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1. Introduction

Hysteresis is a widespread complex phenomenon observed in many areas of science and engineering, especially in mag-
netics and mechanics. Hysteresis occurring in magnetic systems and materials is denominated magnetic hysteresis, whereas
the one observed in mechanical systems and materials is referred to as mechanical hysteresis [37].

The hysteretic behavior of mechanical systems and materials, of specific interest in this work, is intrinsically nonlinear
since their output not only depends on the current value of the input but also on its past history [6]. Specifically, such sys-
tems and materials exhibit a rate-independent hysteretic behavior, typically resulting from plastic deformation mechanisms
and/or friction [24], when the generalized force (generalized displacement) does not depend on the rate of variation of the
applied generalized displacement (generalized force) [9]. Notice that generalized forces include forces, moments, and stres-
ses, whereas generalized displacements include displacements, rotations, and strains.

In particular, if one imposes a generalized cyclic displacement, the resulting generalized force, representing the output
variable, traces a hysteresis loop in the generalized force-displacement plane. During a generic loading (unloading) phase,
a typical hysteresis loop may be described by two types of curves, namely a generic loading (unloading) curve and an upper
(a lower) bound [33,34].
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According to the type of shape characterizing typical generalized force-displacement hysteresis loops, it is possible to dis-
tinguish between symmetric and asymmetric mechanical hysteresis phenomena. In the former case, a typical hysteresis loop
may be described by a loading curve (upper bound) having the same shape of the unloading curve (lower bound). On the
contrary, in the latter case, a typical hysteresis loop may be described by generic loading and unloading curves and/or upper
and lower bounds having different shapes.

Several uniaxial phenomenological models have been proposed in the literature for reproducing the complex asymmetric
hysteresis phenomena occurring in rate-independent mechanical systems and materials. Looking at the type of the equation
to adopt for the evaluation of the output variable, such models may be classified into four categories: algebraic, transcenden-
tal, differential, and integral models.

Differential models are the most employed ones to simulate asymmetric hysteresis phenomena. In particular, many of
them represent an improved version of the original Bouc-Wen model, one of the most widespread symmetric models avail-
able in the literature [7,39,40]. In this differential model, belonging to the more general Duhem class of operators [12], the
expression of the generalized force is computed by summing two components, that is, a linear elastic force and a rate-
independent hysteretic force. The former is a function of the generalized displacement, whereas the latter is a function of
a generalized hysteretic variable evaluated by solving a first-order nonlinear ordinary differential equation.

The above-described existing asymmetric differential models may be further classified into two groups: models formu-
lated by modifying the expression of the generalized force and models obtained by modifying the differential equation
required to compute the generalized hysteretic variable. Specifically, in the differential models belonging to the first group,
the generalized force is evaluated by summing a nonlinear elastic component, instead of a linear elastic one, and a hysteretic
component premultiplied by a modulating function. Among these models, those formulated by Ref. [4,8,23], specifically
developed to simulate the asymmetric hysteretic behavior displayed by wire rope isolators along their axial direction, rep-
resent the most popular ones. Such asymmetric models require, respectively, a set of fifteen, nine, and eleven parameters
having no clear mechanical or graphical meaning; they differ both for the expressions proposed for the nonlinear elastic
force and for the modulating function.

In the differential models belonging to the second group, in which the generalized force is computed by summing a linear
elastic component and a hysteretic one, as in the original Bouc-Wen model, the generalized hysteretic variable is evaluated
by solving a modified version of the first-order nonlinear ordinary differential equation. Specifically, Ref. [10] as well as Ref.
[38] have modified such a differential equation by adding additional terms in order to obtain hysteresis loops characterized
not only by asymmetric peak forces but also by loading and unloading curves with different shapes. These asymmetric hys-
teretic behaviors are typical of some metals, polymers, shape memory alloys, and reinforced-concrete or steel beam-column
connections. The former (latter) model requires eight (seven) parameters with not clear mechanical or graphical significance.
In 2006, Ref. [31] proposed a generalized Bouc-Wen model, also formulated by adding additional terms in the first-order
nonlinear ordinary differential equation. This model, based on a set of ten parameters having no clear mechanical or graph-
ical meaning, allows for the simulation of highly asymmetric hysteresis loops typical of some flexible connectors used in
electrical substations.

Unfortunately, these existing asymmetric differential models have two major disadvantages. First of all, they are compu-
tationally inefficient since the first-order nonlinear ordinary differential equation, required to compute the generalized hys-
teretic variable, needs to be numerically solved by means of multi-steps [25] or Runge-Kutta methods [27] for each time step
of a nonlinear dynamic analysis. Furthermore, they are based on a relatively large number of model parameters having no
clear mechanical or graphical significance; this aspect not only makes necessary the use of quite sophisticated parameters
identification procedures but it also makes complicated their use in practical applications.

In this paper we present an enhanced formulation of a class of uniaxial phenomenological models, recently developed by
Ref. [33], to simulate complex asymmetric hysteresis phenomena typical of several rate-independent mechanical systems
and materials. One of the advantages offered by such a general formulation, that assumes the generalized force (generalized
displacement) as output (input) variable, is the possibility of developing asymmetric models not requiring the numerical
solution of a differential equation to compute the generalized force. This aspect allows for a significant reduction of the typ-
ically high computational times characterizing nonlinear time history analyses performed by using existing asymmetric dif-
ferential models. Furthermore, by using the general relations of such a formulation, one may develop novel asymmetric
models that are not only based on a small number of parameters having a clear graphical significance, thus simplifying
the parameters identification procedure and allowing their use in practice, but that also require a simple implementation
algorithm.

The present paper is structured into three parts. In the first part (Section 2), we shortly describe rate-independent
mechanical systems and materials having asymmetric hysteretic behavior, giving particular emphasis on the description
of their typical generalized force-displacement hysteresis loops.

In the second part (Sections 3 and 4), we first illustrate the proposed enhanced formulation of the class of models; then, to
better describe its properties, we develop two specific instances of the proposed class, namely the Asymmetric Bilinear
Model and Asymmetric Exponential Model. The former is presented to clearly explain the meaning of the adopted quantities,
whereas the latter is illustrated to show the potentialities of the class in terms of accuracy and computational efficiency.

