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ABSTRACT: As is the case for all light coloured Standard Model particles, also photons
and charged leptons appear as constituents in ultrarelativistic hadron beams, and admit a
parton density function (PDF). It has been shown recently that the photon PDF can be
given in terms of the structure functions and form factors for electron-proton scattering.
The same holds for lepton PDFs. In the present work we set up a calculation of the lep-
ton PDFs at next-to-leading order, using the same data input needed in the photon case.
A precise knowledge of the lepton densities allows us to study lepton-initiated processes
even at a hadron collider, with all possible combinations of same-charge, opposite-charge,
same-flavour, different-flavour leptons and leptons-quarks, most of which cannot be real-
ized in any other forseable experiment. The lepton densities in the proton are extremely
small, so that their contribution to Standard Model processes is generally shadowed by
processes initiated by coloured partons. We will show, however, that there are cases where
these processes can be relevant, giving rise to rare Standard Model signatures and to new
production channels, that can enlarge the discovery potential of New Physics at the LHC
and future high energy colliders with hadrons in the initial state.

KeEYwoRrDS: NLO Computations, QCD Phenomenology

ARX1v EPRINT: 2005.06477

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP08(2020)019


mailto:luca.buonocore@na.infn.it
mailto:paolo.nason@mib.infn.it
mailto:francesco.tramontano@cern.ch
mailto:zanderi@mpp.mpg.de
https://arxiv.org/abs/2005.06477
https://doi.org/10.1007/JHEP08(2020)019

Contents
1 Introduction

2 Details of the calculation
2.1 Calculation in terms of structure functions
2.2 The parton model calculation
2.3 Extraction of the lepton PDF
2.3.1 Subleading o terms
2.4 Verifying the Altarelli-Parisi evolution

3 Theoretical error due to missing higher-order effects
4 Construction of a PDF set with leptons
5 Validation

6 Phenomenology
6.1 Lepton luminosities
6.2 NLO corrections
6.3 Lepton-lepton scattering
6.4 7' searches
6.5 Doubly charged Higgs production
6.6 Single leptoquark searches

J

Conclusions
Partonic calculation
The effect of the lepton mass

Simplification of the integrand

g a w »

The O(a?) term

o Cco Ut W

10
11

13

13

16

20
20
21
23
24
26
28

29

32

34

35

37

1 Introduction

The current LHC research program is on the one hand aiming at high precision measure-

ments, to spot any deviations from the Standard Model, and on the other hand at the

direct search of particles arising in New Physics scenarios. The vast majority of New

Physics searches carried out at the LHC regards processes initiated by coloured partons,

and lepton initiated processes are relegated to future colliders involving leptons. On the



other hand, the current LHC and its planned high-luminosity (and eventually high-energy)
upgrade is the collider that will provide the largest part of new high-energy particle physics
data in the next 20 years, and its reach in the lepton-initiated channels should also be ex-
ploited. In fact, it is well known that quantum fluctuations can give rise to the presence
of leptons inside a proton, although with a much smaller relative abundance with respect
to the coloured partons. When leptons initiate a large momentum transfer scattering, the
process becomes perturbative, the lepton densities also obey an evolution equation, and a
partonic calculation of the process, including higher-order corrections, becomes possible.
It is thus natural to explore what is the reach of the LHC as far as lepton-initiated pro-
cesses are concerned, also considering the fact that at the LHC the three charged leptons
contribute democratically, and thus processes (such as, for example, ur scattering) that
are not available at lepton colliders may be accessed.

It is the aim of the present work to derive a precise determination of the lepton densities
inside a proton, which can then be used to compute processes involving leptons in the initial
state at hadron colliders.

In refs. [1, 2] (we will refer to these references as LUX1 and LUX2 respectively, and
as “LUX papers” for both of them) it was first pointed out that the parton distribution
function (PDF) of the photon in the proton can be computed with high precision using
only information from electron-proton scattering data. In these works it was also pointed
out that, for similar reasons, this is also the case for lepton PDFs. In the present paper we
undertake the task of computing the lepton PDFs in a framework that is very similar to
the one adopted in the LUX papers, and in fact by also heavily using the numerical code
developed there.

In order to compute the lepton PDF, we consider here a fictitious Deep-Inelastic-
Scattering process involving a lepton in the proton, i.e. the collision of a (fictitious) massless
scalar with a proton. The massless scalar interacts only with leptons, via the vertex

Db+ c.c., (1.1)

that turns the light lepton ¢ into a fictitious heavy lepton ¢y, carrying a mass M much
larger than typical hadronic scales. According to the parton model approach, such pro-
cess can be computed in terms of the light-lepton parton density f;(x), using the standard
QCD factorization formula. It can also be computed in terms of the electromagnetic current
structure functions. In figure 1 we show schematically the representations of both computa-
tions. By relating the two results, we can obtain the lepton parton density, entering the sec-
ond computation, in terms of the leptoproduction structure functions, entering the first one.
The factorization theorem guarantees that the PDF so obtained is independent of the par-
ticular process used in the calculation, as was shown explicitly in the photon case in LUX2.

In ref. [3] the LUX method was applied to the computation of the PDFs of the W and
Z bosons. We stress however, that in the case of the W and Z, thanks to their large masses,
the electroproduction structure functions are needed only in the perturbative regime, and
thus the whole calculation can be carried out in perturbation theory, in a way that closely
resembles the computation of the heavy flavour parton density [4]. The case of light leptons
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(a) Structure function computation. ) Parton level computation.

Figure 1. Our basic fictitious process, with a scalar of momentum r scattering off a light lepton
and turning it into a heavy lepton of mass M, represented by the thick red fermion line. In (a) we
show the sum of the two diagrams that relate this process to the ep scattering structure functions.
In (b) we show the diagrams that enter the calculation of the same process at next-to-leading order
according to the QCD factorization formula. Notice that the second and third diagram in (b)
(unlike the (a) diagrams) are computed for an on-shell photon, and the collinear singularity from
the photon splitting into leptons that arises there is subtracted.

is instead more similar to the photon one, where the structure functions are needed also in
the very low Q? region, and thus must be extracted from low Q? experimental data.

The paper is organized as follows. In section 2 we present our calculation of the lepton
PDFs. We first define our target accuracy, that is based on a careful counting scheme
of the strong and electromagnetic coupling constants and of the relevant logarithms. We
then proceed to the calculation of the lepton PDF in the limit of zero lepton mass, first
in terms of the electroproduction structure function, and then according to the parton
model formula at next-to-leading order (NLO). We use the two results to extract a formula
for the lepton PDF. We then illustrate how the result changes when the lepton mass is
included in the calculation. Finally, we explicitly verify that our lepton PDF satisfies the
Altarelli-Parisi evolution equation [5], including QED splitting processes that also involve
a term of second order in QED.

In section 3 we explain our procedure to assess the theoretical uncertainty of our final
result, which closely follows the one used in LUX2. In section 4 we describe how one
can add our lepton PDFs to any full LHAPDF set and we do this in the case of the
NNPDF31_ nlo_as_0118_luxqed set of ref. [6]. In section 5 we show a number of results that
validate our procedure. In section 6 we present a number of phenomenological applications
of our lepton PDFs. In particular we consider rare SM signatures of different flavour
isolated di-lepton production; the production of leptophilic Z’; the production of doubly
charged Higgs; and the production of leptoquarks. For this last case, we show that we can
reach unexplored regions of the parameter space using already existing data from the LHC.
Finally, we give our conclusions in section 7. In the appendices A-D we provide further
technical details.

2 Details of the calculation

We now illustrate our calculation. We first compute our probe process in terms of the
electroproduction structure functions. Then we compute the same process in the parton



model, and combine the two results to extract the lepton PDFs. We finally verify that our
PDF satisfy the Altarelli-Parisi equations to the appropriate order.

Before we begin, it is useful to clarify what accuracy we expect from our calculation.
To this end, we consider the parton densities for quarks and gluons as being of order one.
In fact, perturbatively they may be considered as sum of terms of order (asL)"™, where
L = log(u2/A?), ur is the factorization scale, and A is a typical hadronic scale. The strong
coupling a; is evaluated at a scale of order ur. Thus, since as ~ 1/L, all these terms are
of order 1. NLO corrections to the quark and gluon PDFs have the form ag(asL)™.

Besides these rules, we should also worry about the possible impact of higher-order
electromagnetic effects. These may be relevant if some logarithmic enhancement compen-
sates for the smallness of the electromagnetic coupling constant. We will adopt the same
criterium used in the LUX papers, i.e. that « is of the same order as a2. The photon
density is of order aL(asL)", so, in our counting scheme, it is equivalent to L. NLO
corrections to it are of order a and according to our a &~ a2 rule, we should also include
terms of order o2L?. The lepton PDFs are of order a?L?, and their NLO corrections of
order 2L and o®L3. However, we will see in the following that the terms of order a3L3
are in practice much smaller than the a?L terms, and thus the a ~ o2 rule is a quite

conservative assumption.

In the present work we aim at NLO accuracy. The computation of the probe process in
terms of structure functions involving the graphs of figure 1 (a) includes all terms of order
a?. All possible strong corrections are already included in the electroproduction structure
functions. However, in our calculation we also need to include NLO corrections of relative
order aL. Corrections of this kind are already present in the electroproduction structure
functions (they arise from collinear photon radiation from quarks) and in the self-energy
corrections to the photon propagator. We can account for the latter by using the same
effective QED coupling used in the LUX papers. The only term of relative order oL that
we miss arises from collinear photon radiation from the light lepton. These contributions,
however, are easily included using the evolution equations, with a method that will be
described in due time. In the parton model calculation (the diagrams in figure 1 (b)) the
counting of the order goes as follows. The first diagram is of order a2L? (i.e. the leading
order of the lepton PDF). The two remaining diagrams are of order aL (i.e. the leading
order of the photon PDF) times «, leading to an NLO contribution of order o2L. As one
can easily convince oneself, no other NLO corrections arise here, since in the QCD-improved
parton model calculations no large logarithms can arise from radiative corrections.

We clarify from the start that throughout this paper we refer to the lepton density as
the density of either charge, i.e. not the sum of lepton and antilepton, and our LHAPDF
implementation returns the density of each signed lepton. In our approximation the lepton
and antilepton densities are equal, and remain equal at higher QCD orders. Differences
arise only as subleading electroweak effects that are not considered here.



