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For a graph G, let the signless Laplacian matrix Q(G) defined
as Q(G) = D(G) + A(G), where A(G) and D(G) are,
respectively, the adjacency matrix and the degree matrix of G.
The Q-eigenvalues of G are the eigenvalues of Q(G). In this
paper, we characterize the connected graphs whose second
largest Q-eigenvalue k2 does not exceed 2+ +/2, obtain all the
minimal forbidden subgraphs with respect to this property,
and discover a large family of such graphs that are determined
by their Q-spectrum. The connected graphs G such that
k2 (G) =2+ v/2 are also detected.
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1. Introduction

In this paper we study undirected and simple graphs (i.e., loops and multiple edges are
not allowed). Let G = (V(G), E(G)) be a graph with vertex set V(G) = {v1,v2,...,v,}
and edge set E(G), with |[V(G)| = n(G) = n being the order of G. By u ~ v we mean
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that the vertices u and v are adjacent; a vertex wu is said to be pendant at some vertex v
if v is the unique neighbor of u. Let Ng(v) denote the open neighborhood of v, i.e., the
set of vertices adjacent to v in G; the degree of v, denoted by d(v), is the cardinality of
N¢g(v). Let GU G’ stand for the disjoint union of the graphs G and G’; given t € N, we
shall denote by tG the disjoint union of ¢ copies of G. By writing H C G we mean that
H is a subgraph of G, i.e., that the graph H is obtained from G by deleting some of its
edges or vertices. Given the subset E' C E(G) (resp., V' C V(G)), G\E' (resp., G\V")
is the graph obtained from G by deleting the edges in E’ (resp., the vertices in V/ and all
edges incident to them). If E' = {e} and V' = {v}, then G\E’ and G\V’ are respectively
denoted by G — e and G —v. The maximum (minimum) vertex degree of G, its diameter,
and its circumference will be, respectively, denoted by A(G) (6(G)), diam(G), and ¢(G)
respectively. Finally, the path and the cycle of order n will be respectively denoted by
P,, and C,,. For notation and definitions not given here, we refer the reader to [13].

Graphs can be studied by means of several matrices, as the adjacency A, the Laplacian
L and the signless Laplacian Q. Here, we focus our attention on the signless Laplacian
Q(G) = D(GQ) + A(G), where A(G) and D(G) are the adjacency matrix and the degree
matrix of a given graph G, respectively.

The matrix @ has been intensively studied in the past 15 years as it offers a spectral
theory similar to the one obtained by the more famous Laplacian matrix, but with the
benefits of representing the graph with a nonnegative matrix (Perron-Frobenius theory).
Furthermore, the matrix ) shows nice combinatorial and algebraic features, as it is well
described in the papers [6-9]. We refer the readers to the just cited references for basic
results on this matrix and for notation not given here. For those interested in some recent
results, we refer to [1,14,16,18,21,26].

Since Q(G) is real, symmetric and positive semidefinite, its eigenvalues —i.e., the roots
of the @-polynomial (G, k) = ¢(G) (we omit the variable if clear from the context) — are
all non-negative real numbers. We shall denote them by x1(G) > ka(G) > -+ > kn(G) >
0. The largest eigenvalue k1 is the spectral radius, as well, and if G is connected we have
k1(G) > k2(G). While k; is a largely studied eigenvalue, there are much less results on
the second largest eigenvalue k9. From the literature (see [2,22], for example), we know
that for a connected graph G, §(G) < k2(G) < n(G) — 2. Therefore, we have graphs with
a large gap between k1 and ko. Graphs with a small second largest eigenvalue have been
considered in the literature. For example, the graphs with ko < 3 have been characterized
in [2,23], and some families of graphs, as paths and cycles sharing a single common vertex,
are characterized by having ko < 4 (for instance the 2-rose graphs studied in [25]). On
the other hand, ko = 4 is an interesting bound as it is linked to Ao = 2 (A3 denotes
here the second largest adjacency eigenvalue). In fact, the Q-eigenvalues of a graph are
the squares of the adjacency eigenvalues of its subdivision graph (cf. Section 2.6 in [7]),
and A9 < 2 is an important bound in the adjacency theory as it characterizes the Salem
graphs (see, for example, [15]). We also observe that 4 is the limit value of k1 of paths P,
when the order n tends to infinity. Evidently, we have more than one reason to believe
that ko < 4 is indeed a relevant bound for the Q-spectral theory of graphs.
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In this paper we make a step forward in the project of characterizing the graphs
whose second largest Q-eigenvalue does not exceed 4 by considering the smaller value
242 = k1(Py), (note, 3 = x1(P3)). In fact, we characterize the connected graphs whose
k2 < 2++/2 and expand the family detected in [2,23,27]. As a result, we find the infinite
family denoted by G(p,q,r, s,t), and exactly 17 graphs with order from 5 to 9 together
with their subgraphs (see Fig. 2). Thus, such 17 graphs are sporadic, in the sense that
they do not belong to any infinite family of graphs constructed in an uniform way and
sharing this particular xs-spectral property.

The main theorems, together with some preliminary results, are stated in Section 2.
In Section 3, we stepwise characterize the connected graphs with ko < 24-1/2, and obtain
all the minimal forbidden subgraphs with respect to this property. Finally, we show in
Section 4 that the graphs of type G(p, q,r, s,t), apart from G(3,0,0,0,0), G(0,2,1,0,0)
and G(0,0,0,1,1), are all QDS, i.e. they are determined by their signless Laplacian
eigenvalues.

2. Preliminaries and main results

It is well-known that the Q-eigenvalues of a graph G interlace with the @Q-eigenvalues
of any subgraph H C G. As a consequence, we get the following Lemma.

Lemma 2.1. [24] Let H be a subgraph of a simple graph G. Then, fori=1,2,...,n(H),
we have
ki(H) < ki(G).

We say that a graph G verifies Property A if k2(G) < 24 v/2. Lemma 2.1 shows that
Property A is hereditary: if a graph G verifies Property A, then every subgraph H C GG
does. Therefore, it makes sense to seek the minimal graphs not satisfying Property A.
They will be called minimal forbidden graphs. In Fig. 1, the graphs F; fori =1,...,28

are displayed in a non-decreasing order with respect to circumference. We define F to
be the set {Py, F;|i=1,...,28}.

Proposition 2.2. All elements in F are minimal forbidden graphs.

Proof. From Table 1, it follows that the xa(F) > 2 + /2 for all F € F. We have used
newGRAPH, the software environment developed by D. Stevanovié¢ and V. Brankov, to
check that every proper subgraph of a fixed F' € F verifies Property A. Hence, every
element in F is a minimal forbidden graph. O

Let Q,(G) be the principal submatrix of Q(G) obtained by deleting the row and
column corresponding to the vertex v. We denote by p1(Q4(G)) > -+ > pn-1(Qu(G))
the eigenvalues of Q,(G). The following Lemma follows from the Cauchy Interlacing
Theorem for Hermitian matrices.
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Fig. 1. Minimal forbidden graphs.

Lemma 2.3. [22] Let G be a connected graph of order n. Then,

Hl(G) > Ul(Qv(G)) > HQ(G) =2 ﬂn,—l(Qv(G)) > Hn(G)~

Lemma 2.4. Let p,q,r,s and t be non-negative integers. The graph G(p, q,r,s,t) depicted
in Fig. 2 verifies Property A.