Finally, in the third part (Section 5), we validate the more elaborate Asymmetric Exponential Model, capable of simulating
a large spectrum of asymmetric mechanical hysteresis phenomena, by means of experimental and numerical verifications.

Please cite this article as: N. Vaiana, S. Sessa and L. Rosati, A generalized class of uniaxial rate-independent models for simulating asym-
metric mechanical hysteresis phenomena, Mechanical Systems and Signal Processing, https://doi.org/10.1016/j.ymssp.2020.106984
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2. Mechanical systems and materials exhibiting an asymmetric hysteretic behavior

In the field of aerospace, civil, and mechanical engineering there exist several examples of mechanical systems and mate-
rials displaying complex rate-independent hysteretic behaviors. The term rate-independent means that the output variable of
such systems and materials does not depend on the first time derivative of the input variable [9], this last one being repre-
sented either by a generalized force f or a generalized displacement u.

In particular, mechanical systems and materials display a kinematic hardening (softening) rate-independent hysteretic
behavior if the generalized force f increases (decreases) with the generalized displacement u and the vertical distance
between the two bounds limiting their hysteresis loops does not change during the nonlinear response.

Looking at the shape of the generalized force-displacement hysteresis loops, generally displayed by the above-described
mechanical systems and materials, it is possible to distinguish between symmetric and asymmetric hysteresis loops. The for-
mer are characterized by a generic loading curve and an upper bound having, respectively, the same shape of the unloading
curve and lower bound; on the contrary, the latter are defined by generic loading and unloading curves and/or upper and
lower bounds with different shapes.

Depending on the types and analytical properties of the upper and lower bounds, asymmetric hysteresis loops, of partic-
ular interest in this work, may be classified into four main categories, as illustrated in Figs. 1 and 2. Specifically, Fig. 1a (1b)
shows a typical asymmetric hysteresis loop limited by two parallel (non-parallel) straight lines, whereas Fig. 2a (2b) presents
a typical asymmetric hysteresis loop delimited by two curves having no (one) inflection point. Such a classification has been
carried out after a very careful examination of an extensive number of experimental asymmetric hysteresis loops available in
the engineering literature; some of them are quoted in the next two paragraphs.

Some examples of systems and materials whose nonlinear response is characterized by asymmetric hysteresis loops
bounded by two straight lines, as the ones illustrated in Fig. 1, are beam-column connections of steel moment-resisting
frame structures [17,26,30], steel reinforcing bars used in beam and column elements of reinforced-concrete frame struc-
tures [16,22,28], and some types of spring connectors typically incorporated in electrical bus conductors to accommodate
thermal effects [13].

Furthermore, examples of mechanical systems and materials with asymmetric hysteresis loops limited by two curves, as
the ones shown in Fig. 2, are shape memory alloy springs, adopted to reduce the oscillations of flat plates due to flutter insta-
bility [21], martensitic nickel-titanium shape memory alloy bars [2,18], austenitic nickel-titanium shape memory alloy wires
[11], metallic alloys [5] as well as actuators [1,41,43]. Additional examples are some flexible connectors [13], some rubber-
like materials [19,20,42], and the class of wire rope springs, including helical, arch, and spherical wire rope devices, adopted
not only for reducing the vibrations of bearings employed in rocket engines [32], but also for the seismic protection of equip-
ment [8] and lightweight structures [36], and for the seismic retrofit of HV ceramic circuit breakers [3,4].

3. Proposed class of asymmetric models

The development of computationally efficient hysteretic models, able to reproduce generalized force-displacement hys-
teresis loops having a highly asymmetric shape and, at the same time, based on few parameters describing specific graphical
properties of the hysteresis loops, represents such a challenging task.

In this section we present an enhanced formulation of a class of rate-independent models, recently developed by Vaiana
et al. [33], able to reproduce the complex asymmetric hysteresis phenomena characterizing the behavior of several mechan-
ical systems and materials. In particular, we first illustrate the adopted nomenclature and the novel general form proposed

(a) (b)

Fig. 1. Typical asymmetric hysteresis loop limited by two parallel (a) and non-parallel (b) straight lines.
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f f

(a) (b)

Fig. 2. Typical asymmetric hysteresis loop limited by two curves without (a) and with (b) inflection point.

for the generalized tangent stiffness k;; then, we derive the general expressions of the generalized force f and of the history
variable u;, and, finally, we obtain two general expressions relating the parameters f, and uo.

3.1. Preliminaries

Fig. 3a (3b) shows a typical asymmetric hysteresis loop limited by two straight lines (curves), described by means of four
different curves, namely the upper c, and lower ¢; limiting curves and the generic loading c* and unloading ¢~ curves.

The upper (lower) limiting curve ¢, (¢;) intersects the vertical axis at a point with coordinates 0 and f; (0 and —f; ). By
supposing that such limiting curves are not affected by cyclic loading phenomena, the distance between them, evaluated
along the vertical axis at a generic point having abscissa u, remains constant.

The generic loading curve c*, describing the response when the sign of the generalized velocity u is positive, intersects the
lower (upper) limiting curve at a generic point having abscissa v (u;), with uf = u — 2ug; similarly, the generic unloading
curve ¢, describing the response when the sign of the velocity i is negative, intersects the upper (lower) limiting curve at a
generic point having abscissa u; (u; ), with u; = u; + 2ug.