2.1 Calculation in terms of structure functions

We begin by considering the scattering process

¢(7") +7(_Q) %Eh(kvM) +¢(E7 0) ’ (2'1)

where ¢(r) denotes a scalar of momentum 7, (—¢) a photon of momentum —q (Q? = —¢?),
1y, (k, M) is the (hypothetical) heavy anti-lepton of mass M and momentum k, and v(k, 0)
is a massless lepton of momentum k. We define the kinematics of the process in terms of
the following variables

S:(p—|—7")2%2p'7“,
2 2 2
Ecm_(r_Q) __2Q’T_Q7

where p is the proton momentum. We introduce the following dimensionless variables:

(2.2)

M? E? M? oz
Ty S ) €T S ) zy Egm P ( )
Q? T
= — 2.4
Mg s 24)

In the parton model language z, can be identified with the fraction of momentum of the
lepton with respect to the proton; x with the fraction of momentum of the photon with
respect to the proton; z, with the fraction of momentum of the lepton with respect to the
photon that has created it; z,; with the fraction of momentum of the quark with respect to
the proton; and z with the fraction of momentum of the photon with respect to the quark
that has emitted it.

Summing the two diagrams in figure 1 (left) we obtain the amplitude for this process

i(k+ ¢)

At (r, q, k) = u(k, M)M(—ie’y“)v(k, 0) + u(k, M)(—ie*y“)wv(%, 0), (2.5)

from which, upon integration over the two-body phase space, we obtain the leptonic tensor

L* (r,q) = /[d‘I)Q]A“(T,q,k)A”*(T,q, k), (2.6)

where we have implicitly assumed the sum and averages over the spin of the external

particles. The cross section can then be written as!

4
"= s | G D) o

where W), is the standard hadronic tensor, which, for the scattering of a photon of mo-
mentum ¢ off a proton of momentum p, has the form

_ qudv Fy P qqu P qq
W (p,q) = F1 (g,w + q2> + - <pu T ) (py T > . (2.8)

IThis is as eq. (1) in ref. [1], except for the delta function present there that represents the one-particle
phase space. Here the phase space is included in L.



For ease of notation, here and in the following we will omit the arguments of the structure
functions, which will be always evaluated at (z,;, Q?). We also introduce the longitudinal
structure function
Q?
which is of order O(as) relative to F». We will write our results using F» and Fy, instead of
Fy and Fy. We remind the reader that the term of O(m2/Q?) should be kept, since, even
if it is of higher twist in the structure functions, it leads to leading twist contributions in
the photon and lepton PDFs.
In order to make contact with the results of the LUX papers, using the identity

4x§jm§
Fr=(1+ Fy — 21‘bjF1, (29)

2
/ e (o)5((r — ) — F2) = 1, (2.10)

2T

we rewrite eq. (2.7) as

dEZ, 1 di¢ 1 _,, 5 2
- / . / oy i L O UT W (0, 0) (27— 0)” ~ El), (21)
where now the inner integral matches exactly eq. (1) of ref. [1], provided M? is replaced
everywhere by the invariant mass of the heavy-light leptons system, E2 . Hence we can
use the same phase space as in eq. (3.6) of LUX2 and obtain

1_21mp Egm(lfz

)
dE? 1 1 Fom " dQQ
— cm L;,Ll/ 4 , ) 212
7 / 27 dp-r 1672 B2, /x dz /?gzz oz L UmWa(p.g). - (212)

Note that the variable x defined in the LUX papers as = M?2/S should be replaced here
by z = E2,/S.
For the leptonic tensor, writing explicitly the d®y phase space, we obtain

1 M?

where 6 is the angle between k£ and r in the centre-of-mass (CM) of the scalar-photon
system. The leptonic tensor is gauge invariant, and hence it can be written as

L r . 7" .
L‘u,ll(ra Q) =1y <_gp,1/ + qu;]l/) + =2 (T‘“ — q2q;1,> (TV - q2 sz> s (214)

q r-q q q

where Ly, Ly are functions of z;, Q% and M?.

At this point, we have all the elements to compute L**W,, in terms of the proton
structure functions. The expression obtained is rather lengthy, hence we do not report it
here. We note however that the result simplifies considerably if we only retain the terms
that are relevant to our approximation. It turns out that the expression for L**W,, has
schematically the form

LMW, = FxP(S,M* Q* EZ,,m2)L(E?,

cm?

M?,Q*)+FxR(S, M? Q% E2,,,m?), (2.15)



where P and R are rational functions of their arguments. We have indicated schematically
with I’ the linear dependence of the result upon the structure functions. Furthermore we
have defined

M? (B — M?)Eg,,
+ log
QZ M6
(Eélm + QZ(E(?,m B M2>)(E(?,m B M2 + QZ)

L(E%,, M? Q%) = log —

+ log

(2.16)

The log(M?/Q?) arises in the leptonic tensor from the integral in dcos@. In fact, it is
easy to see that the first diagram in figure 1 (a), in the limit of small Q? has a collinear
divergence when the anti-lepton is produced in the forward direction.

The P and R coefficients can be separated in the following terms:

1. Terms that behave as m% /Q? for small Q2.
2. Terms that do not depend upon Q2.
3. Terms that vanish at small Q2.

The terms of the first item give rise to an integral of the form

dQ?
Qt

multiplying the structure functions, and, in the case of P, by L. Neglecting the mild @Q?

(2.17)

dependence in the structure functions and in L, this integral is dominated by small values

of Q% ~ mg

the contribution proportional to P is of order log M?/ mf) (arising from the L coefficient),

(since the lower limit of integration in eq. (2.12) is proportional to mg) Thus,

while the one proportional to R is of order 1. According to our counting, we would only
need to keep the former, that in our approximation is NLO. However, we will also keep the
latter, that is of order NNLO. The reason for doing this will be clarified in due time.

The terms of the second item give clearly origin to single and double logarithmic
enhancement in the contributions proportional to P, and to single logarithm enhancement
in the contributions proportional to R.

The terms of the third item lead to integrals (dominated by large values of @) that
are of order one, and thus negligible in our approximation. We also notice that the third
logarithm in eq. (2.16) vanishes for small 2, and thus can be neglected for the same reason.
With these simplifications the cross section in eq. (2.12) becomes

dz dQ2
e 27r e dz et
2m2 22 M2(1 —
X {PM(ZZ) Fy <ZP'yq(Z) + Qp2 ) — Fr2? log;QZ%) (2.18)
i

2 9 2m2ax?
P2 [A(z = 2)%20(1 = 2) = 2Paq(2)] + FL2"Per (20) = or 2



where we have introduced the ¢ — ¢ and v — I[ splitting functions

1+(1—2
Pyy(2) = (Z) Po(z0) =1 — 22+ 227 . (2.19)

We stress again that in the above expression the structure functions are evaluated at
(713, Q%). We notice that in the last line of eq. (2.18) there is a term proportional to FT,
that is not multiplied by a large logarithm. Since F7, is down by one power of ag with
respect to Fy, this term leads to a contribution that is subleading in our counting scheme.
However, we keep it, together with the last term, proportional to F3, that is dominated by
small value of Q2. Thus, the only terms that we have dropped in our calculations are those
that are dominated by large value of 2, and yield subleading contributions proportional
to a structure function evaluated at a large scale multiplied by o?.

2.2 The parton model calculation

We now present the result for the computation of the same cross section using a parton
model calculation. The equivalence between the two expressions will allow us to derive a
formula for the lepton PDF in terms of the hadronic structure functions. The details of
the partonic calculation are reported in appendix A. The final result is

o a 1 1
7~ [dositesisse - M)+ 5 [ dof (o)
OB 2 M L
M? 1—z)?
X {ZKPM(Q) [log —5 +log (L= 2) 2’”) } +422(1 — Zg)} , (2.20)
I Zy

where z is now given as a function of x, 2y = M?/E?, = M?/(Sz), and op = .

2.3 Extraction of the lepton PDF

In order to extract the lepton PDF we identify the two expressions for o in eq. (2.18) and
eq. (2.20). We obtain

1
rofolee i) = M /0 da fo(, p2)6(Sx — M?) (2.21)
CM 2 1 2 _ 2
_ (;;F)/ daf (« ){zﬂ%m) [logi\i +1o g(lz;)] +4zg(1—2g)}
dz dQ2
) [ T ey
2m2 22 2(1 — 2
X{P[,Y(Zg) Fy (ZP,yq(Z) + nZ?I;$ ) — FL2’2 logw

9 9 2m 2 32
+Fy [4(2 —2)%2(1 — 2z¢) — zPﬂ,q(z)] + Frz"Ppy(z0) — Q2 T

where we have replaced dzy = zpdz/z, and used z, = M 2 /S. We recall that Fy, Ff, are
evaluated at (x5, Q?), with z,; = 2/2. We now recall the expression for the photon PDF,



eq. (6) of ref. [1]:

o Vdz [ (175 Q% 5,
va(l’) = m(ﬂ%)/m Z{/wlzm% Qg (Q )

— a?(up) 2" Fy(a/ 2, u?)} ; (2.22)

2x2m12) 9
WQ(Z)"F Q2 FQ—ZFL

where the structure functions in the square bracket are evaluated at (z/z, Q?), while in the
last term of the curly bracket Fy is evaluated at (z/z, u2).

We notice that the last term (called “the MS correction” in the LUX papers), when
introduced in the parton model cross section formula, has precisely the form of the terms
that have been neglected in eq. (2.18), i.e. it is of order a? and multiplies a structure
function evaluated at a large scale. We thus neglect it. We also observe that if we replace
the upper limit in the Q? integration in eq. (2.21) with p% /(1 — z) we obtain an equivalent
expression up to subleading terms, since the difference only involves values of Q2 near the
upper limit, and thus again has the form of structure functions evaluated at a large scale
times a? (the explicit logarithm is of order one for these values of ?). Proceeding in this
way, and substituting eq. (2.22) for f,, we obtain

attarsip) = () [ %o [ £ [ @ (2.23)

9 2,2
X{ng(Zg) lOg(l_Z% {FQ <ZP,yq(Z) + TZ_;Qx ) —FLZZ}

+ Fy [4(z — 2)%24(1 — 2z¢) — (14 420(1 — 20))2Pyq(2)]

9 Qm%xQ 2m 2 9
+ Fr2°Ppy(20) — —5— 2 — | F2 — 2°Fp | 4ze(1 — z¢) ¢.

Q? Q2

where we have used z, = M? /S and zy; = xy/x. The structure functions F» and Fj, are
always evaluated at x,; = z/z and Q2.