Proof. Let v; be the vertex with maximum degree in G(p,q,r,s,t). Then, the charac-
teristic polynomial of Q., (G(p,q,r, s,t)) is equal to

(k — 1P (k — 2)1(k — 3)°(k? — 3k + 1)9(k? — 4k + 2)' (k3 — 5K + 6k — 1)".
By Lemma 2.3, we get #2(G(p, .1, 5,8)) < i1 (Quy (G(p, ;7 5,8)) =2+ V2. O
Let K5 be the complete graph of order 5, and let

G ={K;, G(p,q,r,s,t), G|t =1,...,16, and p,q,r,s,t>0}.
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Table 1
The @Q-polynomials and the second largest Q-eigenvalues of minimal forbidden subgraphs.
Q-polynomial Ko

Py 2% — 162% + 10527 — 364x° 4+ 7152° — 792x* + 4622° — 12022 + 9z 3.5321
F 2% (z — 1)*(z — 4)? 4
F z® — 1427 + 7T12% — 1722° 4 2232* — 1582° + 5722 — 8z 3.4849
Fs z7 —122% 4+ 53z° — 108z* + 107z® — 4822 + 7 2++3
Fy z® — 1427 + 742% — 1902° + 2562* — 1822° + 6322 — 8z 3.5857
Fs z¥ — 162® + 10127 — 3262° 4 5822° — 582z* + 31723 — 8622 + 9z 3.4609
Fs 28 — 1427 + 752% — 1982° 4+ 2772* — 20423 + 712% — 82 3.4527
Fr 22 — 162% + 10327 — 3442° + 6412 — 668z* 4 3702° — 9622 + 9z 3.4413
Fs 2% — 162% + 10327 — 3442° + 6402 — 662z* 4 3612° — 9422 + 9z 3.5132
Fy 2% — 162% + 10127 — 3262° + 584x° — 592z* 4 3292 — 9022 + 9z 3.4838
Fio 8 — 1427 + 7725 — 2122° + 309z* — 2322 + 7922 — 8z 3.5643
Fii z¥ — 162% + 10427 — 3542% 4 6772% — 724z* + 4062° — 1042 + 9z 3.4421
Fio z% — 1628 + 10327 — 3442 + 6412 — 668z* 4 371> — 9822 + 9z 3.5372
Fis 2z — 162® + 10427 — 3542° + 6782° — 7302* + 4162% — 10822 + 9z 3.4567
Fia xzb — 122° 4+ 522* — 1022 4+ 9522 — 38z + 4 1(5+ V13— 5)
Fis 28 — 1627 + 1002® — 3162° + 543z% — 5062° + 24122 — 52z + 4 3.4845
Fig 8 — 1627 + 1022° — 3342° + 602z* — 592> 4 29322 — 60z + 4 3.4429
Fi7 z7 — 142° + 762° — 2042* + 2862° — 20222 + 61z — 4 3.4877
Fis 20 — 142° + 722* — 1702° + 18422 — 722 3.5720
Fio z® — 1627 + 100z® — 314z° + 528z* — 468> + 20122 — 32z 3.5096
Fyo 7 — 142% + 752° — 194z* 4 2502° — 14622 + 28z 3.5892
Foy z7 — 142% + 752° — 1942* 4 2502° — 14622 + 28z 3.5892
Fao 8 — 1627 + 1032°® — 3422° + 6212% — 59623 + 26022 — 32z 3.5143
Fos z® — 1627 + 1022° — 3322° + 585x* — 5422° + 23322 — 32z 3.4537
Fay z7 — 182% + 1262° — 444z* + 8392 — 82422 + 364z — 48 3.4693
Fas z7 —202% + 1572° — 628z* + 1367x> — 157622 + 843z — 144 3.4311
Fag z7 — 162° + 962° — 2802* + 426z> — 33622 + 125z — 16 3.4557
Fyr z7 — 162% + 99x° — 302z* + 4752° — 36222 + 105z 3.4394
Fas z® — 1627 + 1032°% — 3422° + 623z2% — 6102° + 28922 — 48z 3.4959

Table 2

The @Q-spectrum of graphs G1,...,Gi6, K5 € G.

K1 K2 K3 K4 K5 ke K7 Kg K9

G 5.41421 242 242 242  2.58579 2 -2 2-vV2 2-42
Go 6.56155 2++v2 242 3 2.43845 2 -2 2-2
3 3

Gs 6 3 3 0

G4 6.73205 2442  3.26795 2 2 2 -2

Gs 6.66481 3.3011 3 3 1.571264  0.46284

Gs 6.44949 242 2442 2442  1.55051 2-v2 2—-v2 2-42
Gr 7.08387 3.2132 3 3 1 0, 70293

Gs 6.77584  3.32404 3 2.27668 1.33024 1 0.2932

Go 6.49396 242 242  3.10992 2 2-v2 2-+2 0.39612
Gho 7.16228 242 24++/2 3.41421 083772 2—-+v2 2—-v2 2-2
G11 6.70156 2+vV2 2+V2 2 1 2-v2 2—-+2 0.29844
G12 6.70156 2+vV2 2++v2 3 2 2-v2 2-+2 0.29844
Gis 6.55884  3.33535 2.61803 2 2 0.90342  0.38197  0.2024
Gia 7.35454  24++/2 242078 2 1 1 2 -2  0.22467
Gis 6.53847 2+ 2  2.87157 2 1.45312 1 2 -2  0.14683
Gie 5.3234  3.24698 3.24698 2.35793 1.55496  1.55496  0.31867 0.19806 0.19806
Ks 8 3 3 3 3

Its elements are depicted in Fig. 2. The following proposition follows from Lemma 2.4
and Table 2.

Proposition 2.5. Fvery graph G € G satisfies Property A.
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Fig. 2. Graphs with property ro < 2 + /2.

The entire Section 3 will be devoted to proof of the following theorem, which is the
first of our main results.

Theorem 2.6. Let G be a connected graph not containing any F' € F, then G is a subgraph
of some graphs in G.

The proof of the following theorem immediately follows from Lemma 2.1, Proposi-
tion 2.5 and Theorem 2.6.

Theorem 2.7. A connected graph G satisfies Property A if and only if G is a subgraph of

some graphs in G.
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Corollary 2.8. There exist exactly 29 minimal forbidden subgraphs with ry > 2 + /2.
Hence, there are no minimal forbidden subgraphs out of the set F.

We take advantage of Theorem 2.7 to study the spectral determination of graphs of
type G(p,q,r, s,t). We recall that a graph G is said to be determined by its (Q-)eigenval-
ues if any other cospectral graph H is isomorphic to G. Spectral determination problems
are intensively studied and the literature contains dozens of results. We refer the readers
to the surveys [10,11] for a collection of basic and advanced results in this respect.

Theorem 2.9 will be proven in Section 4.

Theorem 2.9. Apart from G(0,0,0,1,1), G(3,0,0,0,0) and G(0,2,1,0,0), all the remain-
ing graphs of type G(p,q,r,s,t) with p,q,r,s,t > 0 are determined by their Q-spectrum.

In the sequel, it will be useful to get an explicit expression for the Q-polynomial of
some G(p,q,r,s,t)’s. We work them out by using Lemmas 6.2 in [25]. It turns out that

(a) If p,q,r,s,t > 1, then

@(G(p,q,r,5,t),5) = (k= )P (k= 2)'(k — 3)° "
(k? =3k + 1)‘1_1(/-@2 — 4K + 2)t_1(/-@3 — 5K+ 6K — I)T_lf(p, q,7r,8,t; k), (1)

where

fp,q,rys,tk) = k1% — (p+q+7+ 25+ 2t +16)x% + (15p + 15q + 15r + 30s + 30t +
107)K8 — (92p + 93¢ -+ 931 + 1885 + 186t + 388)K7 -+ (296p + 308¢ + 3087 + 640s + 614¢ +
829)/{6 — (533p + 588¢ + 589r + 1290s + 1158t + 1065)55 + (532p+651q + 6597 + 15765 +
1244t + 809)/—14 — (277p + 398¢ + 419r + 1150s + 716t + 345)%3 + (68p + 118¢ + 138r +
476s + 192t + 74)K% — (6p + 12¢ + 18r + 100s + 18t + 6)r + 8s.