3.2. Generalized tangent stiffness

The asymmetric hysteresis loops in Fig. 3 are typically modeled in the literature [14] by adopting two parallel uniaxial
springs: an elastic one, characterized by a generalized force f, and a generalized tangent stiffness k. = df,/du,u being the

Fig. 3. Curves ¢, ¢, ¢*, and ¢~ for an asymmetric hysteresis loop limited by two straight lines (a) or curves (b).
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generalized displacement, and a hysteretic one, characterized by a generalized force fh and a generalized tangent stiffness
ky = dfh/du. Accordingly, for modeling purposes, we assume that a typical asymmetric hysteresis loop, as the one illustrated
in Fig. 4a, can be decomposed as the sum of two different functions, namely f, and fn; the former, shown in Fig. 4b, is a
single-valued function having zero value at u = 0, that is, f,(0) = 0, whereas the latter, shown in Fig. 4c, is obtained in turn
by premultiplying a multi-valued function f, by a single-valued one  having unit value at u = 0, that is, (0) = 1. The con-
ditions f,(0) = 0 and y/(0) = 1 ensure that the upper (lower) limiting curve of a generalized force-displacement hysteresis
loop intersects the vertical axis at (0,f) ((0,—f,)), as shown in Fig. 3.

As an example, in order to obtain a function f, = vf,, characterized by two non-parallel limiting curves (Fig. 5a), we may
multiply a positive convex and differentiable function y (Fig. 5b) by a function f, having two parallel limiting straight lines
(Fig. 5¢). Since the function y allows us to modify the shape of the bounds characterizing function f, as clearly illustrated in
Fig. 5, we call y shaping function.

Coherently with the previous assumptions, the general form of the generalized tangent stiffness k; is:

ke (u, 1) = ke(u) + kn (u, ), (1)
with:

ke (u, u7) = yr(u)ky (u, u;) +% / ky (u, u;)du, (2)

where k.(u) and y(u) are functions of the generalized displacement u, whereas k;(u, 1;) is a function of both the generalized
displacement u and the history variable u;; such a variable is represented by u; (u;) in the generic loading (unloading) case
or, in other words, when the generalized velocity 1 is positive (negative).
As explained in details in Ref. [33], ky(u,1;) is an arbitrary function having initial value k; (k) on [u — 2ug, uf|
(Ju;,u; +2ug)), when @ > 0 (i < 0), whereas it is constant and equal to k; (k,) on Ju, 00) ((—oo,u; ), when &t > 0 (it < 0).
Note that setting y(u) = 1 in Eq. (2), Eq. (1) becomes:

ke (u, 1) = ke(u) + ki (u, 1), (3)

which represents the general form of k; presented in the original formulation developed in Ref. [33].
3.3. Generalized force

The generalized force f can be evaluated by adopting the expressions of the four curves that characterize a typical asym-
metric hysteresis loop, that is, the upper ¢, and lower ¢, limiting curves and the generic loading c* and unloading ¢~ curves;
specifically, as shown in Fig. 3, in the generic loading (unloading) case, f = ¢* (f = c7) when v <u <uf (uy <u<u;) and
f=c (f=c)whenu >u (u<u;) Thus, in the following subsection, we derive the general expressions of such curves by
integrating the novel general expression proposed for k;.

3.3.1. Upper limiting curve
To derive the expression of c,, we integrate Eq. (1) by obtaining:

,f:f6+,ﬂt Je fn

P/ ¢ ~ ’ y4 /_,_—/ ’

(a) (b) (c)

Fig. 4. Typical asymmetric hysteresis loop (a) obtained by summing functions f, (b) and fh (c).
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fh, = 7/1 fh w

¥(0) =1

fu
] el

/ I Q/
(c

(a) (b)

Fig. 5. Function f,, (a) obtained by multiplying the shaping function ¢ (b) by function f,(c).

Cu (u,uf) :/ ke(u)du+/w(u)k,1 (u, uj)du+/%(/ kn (u, uj*)du)du, (4)

which, upon integrating by parts the second addend, can be also written as:

Cu (u, uj) = /ke(u)du +y(u) / kn (u, uj*)du. (5)
Since the function c, comes into play when u > v, we can set ky(u,u;") = k; . Hence, Eq. (5) becomes:
cu(U) = fo(u) + Ce + y(u) (kyu + Cy), (6)
where:
futw) = [ ketw )
To determine the integration constant C,, we impose c¢,(0) = 0 when /(u) = 0; thus, having assumed f,(0) = 0, we obtain:
C.=0. 8)

As regards the evaluation of C,, we impose that the curve c, intersects the vertical axis at a point with coordinates 0 and

fo:

fe(0) +(0)Cu =y, 9
from which, having assumed f,(0) = 0 and (0) = 1 when y(u) # 0, we obtain:
Ci=fg. (10)
Thus, the general expression of c,(u) is:
Cu() = fo(u) +y(u) (kyu +fy). (11)

3.3.2. Lower limiting curve
Similarly to c,, the expression of ¢; can be determined by integrating Eq. (1):

c,(u,uj*) :/I<E(u)du+/1p(u)k,l<u, u]-*)du+/dl§§lu) (/ kh<u,ujf>du>du, (12)

and by applying the integration by parts to the second addend of Eq. (12), thus obtaining:

c,(u,ujf) - / ke(u)du+(//(u)/kh (u7 u;)du. (13)
Being interested in expressing the function ¢;, we assume u < u; so that k,(u,u;) = k, and Eq. (13) can be written as:
ci(u) = fe(u) + Ce +y(u) (kyu +Cy), (14)

where f,(u) and C, are given by Eqs. (7) and (8), respectively. The integration constant C; can be derived by imposing that the
curve ¢, intersects the vertical axis at a point with coordinates 0 and —fj:
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fe(0) +4(0)Cr = —f,. (15)
Since we have assumed f,(0) = 0 and (0) = 1 when y(u) # 0, Eq. (15) gives:
Ci=—fo. (16)
and, consequently, the general expression of ¢;(u) becomes:
ci(u) = fo(u) +(u)(kyu —fo ). (17)

We note that the distance between the upper and lower limiting curves, evaluated along the vertical axis at a generic
point with abscissa u, is equal to y(u)[(k; — k, )u+f4 +f,]; in particular, such a distance becomes equal to f, +f, for
u = 0, having assumed (0) = 1.