The above formula has been derived in the massless limit for the physical lepton. As
shown in appendix B, the effect of lepton masses are simply accounted for by replacing

e
— log , (2.24)

(1= z0)z (Q + i 22))
and adding a term propotional to the square of the lepton mass. We thus obtain

zofo(we, uh) = <27r> / / 4 /,@)2 dgjaz(QQ)

1—

13

log ——————
& (1 — Zg)Zng

X {ng(Zg) log MF 2
(1= 20)2 (Q*+ i)

+ P [4(2—2)220(1— 20) — (1 +420(1— 2¢)) 2Pyq(2)]




Q? Q?

m%xz ngl‘Q
2Pyg(2) —8zp(1—2¢) | 1—2— +

9 _2m123:c2 B 2m§x2_ 9 B
+Fr2° Ppy(20) b I 2°Fr | 4z0(1—zp)

m%Fg
m% +Q2%20(1—2)

_ m%FLZ2
mi 4+ Q%z(1—z)

[2 — Pg,y(Zg)] } . (2.25)

This is our final expression for the lepton PDF. It can be evaluated numerically, similarly
to what was done recently for the photon PDF. We observe that, compared to the latter,
the lepton PDF requires one extra integration.

The structure functions F» and Fp, are the only functions in formula (2.25) that are
not known analytically. They depend only upon the two variables z,; and Q2. It is thus
possible to express formula (2.25) as an integral in x,; and Q?, and a third variable, from
which the integrand depends analytically. In appendix C we provide some details regarding
this simplification of the integrand. The integration in the third variable is thus simpler to
perform, either with numerical methods (e.g. using Gaussian integration) or analytically.

2.3.1 Subleading a? terms

In our calculation of the lepton PDF we have kept some subleading terms, that are formally
of order a? (and thus contribute at the NNLO level) but are dominated by values of Q2
that are much lower than the high scale of the process (i.e. M?, u2 or E?

s, that in our

calculation should be considered of the same order). The motivation for doing so is better
illustrated if we examine what we would need to extend the accuracy of our calculation
to include terms of order o. First of all, in the partonic formula, the NLO term should
be evaluated with an f, that is accurate at the NLO level. The only NLO term that we
dropped from f, is the MS subtraction term, that leads to a correction of order o> F,, with
F, evaluated at the scale p2. Next, in the calculation in terms of structure functions we
have dropped all non-singular terms at small Q?. These terms are dominated by values of
Q? of the order of the high scales and thus have the form of a structure function at large

scale times o2

. Furthermore, we have dropped terms having to do with the upper limit
of the )? integration that also have the form a?F, /1~ Finally, we should add the higher-
order graphs to the parton model formula. The only missing graph that can contribute
at NNLO is the collision of the massless scalar with a quark, producing a heavy lepton
and the light (physical) antilepton. This graph is of order a?, and it multiplies a quark
parton density evaluated at a scale Q2. Thus, the only contributions of higher order that
we have omitted have the form o? multiplied by some parton densities evaluated at a high
scale. Under these circumstances, it makes sense to estimate the uncertainty due to missing
higher order terms by scale variation methods. These in fact only involve changes in the
region of Q? ~ p2. The subleading terms that we have included, on the other hand, all
involve values of Q? < p2. Thus, they have little sensitivity to the value of up. One can
easily check, by taking a logarithmic derivative of our lepton PDF with respect to 2, that

~10 -



their pp dependence is either power suppressed (as is the case for the terms suppressed by
myp or by the lepton mass) or is of order aay (as is the case for the Fy, terms). Thus, they
do not influence the scale dependence of the result, and, if we don’t include them, scale
variation cannot be used to assess their order of magnitude, and we would have to estimate
the error associated with their absence in some different way. On the other hand, we can
easily include all of them, and do not need to worry about the error due to their absence.

As a further observation to confirm the soundness of this procedure, we notice that as
we go to higher orders, no more terms of this kind arise in either the calculation in terms of
structure functions, or in the partonic calculation. This being the case, these terms should
be process independent, since parton density functions are process independent. This is
apparent if we look at the terms proportional to powers of the lepton masses. They are
characterized by configurations with small Q? for the photon, and small virtuality of the
lepton arising from the photon splitting. Configurations of this kind factorize in terms of
the Born scalar-lepton cross section, that we divide out to obtain the lepton PDF. Thus,
their contribution does not depend upon the process. For the remaining terms, they are
still dominated by small @2, but the lepton arising from photon splitting may have both
large and small virtuality. On the other hand, terms of this kind arise in the partonic cross
section carried out up to the NLO level, and their combination with the direct calculation
should yield a result that is again process independent, and only dependent upon the
adopted subtraction procedure.

2.4 Verifying the Altarelli-Parisi evolution

The lepton PDF given in formula (2.25) must satisfy the Altarelli-Parisi equation [5]. Given
that eq. (2.25) includes accurately terms of order o?L? and o?L, where L = log(uz/A),
its logarithmic derivative must contain accurately terms of order a>L and o?. Taking the
derivative of formula (2.25) we obtain

Oy fo(ze, pf) dz 1% aQ? ,
~ dlogpd <27r> / / /g o7 @ (@) (2.26)

2m2x2 9

XPZ’y(Z[) F2 ZP/yq(Z) + Q2 — FLZ

+Fy[4(z — 2)%20(1 — 2g) — (1 4 42,(1 — ze))szq(z)]},

where in the first term we have taken a derivative with respect to the explicit u% dependence
of the logarithm, while in the second term we have taken a derivative with respect to the
upper limit of the integration. In doing so we have neglected terms of order m? /u? that
arise in the argument of the logarithm, and we have replaced

o? (&) = o’ (u3) + 0(a?), (2.27)
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and neglected the higher-order terms. In the first term of eq. (2.26), the z integral cor-
responds to the LUX expression of the photon parton density (eq. (2.22)), except that it
does not include the term outside the Q? integral (this was referred to as the MS correction
in the LUX papers). We can thus replace this expression with the photon parton density,
adding a term to compensate for the lack of the MS correction. We get

) 1
8acgfg(xg,2,uF) = ( >/ —zePh 2p) [va(l’)-i- a(Z'leF)/ dZZFQ]

Blog 1%
( > / dar / dz{ [pm (2) log (f_ze))zz] 2Py (2)

+HA(z — 2)220(1 — 20) — (1 + 420(1 — 2))2Pyq(2)] }Fg

_ (agﬂ v ] % Py (20) Iy )

+Pg7(Zg)Z2 + [A4(z — 2)22g(1 —20) — (1 +420(1 — 2¢))2Pyq(2)] }Fg,

where in the second equality we have transferred the subtracted MS correction to the
second term. We now rewrite the integral of the second term as

Vdz [t dz 1 Ldz 1 dz T
) — = dxbj ) 7(5 xbj — 7)
Ty x z < 0 Ty x
Vday,;, [1dx
= / ) / / dacbj/ — (2.28)
ze Tbj Ja, a2 e T

Thj

where now = = z,;, and replace Fy with

Fy =1y cife (2.29)
Defining £ = x¢/x;, we find
0 ) 2 1d N
Jgffgg,f - / Lot ed)+ (52 | Z gf{ ~(1+§)log’¢
86° +156+3 1—€)(28€2 +£+10
+<€3€+>10g5+< o) 55 £+ >}chfq (o) . (230

The expression in the curly bracket is equal to the function ps(£) in eq. (60) of ref. [7],
that enters the Py, splitting function. We stress that, in our case, this term is of order
1/L relative to the first term. In fact, fy is of order oL, so that the first term is of order
a?L, while the second term is of order a?, since fq is of order 1 in our counting scheme.
Of course there are other terms of order o in the second order QED evolution, but they
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multiply either f, or f, and are thus subleading in our counting scheme. We also remind
the reader that our expression for the lepton PDF does not include terms of order o®L?3,
that, if present, would give rise to the term

a(2) / da )
— —P 2.31
or ). @ u(ze) fe (@, 1) (2.31)
on the right-hand side of eq. (2.30). This term is of order a®L? in our counting scheme (f;
is of order a?L?). Since we assume L2 to be of order «, this amounts to a NLO correction
to the evolution that should be present.

3 Theoretical error due to missing higher-order effects

In order to estimate the theoretical error due to missing higher-order effects, we parallel
the method proposed in LUX2. There, the upper limit in the Q? integration yielding the
LUX photon parton density was modified using a generic z-dependent form M?(z) (see
section 9.1 in LUX2). This modification was compensated by a corresponding modification
of the MS conversion term. As we will discuss in the following section, our determination
of the lepton densities is performed together with a determination of the photon density.
We thus apply the same method to our lepton-density formula eq. (2.25), replacing the
upper integration limit z2 /(1 — z) with M?(2). In the lepton case, this variation is already
of one order above our target accuracy, and does not give rise to any modification of the
MS conversion term. Thus, following LUX2, we consider two forms for M?(z)

M?(z) = NMZ and  M?(z) = 2, (3.1)

and take uy to be a multiple of up, to be varied by a factor of two above and below py.
The corresponding range of results is our estimate for the theoretical error due to missing
higher-order effects.

4 Construction of a PDF set with leptons

We now illustrate our construction of a PDF set including photons and leptons. This set is
based upon the NNPDF31 nlo_as_0118_luxqged set of ref. [6], and will be made available as
an LHAPDF set under the name LUX1ep-NNPDF31 nlo_as_0118_luxqed. Here we refer to
it simply as the LUX1ep set. For brevity, in the following, we will also refer to the NNPDF
set upon which it is based as the NNPDF set.

The construction of a PDF set with leptons relies upon electroproduction data, both
for the elastic and the inelastic case. The same data and fits used in the LUX papers (see
refs. [8-16]) are used here.

We constructed a PDF set with leptons starting from the NNPDF set. For better con-
sistency, we generate the photon ourselves using the LUX approach. We implemented our
formula for the leptons, eq. (2.25), by suitably extending the computer code developed for
the LUX papers.
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We proceeded as follows.

1. We compute the lepton and photon densities at a reference scale uy (our central
value will be pp = 20 GeV), using formula 2.25, as a function of the electromagnetic
structure functions and form factors. The structure functions in the perturbative
regime are evaluated using a member m of the NNPDF set.

2. We take the member m at a reference scale 1,4 and evolve it to pp using Hoppet [17].
The photon evolution is included at order a and aag, but leptons are not included
in any splitting function. This evolution step matches what is done in the NNPDF
set, where leptons where simply not included. We do this step ourselves for better
stability of the results.

We did not take p,q4 equal to the initial NNPDF evolution scale M;O) = 1.65GeV in
order to avoid an excessive sensitivity to the evolution implementation in NNPDF.
In fact, we want to use Hoppet for the evolution, and eventual subleading differences
with the evolution implemented in NNPDF would manifest themselves especially
at low scales, where lower and higher-orders effects become closer in size. On the
other hand, we cannot take p,q arbitrarily large, since the backward evolution of the
Altarelli-Parisi equations is unstable, and generates unphysical oscillations. We have
found that the choice p,4s = 7GeV is a good compromise, since it allows to evolve
the set backward down to a value of ,ugo) = 2GeV without visible oscillations, and
since the value of the coloured parton densities at larger scales are still consistent

with those of NNPDF.2

3. In the NNPDF set evaluated at the scale uy, we replace the photon density with the
one we computed, and add our computed leptons densities.

