansion of J at the first order which gives a linear approximation of J, let us say let us
say J™'. Gauss-Newton’s methods (including Truncated or Approximated Gauss-Newton uses J™). The minimum
is computed solving the normal equations arising from the local Linear Least Squares problem.

Both approaches will employ the tangent linear model and the adjoint operator of the observation mapping and of
the model of interest.36

Remark: Computational kernel of variational approaches (namely, 3D-VAR and 4D-VAR) is a linear system, generally
solved by means of iterative methods; the iteration matrix is related to matrix Q, which usually has a Gaussian correlation
structure.® Matrix Q can be written in the form Q=VVT, where V is the square root of Q, namely, it is a Gaussian matrix.
As a consequence, products of V and a vector z are Gaussian convolutions which can be efficiently computed by applying
Gaussian recursive filters as in Reference 37.

In our case study we carry out on CLS model, we apply KF and DD-KF to CLS model, then in this case it results that
matrix Q is the null matrix while matrix R is diagonal !4
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3.1 | CLS problem
Let

Hoxp =yo, Ho € R™ "y, eR™, x,eR" (13)

be the overdetermined linear system (the state), where rank(Hy)=n> 0, mo > n.
Given H; € R™*" y;, € R™,x; € R", x € R" (observations), we consider the system

S: Ax=b (14)

where

€ R™o*™, 15)

A= HO eR(m0+ml)><n’ b= Yo
N

and m; > 0. Let Ry € R™*™ R, € R™>™ be weight matrices and R = diag(Ro, R;) € RMotm)x(mtm,),
CLS problem consists in the computation of X such that:

CLS : % = argmin,p.J(x) (16)
with
J) = [|Ax = bl|g = ||Hox = yolI%, + |IHix =l . a7
where X is given by
(ATRA)% = ATRb = % = (ATRA)'ATRb (18)
or,
% = (H{RoHo + H R{Hy)™ (H} Royo + H] Riy1). 19)

We refer to X as solution in least squares sense of system in (14).

Remark: Besides covariance matrices of errors, main components of KF algorithm are dynamic model and obser-
vation mapping. These are two main components of any variational DA operator and state estimation problem,
too. In this regard, in the following, as proof of concept of DD-DA framework, we start considering CLS model
as a prototype of a variational DA model, at a given time. CLS is obtained combining two overdetermined lin-
ear systems, representing the state and the observation mapping, respectively. Then, we introduce VAR-KF method
as reference data sampling method solving CLS model problem. VAR-KF will be decomposed by using the pro-
posed framework. That said, any interest reader who wants to apply DD-DA framework in a real-world application,
that is, with a (PDE-based) model state and an observation mapping, once the dynamic (PDE-based) model has
been discretized, he should rewrite the state estimation problem under consideration as a CLS model problem (cfr
Section 3.1) and then to apply CLS algorithm. In other words, she/he should follow the discretize-then-optimize
approach, common to most DA problems and state estimation problems, before employing DD-DA and DyDD
framework.3?

4 | DD-FRAMEWORK

As DyDD is the refinement of initial DD-DA, in the following we first give mathematical settings useful to define the
domain decomposition framework. Then, the following section we focus on DyDD.
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41 | DDsetup

Definition 3 (Matrix Reduction). Let B = [B' B> ... B"] € R™" be a matrix with m, n >1 and B the jth column of B
andI;={1, ... ,j}and I;j={i, ... ,jlfori=1, ... ,n—1;j=2, ... ,n, and i <j for every (i, ). Reduction of B to I; is:

I, : BER™" > B|; =[B'B* ... B]JeR™, j=2,..,n,
and to I; ;
. BER™" » B, =[B B* ... BleR™™ i=1,..,n-1,j>1i,
L 1) .]

where B|;, and B|;, denote reduction of B to I; and I; j, respectively.

Definition 4 (Vector Reduction). Let w=[w; wy; ... w,]T €RS be a vector with t>1, n>0, s=n—t and
L ,={1, ... ,r},r>nand n>t. The extension of w to I, is:

EO; : weR - EO,(w)=[w w, ... w]" R,

wherei=1, ... ,r

_ w; ift<i<n
w; =

0 ifi>nandi<t '
We introduce reduction of J, as given in (17).