3.3.3. Generic loading curve
To find the expression of c*, we first integrate Eq. (1) to have:

c+ u, u+ /k du+/(// k,, u, u*)du+/ﬁdw(u) (/kh(u,uj*)du>du, (18)

and then we integrate by parts the second addend of Eq. (18) to get:

c+ u, u+ /k ydu +y(u )/ (u,u})du. (19)
Such an equation can be equivalently rewritten as:
¢ () = fow) + Ce+ ) (£ (w ) + ), (20)

where f,(u) and C, are given by Eqgs. (7) and (8), respectively, whereas f,(u, uf) is computed as:

fh(u,uj*) :/kh<u,uj*>du‘ (21)

To evaluate the integration constant C*, we impose that the curve c* intersects the upper limiting curve at u = uf:

c* (uj*, uf) =, (uf) (22)

Hence, on account of Eq. (11), we have:

1) (o) o) +€) <o) 0o (s 72), o

from which we obtain:

= kjut +fy — f (u;, u;)‘ (24)
In conclusion, the general expression of c* is:
¢ (u) = felw) + ) (fu (w1 ) + ki) + 5 = ful) ) ). (25)

3.3.4. Generic unloading curve
Similarly to c*, to derive the expression of ¢c-, Eq. (1) has to be integrated as follows:

/ ke () + / Wk (w7 )du + / d‘zg‘) (l/‘kh(u,uj*)du>du, (26)

and the second addend of Eq. (26) has to be integrated by parts, leading to:

c (u, ujf) = /ke(u)du+W(u) /kh(u,uf)du. (27)
The previous equation can be also written as:
c <u, u;) =f,(u) +Ce + lﬁ(u)( A (u, u;) + C‘), (28)

where f.(u) and C. are evaluated by using Egs. (7) and (8), respectively, whereas f,(u,u;) is given by:

fn (u,uj’) = / kn (u, uj’)du. (29)
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The determination of the integration constant C~ requires to impose that the curve ¢~ intersects the lower limiting curve
atu=u;:
J

¢ (wouy) =alw). (30)
Hence, on account of Eq. (17), we get:
) (o) ) +€) =) () s —5), o
from which we have:
C =k —fo ~fi(w .y ). (32)
In conclusion, the general expression of ¢ is:
c (u, ujf) =f.(u) +y(u) (fh (u,uj’) +kyuy —fo —fu (u],u;)). (33)

3.4. History variable

The generalized displacement u;” (u;"), required for the evaluation of f during a generic loading (unloading) phase, repre-
sents the abscissa of the intersection point of a generic loading (unloading) curve and the upper (lower) limiting curve, as
illustrated in Fig. 6. Since the quantity u;” (u;) is constant during an entire loading (unloading) phase, to increase the com-
putational efficiency of the proposed formulation, we suggest to compute such a value only for the initial point P : (up, fp) of
the generic loading (unloading) curve and to store it until the end of the loading (unloading) phase. This is the reason why
such a generalized displacement is referred to as history variable.

In the following, we derive the general expression of u’ (uy) for a generic initial point P of c* (c¢~) that lies between the
two limiting curves.

3.4.1. Evaluation of u}
To determine the expression of u;", we impose that the generic loading curve c*, given by Eq. (25), passes through the

point P : (up,fp) by obtaining:

ct (up, u) =fr, (34)
that gives:
Felwp) +w(u) (i (up. ") + g+ = Fiu (i57.157) ) =S (35)

from which we can evaluate u].*.

(a) (b)

Fig. 6. Evaluation of the history variable u; in the case of an asymmetric hysteresis loop limited by two straight lines (a) or curves (b).
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3.4.2. Evaluation of u;
Similarly, we derive the expression of u; by imposing that the generic unloading curve c-, given by Eq. (33), passes

through the point P : (up, fp):

c (up, uj‘) =fp. (36)
so that we obtain:
Felup) +w(u) (i (ue vy )+ kyu; = o =Fiu(u217) ) =S (37)

from which we can compute u; .
Note that we can compute u;” (u;), by adopting Eq. (35) (Eq. (37)), either in closed form or numerically depending on the
expression of the function f,(u,u;") (f,(u,u;)) that is obtained by integrating the expression selected for kn(u, u;") (kn(u, u;)).

3.5. Parameters

For the ensuing developments, it is crucial to derive a general expression relating the parameters f,,f,, and ug. To this
end, we impose that c* intersects the lower limiting curve at u = u;, where uf = u” — 2ug:

ct (uj+ - 2ug, uj) =q (uj+ - 2u3>. (38)
On account of Egs. (17) and (25), the previous equation becomes:

ol = 2u) w20 (5 (1) 205 07) + w05 =)

= fo(w —2ug) + v (w = 2ug ) [ky () = 2u5 ) = fo |, (39)
which gives:
fa (u}+ - 2ug,uj*) + (ky — Ky )uj + 2k, ug +fo +fo —f (uj*,uj*) =0. (40)

Similarly, to find a general expression relating the parameters f,,f,, and u;, we impose that ¢~ intersects the upper lim-
iting curve at u = u;, where u; = u; +2uy:

c (ujf + 2u5,u]7> =Cy (uj* + 2u5>. (41)
By using Eqgs. (11) and (33), the previous equation can be rewritten as:

fe (uj* + 2u6) + l//(ll; + 2u5>< h(ujf + 2u5,u]7> +kyur —fo —fn (u}.ju}#))

= Fo(uy +2u5 ) + v (uy +2u5) [k (w +2u5) +15 . (42)
thus obtaining:
fa (uj* + 2u5,ujf) — (ky —ky)uy =2k ug —fo —fo —fn (u;,u;) =0. (43)

It will be shown in subSection 4.1 that once the values of the parameters f; and f, have been set, uj (u1;) can be obtained
from Eq. (40) (Eq. (43)) either in closed form or numerically according to the type of function fj(u,u;") (f,(u,u;)) that is
obtained by integrating the expression selected for kn(u, u;") (ks (u, u;")), similarly to what has been shown for the evaluation
of u ().

Furthermore, it will be shown in subsection 4.2 that, setting k; =k, = ks, uj = uy = uo, and imposing that f; = cfg
(f§ = ¢fy), c being a positive real constant, we may adopt Eq. (40) or, equivalently, Eq. (43) to evaluate f; (f,), either in closed
form or numerically according to the type of function f, we obtain by integrating the expression selected for k.