4. Using Hoppet, we evolve the set so obtained down to the initial scale ,u](FO). This step

of evolution includes the QED splitting functions at order oo and aa, excluding those
involving a lepton radiating a photon. We do this because in our calculation of the
lepton PDFs, photon radiation from leptons (that is of order a®L? in our counting
scheme) is not included, while, in our approximation, it should be (see the discussion
in the introduction of section 2). We implement this radiation by evolving the lepton
density from the scale uﬁP) using the full QED evolution. In order to do this we
need the lepton densities at the low scale, and we obtain them with the procedure
we just outlined. Notice that we cannot compute the lepton densities directly at
a low scale, because, at low scales, our calculation is not guaranteed to satisfy the
Altarelli-Parisi equation due to the power suppressed effects it includes. We thus
perform the computation at a scale that is large enough for power suppressed effects
to be negligible, and use the QED evolution (without lepton radiation, since this is
not included in our calculation) to produce a partonic lepton density (free from power
suppressed effects) at the low scale.

2We stress that this is a technical problem related to our use of an evolution code that is different from
the one used in the original PDF set.
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In addition, we also added to Hoppet the splitting function Pj,, which is of order
a?, and included its effects at this step. Notice that the inclusion of the Py, split-
ting function is mandatory to preserve our accuracy. In fact, as already stated in
section 2.4, P, contributes at the NLO level to the evolution of the lepton densities,
since it multiplies directly a quark density, that it is of order one in our counting
scheme. The leading term in the evolution is of order « times a photon density (that
is of order a/a) and is thus of order a?/a,. Thus the P, contribution, of order a?,

is down by a single power of a with respect to the dominant term.

5. Starting with the set at the low scale obtained in this way, we generate the PDFs at
any scales using Hoppet with full o and aa; plus P, evolution including leptons.

3 contribution

The procedure of item 4 can be avoided by evaluating directly the oL
arising from lepton electromagnetic radiation. This calculation is illustrated (and compared
with the method of item 4) in appendix D. In the appendix it is also shown that this effect
is small, relative to the NLO effects (of order a?L) that are included in our formula (2.25).
Thus, the rule @ ~ a? that we have adopted in our counting seems to be quite conservative,
and omitting the a3L3 would only lead to a minor error.

The procedure illustrated in items 1 to 5 is applied to all members of the PDF set.
Furthermore we also apply it to the central (m = 0) set modified with the addition of
the uncertainty variations described in LUX2 in section 10.2, labelled as (EFIT), (EUN),

(RES), (R), (M), (PDF), (T) and (HO). We briefly summarize their meaning.

(EFIT) The uncertainty on the elastic contribution induced by the fit of the form factors [8, 9],
as was done in LUX2.

(EUN) The uncertainty that comes from replacing the fit to the elastic form factors [8]
including polarisation data with the fit with only unpolarised data, as in LUX2.

(RES) We replace the CLAS resonance-region fit [11] with the Christy-Bosted fit [12], as
in LUX2.

(R) A modification of R (the ratio of the longitudinal to the transverse electroproduction
cross section) by £50% around its central value, as in LUX2.

(M) A modification of the Q3 scale which governs the transition from fitted data for
F5 and Fp, to a PDF-based evaluation, as in LUX2.

(PDF) The input PDF uncertainties for Q% > Q% according to the default prescription
for NNPDF, as described in the following.

(T) A twist-4 modification of Fr, as in LUX2.
(HO) An estimate of missing higher-order effects, as described in the following.

For the higher-order uncertainties (HO) we cannot use the method described in LUX2,
since we did not perform an NNLO calculation of the lepton densities. We thus consider the
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scale variations described in section 3 with the following five choices: M?(2) = u2,/(1— 2),
with py = 24, ir /2, plus M?(z) = p, with py = 2ur, pte, pir /2, and then take the largest
deviation from the central set (in absolute value) as further uncertainty variation. We now
must implement our variations in a way that is consistent with the meaning of the NNPDF
members, i.e. as replicas. We have used the following approach. We assume that each of our
variation, suitably symmetrized, corresponds to a Gaussian error, with variance equal to
the variation itself. Thus, for the generic member m of the NNPDF set (excluding m = 0,
i.e. the central one), for flavour 7 and given x and uy values, we compute the correction

U fz‘(O)' (z, pr) — fz‘(o) (@, 18)
_Z;O)f@@u) 1 (@ ) % R(m, ), (4.1)
j= i \OPE

where fl-(m) stands for the density of parton ¢ in the member m, and ffZ% stands for the
same member evaluated according to the j' variation among the seven possibilities (EFIT),
(EUN), (RES), (R), (M), (T) and (HO) mentioned earlier. R(m,j) is a Gaussian random
number (depending only upon the set and the variation kind) with zero average value and
unit variance. We then redefine

N,
m m 1 =
@) = £ (o) + AT (@) = 7 AP (@ ), (4.2)
rep k=1

where N,¢p, is the total number of replicas (100 in the set we are considering). Eq. (4.2) guar-
antees that the average of all replicas remains the same, i.e. equal to the central member.

We have chosen to compute the lepton and photon PDFs at the initial scale @ =
20 GeV. We do not add an error associated with this choice, since it is much smaller than
our estimate of the error due to higher-order perturbative effects. In particular, choosing
the much higher value Q = 100 GeV, we get a variation of the electron density at 100 GeV
below 0.5% across the whole = range.

5 Validation

We illustrate now how our sources of uncertainties affect the lepton densities. First of all,
however, we want to show that the photon PDF, that we compute here using the NLO
LUX approach in conjunction with the NNPDF set, has uncertainties that are consistent
with what we found in the original LUX papers. The errors are reported in figure 2 at
the reference scale ;. = 100 GeV. The PDF uncertainty is obtained with the usual method
required by PDF sets with Vi replicas. One defines

SN @, ) — £ (2, p))?

Ai(.ﬁU, /’L) = N ’
rep

(5.1)

by summing in quadrature the deviation of the photon density of each replica with respect
to the central set, dividing the sum by the number of replicas, and then taking the square
root. We see that this figure compares well with figure 15 of LUX2, the only marked
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Figure 2. The relative uncertainties on the photon density, stacked linearly. The various entries
are explained in the text. The black line is the sum in quadrature of all uncertainties.

difference being the size of the HO uncertainty, that is much smaller there. On the other
hand, this difference is justified if we look at figure 13 of the same reference, where both the
uncertainty bands of the NLO and NNLO computation of the photon density are illustrated.

In figure 3 we show the uncertainties for the electron, the muon and the tau at the
same reference scale. We see that the uncertainties are in line with those of the photon
PDF illustrated in figure 2, except for the error due to HO effects, that seems larger for
leptons, and slightly larger for larger lepton masses.

We now turn to the validation of the LUX1ep set. In order to test the consistency of
our evolution machinery, we checked that the QCD partons are consistent within errors in
the LUX1ep and NNPDF sets. In figure 4 we show the comparison for the down quark and the
gluon density. The central values and the uncertainty bands nicely overlap in the central
x-region. We observe the largest deviation in the gluon case, where the central value is
displaced by roughly 1% at = = 10~2, with the NNPDF central value touching the edge of the
LUX1lep band. We stress that these differences are mostly due to our use of an evolution
code that differs from the one used in the NNPDF set. The influence of the inclusion of
leptons on the distribution of coloured partons is instead negligible, and in particular gives
a negligible contribution to the total proton momentum (we find a momentum sum equal
to 1.00065 at pp = 100 GeV). We thus, at variance with the LUX papers, did not apply
any correction to restore the momentum sum rule.

In figure 5 we compare the photon densities in the LUXlep set and in NNPDF sets. We
find a reasonable agreement, with the two uncertainty bands nicely overlapping within few
percents. The LUX1lep band is larger since for consistency we recompute the photon PDF
with the LUX approach at NLO while in the NNPDF set it was obtained at NNLO. This
difference explains also the small deviation of the central values in the central- and high-x
region, with NNPDF being bigger.
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Figure 3. As in figure 2 for the electron (top left), for the muon (top right) and for the tau
(bottom).
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Figure 4. The full uncertainty band of the quark down (left) and gluon (right) densities in the
LUX1lep and in the NNPDF sets, normalized to the central value of LUX1ep. The uncertainty band is
obtained with the standard procedure that is adopted with replicas.
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Figure 5. The full uncertainty band of the photon density in the LUX1ep and in the NNPDF sets,
normalized to the central value of LUXlep. The uncertainty band is obtained with the standard
procedure that is adopted with replicas.

We conclude this section discussing the impact of the P}, splitting in the evolution of
the lepton densities. We compare, for different scale choices, the lepton densities directly
computed with the LUX approach, with the ones obtained by using the LUX approach
at a fixed reference scale (chosen to be as before u? = 400 GeV?), and then evolving
with Hoppet [17] at arbitrary scales. To be consistent with our computation of the lep-
ton densities, we turn off the photon emission from leptons. We consider two evolution
options: “without-F),” which does not include the quark-to-lepton splitting and “with-
P,;” which does. In figure 6 we report the results for the electron densities at the scales
p? = 10000 GeV? and p? = 50 GeV?2. These plots clearly show the relevance of the inclusion
of the P, splitting, which is crucial to achieve the NLO accuracy. The effects are especially
large in the small-z region where the P, splitting gets logarithmic enhanced contributions
(see eq. (2.30)) and the omission of the P}, splitting would lead to deviations of order 10%
for the scales considered.

In ref. [18] a study of lepton PDFs was performed, and a PDF set with lepton was
obtained. This study was carried out before the LUX procedure was available. Large
variations were found there depending upon the assumptions on the initial conditions for
the photon and lepton densities. Nevertheless, at large factorization scales, these studies
should capture at least the order of magnitude of the lepton and photon densities, since they
are prevalently generated by perturbative radiation. We have compared our set with the
set of ref. [18], and have found that indeed they are compatible in order of magnitude, with
differences that range from 10% in the small-z region, up to 50% for large x. These findings
are in line with the fact that there is a contribution to the large-x photon PDF coming from
the low Q? region (see figure 18 of LUX2) that amounts to about 50% of the total, and can
only be computed with reliable accuracy by exploiting the electron scattering data as we do.
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Figure 6. Impact of the P}, splitting function in the evolution of the electron density. The
reference curve (black line) is the lepton PDF as directly computed at the given scale u? with
the LUX approach. The other two curves are obtained by starting with the lepton PDF directly
computed at the reference scale with the LUX approach, and then evolved either turning off (red
curve) or turning on (blue curve) the P, splitting. We show results both for the forward evolution at
the scale u? = 10000 GeV? (left panel) and for the backward evolution, 2 = 50 GeV? (right panel).