Definition 5 (Model Reduction). Let us consider A € Ro+m)xn b ¢ R™Mo*+™ | the matrix and the vector defined in (15),
I,={1, ... ,m}, I, ={1, ... ,ny} with ny, n, > 0 and the vectors x € R". Let

gy + Gl xlp) = gl xl)  Vij=1,2
denote the reduction of J defined in (17). It is defined as
Ta.p&lXl5) = [1Holrxl;, = 0o + HolyxIp)l g, + [1Halrxl, = 01 + Hilyxlp)II (20)

fori,j=1,2.

For simplicity of notations we let J;; = J |(11_’1]_).

4.2 | DD-CLS problems: DD of CLS model

We apply DD approach for solving system S in (14). Here, for simplicity of notations, we consider two subdomains.

Definition 6 (DD-CLS model'?). Let S be the overdetermined linear system in (14) and A € R(™tm)xn p € R™Mo+™ the
matrix and the vector defined in (15) and Ry € R™>*™ R, € R™>™ R = diag(Ry, R;) € R"o+tm)X(me+mi) he the weight
matrices with mg > n and m; > 0. Let us consider the index set of columns of A, I ={1, ... , n}. DD-CLS model consists of:

« DD step. It consists of DD of I:
L=A{1..,m}, L={nm-s+1,...,n}, (21)

where s > 0 is the number of indexes in common, II;| =n; > 0, |I,| =n, > 0, and the overlap sets
Il,zz{nl—s+1, ,I’ll}, (22)

If s=0, then I is decomposed without using the overlap, that is, I; NI, =@ and I , # @, instead if s> 0, that is, I is
decomposed using overlap, that is, I NI, # @ and I , = @; restrictions of A to I; and I, defined in (21)

Al =A|I c R(m0+m1)><"1 A2 =A|I c IR(mO+m1)><n2 (23)
1 ’ 2 ’
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» DD-CLS step: given xJ € R"™, according to the alternating Schwarz method in Reference 11, DD-CLS approach consists
in solving forn=0, 1,2, ... the following overdetermined linear systems:

S At =b— Ay SITU Apdt = b — At (24)

by employing a regularized VAR-KF model. It means that DD-CLS consists of a sequence of two subproblems:

I argminx¥+1ERn1]1(xil+1’xg
: 1 1
= argmingi g, ) O + - O, )| (25)
Pi 23t = argmingn e 200 X))
. 1 1 1 1
= argmin i cgn, [Tt S X + - O ) (26)

where I; is defined in (21) and J| L1, 18 defined in (20), O, is the overlapping operator and x > 0 is the regularization
parameter.
52:;1+1

Remark 1. If I is decomposed without using overlap (i.e., s=0), then J??;H'l € R™ and € R™ can be written in terms

of normal equations as follows

S (ATRADE!™ = ATR( - Ax]) = 317 = (ATRA,)ATRY!
57 (ATRAYRI = ATR(b - At = 254 = (ATRA)TATRDE, (27)

where b7 = b — Axx? and bJ*' = b — AxX[t.

Remark 2. Regarding the operator O, ;, we consider x; € R™ and x, € R™, and we pose
©12(6,%) = [IEO; (xily,,) — EOL Gl Il ij = 1,2

with EOp,(x1|1,,), EOr,(x2[1,,) be the extension to I;, of restriction to I » in (22) of x; € R™ and x, € R™, respectively.
Operator O, ; represents the exchange of data on the overlap I; , in (22).

Remark 3. DD-CLS gives to sequences {x"*!} nel,:

ontl
2\, on i\ I,
+1 _ ontl ontl
X = A A ) ol 28)
an+1
25 L\, onL\ I,

where I3, I, are defined in (21) and I , in (22).

Remark 4. For DD-CLS model we considered, DD of I = {1, ... ,n} C N, thatis, the index set of columns of m A, similarly
we can apply DD approach to 2D domain I XxJ € N x N, where J={1, ... ,(mq + my)} is the rows index set of A. Sub-
domains obtained are I} xJ, ={1, ... ,n}x{1, ... ,m'} and L xJ,={n; —s;+1, ... ,n}x{mt —s; +1, ... ,(my+m1)},
where sy, s; > 0 are the number of indexes in common between I; and I,,J, and J,, respectively. Restrictions of A to I; X.J;
and I, XJ; are A := Alpxy, and Ay 1= A|pxy,.