(b) If p=0and g, r,s,t > 1, then
@(G(O,qahs»t)a /i) = (K - 1)6 K= 2) ( - 3)8_1'

(K% =3k + )T (K2 —4r +2) N (K2 — 5K% 4+ 6k — 1)"LF(0,q,7, 8,5 k), (2)
where

F(0,q,7, 8.t k) = K2 — (q+7+ 25+ 2t + 15)k® + (14q + 147 + 285 + 28t +92)k” — (79¢ +
797 + 160s + 158t + 296) k5 + (229¢ + 2297 + 480s + 456t + 533) k5 — (359¢ + 3607 + 810s +
702t + 532)k* + (292¢ + 2997 + 7665 + 542t + 277)k> — (106q + 1207 + 384s + 174t +
68)k? + (12 + 187 + 925 + 18t + 6)k — 8s.
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(¢c) If g=0and p,r,s,t > 1, then
©(G(p,0,7,5,1), k) = (k — )Pk — 2)!(k — 3)5 -
(K2 =4k +2) N (K3 = BR2 + 6k — 1) f(p, 0,7, 5,8 k), (3)
where

f(p,0,7,8,t;K5) = K% — (p+7+ 25+ 2t + 13)K7 + (12p + 12r + 245 + 24t + 67)x5 — (55p +
567+ 114s + 112t + 174)65 + (119p + 1281 + 2745 + 254 + 240)k* — (121p + 1497 + 3545 +
984t + 171)K% + (50p + 847 + 2405 + 138t + 56)2 — (6p + 18 + 765 + 18t + 6)k + 8s.

(d) f r =0 and p,q,s,t > 1, then
(p(G(p7 q707 87t)7 "{) = ("{ - 1)p+s—1(,€ - 2)t("€ - 3)5_1'

- (k? = 3k + 1)‘171(/@2 — 4K + 2)t71f(p, q,0,s,t; k), (4)
where

f(p,q,0,8,t;k) = k" — (p+q+25+2t+11)x5 + (10p + 10q + 20s + 20t + 46) x> — (36p +
37q + 765 + T4t + 91)k* + (55p + 62¢ + 138s + 122t + 87) k3 — (32p + 46q + 1245 + 84t +
38)k? + 2(6p + 12¢ + 52s + 181 + 6)k — 8s.

(e)If p=r=0and q,s,t > 1, then
©0(G(0,q,0,s,t),k) = (k — 1)°(k — 2)!(k — 3)° 1.

(K2 =3k +1)77H(W* — 4k +2)71 (0,40, 5,1 %), (5)
where

£(0,q,0,5,t;k) = K5 — (g + 25+ 2t +10)K° + (9 + 185 + 18t + 36)x* — (28¢ + 58s + 56t +
55)k3 + (34q + 80s + 66t + 32)k? — (12q + 445 + 18t + 6)k + 8s.

In the light of Lemma 2.4 and Theorem 2.9, it is natural to ask whether x2(G(p, ¢, 7, $,t))
= 2+ /2 or not. The following theorem answers this question.

Theorem 2.10. The second Q-eigenvalue of G = G(p,q,r,s,t) is equal to 2 + /2 if and
only if t > 2.

Proof. A direct calculation shows that k2 (G(0,0,0,0,2)) = 2++/2. Clearly, G(0,0,0,0, 2)
is a subgraph of G(p,q,r,s,t) whenever ¢t > 2. If this is the case, Lemmas 2.1 and 2.4

imply
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24+ V2 = £2(G(0,0,0,0,2)) < k2 (G(p, g, 5,8) <2+V2  (t>2).

Suppose now ¢t < 1. Since G(p, q,r, s,t) is a subgraph of G(p+1,¢+ 1,7 +1,s+1,1)
(which satisfies Property A), from Lemma 2.1 we deduce

KQ(G(p,(LTa Sat)) < KJ?(G(p"" 1aq +1,r+ 173 + 17 ]-))

The latter is strictly less than 24 1/2; in fact, by using the decomposition of type (1), it
turns out that the evaluation at 24+/2 of the Q-polynomial (G (p+1,q+1,r+1,s+1,1))
gives —4(v/2 — 1)sTH(v2 + 1)prats+3 £ 0. O

Theorem 2.11. The sporadic graphs in G are all determined by their signless Laplacian
spectrum.

Proof. Tt is well-known that K3 is DQS (see for instance [10]). The G;’s with six vertices
are DQS since, by [4, Appendix], G(0,0,0,1,1) is the only graph in G having six vertices
and a @-cospectral mate. The graph G14 is DQS since it is the only sporadic graph in G
with 9 vertices, and the G(p, q,r, s,t)’s of order 9 are DQS by Theorem 2.9. In order to
see that the G;’s of order 7 and 8 are DQS, we used Table 2, where their Q-spectrum can
be read. We first excluded a lot of pairs by noticing that, by Lemma 2.1, if a subgraph
of Gy, is Q-cospectral to Gy, then £,(Gr) < k;(Gy) for each i = 1,...,|V(Gy)|; secondly,
we compared the Q-spectrum of the remaining pairs through the software environment
newGRAPH. O

We explicitly point out that it is not possible to deduce from Theorems 2.9
and 2.11 that G(3,0,0,0,0), G(0,2,1,0,0), G(0,0,0,1,1) and its Q-cospectral mate
G5\{v1vs,v306} in Fig. 2 (i.e. the graph denoted by Hg”z in [25]) are the only non-
DQS connected graphs satisfying Property A. In fact, this is not true. Although the
graphs H; = G1o\{ve,vr,vs} and Hy = G15\{vs,v7,vs} in Fig. 2 are not isomorphic,
the @Q-spectrum of both is

2

{7+¢§ 3 9 7—¢§}
) )y Dy Ly 4y T .

3. Proof of Theorem 2.6

The proof consists in a sort of sieve-algorithm. Since Py € F is a forbidden graph,
the circumference ¢(G) of a graph G not containing any element of F is at most 8. We
shall state a theorem for each possible value of ¢(G) in a decreasing order from 8 to 3,
and devote a final theorem to trees. In order to make notation lighter, when ¢ and j are
digits, we shall often use e;; as an equivalent notation for the edge v;v;.

Lemma 3.1. Let G be a connected graph with ¢(G) € {7,8} not containing any element of
F. Then |V(G)| = c¢(G). In other words, G' contains a cycle Cy(c) as spanning subgraph.
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Proof. The statement follows from the fact that Fy in Fig. 1 cannot be a subgraph of
G. O

Theorem 3.2. Let G be a connected graph with ¢(G) = 8 not containing any element of
F. Then, G is a subgraph of G € G.

Proof. By Lemma 3.1, we know that G contains the cycle Cy = v1v2v3v405v6U7V8V71 as
spanning subgraph. In particular, n(G) = 8. If G = Cj, then clearly G C G;. If G # Ck,
without loss of generality, we can assume A(G) = d(vy) > 2. Since neither Fy7 nor Fpy
are subgraphs of G, A(G) = d(vy) = 3. In fact, if ey;, is in E(G)\E(Cy), necessarily
h = 5. Apart from egg, any other additional edge in G would lead to the presence of the
forbidden F3 among its subgraphs. Hence G C G as claimed. O

Theorem 3.3. Let G be a connected graph with ¢(G) = T not containing any element of
F. Then, G is a subgraph of G3 € G.