6 Phenomenology

The precise determination of the leptonic content of the proton allows us to consider the
LHC also as either a (broad band beams) high energy lepton-(quark/gluon) or a lepton-
lepton collider, even including muons and taus in the initial state, which are beyond the
current collider accelerator technology. In the next subsections, after a brief illustration of
the associated luminosities, we present some physically motivated applications of lepton-
initiated processes at the LHC.

6.1 Lepton luminosities

We begin by showing in figure 7 the luminosities, defined as

1
Lig = M [ dedy e MP); (9. M7) 502% = s2)
0
 M? [dz o, (M?
=5 7fl(zaM )f] (zs’M) ) (6'1)

that we computed for pp collisions at 13 TeV (left), 27 TeV (middle) and 100 TeV (right)
using the LUX1lep set. The error bands are obtained with the standard method used for
PDFs with replicas. In particular we show lepton-gluon (lg, purple, £;- gt Eglf), lepton-
up (lu, orange, L;-, + L,;-) lepton-photon (lv, green, £;-, + L.,;~) and lepton-lepton
(i1, blue, L+, + L£;-;+) luminosities. As a reference, we also show the photon-photon
luminosity (y7, red, £+). In the upper panels we only show the central values, since the
uncertainty band is too small to be appreciated. In the two bottom panels we show the
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Figure 7. The lepton-gluon (g, purple), photon-photon (y7, red), lepton-up (lu, orange), lepton-
photon (I, green), and lepton-lepton (II, blue) luminosities at 13 TeV (left), 27 TeV (center) and
100 TeV (right) in pp collisions (as defined in the text) in the case of the electron, computed using
the LUX1lep set. Differences with respect to the muon or tau case cannot be appreciated on the
scale of the plot.

relative uncertainties, obtained with the usual prescription adopted in sets with replicas
(see section 4 and 5). The uncertainties are all very similar and below 5% over a large
range of M. Only for very high masses (M//s = 0.3) the uncertainties exceed 5%. In
the case of the lu and lg luminosities it is clear that the uncertainty is dominated by the
uncertainty on the QCD partons. If we compare the Il and [u luminosities we note that the
former is suppressed by a factor of about 8- 10% with respect to the latter. Similarly the
Iy luminosity is suppressed by a factor of about 200-300 with respect to the v+ luminosity.

Next we show in figure 8 the ratio of the luminosities involving taus and muons to
the ones involving electrons plotted in figure 7. As expected, the luminosities of heavier
leptons are of the same order of magnitude as the ones involving electrons, but they are
somewhat suppressed, in particular at lower masses.

6.2 NLO corrections

We remark that, in order to exploit the accuracy of our lepton PDFs, NLO calculations
of the lepton-initiated processes are needed. In general, these will involve processes where
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Figure 8. The ratio of the lepton-gluon (lg, purple), photon-photon (v, red), lepton-up (lu,
orange), lepton-photon (I, green), and lepton-lepton (I, blue) luminosities involving muons (upper
panels) or taus (bottom panels) to the same luminosities involving electrons, at 13 TeV (left), 27 TeV
(center) and 100 TeV (right).

incoming leptons are replaced by incoming photons splitting into a lepton pair,® where
the associated collinear singularity is subtracted. These subprocesses are suppressed by
a single power of L, i.e. the logarithm of the ratio of the process scale to some typical
hadronic scale. This is because the photon PDF is larger than the lepton PDF by a factor
1/(La), and the NLO correction carries an extra factor of a and no large logarithms (since
the collinear divergence has been subtracted). In the following applications, that are given
for illustrative purposes, these higher-order corrections are not included.

We can expect that, at the LHC, lepton-initiated processes may become competitive
with other production mechanisms for the search of New Physics objects that have a
preferential coupling to leptons. Since the New Physics objects we are searching for are
expected in general to be very massive, one may also worry about the fact that our lepton
PDF's are computed including a photon exchange, but no Z exchange diagrams. A back of
the envelope estimate of these effects would lead to an increase of the lepton PDF's of the
order of 5% at TeV scales. On the other hand, our definition of the lepton PDFs without
Z contributions can consistently be used, as long as Z exchange effects are included as
higher-order corrections, that, due to the Z mass, do not present collinear singularities.

3We stress that these processes are not of higher order in QED, as one may naively think. Thus, we
expect them to be of the same order as typical NLO QCD corrections.
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Table 1. Standard Model production cross sections for same sign and opposite sign leptons of
different flavours at 13 and 27 TeV. The uncertainty is obtained by varying the central factorization
scale, set to the lepton transverse momentum, by a factor of 2 up and down.

Thus, the effect of the inclusion of Z exchange should be considered together with the
inclusion of NLO effects, that we are neglecting in the following examples.

6.3 Lepton-lepton scattering

Signatures that at the LHC have been considered exotic so far, and important to test
flavour violating interactions, are two isolated, back-to-back leptons of different flavours
with the same or with opposite charge (see e.g. refs. [19-22]). Since our parton densities
now include lepton PDFs, we are in a position to estimate the Standard Model (SM)
contribution to these signatures coming from ¢¢' — (¢’ scattering mediated by a photon.
These SM processes are accompanied by no other significant activity in the event.

We consider here both 13 and 27 TeV collisions and require standard transverse mo-
mentum and rapidity cuts on the leptons,

pre > 20GeV Ine| < 2.4. (6.2)

Since the processes we are considering are dominated by a photon exchange in the t-
channel, we set the factorization scale to the lepton transverse momentum, and estimate
the uncertainty on the cross sections by varying the factorization scale by a factor of 2 up
and down. In table 1 we give cross sections for the hard scattering among different lepton
flavours for both 13 and 27 TeV proton-proton collisions. Rates for charged-conjugated
processes are identical. The large errors are due to the fact that the results that we present
here are only LLO accurate, but the calculation can be easily carried out at NLO order in
QCD. One can see that at the end of the High Luminosity program, with an estimated
integrated luminosity of 3 ab™!, about 850 et ~, 550 et7~ and 500 p 7~ will be produced
and pass our basic lepton cuts. At 27 TeV the cross-sections are almost a factor two higher,
and the luminosity is a factor of five higher, so that we expect roughly 10 times more events.
The dominant SM background for same sign leptons comes from W*TW™* (or W~W ™) plus
dijet production. For example, the fully inclusive leading order cross section for WTW,
with the W-bosons decaying into a single lepton species is about 443 fb at 13 TeV. However,
if one requires that the leptons pass the cuts of eq. (6.2), vetoes on jets with p; ; > 20 GeV,
requires a missing transverse momentum less than pimiss = 15GeV and further requires
the two leptons to be balanced in transverse momentum and back to back

|6, + D g, |
max{pt,él ) pt,fz }

< 0.1, ’A¢glg2 — 7T’ < 0.1, (63)
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then the background coming from WTW™ decays reduces to about 0.1 ab. This means
that not a single event is expected to pass the cuts even at the end of the HL-LHC program.
These additional cuts have instead no effect on the cross-sections quoted above.

Besides same sign W pairs, one should also consider the very abundant background
coming from heavy flavour production (c and b flavoured hadrons) that decay leptonically.
In order to get rid of these backgrounds, it is crucial to estimate to what extent one can
veto events for additional hadronic activity, that is bound to be much smaller for lepton-
initiated processes. This requires the availability of a shower Monte Carlo that can handle
incoming leptons.

6.4 Z' searches

As a second application of our lepton PDFs we consider here the production of Z’-bosons.
Here we make the very generic assumption that we have a flavour diagonal Z’ that couples
only to leptons. Simple models that can account for that have been put forward in the
literature [23]. The resonance cross section is given by

(E) = 2J +1 4m I?
T T 251+ 1)@sa+ 1) K2 A(E — M2+ T

_B\Bs, (6.4)

where J is the spin of the resonance, s; and ss are the spins of the incoming particles,
k= FE/2, E, M and I" are the energy, mass and width of the resonance, and B;, By are
the branching fractions of the resonance into the initial and final state. In our case

o(E) 1271’[ I

T E? 4(E—M)2+F2]BlBQ' (6:5)

In the narrow width limit we have

I2 r
[4(E my vavn r?] ~ w3 8(E — M). (6.6)

The hadronic cross section is then

12727
M

o= BlBg/dTﬁ(T, ST) (6.7)

M? 127°T
5(sT — M?) = B\BoL. < M) Uy

s Ms
In the following we consider, for reference, a Z’ that couples vectorially only to muons and
taus (and to the corresponding left-handed neutrinos), that is the least constrained in the
model of ref. [23], and consider the utu~ final state. In this case, we have By = By = 1/3,
and the production proceeds from both x*p~ and 777~ annihilation. The width is given by

g2
I'==—M. .
pm (6.8)

We now give a very rough estimate of the production rate and significance of the cor-
responding signal, assuming an irreducible Drell-Yan background. For the muon energy
resolution we interpolate the measured points illustrated in figure 9 of ref. [24], and the
reconstruction efficiency times the acceptance was obtained by a rough interpolation of
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LHC@13 TeV, 300 fb!

LHC®14 TeV, 3 ab'L LHC@27 TeV, 15 ab’!