Remark 5. The cardinality of J, that is, the index set of rows of matrix A, represents the number of observations available
at time of the analysis, so that DD of I X J allows us to define DD-CLS model after dynamic load balancing of observations
by appropriately restricting matrix A.

5 | DYDD: DYNAMIC DD-DA FRAMEWORK

For effective parallelization of DD-DA, domain partitioning into subdomains must satisfy certain conditions. First the
computational load assigned to subdomains must be equally distributed. Usually, computational cost is proportional
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to the amount of data entities assigned to partitions. Good quality partitioning also requires the volume of com-
munication during calculation to be kept at its minimum.*® We employ a dynamic load balancing scheme based
on adaptive and dynamic redefining of initial DD-DA aimed to balance workload between processors. Redefining
of initial partitioning is performed by shifting the boundaries of neighboring domains (this step is referred to as
Migration step).

DyDD algorithm we implement is described by procedure DyDD shown in Table 13. To the aim of giving a clear and
immediate view of DyDD algorithm, in the following figures (Figures 1-4) we outline algorithm workout on a reference
initial DD configuration made of eight subdomains. We assume that at each point of the mesh we have the value of
numerical simulation result (the so-called background) while the circles denote observations. DyDD framework consists
in four steps:

1. DD step: starting from the initial partition of Q provided by DD-DA framework, DyDD performs a check of the initial
partitioning. If a subdomain is empty, it decomposes subdomain adjacent to that domain which has maximum load
(decomposition is performed in two subdomains). See Figure 1.

2. Scheduling step: DyDD computes the amount of observations needed for achieving the average load in each subdo-
main; this is performed by introducing a diffusion type algorithm (by using the connected graph G associated to the
DD) derived by minimizing the Euclidean norm of the cost transfer. Solution of the Laplacian system associated to the
graph G gives the amount of data to migrate. See Figure 2.

3. Migration step: DyDD shifts the boundaries of adjacent subdomains to achieve a balanced workload. See Figure 3.

4. Update step: DyDD redefines subdomains such that each one contains the number of observations computed during
the scheduling step and it redistributes subdomains among processors grids. See Figure 4.

Scheduling step is the computational kernel of DyDD algorithm. In particular, it requires definition of Laplacian
matrix and load imbalance associated to initial DD-DA and its solution. Let us give a brief overview of this computation.
Generic element L; of Laplacian matrix is defined as follows:"°

-1 i #jand edge (i,j) € G
Lij = 4 deg(i) i=j, (29)
0 otherwise
2
Qi. Ql.
o[- X |q, Q, . a,
2 DD of Qli>
Q, : . Q, 0, _' i Q,
Qg : 2 R Qs . . Qg
Q, i o Q, ——ln,

(A) Q, is identified as having the maximum load w.r.t. its neighbourhoods

Q Q Q 0,
S fEse SEEl| B FIGURE 1 DyDD framework—Step 1.
el T Check of the initial partitioning, identification
Q. [Esi i EH X Q4 03 CHauaad ER 04 . . P 5
3. SLEIEeEEE | 43 of subdomains which do not have data or they
Q i : 5 Q e . 5 suffer of any load imbalance and redefinition of
S, . : . Q. . . Qg subdomains. We observe that the workload of
Q, X gt : Q, Q|- - Q, each subdomain after this repartitioning is now
o S lr(l) =5, l,(Z) =4, lr(s) =6, lr(4) =2, lr(s) =5,

1,(6)=3,1,(7)=>5, and [,(8) = 2. The average

(B) @, and Q. are identified as having the maximum load w.r.t. their neighbourhoods. load is then I = 4
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FIGURE 2 DyDD framework—Step 2. Scheduling. On the Q Q,
right, the graph G associated to the DD of Q. In brackets the number S h T T
1,(i) is displayed rEEaE EE ’