Proof. By Lemma 3.1, we know that G contains the cycle C; as spanning subgraph.
Hence we can label the vertices of G in Z/7Z in such a way that Cy = v1v90304V5060701
and v_7 = vg = v7, V_g = v1 = vg and so on. Since Fi7 Q G, it follows that v;v;40 ¢
E(G). This, in particular, implies A(G) < 4. If A(G) = 2, G is equal to C7 which is
actually a subgraph of Gy. If A(G) > 3, we can assume without loss of generality that
A(G) =d(v1) > 3 and e14 € E(G). In this case ve = vg » vz, otherwise Fyog C G, which
is forbidden. Hence, d(vg) = 2. For the same reason, ej5 and esy, egs and eq7 (or esr)
cannot belong to E(G) simultaneously. This means that 8 < |E(G)| < 10.

If e15 € E(G), then eg7 ¢ E(G), and only one between egs and eq7 can stay in F(QG).
In both cases, if |E(G)| = 10, the graph G is isomorphic to G.

If instead ey5 ¢ E(G), then A(G) = 3 > d(vs) > 3. That is why, surely es7 is not
in F(G). There is only one possible additional edge chosen between ess and ez7. In all
cases we find graphs isomorphic to subgraphs of G,. O

Lemma 3.4. Let Cs = vivv3v4v5v6v1 be a subgraph of a graph G not containing any
element of F. Then,

(i) e1s and any edge in {e1s, €25, €35, €46} cannot both belong to E(G).
(ii) [E(G) n{eis, eis}t| < 1.

Proof. Both claims depend on the fact that Fi4 in Fig. 2 is a forbidden subgraph of
G. O

Theorem 3.5. Let G be a connected graph with ¢(G) = 6 not containing any element of
F. Then, G is a subgraph of G; € G for at least one i € {3,4,5,6}.
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Proof. In our hypothesis, G contains the cycle Cs = vivov3v4v5v6v1 as its subgraph.
Since Fyg is a forbidden subgraph, then H = G[V(G)\V(Cs)] = (n(G) — 6) K1. Moreover
there are no vertices in H adjacent to the same vertex of Cg, otherwise the forbidden
Fs would occur. The presence of F3 among the forbidden subgraphs now implies that
V(H)| <2

Case 1. |V (H)| = 0 or, equivalently, n(G) = 6. Since F14 is a forbidden subgraph, then
A(G) < 4. If A(G) = 2, then G = Cs. Suppose that A(G) = 3 = d(v1). If e13 € E(G), by
Lemma 3.4(i) we in particular get ess, es6 ¢ F(G), and the only one possible additional
edge is in {eaq,e26}. In all cases, G C G4. The case e15 € E(G) leads to the same
conclusion. If e14 € F(G), in order to avoid the appearance of the forbidden F4, surely
egs and egs are not in F(G). Therefore, E(G)\(E(Cs)Ue14) C {eas,e36}. Thus, G C Gj.

We now suppose A(G) = d(v1) = 4. By Lemma 3.4(ii), it is not restrictive to assume
{e13,€14} C E(G). From Lemma 3.4(i) we deduce egs, €36, €35, €46 ¢ E(G), and |E(G) N
{eas,e36}| < 1. Now, va4:V442: € E(G) = G = Gy for e € {0,1}.

Case 2. |V(H)| = 1. We assume that V(H) = {v;} and vy ~ v;. We now list a certain
number of e;;’s that surely do not belong to E(G), putting in parentheses the forbidden
subgraph occurring otherwise: ess (F3); eaq and eqs (F14); €25 and esg (Fay); e1q (For).
It follows that only egs and just one between e13 and e5 (see Lemma 3.4(ii)) can belong
to E(G). In any case G is isomorphic to a subgraph of Gg.

Case 3. |V(H)| = 2. We assume that V(H) = {v7,vs} and vy ~ v;. Since F; and
F3 are forbidden subgraphs, then vg ~ vy or vg ~ vg. Arguing as in Case 2, we realize
that only egs and just one between e;3 and ej5 can belong to E(G). Once again, G is
isomorphic to a subgraph of Gg. O

Theorem 3.6. Let G be a connected graph with ¢(G) = 5 not containing any element of
F. If G € K5, then it is a subgraph of G; € G for at least one i € {1,2} U{4,...,9}.

Proof. Under our assumptions, G contains the cycle C5 = vivovzvavsv1 as its subgraph.
If n(G) =5, then G C K5 € G. Suppose now n(G) > 6, and let H = G[V(G)\V(C5)].
We shall see that |V(H)| < 3 in all cases.

Since Py is a forbidden subgraph, Py ¢ H. Moreover H is triangle-free, otherwise
F17 C G. Therefore, H = t; P, Uty Py U t3P3. Due to the forbidden subgraphs Fj7 and
Fys, every vertex in Cjs is adjacent to at most one vertex of Py’s or P3’s in H. In all cases
below, we assume that v; ~ vg € V(H). Since F14 ¢ G, then eqy, e35 ¢ F(G).

Cuse 1. For each v € V(H), there exists at most one j = 1,...,5 such that vv; €
V(Cs).

Subcase 1.1. H = {vg}. Since eayq, e35 ¢ E(G), we have G C G7.

Subcase 1.2. H = {vg,vr}. F3 € G (together with Fi4 ¢ G) implies that if v;v7 € E(G)
then i € {1,2,5,6}. If v; ~ vy, we get ess & E(G) by Foy € G and ey3,e14 ¢ E(G)
by Fy ¢ G. It follows that G has 7 edges and it is isomorphic to the subgraph of
G obtained by removing vg, es3 and egs in Fig. 2. If vy ~ vy, by Fiy Q G we get
e1s ¢ E(G). Consider the graph G} obtained by removing edge eg; from G2 in Fig. 2.
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Clearly, G C G C G5. The case v; ~ v is analogous. Finally, if v; ~ vg, then Fyj Q
G = |E(G) N {e1s,e14,€25}] < 2. Now, if eg5 € E(G) then G C Go, otherwise either
G C Gyor GCGs.

Subcase 1.3. H D {vg,v7,vs}. From Subcase 1.2 we know that e;7 is possibly in E(Q)
only if ¢ € {1,2,5,6,8}. Similarly, e;s is possibly in E(G) only if i € {1,2,5,6,7}. We
also know that eaq, e35 ¢ E(G).

Subcase 1.3.1. vy ~ v1. By F3, Fy, Fg g G, vg can be adjacent only to vg or v7. Without
loss of generality we set vg ~ v7. From Subcase 1.2 it follows that ej3, e14, €25, ¢ E(QG).
Connectedness of G now implies that |V(H)| = 3. In fact, a vertex vg would cause
the appearance of a forbidden subgraph F; with ¢ € {3,4,5,11,13,15}. Hence, G is
isomorphic to the graph obtained by Gg in Fig. 2 by deleting es3 and eqgg.

Subcase 1.8.2. v ~ vy. By F3,Fy ¢ G, vs can only be adjacent to vg or v7. By
symmetry, we can assume vg ~ vg. From Subcase 1.2, we get e14 ¢ E(G). Since Fa3 is a
forbidden subgraph, then ess ¢ E(G). In this case too |V(H)| = 3. An extra-vertex vg
would lead to the presence of one forbidden subgraph in {Fj, F5, F7, Py}. It turns out
that G C Gg — e13.

Subcase 1.3.8. v; ~ vs. Arguing as in Subcase 1.3.2, we get G C Gg — e1a.

Subcase 1.3.4. vy ~ vg. Surely egs ¢ F(G), otherwise Fig C G. If vg ~ v; with
i € {1,2,5}, we get a situation already investigated in one of the subcases above. Then,
suppose vs ~ v7. By Fig, Fao € G we get e13,e14,e25 ¢ E(G). Once again |V(H)| =
3, since a vertex vg would lead to the presence of one of the forbidden subgraphs in
{F3, Fg, F13, Py }. Hence, G C Gj.

Cuse 2. There exists a vertex (say, vg) in V(H) such that [{ejs|j =1,...,5}NE(G)| >
2. Without loss of generality, we assume vg ~ v; and vg ~ vs.