0.2 025 03 035 04 02 03 04 05 06 07 08 02040608 1 121416 18
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Figure 9. Number of events (upper plots) and significance (lower plots) for the production of a
Z' coupled only to muons and taus, and decaying into muons, in the mass-coupling plane (M, g)
in proton-proton collisions at 13 TeV with 300 fb~" (left), 14 TeV with 3ab™" (center) and 27 TeV
with 15ab~! (right) of integrated luminosity. The contours corresponding to 1, 10, 102, 10* and
10* events are shown in black in the upper plots, and the 2-, 3- and 5-sigma contours are shown in
the lower plots. The region above the red line, corresponding to Mz = g x 540 GeV, is excluded
by neutrino trident production.

figure 2 of ref. [25]. The significance plot for such an object is shown in figure 9 (bottom
panels), while the upper panels show the number of expected events. The plots were ob-
tained in the following way. For each Z’ mass we compute the number of signal events
falling in a bin centered around My, with a size by, = /T2 +1r2M %,, where r is the muon
pr resolution. We use formula (6.7) for the cross section, multiplied by a reduction factor
2arctan(b,, /T") /7, to account for the loss on the sides of the Lorentzian peak, and by the
reconstruction efficiency times the acceptance. We compute the Drell-Yan background us-
ing the code of ref. [26], and integrate the cross section in the given bin, multiplying also by
the reconstruction efficiency times the acceptance factor that we used for the signal. The
significance is taken as the ratio of the number of signal events to the square root of the
number of background events. Comparing our exclusion plot with figure 2 of ref. [27] (for
a direct limit see [28]), we see that in the case of current and High Luminosity LHC oper-
ation no relevant limit is found that is better than the one coming from neutrino trident
production of muon pairs, that (according to refs. [27, 29]) yields My /g 2 540 GeV, and
is represented by the region above the red line in the lower plots of figure 9. In the case of
the 27 TeV LHC, our method can yield exclusions of regions that are still unexplored.
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In the present study we have considered the Drell-Yan background as irreducible. This
may not be the case, since the hadronic activity accompanying a leptonic collision is much
smaller than the one accompanying coloured parton collisions. At the moment, we do not
know of any Parton Shower generator that can reliably generate the initial state radiation
from leptonic collisions, although there are no serious obstacles to the implementation of
such effects [30]. It is however easy to estimate their size. The hardest radiation accompa-
nying an initial state lepton is another lepton, with average transverse momentum given by

7 g,

_ pr T _

<pT> - M, dpr - M, MZ’ . (69)
Ja o log =%

A hadronic emission will happen only as next-to-hardest radiation, and thus it will be
suppressed by two powers of the logarithm. We emphasize also that in our case, roughly
50% of the time the hardest radiation will be a 7, that may decay hadronically. The tau
will give rise to a very collimated jet. Thus, in around 50% plus 50 x 0.35% of the cases the
hardest accompanying radiation is leptonic, but also in the remaining fraction of hadronic
tau decays one may be able to reconstruct the tau by requiring a very narrow jet. So, even
if at the moment the effect of a jet or hadronic veto on the efficiency of the signal selection
cannot be estimated reliably with a Monte Carlo, we have good reasons to believe that it
may yield a considerable reduction of the background.

6.5 Doubly charged Higgs production

From figure 9, we see that it is the large Drell-Yan background, rather than the lack of
signal events, that limits the reach for the detection of a Z’. This suggests that we should
turn to signals that are essentially background free. Opposite-sign leptons of different
flavours suffer for the presence of a large W+ W™~ background, while same-sign leptons
may be considered to be essentially background free.

The production and decay of a doubly charged Higgs H** via lepton-lepton colli-
sions may give a relevant signal for large enough values of the coupling. Such an exotic
particle usually arises in extensions of the Standard Model which aim to accommodate
neutrino masses. For example, in the context of a type-II see-saw mechanism [31-34], a
(non-renormalizable) dimension-5 operator added to the Standard Model Lagrangian that
can give rise to a Majorana mass term for the neutrino, can be effectively generated by
renormalizable interactions with a triplet of scalar particles with SU(2)y x U(1)y quantum
numbers (3,2). The triplet comprises a doubly charged H**, a single charged H* and a
neutral component HY.

The doubly charged state can couple both to leptons and to W bosons. Therefore,
its main production mechanisms are the pair production via an s-channel intermediate Z
boson or photon, and the associated production with a singly charged Higgs H*. Various
experimental searches have been carried out by both the ATLAS [20] and CMS [35] collab-
orations focusing on multi-lepton final states. Typically, these searches assume a scenario
in which the doubly charged Higgs decays predominantly into leptons, assuming that the
coupling to the W bosons is negligible. The background is usually small since events with
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Figure 10. Number of events for the productions of doubly charged Higgs production. The solid
line correspond to 2, 3, 5, 10, 20 and 50 events. The thin red lines represent the projected limits
from using H**-pair production [36] at 139fb~!, 3 ab~! and 15 ab™! for the current LHC, the
High Luminosity and the High Energy upgrades respectively.

two prompt and well isolated leptons with the same electric charge are produced very rarely
by Standard Model processes. A bump search is performed for a narrow resonance in the
same-sign lepton pair invariant mass, which allows to put constraints on the lower value of
the mass of the doubly charged Higgs. The current limits exclude a doubly charged Higgs
with mass Mp++ < 800 GeV at 95% CL. These searches are insensitive to the coupling
between the H** and the leptons, and only the leptonic branching ratios matter, provided
the coupling is large enough for the decay to occur inside the fiducial volume of the detector.

We consider here the direct resonant production of a single H** from lepton-lepton
annihilation, whose rate is proportional to the square of the y;,;, Yukawa coupling. This is
complementary to the searches mentioned earlier. We observe that this search strategy for
the signal is analogous to the previous study on the Z’, so that we can effectively apply the
same procedure. At variance with that case, the Standard Model background is drastically
reduced, and we assume here that the process is essentially background free. The signal
signature is indeed given by a pair of same-sign leptons with no missing energy and very
limited activity in the event. We consider, for concreteness, a H¥* that couples only to
muons. In figure 10 we plot the number of detected events in the [M(H*%), y,,]-plane.
We don’t consider the mass region below 0.8 TeV, that has already been ruled out by
ATLAS and CMS [20, 35]. Projections to higher luminosities of these analyses have been
given in ref. [36], and are reported in the figure. From the plot, we see that at the present
LHC with 300fb~! a few events will be available for masses above the projected exclusion
limit of ref. [36], that corresponds to 1.168 TeV at 139 fb~!. The same is true at the High
Luminosity LHC, where the projected limit is 2.276 TeV, and at the High Energy LHC,
where the projected limit is 4.56 TeV. We thus conclude that, for sufficiently large coupling,
the s-channel production of a doubly charged Higgs may have a mass reach comparable to
analyses relying upon pair production.
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6.6 Single leptoquark searches

Leptoquarks (LQs) are hypothetical particles which couple a quark to a lepton at the tree
level. They can be either scalar or vector fields and are coloured under the Standard Model
SU(3) colour group. They arise in several extensions of the Standard Model and provide an
appealing explanation for tensions in flavour physics. For a review of the various aspects
of the LQ physics we refer to the refs. [37-40].

As an illustrative model, we consider a chiral Ry LQ of charge 5/3 (following the
nomenclature in ref. [41]), which couples to the conjugate of the left charged leptons to right
u-type quarks. A summary of LQ searches based on both single and pair LQ production
can be found in [42]. According to this analysis, based on 36 fb~! data at 13 TeV, the point
mrg = 2TeV, ye, = 0.3 in the mass-Yukawa coupling parameter space is still allowed for
a LQ which couples only to the quark up and the positron.* For the case of a LQ which
couples only to the quark up and the muon and for the same value of the L(Q mass, slightly
larger couplings remain unconstrained, as for example y,, = 0.5. In the following, we
consider these two points as our benchmark scenarios. As for the width, we assume it is
dominated by the 2-body decay and it is given by

2

qu
I'ro=—m 6.10
LQ 167[' L@ ( )

neglecting all fermion masses.

Leptoquarks can be searched for via the s channel process £ + ¢ — ¢ + ¢, where both
the lepton and the quark arise as partons in the proton beams. Having at our disposal
a precise determination of the lepton densities, we can investigate the sensitivity reach of

> Here, we consider the two subprocesses e™ +u — eT 4+ u

this production mechanism.
and pt +u — p + u separately. As for the background, we assume as main source the
associated production of a jet and a W boson decaying leptonically. We require that the
lepton and the jet are both central, |n| < 2.5, and with transverse-momentum larger than
500 GeV. Furthermore, since the signal is a lepton+jet system balanced in the transverse
plane, for the background estimate we veto missing transverse-momentum associated to
the neutrino larger than 50 GeV.

In figures 11 and 12 we plot the invariant mass of the lepton—+jet system and the
charged lepton transverse-momentum distributions produced in pp collisions at 13 TeV for
the positron-up and the antimuon-up processes respectively. A good sensitivity to the LQ
is reached with clear peaks in both distributions.

For a more quantitative and immediate comparison to ref. [42], in table 2 we report
the cross sections and the number of expected events in the lepton+jet mass window
1950 GeV < my; < 2050 GeV corresponding to an integrated luminosity of 36 fb~!. Our
finding is that the signal-to-background ratio S/ VB is very good, about 6.2 and 16 for the
electron-up and the muon-up processes respectively. From this preliminary analysis, the

Tt is not excluded even if one considers the more stringent bounds coming from the recast of the
experimental results on the measurement of the weak charge in atomic systems (see appendix B in ref. [42]).
5This process was also considered in ref. [43], based upon a simple estimate of the lepton pdf.
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Figure 11. Invariant mass of the lepton plus jet system (left) and electron transverse-momentum
(right) distributions. The signal (red line) is due to a LQ of mass Mg = 2TeV and Yukawa
coupling ye,, = 0.3 in the hypothesis of minimal coupling of the LQ between first-generation quarks
and leptons. W (lv)+1jet background is shown in blue. The selection cuts are pr, pr; > 500 GeV,
Imil, In;] < 2.5 and pr miss < 50 GeV.

o [fb] | #events
et +u (mpg=2TeV, ey = 0.3) | 0.40 | 14
pt 4 u (mpg =2TeV,y,, =0.5) | 1.07 36
Wt +j 0.14 5

Table 2. Cross sections and number of expected events for an integrated luminosity of 36fb~!
in the lepton+jet mass window 1950 GeV < my; < 2050 GeV. These numbers do not include the
charge conjugate process, that is negligible.

single s-channel LQ mechanism outlined above seems able to reach regions of the parameter
space that cannot be accessed with current methods.

7 Conclusions

In this work we have carried out a computation of the lepton densities in the proton, up
to NLO accuracy. The computation relies upon the good quality of the available data on
the electroproduction structure functions and the proton form factors, and is carried out
in full analogy with what was done for the photon density in refs. [1, 2]. As in the photon
case, the inclusion of NLO corrections is mandatory in order to reach an accuracy at the
few percent level. It is in principle possible to increase the precision of our lepton PDFs
up to the NNLO-QCD level, as was done in refs. [2] for the photon.

We have used our result to extend the pdf set NNPDF31_nlo_as_0118_luxqed of ref. [6]
with the inclusion of leptons. The set so obtained will be soon made available in the
LHAPDF [44] format, under the name LUX1ep-NNPDF31 nlo_as_0118_luxqged.
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Figure 12. Invariant mass (left) and muon transverse-momentum (right) distributions of the
muon+jet system. The signal (red line) is due to a LQ of mass Mg = 2TeV and Yukawa coupling
yrgo = 0.5 in the hypothesis of minimal coupling of the LQ between first-generation quarks and
second-generation leptons. W (lv) + 1jet background is shown in blue. Selection cuts: pre,pr,; >
500 GeV, [nel, [n;| < 2.5 and prmiss < 50 GeV.