Qg s S O
07 y at ° QB
FIGURE 3 DyDD framework—Step 3. Migration. Q a Q, Q
Redefinition of the boundaries of adjacent subdomains L '2 7 .
o P Q- - Q,
n, R 0, SHE
ey 05 iy o QG
Q| | 1T : 0
Q; [+ " || Q; |« | .|
FIGURE 4 DyDD framework—Step 4. Update Update processor graph
step. Updating of the processor graph. In brackets, the (5) ) @ )

number of observations I5(i) after DyDD is displayed. We
observe that the workload of each subdomain after
DyDD is equal to the average load [ = 4

and the load imbalance b = <l (i) — i) where d (i) is the degree of vertex i, [ (i) and [ are the number of observations and
the average workload, respectively. Hence, as more edges are in G (as the number of subdomains which are adjacent to
each other increases) as more nonzero elements are in L.

Laplacian system LA = b, related to the example described below, is the following:

2 -1 -1 0

|

i

|

—_

N

|

i
| o

—_
o o o o
o o o o o
o o o o o

o -1 -1 2 O
L= (30)
o 0 -1 0 -1
0 0 o o -1 3 -1 -1
0 O 0 -1 2 -1
0o o0 0 -1 -1 2

while the right-hand side is the vector whose ith component is given by the load imbalance, computed with respect to the
average load. In this example, solution of the Laplacian system gives

A=(0.36,0.25,0.,1.12,-1., 5., —6.33, —6.67)
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so that the amount of load (rounded to the nearest integer) which should be migrated from Q; to €; is

012 =1;613=0;032 = 0;034 = 1,635 = 1,656 = 2,867 = 0; 868 = 1; 678 = 1.

that is, 6;; is the nearest integer of (4; — 4;).

6 | VALIDATION RESULTS

Simulations were aimed to validate the proposed approach by measuring performance of DyDD algorithm as shown
in Table 13. Performance evaluation was carried out using Parallel Computing Toolbox of MATLABR2013a on the
high-performance hybrid computing (HPC) architecture of the Sistema Cooperativo Per Elaborazioni scientifiche multi-
discipliari data center, located at University of Naples Federico II. More precisely, the HPC architecture is made of 8 nodes,
consisting of distributed memory DELL M600 blades connected by a 10 Gigabit Ethernet technology. Each blade consists
of 2 Intel Xeon@2.33 GHz quadcore processors sharing 16 GB RAM memory for a total of 8 cores/blade and of 64 cores,
in total. In this case for testing the algorithm we consider up to ng,, = 64 subdomains equally distributed among the cores.
This is an intranode configuration implementing a coarse-grained parallelization strategy on multiprocessor systems with
many-core CPUs.

DyDD set up. We will refer to the following quantities: Q C R?: spatial domain; n=2048: mesh size; m: number of
observations; p: number of subdomains and processing units; i: identification number of processing unit, which is the
same of the associated subdomain; for i=1, ... ,p, deg(i): degree of i, that is, number of subdomains adjacent to Q;;
i,a(i) € N: identification of subdomains adjacent to Q;; li,(i) € N: number of observations in Q; before the dynamic load
balancing; (i) € N: number of observations in Q; after DD step of DyDD procedure; l5(i) € N: number of observations

in Q; after the dynamic load balancing; TgyDD(m): time (in seconds) needed to perform DyDD on p processing units;

T,(m): time (in seconds) needed to perform repartitioning of ; Ohpypp(m) = L (m)

overhead time to the dynamic load

TI];yDD(m)
balancing.
As measure of the load balance introduced by DyDD algorithm, we use:
ml_in(lﬁ(i))
~ max((D)
that is, we compute the ratio of the minimum to the maximum of the number of observations of subdomains Q, ... ,€,

after DyDD, respectively. As a consequence, £ = 1 indicates a perfectly balanced system.
Regarding DD-DA, we let nj,. := g be local problem size and we consider as performance metrics, the follow-

ing quantities: T* (m, n) denoting sequential time (in seconds) to perform KF solving CLS problem; TPDD_D A (M, Nioc)
denoting time (in seconds) needed to perform in parallel DD-KF solving CLS problem after DyDD; T g , (M, iac)
being the overhead time (measured in seconds) due to synchronization, memory accesses, and communication
time among p cores; Xxr € R" denoting KF estimate obtained by applying the KF procedure on CLS problem after
DyDD; %pp.pa € R" denoting estimate obtained by applying DD-KF on CLS problem after DyDD; errorpp.pa :=
[IXkr — Xpp-pal| denoting the error introduced by the DD-DA framework; SP (m, njoc) := M, which refers to

P
Top.pa (M1t0c)
SP(m.ny. )

the speed-up of DD-DA parallel algorithm; EP (m, ny) :=
algorithm.