4. Two instances of the class: The Asymmetric Bilinear and Exponential Models

In this section we develop two specific instances of the proposed generalized class, namely the Asymmetric Bilinear
Model and the Asymmetric Exponential Model, to better explain the procedure that allows for the development of new mod-
els by using the general relations described in Section 3. In particular, we first present the Asymmetric Bilinear Model to
easily describe the meaning of the adopted quantities; then, we present the Asymmetric Exponential Model to illustrate
the potentialities of such a class in accurately reproducing complex asymmetric hysteresis phenomena.

Please cite this article as: N. Vaiana, S. Sessa and L. Rosati, A generalized class of uniaxial rate-independent models for simulating asym-
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4.1. Asymmetric Bilinear Model

We describe the model by defining, in turn, the generalized tangent stiffness, the generalized force, the history variable,
the internal model parameter, and by illustrating the types of hysteresis loop shape that can be simulated.

4.1.1. Generalized tangent stiffness
The adopted generalized tangent stiffness functions are:

ke(u)=0 on (—o0,0), (44)
k' on [u]+ —2ug, uj*[ (45a)
kwu) =4 ° 0
k, on ]uj ,oo), (45b)
k, on ]u]f, uy + 2u5] (46a)
kp(u,uy) =<
k, on (foo,uj‘ [, (46b)

whereas the selected shaping function is:
Y(u)=1 on (—oo,), (47)

where k., k,, k;, k, represent, together with f; and f, introduced in Section 3, the six model parameters to be identified on
the basis of experimental or numerical tests results; in particular, such parameters satisfy the following conditions:
ki >ky, ki >k, ki >0, fg >0, k; >k, k; >k;, k, >0, and f, > 0.

The function ky, illustrated in Fig. 7a (7b) for the generic loading (unloading) case, is discontinuous at u;" (u;); thus, in
such a model, the curves ¢* and ¢, (¢~ and ¢;) have two different tangents at u;” (u;), as shown in the next subsections.

Note that assuming k; = k, and k; = k,, we obtain the generalized tangent stiffness functions adopted in the Bilinear
Model described in Ref. [33].

4.1.2. Generalized force

We now derive the expressions of the upper (lower) limiting curve c, (¢;) and of the generic loading (unloading) curve c*
(c™) required for the evaluation of the generalized force f during the generic loading (unloading) phase.

Upper (Lower) Limiting Curve

According to the definition (7) and to the assumption (44), we have:

fe(u) =0. (48)
Hence, taking into account (47) and (48), Eq. (11) becomes:
cu(u) = kyu+fy, (49)
whereas Eq. (17) yields:
a(u) =k,u—f,. (50)

Generic Loading (Unloading) Curve
Because of the assumption (45a), Eq. (21) specializes to:

kh kh
-
T | % S o o
| : | |
N S N A f— B i i
Ky ! 1 k) o i
! i i i
uj —2ug u/+ u u; uy +2u; U
(a) (b)

Fig. 7. Graph of the function k, for the generic loading (a) and unloading (b) case (Asymmetric Bilinear Model).
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Fauu)) = ku, (51)
so that, recalling (47) and (48), Eq. (25) yields:
(U ) =k, (u—uf) + kyut + fy. (52)
Similarly, on account of the assumption (46a), Eq. (29) becomes:
fawur) = kju. (53)
Hence, taking into account (47) and (48), Eq. (33) yields:
C(u ) =k, (u—uy) +kyu —fo. (54)
4.1.3. History variable
Invoking (48) and (51), and taking into account the assumption (47), Eq. (35) becomes:
koup + Ky +fo — kouf =fp, (55)
from which we obtain the expression of the history variable for the generic loading case:

u+ _ k:zrul’ +fg _fP

F_a” 70 P 56
! k, —ky (56)
Similarly, using (48) and (53), and taking into account (47), Eq. (37) specializes to:
kyup +kyus —fo —k u = fp, (57)
from which we obtain the expression of the history variable for the generic unloading case:
_ kyup—fo —fp
U = ok (58)

Note that Eq. (56) (Eq. (58)) may provide positive or negative values of u;" (u;") according to the coordinates of the initial
point P : (up,fp) of ¢t (c).

4.1.4. Expression of uj (ug)
We determine the expression of uj (uy ), referred to as internal model parameter since it can be expressed as a function of
the model parameters described in 4.1.1. In particular, to derive the expression of uj, we use Egs. (40) and (51) to get:

ki (= 2u5) + (ky — Ky )u + 2k, 45+ +fo —kju =0, (59)
from which we obtain:

(ks —ky )u +f5 +fo

ug = 60
0 2(k; —ky) (60)
Similarly, to find the expression of uy, we use Egs. (43) and (53) to obtain:
k; (uj* + 2u5> — (ky —ky)uy =2k, uy — fo —fo —ku; =0, (61)
from which we get:
ki —k,)u +fo +fo
ua:(b b)] fo fo_ (62)

2(ky —ky)

Note that, when k; # k,, the parameter ug (ug) is not constant since it depends on the history variable uf (u;). On the
contrary, when k; =k, Eq. (60) (Eq. (62)) provides a constant value of uj (ug); such a value is positive being k > k,
(k, > k) as well as f; > 0and f, > 0.

4.1.5. Hysteresis loop shapes

Fig. 8 illustrates two different asymmetric hysteresis loop shapes that can be obtained by means of the Asymmetric Bilin-
ear Model. In particular, Fig. 8a presents a hysteresis loop bounded by two parallel straight lines, whereas Figs. 8b and 8c
show hysteresis loops bounded by two non-parallel straight lines. Such hysteresis loops, typical of some hysteretic mechan-
ical systems and materials [13,16,17,22,26,30], have been simulated by imposing a generalized sinusoidal displacement hav-
ing unit amplitude and frequency and by using the six model parameters listed in Table 1.