Subcase 2.1. V(H) = {vg}. Note that Fiy € G = €14, €24, €25, €35, €36, €6 ¢ E(G).
Hence, G is surely a subgraph of Gy4.

Subcase 2.2. V(H) = {ve,v7}. Since Fj is a forbidden subgraph, v7 is not adjacent to
any vertex in {v; |i = 1,3,4,5}. Since ¢(G) = 5, then v; cannot be adjacent to both v
and vg. Suppose egy € E(G) (the case ega € E(G) is analogous). Restrictions considered
in Subcase 2.1 continue to hold. Hence, G C Gjg.

Subcase 2.3. V(H) 2 {vg, v7,vs}. From Subcase 2.2, we can assume that eg7 € E(G).
Since Fy ¢ G, surely egs ¢ E(G). Hence vg can only be adjacent to ve or vr. Note
that ey can be in E(G) only if vy ~ wvg, otherwise the forbidden Fis occurs. Note
now that |V (H)| = 3, otherwise F5, Fig, F11 or Py would be a subgraph of G. Hence,
e2s € E(G) = G C Gg or G C Gy and ers € E(G) = G C G;.

This completes the proof. O

Let H and H’ be subgraphs of a graph G. If v € V(H) is adjacent to at least one
vertex of H' we say that H an H' are adjacent or, further, that v and H’ are adjacent.
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Theorem 3.7. Let G be a connected graph with ¢(G) = 4 not containing any element of
F. Then, G is either a subgraph of G; for at least one i € {1,4,6} U{9,11,12,...,15}
or it is a subgraph of G(p,q,r,s,t) with t > 1.

Proof. The statement trivially holds if 4 < n(G) < 5. We now assume that n(G) > 6 and
label the vertices of G in such a way vivovsv4v1 is a cycle Cy C G. Since Fy1 and Fyy are
forbidden subgraphs, then H = G[V(G)\V(C4)] is a disjoint union of a suitable number
of Pi’s, Py’s and P3’s. Note that ¢(G) = 4 implies that, given an edge uv € E(Cy), we
have Ng(u) N Ng(v) N H = 0. We split the proof in several cases.

Case 1. H = aK7 UbP, U cP3; with ¢ > 1. We assume that v; is the vertex in Cy
adjacent to P3; = wvsugv7, which represents a copy of P3 in H. Since Fy g G, vy is
adjacent to an end-vertex of Pg, say vs. Note that vy is also the only vertex of Cy
adjacent to H, otherwise ¢(G) > 4 or one of the forbidden subgraphs Fyy and Fh3 would
occur. Moreover, Fiz € G = eas ¢ E(G).

Subcase 1.1. v; ~ vy. Since Fy; is forbidden, then e;3 ¢ E(G). Consequently, G =
G(p,q,7,s,t) with ¢t > 2.

Subcase 1.2. v; » vy. Surely esy ¢ E(G), otherwise Fi7 C G. If e;3 € E(G), then
a <1,b=0and c = 1, otherwise F7 or Fy would be a subgraph of G. It follows that
G C Gy5. If e13 ¢ E(G), then G is of type G(p, q, 1, s,t) with r,t > 1.

Case 2. H = aK; UbP, with b > 1. Note that at most two vertices of Cy4 are adjacent
to Py’s in H, otherwise Fyy C G.

Subcase 2.1. Two non-adjacent vertices (say, v; and vz) of Cy are adjacent to some
Py’s. By Fbsg SZ G, it follows that v, and vs are adjacent to the same Ps, say esg, and since
¢(G) = 4, the two sets Ng(v1)NH and Ng(vs)NH are equal and contain a single vertex,
say {vs}; moreover, b = 1. In order to avoid the forbidden F3 and to keep ¢(G) = 4,
the edge eas ¢ E(G); furthermore, Ng(v2) N H and Ng(vq) N H are disjoint, each set
containing at most one vertex. It follows that G C Gys.

Subcase 2.2. Two adjacent vertices (say, v1 and v9) of Cy are adjacent to Py’s in H.
Since ¢(G) = 4, there exist esq and eys in E(H) respectively adjacent to v; and vy. Recall
that Fig and Fyg are forbidden subgraphs; thus, b = 2, a = 0, and ey3,e24 ¢ E(G) by
Fi5 ¢ G. Consequently, G is isomorphic to the graph G in Fig. 2 deprived of edges e4s
and egr.

Subcase 2.3. Only one vertex (say, v1) of Cy is adjacent to a copy of P» in H. Let
Py = v5v6 and vs ~ v1. By Fog € G and ¢(G) = 4, we know that Ng(vs) N H = (.

Subcase 2.5.1. vg ~ v1. By Fs, Fi4 ¢ G, we have d(v2) = d(vs) = d(vs) = 2. Thus G
is of type G(p, ¢,0,s,1) with s > 1.

Subcase 2.5.2. vg = v1. By Fig, Fo9 ¢ G, the isolated vertices in H are not adjacent
to v, and can only be adjacent to at most two vertices in {vy,va, v4}.

Subcase 2.8.2.1. a = 0. If eay € E(G) then b = 1 by Fiu ¢ G. Thus, G C Gy.
Suppose now eqq ¢ E(G). If e13 ¢ E(G), the graph G is of type G(0,¢,1,0,0). Finally,
if e13 € E(GQ), by 5 € G, we get 1 < b < 2. Hence, G C Gis.



X. Lei et al. / Linear Algebra and its Applications 603 (2020) 242-264 255

Subcase 2.3.2.2. The isolated vertices of H are pendant at two different vertices of
Cy. Since Fig g; G, those two vertices are necessarily v, and vy, and b = 1. From
Fs, Fig ,(Z G, we deduce 1 < a < 2. If a = 2, there are two vertices v; and vg such that
vy ~ vy and vg ~ v4. The inclusion {e13,e24} C E(G) would imply Fog C G (the cycle
of the isomorphic copy of Fyg inside G being vy vav4v3v1). This means that at most one
between ej3 and eqq belongs to E(G). Hence G is a subgraph of Gg or Gy, where the
quadrangles vgvovzvy and vyvgusve respectively correspond to Cy C G. If a = 1, the
isolated vertex vy can possibly be adjacent to both vy and v,4. If this is the case, recalling
that ¢(G) =4 and Foy € G, we get G = Go\{e15,e17} (see Fig. 2).

Subcase 2.3.2.3. The isolated vertices of H are pendant at one vertex of Cy. Suppose
that the isolated vertices are pendant at ve (or vy). Since Fy, Fig € G, then a = 1 and
b = 1. Now, as in the previous subcase, Fog € G = |E(G)N{e13,e24}| < 2. If 13 € E(G),
then G C Gy, otherwise G C Gg. Suppose that the isolated vertices are pendant at v;.
By Fia € G, surely exq ¢ E(G). If e13 € E(G), by F» € G we get a < 2 and b = 1, and
hence G C Gg. If e15 ¢ E(G), then G is of type G(p,q,0,s,1) with ¢ > 1.

Case 3. H = aPy.

Subcase 3.1. All vertices of Cy are adjacent to at least one vertex of H. Due to ¢(G) = 4
and I3 € G, we get 7 < n(G) < 8. If n(G) = 8, each vertex of Cy is adjacent to a pendant
vertex and G C Gyo. If n(G) =7, by ¢(G) = 4 we deduce that there is one vertex (say,
vs) of H such that vs ~ ve and vs ~ v4, moreover vg ~ v1 and v7 ~ vz Apart from eqy,
any other additional edge would make the circumference bigger. Therefore, G C G1s.

Subcase 3.2. Exactly three vertices (say v1, ve and v3) of Cy are adjacent to at least
one vertex of H. Since F3 ;(_ G, v1 and v3 are respectively adjacent to at most one vertex
of H. Moreover, being Fy and F5o forbidden, the vertex vy is adjacent to at most two
vertices of H.