In the following tables we report results obtained by employing three scenarios, which are defined such that each one
is gradually more articulated than the previous one. It means that the number of subdomains which are adjacent to each
subdomain increases, or the number of observations and the number of subdomains increase. In this way the workload
re distribution increases.

which denotes the efficiency of DD-DA parallel

Example 1. First configuration: p =2 subdomains and m = 1500 observations. In Casel, both Q; and Q, have data, that
is, observations, but they are unbalanced. In Case2, Q, has observations and Q, is empty. In Tables 1 and 2, respectively,
we report values of the parameters after applying DyDD algorithm. This is the simplest configuration we consider just to
validate DyDD framework. In both cases, [5(1) and [5(2), that is, number of observations of Q; and €,, are equal to the
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TABLE 1 Example 1. DyDD parameters in Case 1

TABLE 2 Example 1. DyDD parameters in Case 2

TABLE 3 Example 1. Execution times: We report values of
TgyDD(m), time (in seconds) needed to perform DyDD on p
processing units, T,(m), time (in seconds) needed to perform
repartitioning of Q, Ohpypp(m) overhead time due to dynamic
load balancing and £ measuring load balance

TABLE 4 Example 2. DyDD parameters in Case 1

P i
1
2

deg(i)
1
1

Lin
1000
500

Lan
750
750

Wl LEY 13 of 19

iad
2
1

Note: Both subdomains have data but they are unbalanced. We
report values of p, which is the number of subdomains, i the
identification number of processing unit, deg(i) degree of i, that is,
number of subdomains adjacent to €;, l;,(i) which is number of
observations in Q; before dynamic load balancing, I;(i) number of
observations in Q; after dynamic load balancing, i,4 identification

of subdomains adjacent to Q;.

p i deg(i)
1 1
2 1

lin
1500
0

L
1000
500

Lan
750
750

iad
2
1

Note: Q, is empty. We report values of p, that is, number of subdomains, i
identification number of processing unit, deg(i) degree of i, that is, number of
subdomains adjacent to €;, I;;,(i) which is number of observations in Q; before
dynamic load balancing, I,(i) number of observations in €; after DD step of

DyDD procedure, (i) number of observations in Q; after dynamic load

balancing, i,q which is identification of subdomains which are adjacent to Q;.

Case TprDD(m)

1 4.11x1072

2 3.49x 1072

p i deg(i)

1 2
2 2
3 2
4 2

T,(m)

0

4.00%107°

lin

150
300
450
600

OhDyDD(m)

0

1.15x107*
lgn ina
375 [24]
375 [31]
375 [42]
375 [31]

&

Note: All subdomains have data. We report values of p, which is the number
of subdomains, i identification number of processing unit, deg(i) degree of i,

that is, number of subdomains adjacent to ;, [;,(i) the number of

observations in ; before dynamic load balancing, l;(i) the number of

observations in Q; after dynamic load balancing, i,4 identification of

subdomains which are adjacent to ;.

average load =750 and £ = 1. As the workload re distribution of Case 1 and Case 2 is the same, DD-DA performance
results of Case 1 and Case 2 are the same, and they are reported in Table 9, for p = 2 only. In Table 3, we report performance

results of DyDD algorithm.