Please cite this article as: N. Vaiana, S. Sessa and L. Rosati, A generalized class of uniaxial rate-independent models for simulating asym-
metric mechanical hysteresis phenomena, Mechanical Systems and Signal Processing, https://doi.org/10.1016/j.ymssp.2020.106984



https://doi.org/10.1016/j.ymssp.2020.106984

YMSSP 106984 No. of Pages 27, Model 3G

4 June 2020
12 N. Vaiana et al./ Mechanical Systems and Signal Processing xxx (XXXX) XXX
2 2
1r A 1r
3 / 3
= 0F = 0F 8
S <
A1k 4 1k J
2 L I I 2 I I L
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
displacement displacement
(a) (b)
2
1 L
3]
= 0K
S
1k
2 I I L
-1 -0.5 0 0.5 1
displacement
(c)
Fig. 8. Hysteresis loops simulated by using the Asymmetric Bilinear Model parameters given in Table 1.
Table 1
Asymmetric Bilinear Model parameters adopted for the hysteresis loops in Fig. 8.
% ky f3 Ky Ky fo
(a) 5.0 0.0 0.5 15.0 0.0 0.5
(b) 5.0 0.5 0.5 15.0 0.1 0.5
(c) 5.0 0.5 0.75 15.0 0.1 0.25

512 4.2. Asymmetric Exponential Model

513 As for the Asymmetric Bilinear Model, we define, in turn, the generalized tangent stiffness, the generalized force, the his-
514 tory variable, and the internal model parameter that characterize the Asymmetric Exponential Model; then we illustrate the
515 types of hysteresis loop shape that the model can reproduce.

516 4.2.1. Generalized tangent stiffness

g}g The adopted generalized tangent stiffness functions are:
520 ke(U) = —(By + B2) + 1" + B! on (oo, 0), (63)
521
—ot | u—uf +2u]
otu) = ki + (ki —ki)e ( i °> on [u; —2uf,uf [ (64a)
+ +
- k; on }uj oc) (64b)

Please cite this article as: N. Vaiana, S. Sessa and L. Rosati, A generalized class of uniaxial rate-independent models for simulating asym-
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—o | —utu; +2uy
k, + (k, —k,)e ( ! 0) on ]uf u; + 2u*] 65a
’(h(u,uf): b ( a b) oY (1] ( )
k, on (—oo,ujf [, (65b)

whereas the selected shaping function is:
Y(u)=e™  on (-o0,00), (66)

where ki, ki, ot, ug, k;, k,, o, ug, B, B, and y are the model parameters. To reduce the number of parameters,
although without impairing the capability of the model to reproduce very complex hysteretic behaviors, we further assume:

K=k, =ky, ki =k, =ky, " =0 =0, and ui=u; =uo. (67)

Hence, the set of model parameters, to be identified on the basis of experimental or numerical tests results, becomes
ka,kp, o, Uo, By, B5, and y; specifically, such parameters satisfy the following conditions: k; > ky, kq >0, o0 >
0, up >0, B, =0, B, = 0, whereas y is real. The more general modeling capabilities that can be achieved by adopting
the original eleven parameters of the model will be investigated in forthcoming papers.

As regards the parameters 3, and f,, they define the shape of function k., a convex function on (—cc, co) when ; > 0 and
B, >0 or when g, >0and g, > 0.

The parameters kg, kp, &, and 1y characterize the function k. Such a function, illustrated in Fig. 9a (9b) for the generic load-
ing (unloading) case, is a nonlinearly decreasing function, from k, to k, + (k, — ky)e=2*0 on (W = 2uo, u;"[ (Juy,u; + 2uo]),
when & >0 (2 < 0), and is equal to k, on Ju;",c0) ((—oo,u; [), when it >0 (i < 0). In particular, the parameter o defines
the rate of variation of k;, from k, to kj + (ks — kj)e=2*%.

The parameter uq can be expressed as a function of kg, kj, and «, thus it is referred to as internal model parameter. To derive
such an expression, we first observe that ky, (u, u;") (ka(u, u;")) is discontinuous at u;” (u;), as shown in Fig. 9a (9b). Hence, if we
denote the difference between the two different stiffness values of kx(u,u;") (kn(u,u;7)) at u (u;) as J, we can write:

(ka — ky)e 220 = 3y, (68)

from which we get:

1 3
o = =550 (ka = kb>’ (69)

an expression providing positive values of u, for 5, > 0 since, by assumption, k, > k, and « > 0.

For practical purpose, & is set equal to 1072, as suggested by the results of an extensive series of numerical tests; in such
a way, we not only allow c* (c~) to have a generalized tangent stiffness at uj+ (u;) very close to the one of ¢, (¢;), but we also
avoid to make up undefined, as it would happen if we set §, equal to zero in Eq. (69).

Finally, the parameter 7y characterizes the shaping function y(u), a positive convex function on (—oo, c0) when 7y # 0.

Note that assuming ; = 8, = f and y = 0, we obtain the generalized tangent stiffness functions adopted in the Exponen-
tial Model described in Ref. [33].

4.2.2. Generalized force

We now derive the expressions of the upper (lower) limiting curve c, (¢;) and of the generic loading (unloading) curve c*
(c) required for the evaluation of the generalized force f during the generic loading (unloading) phase.

Upper (Lower) Limiting Curve

According to the definition (7) and to the assumption (63), we have:

kn 8 = (ko — ky)e 20w kp, 8 = (ko — ky)e20m
S S
ky [+ 0
Ky
u
(a) (b)

Fig. 9. Graph of the function kj, for the generic loading (a) and unloading (b) case (Asymmetric Exponential Model).
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fe(u) = =(By + Bu+ el —e . (70)
Hence, taking into account (66), (67), and (70), Eq. (11) becomes:
Cu(U) = —(By + Bou + et —e Pt 4 e (kyu + fy), (71)
whereas Eq. (17) yields:
a(u) = —(By + By)u +eh —e P2 e (fyu — fo). (72)

Generic Loading (Unloading) Curve
Because of the assumptions (64a) and (67), Eq. (21) specializes to:

(ko — k) e—oc(u—uj*ﬂuo)
o )

fr(u,uf) = keu — (73)
so that, recalling (66), (67), and (70), Eq. (25) yields:
. -y —o| u—uf
(U uf) = —(By + fou + el —e P2t e {kbu - (k"Tq’) {e (s-a42m) _ o210 +f3}- (74)
Similarly, on account of the assumptions (65a) and (67), Eq. (29) becomes:
£, uy) = kot + @eﬂ(fwguuo) . (75)
Hence, taking into account (66), (67), and (70), Eq. (33) yields:
€ (W) = —(By + o)u+ et — e e"*'”{kbu ylace) {e<) - e} fo}. (76)
4.2.3. History variable
Invoking (70) and (73), and taking into account the assumptions (66) and (67), Eq. (35) specializes to:
— (By + By)up + e — e~Faur e ey, — (k%xkb)eﬂx (upfuﬁzu”) + kot +fo — kott + (k%“kb)ezw"} =fp

from which we obtain the expression of the history variable for the generic loading case:

1 o o U oot (ke — k)
U}r =Up+ 2110 +&ln{m |:e 7 (—(ﬁ] + ﬁz)ﬂp + eﬁ1 —e B2 ) + kbup +Tb

Similarly, using (70) and (75), and taking into account (66) and (67), Eq. (37) becomes:

o2 4 i e—vupfp} } (78)

) ke — —o| —upus _ ke — ,
— (By + By)up + efrte — e~Fato 4 @i | fe, +7( a . ks) o ( T +2“°> + kot —fo — kput; — e o kb)emo} =fp
from which we obtain the expression of the history variable for the generic unloading case:
_ 1 o v U .y (k - kb) — 20, — -,
U =up— 2up —&ln{—m |:e 7 P(_(ﬁl +ﬁ2)lJp+€ﬁ‘ P _ o h p) + kpup _aTe 2og —fg —e7 pr} } (80)

Note that Eq. (78) (Eq. (80)) may provide positive or negative values of u;" (u;") according to the coordinates of the initial
point P: (up,fp) of ¢ (c¢7). In any case, the argument of the logarithm in Eqgs. (78) and (80) is always positive if
ko > ky, ko > 0,00 > 0, and up > 0. Actually, looking at Fig. 6, we observe that the generalized displacement uj* (u7) can have
two extreme values, namely up + 2u, (up — 2up) when P belongs to the lower (upper) limiting curve, and up when P lies on
the upper (lower) limiting curve; thus, the argument of the logarithm in Eq. (78) (Eq. (80)) has to be equal to 1 in the former

case, and equal to (ks — k,,)’1 in the latter. Being &y < (kg — kp), Sk (ka — kb)’] represents the minimum value of the loga-
rithm argument, a quantity that is always positive since 6, > 0 and k, > k.

4.2.4. Expression of f§ (f,)

We determine the expression of f (f; ), referred to as internal model parameter since it can be expressed as a function of
the model parameters described in 4.2.1. In particular, after imposing that f, = f, = fo, we use Egs. (40), (67), and (73) to
get:
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https://doi.org/10.1016/j.ymssp.2020.106984

626

627

628

630

631
632

633
634
635
636
637
638
639
640
641
642
643
644
645
646
647
648
649

651
652
653

655
656
657
658
659
660
661
662
663
664
665
666
667
668
669

YMSSP 106984 No. of Pages 27, Model 3G
4 June 2020

N. Vaiana et al. / Mechanical Systems and Signal Processing xxx (XXXx) Xxx 15
kq — k (kq —kp) _
ke (uj+ - 2u0) - % + 2kylto + 2fp — kottf +-——=2e 0 = 0, (81)
from which we obtain:
ke — Kk -
f _( aza b) (1 e 2m0), (82)

Note that Eq. (82) provides a positive value of f,, being k, > k,, o > 0, and ug > 0.
It can be easily shown that the same expression of f, can be derived adopting Eq. (43) instead of Eq. (40).

4.2.5. Hysteresis loop shapes

As shown in Table 2, the Asymmetric Exponential Model is able to simulate six different types of the generalized force-
displacement hysteresis loop shape according to the values of the parameters 8, and g,; specifically, when y = 0, it can
reproduce two symmetric hysteresis loop shape types, namely SS1 and SS2, and four asymmetric hysteresis loop shape
types, namely AS1, AS2, AS3, and AS4. The hysteresis loop shapes obtained for y # 0 will be presented later.

Fig. 10 illustrates six hysteresis loops having shape type SS1, SS2, AS1, AS2, AS3, and AS4, respectively, simulated by
imposing a generalized sinusoidal displacement with unit amplitude and frequency and by using the six model parameters
listed in Table 3. In particular, Fig. 10a (10b) presents a symmetric hysteresis loop bounded by two parallel straight lines
(curves), whereas Fig. 10c and e (10d and 10f) show an asymmetric hysteresis loop limited by two non-parallel curves having
no (one) inflection point. Such hysteresis loops are typical of several hysteretic mechanical systems and materials [2-
4,8,11,13,18,21,32,36], as described in Section 2.

Fig. 11 shows the variation of the size and/or shape of the hysteresis loops, simulated by applying a generalized sinusoidal
displacement with unit amplitude and frequency, due to each model parameters, namely k,, k,, o, B;, and f,, when y = 0.
More specifically, looking at the hysteresis loops of Fig. 11a, obtained for k, = 0.5, oo =5, p; =0, f, = 0, and three different
values of kg, that is, 5, 10, and 15, we can not only observe that the larger (smaller) is k,, the larger (smaller) is the hysteresis
loop size, but also that such a parameter does not affect the hysteresis loop shape.

Fig. 11b presents hysteresis loops reproduced by using k, =5, « =5, g, =0, f, = 0, and three values of k,, that is, 0, 0.5,
and 1. We can note that increasing (decreasing) k;,, the hysteresis loop rotates counterclockwise (clockwise) and its size
slightly decreases (increases).

Looking at the hysteresis loops of Fig. 11c, obtained for k, = 5,k, = 0.5, 8; = 0, B, = 0, and three different values of o, that
is, 5, 10, and 15, we can not only notice that the larger (smaller) is «, the smaller (larger) is the hysteresis loop size, but also
that such a parameter does not affect the hysteresis loop shape.