Subcase 3.2.1. v is adjacent to two vertices of H. Let vy ~ vs and vy ~ vg. Since Foq
is a forbidden subgraph, no vertex of H is adjacent to both v; and vs. Hence, v; ~ vy
and v3 ~ vg. Since F3, Fyy g G, the only possible not yet considered edge in F(G) is eaq.
Thus, G C G1;.

Subcase 3.2.2. vy is adjacent to one vertex of H. Let vs ~ vg and vg ~ vy. If vg ~ v3,
surely eaqs ¢ E(G), otherwise ¢(G) # 4, whereas ejs could possibly belong to E(G).
Consequently G C G1o. If instead vg is not adjacent to vz, there exists a v; adjacent to
vz, and G C Gyp.

Subcase 3.3. Exactly two vertices of Cy, say u and v, are adjacent to at least one
vertex of H.

Subcase 3.3.1. uv € E(Cy). We assume v = v and v = ve. Being v; and ve consecutive,
Ng(v1) N Ng(v2) N H = (. Therefore, there are vy and vg in H such that ej5, ea6 € E(G).
Since Fi, F» € G, then 6 < n(G) < 7. If n(G) = 6, surely G C Gio. If n(G) = 7 and
d(ve) =4, by Fi4 € G we get e13 ¢ E(G). Hence, G C Gy;.

Subcase 3.3.2. uv ¢ E(Cy). We assume u = vy and v = vs. By F3, Fig € G, we deduce
that n(G) < 6; in fact, the sets N(v1) N H and N(v3z) N H contain at most one element.
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If a vertex vs is in both, then n(G) = 5, and G C Ga\{e1s,e17} (see Fig. 2), otherwise
G C G10~

Subcase 3.4. Only one vertex (say vy) of Cy is adjacent to at least one vertex of H.
There are three possible situations:

(i) if {e13,e24} N E(G) = 0, then G = G(p,0,0,0,1), where p = n(G) — 4;
(ii) if {e13,e24} N E(G) = {e13}, by F» € G we get n(G) <7, and G C Gia;
(iii) if {e13, €24} N E(G) 2 {e24}, by Fia € G we get n(G) < 5, and G C Gyp.

This completes the proof. O

Theorem 3.8. Let G be a connected graph with ¢(G) = 3 not containing any element of
F. Then, G is either a subgraph of G; in Fig. 2 for at least one ¢ in {6,9,14,16} or it
is a subgraph of G(p,q,r,s,0) in Fig. 2 with s > 1.

Proof. A direct analysis shows that all graphs G with ¢(G) = 3 and 3 < n(G) < 5 are
subgraphs of Gg.

From now on in the proof, we assume n(G) > 6. Let C3 = vjvav3v1 be a subgraph of
G, and H be the subgraph G[V(G)\V(C3)]. In view of Fi5, Fir € G, we get Py ¢ H,
and by F3 ¢ G, we have K13 ¢ H. Hence, H = aP; UbP, U ¢Ps;. We split the proof
according to the number of triangles contained in G.

Case 1. G contains exactly one triangle. Then, each copy of P;, P, and P3 in H
intersects the neighborhood of just one vertex in C3 (not necessarily the same for all of
them). Furthermore, if ¢ > 1, the middle point of a copy of P; in H is not adjacent to
Cs, since Fiy ¢ G.

Case 1.1 ¢ > 1. We assume that v; is adjacent to an end-point of a copy of Ps in
H. By Fis ¢ G, vp and vz can only be adjacent to isolated points of H. In any case
max{d(vz),d(vs)} < 3, otherwise Fs C G. Hence 4 < d(v3) + d(v3) < 6.

Subcase 1.1.1 d(vs) + d(vs) = 4. Clearly, G is of type G(a,b,c,1,0).

Subcase 1.1.2. d(v2) +d(vs) = 5. Since Fr, Fig € G, then b = 0. Moreover, by Fy G,
at most one P, in H is adjacent to vy. This implies that G C Gg.

Subcase 1.1.3. d(ve) + d(vs) = 6. Necessarily d(v1) = 3, otherwise Fj3 would be a
subgraph of G. In this case, too, G C Gg.

Subcase 1.2. H = aP;.

Subcase 1.2.1. All vertices of C are adjacent to H. By Fy ¢ G, we have 3 < A(G) < 4,
and if A(G) = 4, there is at most one vertex in C3 of degree 4, since F3 ¢ G. This proves
that 6 < n(G) <7, and G C Gg.

Subcase 1.2.2. Exactly two vertices of C5 are adjacent to H. Now, Fb ¢ G = 3 <
A(G) < 5. Recalling that F5 ¢ G, it is easy to see that G is isomorphic to a (not
necessarily proper) subgraph of the graph G obtained by attaching 3 pendant vertices
to v1 and one pendant vertex to vs. Hence, G C G C G1a.
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Subcase 1.2.8. Only one vertex of C3 is adjacent to H. Clearly, G = G(n(G) —
3,0,0,1,0).

Subcase 1.3. H = bP,. Suppose that at least two vertices of C'5 are adjacent to H.
Since Fis ;(_ G, then 2 < b < 3 and G C G- If only one vertex of C, say vy, is adjacent
to H, then G = G(0,b,0,1,0), where b = (n(G) — 3)/2.

Subcase 1.4. H = aPyUbP, with a > 1 and b > 1. Since F5 Q G, at most two vertices
of C3 are adjacent to copies of Py in H.

Subcase 1.4.1. Two vertices (say, v; and vy) of C3 are adjacent to copies of P in H.
Since Fi5 € G, then b = 2, and the isolated vertices of H are pendant at v3. By Fr ¢ G,
it follows that a = 1. Thus, G C Gys.

Subcase 1.4.2. Only one vertex (say, v1) of C3 is adjacent to a copy of Py in H. If
all vertices of C3 are adjacent to P’s in H, by F3, Fy, Fs ¢ G we get a = 3 and b = 1.
Thereby, G C Gg. Suppose now that exactly two vertices v and v of C3 have pendant
neighbors. If u = vy, then ¢ < 3, b = 1 and v has exactly one pendant vertex, since
Fy,F3 ¢ G; hence, G C Gia. f u = vy and v = vz, by Fs € G and F3 € G we
respectively get b =1 and a < 3; hence, G C Gg. Finally, suppose that just one vertex u
of C5 has pendant neighbors. If u = v1, G = G(a,b,0,1,0). If u # vy, then b < 2, since
F5 ¢ G. For b = 2, the condition F3 ¢ G implies a = 1, and G = Go\{e12,e15}. For

=1, by Fs € G we have a < 2. Hence, G C Gg.

Case 2. G contains at least two triangles. Since ¢(G) = 3 and F3, Fix ¢ G, the
following three restrictions hold: all triangles in G are edge-disjoint; there is vertex, say
v1, common to all triangles; apart from v, the vertices of the triangles have necessarily
degree 2. Hence, G is of type G(p, g, T, s,0).

This finishes the proof. O

Theorem 3.9. Let G be a tree not containing any element of F. Then, G is a subgraph
of G; in Fig. 2 for at least one i in {6,14} or it is a subgraph of G(p,q,r,0,0).

Proof. Since Py is a forbidden subgraph, we get 0 < diam(G) < 7. The case diam(G) < 1
is entirely trivial, and if diam(G) = 2, G is the star K ,(g)-1 = G(n(G) — 1,0,0,0).
Now, we separately consider trees of fixed diameter from 3 to 7.