Example 2. Second configuration. In this experiment we consider p =4 subdomains and m = 1500 observations, and four
cases which are such that the number of subdomains not having observations, increases from 0 up to 3. In particular, in
Case 1, all subdomains have observations. See Table 4. In Case 2, only one subdomain is empty, namely, Q,. See Table 5.
In Case 3, two subdomains are empty, namely, ; and €2, are empty. See Table 6. In Case 4, three subdomains are empty,
namely, Q;, for j=1,2, 3, is empty. See Table 7. In all cases, £ reaches the ideal value 1 and Il5,(i) =1 = 375,i=1,2,3,4.
Then, DD-DA performance results of all cases are the same and they are reported in Table 9 for p = 4. In Table 8, we report

performance results of the four cases.
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p i deg(d) Ln L Lsn faa
1 2 450 450 375 [24]
2 2 0 225 375 [31]
3 2 450 225 375 [42]
4 2 600 600 375 [31]

Note: Q, is empty. We report values of p, which is number of subdomains, i, that is,
identification number of processing unit, deg(i), that is, degree of i, that is, number
of subdomains which are adjacent to €;, [;;,(i), that is, number of observations in €;
before dynamic load balancing, I;(i) number of observations in ; after dynamic
load balancing, i,q identification of subdomains adjacent to Q;.

p i deg(i) Lin L lgin fad
1 2 0 300 375 [24]
2 2 0 450 375 [31]
3 2 900 450 375 [42]
4 2 300 600 375 [31]

Note: Q, and Q, are empty. We report values of p, which is the number of
subdomains, i identification number of processing unit, deg(i), that is, degree of i,
that is, number of subdomains adjacent to €;, I;,,(i) number of observations in €;
before dynamic load balancing, l;(i) number of observations in €; after dynamic
load balancing, i,4 identification of subdomains which are adjacent to Q;.

p i deg(i) Lin L lein lad
1 2 0 500 375 [24]
2 2 0 250 375 [31]
3 2 0 250 375 [42]
4 ) 1500 500 375 [31]

Note: Q;, Q,, and Q; are empty. We report values of p, that is, number of
subdomains, i identification number of processing unit, deg(i) degree of i, that is,
number of subdomains which are adjacent to Q;, [;,(i) the number of
observations in Q; before dynamic load balancing, I;(i) number of observations in
Q; after dynamic load balancing and i,4 identification of subdomains which are
adjacent to Q;.

Case TprDD (m) T,(m) Ohpypp (m) E
1 5.40x 1072 0 0 1
2 5.84x 1072 2.35x107* 0.4-1072 1
3 4.98x1072 3.92x 1074 0.8-1072 1
4 4.63%x1072 5.78 x 107* 0.1-1071 1

TABLE 5 Example 2. DyDD parameters in Case 2

TABLE 6 Example 2. DyDD parameters in Case 3

TABLE 7 Example 2. DyDD parameters in Case 4

TABLE 8 Example 2. Execution times: We report values of
T, gyDD(m), that is, time (in seconds) needed to perform DyDD

algorithm on p processing units, T,(m) time (in seconds) needed
to perform repartitioning of Q, Ohpypp(m) overhead time to the

dynamic load balancing and £ parameter of load balance

Example 3. We consider m=1032 observations and a number of subdomains p equals to p=2,4,8,16,32. We
assume that all subdomains €; has observations, that is, for i=1, ... ,p, Lx(i)#0; Q; has p—1 adjacent sub-
domains, that is, n,g:=deg(1)=p—1; &; has 1 adjacent subdomain, that is, for i=2, ... ,p, deg(i)=1; finally
i=1,...,p, we let the maximum and the minimum number of observations in €; be such that Iy, = max;(ln(i))
and Iy, = min;(lgy(i)). Table 10 shows performance results and Figure 5 reports the error of DD-DA with respect

to KF.
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TABLE 9 Example 1-2: DD-DA

. p=1 n=2048 m=1500 T'(im, n) = 5.67 x 10°
performance results in Examples 1 and 2

p Mioc TPDD,DA (m, Rioc) SP (m, nyee) EP (m, nyoe)

2 1024 4.95x10° 1.15x 10° 5.73x 107!

4 512 2.48 x10° 2.29x10° 5.72%x 1071

Note: We report values of p, which is the number of subdomains, n mesh size, ny,, that is, local problem
size, m number of observations, T (m, n) sequential time (in seconds) to perform KF solving CLS
problem, T’];D_D A (M, ioc) time (in seconds) needed to perform in parallel DD-DA solving CLS problem
with DyDD, SP (m, ny,.) and EP (m, n,.) the speed-up and efficiency of DD-DA parallel algorithm,
respectively. We applied DyDD to all cases of Example 1 and Example 2 and obtained the perfect load
balance, as reported in Tables 3 and 8, respectively. As the workload distribution is the same, DD-DA
performance results are the same in all cases of Example 1, then we show results for p =2, only. In the
same way, for all cases of Example 2, we show results for p =4, only.