With respect to the corresponding calculation in the photon case, some novel require-
ments have emerged for the lepton PDFs that were not present there. These are better
understood if we remind that we have adopted the following rules for the determination of
the perturbative order of the calculation: quark densities are of order 1 (actually of order
(as(p)L)™, with L = log(u/A) and A a typical hadronic scale for all n); photon densities
are of order aL relative to the quark densities; and lepton densities are of order aL relative
to the photon densities, and thus of order o> L? relative to the quark densities. NLO accu-
racy requires that terms of order « should be retained for the photons, and terms of order
a?L should be retained for the leptons, thus adopting the criterion L ~ o !(u). Accord-
ing to this counting, leading order electromagnetic plus mixed QED-QCD (of order ac)
splitting functions (computed in [45]) are all what is needed to maintain NLO accuracy
of the photon density, while in the case of lepton densities a term of order a? (computed
in [7]) is also needed. In fact on the right hand side of the evolution equation for the lepton
densities we expect terms of the form

Ofi

@ =Diy @ fy +P1g @ fgs (7.1)

where in the first term we have contributions of order a?L and a? from the leading and
NLO contributions to f,, and the second term, of order a?, needs the inclusion of the a?
splitting function p;,. This splitting function is not normally included in the electromag-
netic evolution of parton densities, but is needed in our case, and we implemented it in
Hoppet in order to complete our work. Another aspect is the treatment of higher-order
electromagnetic terms, giving rise to contributions of order o®L? to the lepton PDFs. If

we adopt the commonly used rule that a ~ a?, and thus aL? ~ 1, these terms should
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be counted as NLO in our calculation. In the framework of the photon PDFs, similar
consideration lead to the inclusion of terms of order o?L?, that in that case arise only
from the electromagnetic charge renormalization. In the lepton PDF case, the o®L? terms
arise from collinear radiation of photons from the final lepton. We have devised different
methods to include these terms in our calculation.

Our calculation can be extended to NNLO-QCD level, i.e. including all terms of O(a?).
We can expect a reduction in the error due to higher-order corrections of the same order as
what was found for the photon PDF, i.e. by a factor 2-3 (see figure 13 in LUX2). Since the
error due to missing higher-order effects dominates in most of the z-range, this would yield
a substantial increase in precision. While it is important to know that our calculation can
be further improved, at present we see no compelling reason to target this level of precision.

The inclusion of the lepton parton densities in the proton adds new production mech-
anisms for Standard Model and New Physics processes at the LHC. Lepton-lepton elec-
tromagnetic scattering can give rise to final states with different flavour and/or same sign
leptons. We found that these phenomena may be observable at the LHC. Besides being
useful to test the underlying theory, these processes may also be used to assess the struc-
ture of the underlying event in lepton-initiated processes. In view of the large contribution
of the elastic component to the lepton PDF, there must be a substantial fraction of events
with large rapidity gaps, containing only the matching leptons of opposite charge arising
from the photon splitting process. Even if we let aside the possible presence of rapidity
gaps, we know that the hadronic activity in lepton-initiated processes must be greatly re-
duced. At present, to our knowledge, there are no shower Monte Carlo that can simulate
lepton-initiated processes, although we may assume that they will become available in the
near future. It is likely that when these tools will become available, it will be possible
to optimize methods for rejecting processes initiated by coloured partons (with respect to
those initiated by leptons) based upon the accompanying event activity, thereby reducing
potential backgrounds to searches targeting lepton-initiated New Physics processes.

In this work we have also considered few applications of the lepton PDFs to basic
Standard Model scattering processes and to some selected New Physics processes. We
have found that lepton scattering at low transverse momentum (above 20 GeV) is likely to
be observable at the LHC, with rates increasing from a handful of events with the current
LHC settings, up to several hundreds for the High Luminosity LHC, and few thousands
for a High-Energy LHC.

As example of searches of New Physics, we have considered the case of leptonic produc-
tion of a hadrophobic Z’ that couples only to muons and taus. By considering the pu* ™
final states, we have found non-negligible production rates, and a relevant significance over
the Drell-Yan background in a large region of the mass-coupling plane, although, for the
case at hand, neutrino scattering data already excludes a large fraction of this region.

Production of doubly charged resonances coupled to leptons can yield a signal that
is essentially background free, consisting of same-sign leptons. We have considered the
production of a doubly charged Higgs that couples only to muons. This object can also
be pair-produced, or produced in association with a singly charged partner at the LHC,
and in this case the signal does not depend upon its coupling to leptons, but only upon
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its branching ratios. With the current LHC and its High-Luminosity and high-energy
upgrades we find that, for sufficiently large couplings, the leptonic production can reach
the limits that can be set using pair production.

Incoming leptons colliding with quarks can give rise to s-channel production of lep-
toquarks. In this case, the rates are higher with respect to the lepton collision processes,
since they benefit from the valence density of the quarks. We have considered two bench-
mark points for the production of a scalar leptoquark coupled either to up quarks and
positrons or to up quarks and anti-muons, with couplings h,. = 0.3 for the first case and
huyu = 0.5 for the second case, which are currently not excluded. In both cases we observe
a relevant signal over the W*; background, both in the invariant mass of the lepton-jet
final state and in the lepton spectrum. This production mechanism is thus very promising,
and further investigation in this direction are undergoing [46].

The applications that we have reported here only serve as examples of what could be
achieved in the framework of lepton-initiated processes. We remark again that this frame-
work is quite new, and in order to develop it further, extensions of Monte Carlo generators
that can handle lepton densities in the proton are needed. Likewise, NLO calculations of
lepton-initiated processes should be performed, and implemented in NLO+PS frameworks.
As stressed several times in this work, these NLO corrections are of the same order as the
typical NLO corrections in hadronic collisions, i.e. from 1 to few 10%, and thus they are
necessary in order to achieve a reasonable accuracy. Interfacing them to parton showers is
also necessary in order to understand to what extent vetoing over hadronic activity affects
lepton-initiated processes, and thus can be used to limit potential backgrounds. In the
studies that we have performed, we have found that lepton-initiated processes in proton
collisions have the potential to increase the reach of New Physics searches at the LHC,
thus justifying the theoretical effort needed for their study.
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A Partonic calculation

We need to compute the process shown in figure 1 (right), where now ¢ = zp and ¢ = 0.
We have
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where y is the cosine of the scattering angle in the photon-scalar CM frame. The squared
amplitude can be written as

g {Tr [ 20 G = )7 () e OF = )]
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+2
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where the overall 1/2 factor is the spin average for the photon, and two minus signs, one
for the fermion loop and one for the photon spin projection, compensate each other. The
coupling constant for the scalar has been omitted, since it cancels when dividing by the

Born cross section. The real phase space is
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and the (partonic) flux factor is
1 1
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The Born cross section is
1 1
o50(Efy — M) = L (M2md (R — M) = wo(Bd, ~ M?), (A3)

where the first factor is the spin average, the second factor is the flux factor, the third
factor is the result of the trace

Tr((f + 2) (¢ + M) zq] = 2M?, (A.4)

and the 27§(E2, — M?) is the single particle phase space.
The real cross section o, is computed in four dimensions by standard means, multi-

plying the square amplitude, the flux factor and the phase space. It has the form

g—; = /dy [A(y, z) + 1_‘1_?43(2)] ) (A.5)

where z = M?/E?
According to the FKS prescription [47], the parton model result is
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where the second term is the collinear remnant (see eq. (2.102) of ref [48]). We get

/11 dy{A(y, z) + <1J1ry)+B(z)} = 2(:7]\;2 {ZPM( )log C) +22%(1 — z)} (A.6)

Thus
2

Op a 1 M (1_2)2 )
g_Q M2 {ZPZ'Y()[IOgM%_‘_IOgZZ]—’_ZLZ (1—2) .

The full parton model formula at NLO is thus

= = /dxfe(m,u%)é(sx — M?) (A7)
OB
2 )2
+% ]\;2 /d$f7(x ,UJF) {ZP@W(Z) |:10g J/\f}; + log (1ZZ):| + 422(1 - Z)} :

where z = M?/E?_ = M?/(Sz).

B The effect of the lepton mass

There are cases when the effect of the lepton mass on the lepton PDF cannot be neglected.
For the muon, for instance, it turns out that the smallest values of Q2 that contribute to
the lepton parton density is of the same order of the muon mass squared, and for the tau
there is a contribution from a range of Q? values below the tau mass squared. For the
electron, one would be inclined to believe that the mass should not matter. However, we
recall that, since the proton has an overall electric charge, at very high energy it carries
an accompanying electromagnetic field that can be described as a superposition of virtual
photons, that in turn can materialize into pairs of nearly massless leptons. This implies
that for very small x the lepton PDF for a truly massless lepton should diverge, due to the
elastic contribution.

It is not difficult to carry out the computation of the diagrams of figure 1 (a) with a
finite lepton mass. We obtained

=37 (55) / T [ / "

X{PEV(ZK) Iy <zp'yq( )+ 2m2 ) — F12%| log M2(1 — 2)
¢ (Q tz e(1- Zz))
FF [4(2 — 2)220(1 — 20) — 2Pyq(2)]
9 2m2x2
+E12° Py (2) — 02 D
m%FQ

m%xQ me)xz
2Pyg(2) = 82(1 —z¢) [1— 2 — T

2 = Py (20)] } : (B.1)

_|_

m2 + Q2z(1 — z)
B m?FLz2

m2 + Q2z(1 — z)
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For lepton masses far below the proton mass, the last line is suppressed by powers of
myg/my. As far as the diagrams of figure 1 (b) are concerned, for lepton masses below the
scale we are probing (i.e. the mass M of the heavy fermion) the mass of the physical lepton
yields only power suppressed effects, and can be safely neglected. We thus notice that the
only lepton mass effect that is relevant to our result is the modification of the argument of
the logarithm, and the addition of the last line in eq. (B.1).