Case 1. diam(G) = 3. We assume that vivovzvy is a copy of the path P, in G.
Clearly, only vy and vs can be adjacent to H = G[V(G) \ V(Py)]. Moreover H = aP;.
If d(3y := min{d(v2),d(v3)} = 2, we have G = G(n(G) — 3,1,0,0,0); otherwise d3) = 3,
since F; ¢ G. In the latter case, 3 < max{d(vs),d(vs3)} < 4 since F, is a forbidden
subgraph. Thus, G C G, C G14, where G/, is the graph obtained by G14 in Fig. 2 by
removing vg, e12 and ei4.

Case 2. diam(G) = 4. We set H = G[V(G) \ V(P5)], where P5; = vivavzvavs C G.
The restriction on the diameter implies that H = aPy U bPs, and d(v1) = d(vs) = 1.

Subcase 2.1. b > 1. From diam(G) = 4, we deduce that vz is the only vertex in
V(Ps5) adjacent to a copy P in H. By F3,Fy € G, we have 4 < d(vs) + d(vs) < 5.
If d(ve) + d(vs) = 4, then all isolated vertices of H, if any, are adjacent to vs and
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G = G(a,b+2,0,0,0). If instead d(v2) + d(va) =5, by Fy, F5 € G we deduce a = 1 and
b = 1. Hence, G C Gs.

Subcase 2.2. b = 0. The hypothesis F3 ¢ G implies d4) := min{d(v2),d(vs)} = 2.
Therefore, if d(vs) = 2, then G = G(a + 1,0,1,0,0). Suppose now d(vs) > 3. Since
F, is forbidden, the degree of vy and vy is at most 3. Now, if d(vy) 4+ d(vs) = 4 we
have G = G(a,2,0,0,0) with a > 0; if instead d(v2) + d(vs) = 5, by F» € G we have
3 <d(vs) < 4. Thus, G C GY, C G14, where GY, is the graph obtained by G14 in Fig. 2,
by removing e1s and eq4.

Case 3. diam(G) = 5. We set H = G[V(G) \ V(Fs)], where Ps = viv2uzv4v5v6 C G.
The restriction on the diameter implies that H = aP; U bP, and d(v1) = d(vs) = 1.
Moreover, since Fp is a forbidden subgraph, we have 4 < d(ve) + d(vs) < 5.

Subcase 3.1. b > 1. From diam(G) = 5 and Fy ¢ G, it follows that the copies of P; in H
are all adjacent to the same vertex v € {v3,v4}. Since F3, F; and Fy are forbidden graphs,
every possible isolated vertex of H is adjacent to v as well. Hence, G = G(a,b+1,1,0,0).

Subcase 3.2. b = 0 and d(ve) + d(vs) = 4. If all isolated vertices of H are adjacent
to the same v € {v3,v4}, then G = G(a,1,1,0,0). If v3 and vy are both adjacent to H,
then a = 2 from Fy ¢ G. Hence, G C Gé.

Subcase 8.3. b = 0 and d(vg) + d(vs) = 5. Let d(ve) = 3. Since Fy is a forbidden
subgraph, 2 < d(v3) < 3. Thus, 1 <a <2 and G C G.

Case 4. diam(G) = 6. We set H = G[V(G)\ V(Pr)], where P; = v1v2v3040506v7 C G.
As in previous cases, the restriction on the diameter implies that the end-points of P;
are pendant in GG, and only v4 can possibly be adjacent to a copy of P3 in H. Moreover,
d(ve) = d(vg) = 2, since Fig € G.

Subcase 4.1. ¢ > 1. As explained above, surely v, is adjacent to at least one copy of
P; in H. We already know that v; and v7; are pendant. From Fj3, F% SZ G, we deduce
that no vertex of Pr is adjacent to H apart from vy. Thus, G = G(a,b,c+ 2,0,0).

Subcase 4.2. b > 1 and ¢ = 0. Being Fjo and Fp; forbidden subgraphs. Only vs can
be adjacent to a copy of P, in H. Furthermore, no other vertices in P; can adjacent to
H, for F3 and Fg being forbidden subgraphs. Thus, G = G(a, b, 0, 2,0).

Subcase 4.3. b= 0, ¢ =0 and d(v3) + d(vs) = 4. Clearly G = G(a,0,2,0,0).

Subcase 4.4. b =0, c =0 and d(vs) + d(vs) = 5. From Fs, F1o ¢ G, we get a = 1, and
G = Gf' C G, where Gi’ is the graph obtained from Gg by deleting e13, e16 and ez ¢.

Case 5. diam(G) = 7. Since Fyy and Fy3 are forbidden subgraphs, no edges appear in
G apart from those belonging to a copy of Ps. In other words, G = Ps C Gg.

This finishes the proof. 0O

4. Proof of Theorem 2.9

Proposition 4.1 below shows that it is not restrictive to assume s -t # 0 in order to
find out possible yet-to-discover Q-cospectral mates of the graphs G(p, q,r,s,t)’s.
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Proposition 4.1. Apart from G(3,0,0,0,0) and G(0,2,1,0,0), all graphs of type G(p, q,r,
s,t) with s -t =0 are determined by their Q-spectrum.

Proof. Let k be a positive integer. Graphs of type G(p, q,r, k,0) and G(p,q,r,0,k) are
special kind of butterfly-like graphs. Not long ago it has been proven that such graphs
are all determined by their @-spectrum (see [17]). Consider now the graphs of type
G(p,q,r,0,0). T 0 < p+ g+ r < 2, we are dealing with paths (of order h for h €
{1,...,6}), which are known to be DQS (see [10, Proposition 7]). If p + ¢+ r > 4 the
graph G(p, q,7,0,0) is a starlike tree determined by its @-spectrum by results in [3] and
[20]. Finally, if p + ¢ + r = 3, the graph we are considering is a T-shape tree. By [19,
Theorem 3] we deduce that G(3,0,0,0,0) = K; 5 and G(0,2,1,0,0) are the only T-shape
trees satisfying Property A and admitting @Q)-cospectral mates. 0O

For sake of completeness we recall that C3 U K is the only @-cospectral mate of
G(3,0,0,0,0). The graph G(0,2,1,0,0), denoted by T(2,2,3) in [19], also has just one
Q-cospectral mate, namely P U (Gg — v2).

Let Th(G) = Y. kP(G), (h > 0) be the h-th spectral moment for the Q-spectrum

i=1
of a graph G with n vertices. The following lemma on the first four spectral moments

is well-known to the experts. In its statement, ng(C3) denotes the number of triangles
contained in G.

Lemma 4.2. [6, Corollary 4.3] Let G be a graph with n vertices, m edges and D(G) =
diag(dy,...,d,). Then,

To(G) = n, e >:i

=1

Ty(G) =2m+ 3. &2, T5(G) = 6ng(Cs) + idﬂidi’.
=1 =1

i=1

From Lemma 4.2 it is not hard to obtain the following result.
Proposition 4.3. [25] Let H be a graph Q-cospectral to G. Then:

(i) G and H have the same number of vertices and the same number of edges;

(1) 30 (d:(G) —2)2 = 3o (di(H) — 2%, where n = [V(G)| = |V(H)|;

=1 =1

(iii) 6na(Cs) + édf(G) =6np(C3) + éd?(H)-

We now recall two important results concerning the first two largest Q-eigenvalues.
In their statement and for the rest of the paper, di(G) = A(G) and dz(G) denote the
first two largest vertex degrees in G.
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Lemma 4.4. [5, Section 5] Let G be a non-empty graph of order n > 2. Then, k1(G) >
di1(G) + 1, and the equality holds if and only if G is the star Ky ,_1.

Lemma 4.5. [12, Corollary 2.6] Let G be a graph of order n. Then, k1(G) < di(G)+d2(G),
where the equality holds if and only if G is either K ,_1 or any regular graph.

The following proposition is a direct consequence of Lemmas 4.4 and 4.5.