TABLE 10 Example 3. Execution times: We report

n ™ (m 1 L &

values of p, that is, the number of subdomains, n,q4, the L ad DY”D( ) max i
number of adjacent subdomains to Q;, TgyDD(m), time (in 2 1 6.20x 1073 516 515 9.98x 107!
seconds) needed to perform DyDD on p processing units, £ 4 3 2.60 X 10~2 258 257 9.96 x 10~!
which measures load balance, [, and l;,, that is, maximum

. . . 8 7 9.29x 1072 129 128 9.92x107!
and minimum number of observations between subdomains
after DyDD, respectively 16 15 1.11x 107! 71 64 8.88x 1071

32 31 1.36x 107! 39 32 8.21x 107!

Note: € depends on n,q(=deg(1)), that is, as n,q(= deg(1)) increases (consequently p

increases), then £ decreases. Fori=1, ... , p, subdomain Q; has observations, that is,

I;n (i) # 0, consequently we do not need to perform repartitioning of Q, then T,(m) =0.

-11
- . 510 : : :
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‘ \
| \
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7 \ 1 ¢ | |
\ \
\ 35 | |
6 \ ‘
“‘ sl \‘ |
s \ 1 3 x
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S ‘ S ‘
& 4 | 1 & |
\ 2 1
‘ b
3 8
\ 1.5 .
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2r 1 1 \ 1
\
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0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
p

FIGURE 5 Examples 3 (left)- 4 (right). We report values of errorpp pa versus p

Example 4. We consider m =2000 observations and p=2,4,8,16,32 we assume that Q; has observations, that is, for
i=1, ...,p, lin(i)#0; Q; and Q, have 1 adjacent subdomain, that is, deg(1) = deg(p) = 1; Q; and Q, have 2 adjacent sub-

domains, that is, for i=2, ... ,p—1, deg(i)=2. In Table 12, we report performance results and in Figure 5 the error of
DD-DA with respect to KF is shown.

Finally, regarding the accuracy of the DD-DA framework with respect to computed solution, in Table 11 (Examples 1-2)
and in Figure 5 (Examples 3-4), we get values of errorpp.pa. We observe that the order of magnitude is about 107! conse-

quently, we may say that the accuracy of local solutions of DD-DA and hence of local KF estimates, are not impaired by
DD approach.
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TABLE 11 Examples 1-2. We report values of errorpp.pa, that is, the error introduced by the DyDD

p €ITorpp.pA . . .
framework, in Example 1 (with p =2) and Example 2 (with p=4)

2 8.16x 107!

4 8.82x 10711

TABLE 12 Example 4. Performance results of DyDD framework: We report values of p, which is the number of subdomains, n,
that is, the mesh size, nyo, that is, the local problem size, m the number of observations, T* (m, n), that is, sequential time (in seconds)
needed to perform KF, T’];yDD(m), that is, time (in seconds) needed to perform DyDD on p processing units, TngD A (M, Nige), that s,
time (in seconds) needed to perform in parallel DD-DA with DyDD, SP (m, ny,.) and EP (m, ny,.), that is, speed-up and efficiency of
DD-DA parallel algorithm, respectively

P n=2048 m=2000 T (m, n) = 4.88 x 10°

p Rioc Tf,yDD(m) T} o pa (M ioc) SP (m, nyec) EP (m, noc)
2 1024 410x1073 4.71x10° 1.04 x 10° 5.18 x 1071
4 512 4.29%1072 2.61x10° 1.87 x 10° 4.67x107!
8 256 1.07 x 1072 8.43x 107! 5.79 x 10° 6.72x 107!
16 128 1.42x 1071 3.46x 107! 1.41x 10! 8.81x 1071
32 64 3.49x 107! 1.66 x 1071 2.94x 10! 9.19x 107!