C Simplification of the integrand

It is convenient to rewrite formula (2.25) as an integral in Q?, x,; and a third variable. At
fixed Q?, x1,;, the dependence of formula (2.25) upon the third variable is analytical, and
its integration can be performed with algebraic means. We rewrite the integration as

/ dx/ dz/M(Z dQ2_
[ [ o)

where we have used the identities z,; = x/z and £ = x¢/x,;. We have the freedom to

) (C'l)

consider the Q2 integration as an oriented one, since in all cases the region where the
upper bound is below the lower bound is very small. In the case M?(z) = pu2/(1 — 2),
under the safe assumption that pur > mp, the upper limit is always above the lower limit.
We must turn the 6 functions into limits on the z integration. We find

13 2,2 2 2
l—2z< QI;, myrpz” — (1 —-2)Q° >0 (C.2)
for the first and second theta function in the square bracket respectively. In the second
inequality the equal sign holds when

Q? 4m12)x%j
+4/1 — C.3
=+ 2m2acbJ + Q? (C3)
The two solutions have opposite signs, and the second inequality in (C.2) holds if
Z>Z+:ﬁ 1+ prJ—l = . (04)
2mpxbj Q 14 14 4m?2 LE%J
Thus, the term proportional to (M2 — Q?) has the z limits
12
1>z>z()—max fl—— (C.5)
min — Q2 .
where & = xy/xy;. For the term proportional to the second 6 we have
2
1>z> Zr(m)n = max | &, . (C.6)
14414 4sziJ
Q2
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Under the safe assumption that pr > mp we can easily verify that

2
1- ﬁ < , (C.7)
4m2a2.
L4414+ =50
that in turn implies ngi)n < zr(m)n Thus, the z integral becomes

1 1 2
dz dz min d
/ : / - :/ = (C.8)
1z 2) z 1) z

min min min

The @Q? integration is implicitly limited to values of Q such that zr(ii)n =+ zr(fi)n. The equal
sign holds if the following inequalities

2
2 He
§>1—@ = Q <1_57 (C.9)
mQx%
£> —2—r = Q"< (C.10)
1+\/1+74m£;bi 1-¢
hold at the same time. Thus, if
2,.2 2 2,2
= A1
@<mm<1_5,1_5> T (1)

(where we have assumed pr > mp) the integral vanishes, and the right-hand side of the
above equation is the Q2 lower limit. So, our original integration is rewritten as

Lde [tdz (M) dQ2 Vday [ QY [Fmindz (C12)
mp 12 be 'mgp QQ Si)n P . .

In the case M?(z) = p? we do not have any restriction on z from the first theta

function, and the z integrals are given by

o) 1

—o S [, S [T Ene-m [, € cm

mln

In this case, if the condition (C.10) holds, we have zr(fi)n = ¢, and the first integral vanishes.
Thus, in this case, the minimum value of Q? is

m2x2
0? = min (1 pé,up> , (C.14)

and the integration is written as

[ dQQ/ SN (©.15)
zy Tbj min(r%m% 2) Q2 P2 QQ L2z . ’

1—-¢ HE min
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&, my

Figure 13. A diagram contributing at order o with up to three powers of log(M?/A?) to the
probe process.

The second term in eq. (C.15) is present if the Q? integration is interpreted as an oriented
integral, and absent otherwise.

The z integration of eq. (2.25) written in terms of the variables illustrated here was
easily performed using MAXIMA [49]. We do not report here the lengthy result. In order
to evaluate it with sufficient accuracy it must be implemented in quadruple precision in
the fortran code, in order to avoid sizable rounding errors.

D The O(a?®) term

Terms of order o arise from graphs where one further photon emission is allowed from
the lepton, as the one illustrated in figure 13. We need to compute the leading double-
logarithmic term in the leptonic tensor for this process. We have

1 v 1 " ra¥
L =L, (—gﬂ”+q§)+L2 (r“—q 5 ) (T”—q T ) (D.1)
q r-q q q

The double logarithmic region requires that |¢?| < M2, and from analyticity considerations
we infer that Lo must be proportional to ¢? for small ¢* (up to logarithms), since L is
the expectation value of a product of currents, and thus cannot have poles in ¢°. Likewise,
we must have that in hy 0

q q
Ly 4+ Lag-r , D.2
2 " (D.2)

the ¢? singularity must cancel. Thus, for small ¢?

2

q-r
Therefore, in our limit
jrpsY VL 2
R A e (D.4)

r-q (q-r)?

In order to evaluate L1, we notice that the cross section for an almost on-shell photon to
inclusively produce the heavy fermion is given in terms of the leptonic tensor as

1

= (—LM), (D.5)

1
0'25 w
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where the first factor is for the spin average, the second is the flux factor, and the third is
the contraction of the leptonic tensor with the spin projection. We now write o using the
factorization formula twice

1 a2 M? dg 2 M? dq2
o=———(-L) = (*) / 7P£ Y1 dyl/ —2 Py(y2)dya05(r, qu1y2), (D.6
(Z8r-q) (—=L4) o - (Y1) P (y2) ( ), (D.6)

where op(r, qzy) is the Born cross section

o(r,qy1y2) = mo((r — qy1y2)2 - MQ) = (_;Tﬂd(QIQQ — %), (D.7)

and we have used zy ~ —M?/(—2r - q) in the low Q2 limit. Thus

L aN21l, 5, M?
— Ly =4m (*) Slog” —5 | Puy(y1)dyr [ Puly2)dy26(y1y2 — 2¢). (D.8)
2n/ 2 Q
We define the convolution of splitting functions as
1q z
Pe(f)(%) = /dyldszh(yl)ng(yg)d(ylyQ —zp) = %PZ’}/ (yz) Po(y2)
Zg
b dy, 2 !
= | —Pu | — | Puly2) — | dy2Pey(2e)Pu(y2),
zZp y2 y2 0
where )
1+
Py (1) = yi + (1 —y1)?, Po = (1 y2> . (D.9)
—Y2 /4

Note that in the last line the plus-prescription on Py, is redundant since both expressions
are finite. An explicit evaluation gives

1 1
P(Q)(z@) = (1 — 22+ 422) log — + 5(1 — 25222 + 22— 1)
2L

by
1
+Ph(z,g)§(z,? + 220 + 4log(1 — 2)) . (D.10)
Finally we find
(=Li) a2 @,

L= =7 (5-) log —P D.11
where we have used eq. (D.4). From egs. (D.4), (2.8) and (2.9), dropping subleading terms
we get

11 1
Wi I = FyLi——5 (14 (1 = 2)?) = FyL1——Pyy(2). (D.12)
Thj = Thjz
From eq. (2.12) we get
2zm
dEZ, 1 1 =T
=4 L d D.13
g (m)/ o 4p-r1671'2Ec2m/x ‘ (D-13)
dQ? 11 a2 M? 5
Q2 47TF2 Z Pfyq( ) |:7T (g) :| 10g2 @Pl('y)(zé)
CI’II(
dz zp Ecmp dz dQ2 2
— —F52P. 1 —P
(55) /ml/ z/v;%f? gz PPl g G Py ().
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Since the parton model formula for the cross section reads
2 2 m 2
= /d:vfg(a:,M )Td(Se — M*) = gfg(acl,M )s (D.14)

the dominant o contribution to the PDF, that we denote fe(l), is given by

dz [HF dQ?
xéfé (xéa,uF = 27'r / / i

2
mp

X Py(15, Q%) 2P (2) 5 log g2p<2>< 0 (D.15)
where we have neglected the correction of order my/FE¢y in the upper limit of the z inte-
gration, and performed a simplification of the limits in the Q? integration allowed by our
target accuracy.

If we compare eq. (D.15) with eq. (2.23) we immediately see that, if we consider only
the leading logarithmic term of eq. (2.23), the two equations are related by the replacement

2

(%) Log Jé POz )@(20;)1%]521%(24). (D.16)

In fact, with the same procedure used in this section we could have computed the leading
logarithmic term in formula (2.23), the only difference being that we would have had a
single logarithmic integral, and thus a single log instead of half a log squared, and a single
splitting function to find a lepton in the photon, instead of the convolution of two splitting
functions that we computed here.

Eq. (D.15) can also be written, performing a change of variables, and using the parton
model formula for F5, in the form

1
O (g, 1) = / da, / 2Py / AP (20)8 (w5220 — 1)
,uF d 2 M2
/ Q Zfz be’Q 10g2 Q2 : (D.17)
p

This form is very suggestive, since it is the convolution of three leading order splitting
functions combined with the (ordered) integration of three intermediate scales. In fact,
this equation can be obtained by iterating the first three rungs of the integral form of the
leading-order Altarelli-Parisi equation, under the assumption that fél) vanishes when pyp ~
myp. This is certainly the case, since fél) is of order a® without logarithmic enhancement
in this limit.

The calculation described in this appendix could be used to compute directly the
leptons PDFs at any (perturbative) scale, without making use of step 4 of section 4. It
is therefore interesting to compare what we obtain with this method with respect to our
default one. The comparison is shown in figure 14. The lines shown in the plots are the
result of our main formula for the lepton densities, eq. (2.25), with (black) or without (red)
the terms of order o given in this appendix. We show results at three different values of
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Figure 14. Comparison of the different methods to include the effects of order a3, see text for
more details.

the factorization scale, and normalize them to our default procedure, described in item 4
in section 4, corresponding to the central value of the LUX1lep set. We have implemented
the o contribution using three different variations (denoted as “types” in the figure), that
should all agree up to higher-order corrections. In all the three types we have used the
integration limits of formula (2.12). In type 1 we use formula (2.12) as is, in type 2 we
replace one of the two powers of logarithms in eq. (2.12) with

M2

log 07 — log
and for type 3 we make the same replacement for both powers of the logarithm. This form
of the logarithm is the one that we have in formula (2.25). Of course, without making a
more detailed calculation we cannot know the true form of the argument in the logarithm.
We use this artifact just to gauge the sensitivity to subleading effects. First of all, we notice
that the o correction, irrespective of the method used to compute it, does not seem to be
as important as the NLO correction included in formula (2.25), that is suppressed by the
absence of a large logarithm (which in our counting is equivalent to a power of o). While
the latter is of order 10%, the correction that we computed here is not much larger than
1%, if one excludes the very large x region.

All the four methods that we have considered to include o effects (i.e. type 1, 2 and 3
plus our default method) seem to reduce the density evaluated with formula (2.25) at large
2. This is consistent with the expectation that the electromagnetic radiation from leptons
should be particularly important at large values of x, where it tends to soften the lepton
distributions. In all cases, our default method seems to be more effective in doing so than
the calculation performed in this appendix. This is perhaps due to the fact that mixed
QED-QCD splitting kernels are included with our default method, but not in types 1-3.
We also notice that subleading terms, estimated as the difference between types 1, 2 and
3, are not negligible if compared to the full magnitude of the effect (which is the difference

13
Q%(1 — z¢)zg + m2’

(D.18)
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with respect to the result without o effects) being several tens of percent of the overall a?
effect. The same can be said about the difference of the default result with respect type 1,
2 and 3. There we observe a deviation that is also not negligible in the small x region.
The variation between the default method and type 1, 2 and 3 could be added to
our calculation as a further source of uncertainty arising from higher-order effects. Since
the uncertainty that we find here is considerably smaller than the one obtained with the
method described as item (HO) of section 4 we do not include it, also reassured by the fact
that even if we did include it, the final error estimate would not change substantially.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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