Proposition 4.6. Let A = p+ g+ r + 2s + 2t be the mazimum vertex degree of the graph
G(pa q,7, S, t)' We have

A+1<ri(Glp,g,rs,t) < A+2. (6)
The first equality in (6) holds if and only if (q,r,s,t) = (0,0,0,0) and p > 1.

Corollary 4.7. If G = G(p,q,7,s,t) and G' = G(p',¢',r',s',t') are Q-cospectral, then
A(G) = A(G").

Proof. Suppose that G and G’ are @Q-cospectral. By Lemma 4.3(i) it follows that
[V(G)| = |[V(G")] :=n.If n < 4 then s-t = s"-t = 0. Hence, Proposition 4.1, or
simply a direct inspection, shows that G = G’. If n > 4, assume by contradiction that
A(G) # A(G"). In this case, by (6) k1(G) and k1(G’) would lie in disjoint real intervals,
against QQ-cospectrality. O

Proposition 4.8. If G = G(p,q,r,s,t) and G' = G(p', ¢, ', s',t') are Q-cospectral, then
/ 1 / ! /
pfpzi(qfq):'rfr, s’'=s and t'=t. (7)

Proof. Let n and m be the order and the size of a given graph G = G(p, q,r, s,t). The
following five functions are defined on the set of 5-tuples of non-negative integers.

1+ 2x2 + 3wz + 2m4+ 313 ifi=1;
T, + 229 + 3x3+ 314+ 4das if 1 =2;
0i(z1, 09,03, 04,25) = S a1+ wo+ a3+ 2ma+ 205 if i =3;
1+ T2+ T3 if i =4

We observe that, for 1 < i < 5, 6;(x1,x2,23,24,25) = 6;(p,q,7,8,t) whenever
G(x1,x2,x3, x4, x5) and G(p, g, T, s,1) are Q-cospectral. This follows from Proposition 4.3
and Corollary 4.7, once you note that
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al(paqarasat):n_la 92(p,q,r,s,t):m,
93(]77 q,7T, 37t) = A<G)a 94(]77 q,7, S7t> = Z(dl(G) - 2)27
1=2

n

95(]7, q,7,S, t) = GnG’(CS) + Z dl(G)3

=2

Every linear combination of s assumes as well the same value when computed on
the 5-tuples (p,q,r,s,t) and (p',q’,7’,s',t') corresponding to Q-cospectral graphs. This
happens, in particular, for the functions

1 1
6(65 + 7604 — 801) and 0o + 6(291 — 704 — 95),

which are the projection on the 4-th and on the 5-th component respectively. Hence,
s’ = s and ¢’ = t. Using such two equalities, the remaining ones in (7) are easily deduced
from 0;(p,q,r,s,t) =0;(p',¢,r',s',t') for i =2,3. O

Proposition 4.9. Every graph G which is Q-cospectral to a fized G = G(p,q,r,s,t) is
necessarily connected.

Proof. Because of Proposition 4.1, it is not restrictive to assume s > 0. This means that
G is not bipartite. Let G be Q-cospectral to a fixed G = G(p,q,r,s,t). The connected
components of G, say Hi, ..., H;, are all non-bipartite, since the Q-spectrum not only
determines the order and the size of the graph, but also the number of its bipartite com-
ponents, which is, in fact, equal to the multiplicity of the eigenvalue 0 [6, Corollary 2.2].
Without loss of generality, we set #;(G) = x1(H;). Hence, by Theorem 2.6 we get

Hg(é) = max{ng(ﬁl),m(ﬁi) | 2<:1 < l)} = I‘LQ(G) <2+ \/5 < 4.

Recall that the connected graphs with 1 < 4 are necessarily paths (see [6]). Therefore, if
existing, each H; for 2 <14 < [ should be a path and, hence, bipartite. From the argument
above, we get [ = 1 as claimed. O

Proposition 4.10. Apart from G(0,0,0,1,1), a graph G = G(p,q,r,s,t) with at most 9
vertices and s -t # 0 is DQS.

Proof. As recalled in Section 2, G(0,0,0,1,1) and G5\{eiq,e36} in Fig. 2 are non-
isomorphic and @-cospectral. There are only six other graphs with at most 9 vertices
and s -t # 0; namely: H; = G(3,0,0,1,1), Hy = G(1,2,0,1,1) and Hz = G(0,0,3,1,1)
of order 9; Hy = G(2,0,0,1,1) and Hs = G(0,1,0,1,1) of order 8; and finally
Hg = G(1,0,0,1,1) of order 7. Among K;,Gq,...,G16 (see Fig. 2), only the last one
has nine vertices, and a direct computation shows that there are no (J-cospectral pairs
in the set {G1¢, H1, Ha, H3}. It follows that Hy, Hy and H3 (and Gy as well) are DQS.
A priori, Hy and Hs, which are not Q-cospectral, could have Q-cospectral mates among
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the G;’s with 8 vertices and the subgraphs of G1g of order 8. A direct analysis shows that
their spectra are pairwise different. The procedure to infer that Hg is DQS is similar:
we focus our attention on the G;’s of order 7 and, by Proposition 4.9, on the connected
subgraphs with seven vertices of the G;’s. It turns out that none of them is @-cospectral
to Hg. O

Once again, let n denote the order of G = G(p, q,r, s,t). We are now ready to finish
the proof of Theorem 2.9. Its statement surely holds for every n when s-t = 0 (see
Proposition 4.1) or when n < 9 without no restrictions on s and ¢ (see Proposition 4.10).
Therefore, we now assume n > 9 and s -t # 0. Let G’ be a graph Q-cospectral to G.
By Proposition 4.3, |[V(G’)| > 9. By Theorem 2.6, G' = G(p',q¢’,7’,s',t") for suitable
non-negative integers p’,q’,r’,s’,t’. Without loss of generality we can assume p’ > p.
Applying Proposition 4.8, we get G' = G(p + k,q — 2k, + k, s,t) for some k > 0. The
proof will be over once we show that k is necessarily 0. Since ¢ — 2k > 0, the case ¢ =0
is trivial. Hence, we have just to consider the cases i) p,q,r > 0; ii) p = 0 and ¢,r > 0;
iii) » = 0 and p,¢ > 0; iv) p =7 = 0 and ¢ > 0. Looking at the definition of the function
f(x1, 29,23, 4, x5; k) in the unknown k as given in Equations (1)—(5), we get

2p for p,q,r,s,t > 0;
20q+s+4t-1) for p=0and ¢,r,s,t > 0;

f(p,q,r s,t;1) = —2p for g =0 and p,r,s,t > 0; (8)
2p for r =0 and p,q,s,t > 0;
20q+s+4t—-1) forp=r=0andq,s,t>0.

In all such cases f(p,q,r,s,t;1) # 0. Therefore, the multiplicity of 1 in the Q-spectrum
of G(p,q,r,s,t) for q,s,t > 0 is given by

p+ts—1 if p>0;

m o) =
Qé(p.a.rs, ,)( ) {S if p=0.

This means that the only non-trivial cases of Q-cospectrality possibly occur between
G(0,q,7,s,t) and G(1,q — 2,7 + 1, s,t), where ¢,s,t > 0.

From Equations (1)—(5) we see that for all 25 > 0, and for all z1, 23 > 0 when 25 = 0,
the function in the unknown s

1
=1 (n =317

O(x1, x2, T3, K) = G(x1,22,%3,8,t;K)), where s,t > 0,

is well-defined in k = 1. Using (8), we get

|©(0,q,7;1)| =2, whereas 01, — 2,7+ 1;1)| =2(qg + s + 4t — 1) > 10.
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This means that the Q-polynomials of p(G(0,q,, s,t); k) and (G(1,q—2,7+1,5,t); k)
are not the same. Hence, the proof of Theorem 2.9 is over.
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