From these experiments, we observe that as the number of adjacent subdomains increases, data com-
munications required by the workload repartitioning among subdomains increases too. Accordingly, the over-
head due to the load balancing increases (for instance, see Table 8). As expected, the impact of such over-
head on the performance of the whole algorithm strongly depends on the problem size and the number of
available computing elements. Indeed, in Case 1 of Example 1 and of Example 2, when p is small in rela-
tion to ny (see Table 9) this aspect is quite evident. In Example 4, instead, as p increases up to 32,
and ny,. decreases the overhead does not affect performance results (see Table 12). In conclusion, we recog-
nize a sort of trade-off between the overhead due to the workload repartitioning and the subsequent parallel
computation (Table 13).

7 | CONCLUSIONS

For effective DD-DA parallelization, partitioning into subdomains must satisfy certain conditions. First the computa-
tional load assigned to subdomains must be equally distributed. Usually the computational cost is proportional to the
amount of data entities assigned to partitions. Good quality partitioning also requires the volume of communication dur-
ing calculation to be kept at its minimum. In the present work we employed a dynamic load balancing scheme based
on an adaptive and dynamic redefining of initial DD-DA aimed to balance load between processors according to data
location. We call it DyDD. A mechanism for dynamically balancing the loads encountered in particular DD configura-
tions has been included in the parallel framework we implement for solving large-scale DA models. In particular, we
focused on the introduction of a dynamic redefining of initial DD-DA in order to deal with problems where the obser-
vations are nonuniformly distributed and general sparse. This is a quite common issue in DA. We presented first results
obtained by applying DyDD in space of CLS problems using different scenarios of the initial DD-DA. Performance results
confirm the effectiveness of the algorithm. We observed that the impact of data communications required by the work-
load repartitioning among subdomains affects the performance of the whole algorithm depending on the problem size
and the number of available computing elements. As expected, we recognized a sort of trade-off between the overhead
due to the workload repartitioning and the subsequent parallel computation. As in the assimilation window the num-
ber and the distribution of observations change, the difficulty to overcome is to implement a load balancing algorithm,
which should have to dynamically allow each subdomain to move independently with time, that is, to balance obser-
vations with neighboring subdomains, at each instant time. We are working on extending DyDD framework to such
configurations.



D’AMORE AND CACCIAPUOTI 17 0f19
WILEY

TABLE 13 Procedure DyDD

Procedure DyDD-Dynamic Load Balancing(in: p, Q, out: [y, ... ;)
%Procedure DyDD allows to balance observations between adjacent subdomains
% Domain Q is decomposed in p subdomains and some of them may be empty.
% DBL procedure is composed by: DD step, Scheduling step and Migration Step.

% DD step partitions Q in subdomains and if some subdomains have not any observations, partitions adjacent subdomains with
maximum load

%in two subdomains and redefines the subdomains.

% Scheduling step computes the amount of observations needed for shifting boundaries of neighboring subdomains
%Migration step decides which subdomains should be reconfigured to achieve a balanced load.
% Finally, the Update step redefines the DD.

DD step

% DD step partitions Q in (€21,€2, ... ,£;)

Define n;, the number of adjacent subdomains of ;

Define [;: the amount of observations in Q;

repeat

% identification of Q,,, the adjacent subdomain of Q; with the maximum load

Compute [, = max_, ., (;): the maximum amount of observations

Decompose Q,, in two subdomains: Q,, < QL. Q%)

until ([; #0)

end of DD Step

Begin Scheduling step

Define G: the graph associated with initial partition: vertex i corresponds to €;

Distribute the amount of observations [; on Q;

Define deg(i) = n;, the degree of node i of G:

repeat
Compute the average load: 1= %

Compute load imbalance: b = (; — i)i=1.m,p

Compute L, Laplacian matrix of G

Call solve(in:L, b, out:4;) % algorithm solving the linear system L4; = b

Compute §;, the load increment between the adjacent subdomains Q; and Q. §;; is the nearest integer of (4; — 4;)

Define n,, n,, number of those subdomains whose configuration has to be updated

Update graph G

Update amount of observations of Q;: [; = I; — Z;l:] ij + Zjnzl 8.

until (max ||[; — i|| == @)%, that is, maximum load-difference is deg(i)/2
end Scheduling step

Begin Migration Step

Shift boundaries of two adjacent subdomains in order to achieve a balanced load.
end Migration Step
Update DD of Q

end Procedure DyDD
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