Fig. 11d shows hysteresis loops reproduced by adopting k, = 5, k, = 0.5, « = 5, and three values of 8, = , = B, that s, 0,
1, and 1.5. We can observe that such a parameter modifies the hysteresis loop shape in such a way that it remains symmetric.

Finally, looking at the hysteresis loops of Fig. 11e (11f), obtained for k,=5, k, =05, =5, ,=0
(kq =5, ky, =0.5, o =5, B, = 0), and three different values of s, (f,), thatis, 0, 1, and 1.5, we can note that such a parameter
modifies the hysteresis loop shape in such a way that it becomes asymmetric.

The six different types of hysteresis loop shape, summarized in Table 2 and obtained for y = 0, can be conveniently mod-
ified by selecting a different value of 7, that is, 7 # 0. In particular, Fig. 12 shows how each hysteresis loop of Fig. 10 (black
line) is modified by selecting a positive value of y listed in Table 4. Looking carefully at the modified hysteresis loops (red
line), we can observe that, when it is positive, such a parameter allows one to increase (decrease) the generalized tangent
stiffness as well as the vertical distance between the two limiting curves for u > 0 (u < 0).

On the contrary, when it is negative, such a parameter allows one to decrease (increase) the generalized tangent stiffness
as well as the vertical distance between the two limiting curves for u > 0 (u < 0). The figure showing the influence of a neg-
ative value of y on the shape of the hysteresis loops of Fig. 10 is omitted for brevity.

Such a modeling aspect is of fundamental importance in the simulation of the asymmetric hysteresis phenomena dis-
played by some rate-independent mechanical systems and materials [3,4,8,32].

Table 2
Hysteresis loop shape types that can be simulated by the Asymmetric
Exponential Model for y = 0.

Shape type Obtained for
Ss1 Pr=p=p=0
SS2 Pr=PB=B>0
AS1 Pr>pr=0
AS2 p1>p >0
AS3 Br>p1 =0
AS4 Br>p1 >0

Please cite this article as: N. Vaiana, S. Sessa and L. Rosati, A generalized class of uniaxial rate-independent models for simulating asym-
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Fig. 10. Hysteresis loops simulated by using the Asymmetric Exponential Model parameters given in Table 3.
Table 3
Asymmetric Exponential Model parameters adopted for the hysteresis loops in Fig. 10.
ka kp o B B2 Y
(a) 5.0 0.5 5.0 0.0 0.0 0.0
(b) 5.0 0.5 5.0 1.0 1.0 0.0
() 5.0 0.5 5.0 1.0 0.0 0.0
(d) 5.0 0.5 5.0 15 1.0 0.0
(e) 5.0 0.5 5.0 0.0 1.0 0.0
G 5.0 0.5 5.0 1.0 13 0.0
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Fig. 11. Influence of the Asymmetric Exponential Model parameters on the size and/or shape of the hysteresis loops.

4.3. Computer implementation

We now illustrate the schematic flowcharts of the Asymmetric Bilinear and Exponential Models to help the reader with
the computer implementation. To this end, we suppose to apply a time-dependent force to a rate-independent mechanical
system or material and to adopt a displacement-driven solution scheme to evaluate its nonlinear response. Hence, under
these assumptions, over a generic time step At, we know the generalized displacements u;_,, and u,, the generalized veloc-
ities 11;_a¢ and i, as well as the generalized force f,_,,, and we need to evaluate f,.

The implementation scheme of the Asymmetric Bilinear (Exponential) Model is summarized in Table 5a (5b). Such an
algorithm consists of two parts. In the first one, denominated Initial settings, we (first) assign the model parameters (and then
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Fig. 12. Hysteresis loops simulated by using the Asymmetric Exponential Model parameters given in Table 3 (black line) and in Table 4 (red line). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 4
Asymmetric Exponential Model parameters adopted for the hysteresis loops in Fig. 12.
ka kp o B B2 Y

(a) 5.0 0.5 5.0 0.0 0.0 0.5
(b) 5.0 0.5 5.0 1.0 1.0 0.5
(c) 5.0 0.5 5.0 1.0 0.0 0.5
(d) 5.0 0.5 5.0 1.5 1.0 0.3
(e) 5.0 0.5 5.0 0.0 1.0 0.5
(f) 5.0 0.5 5.0 1.0 13 0.3
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Table 5
Asymmetric Bilinear Model Algorithm.
1. Initial settings.
1.1 Set the six model parameters: k}, ki, f§, kg, k,,and fg.
2. Calculations at each time step.
21 If t = At or sts;_a¢ < 0, update the model parameters:

ka =k (ky), ky = ki (ky), and fo = f§ (fo) if se > 0 (s¢ < 0),

the history variable [see (56) and (58)]:

U, — KatteactfoSe=fin

lj KoKy ,

and the internal model parameter [see (60) and (62)]:

1o = s 2’2:;(2“1‘2’0 o ((k; ;"(A;{)’f;bfg 'f“> if sc > 0 (s < 0).
2.2 Evaluate the generalized force at time t:

if ujse — 2up < urSe < U;S;:

fe = ka(ue — uj) + kpttj + foSe; [see (52) and (54)],

otherwise:

fe = kpue + foSe; [see (49) and (50)].

Table 5b. Asymmetric Exponential Model Algorithm

1. Initial settings.

1.1 Set the six model parameters: kq, ky, o, 1, o, and ).
1.2 Compute the internal model parameters [see (69) and (82)]:

Ug = —In (ku‘*jkn) and f, =k ke (1 - e-220), with 6, = 1072,

2. Calculations at each time step.
21 If t = At or s;S¢_a¢ < 0, update the history variable [see (78) and (80)]:

Uj = Up_ac + 2UoSe +% ln[ - (e T (Fo)e_ae + Kplie-ae + 125K 567250 4 fos, — e T f, Af)]

with (f); ar = —(B1 + B2)Ur_ar + efrtiac — e~Fatia,
2.2 Evaluate the generalized force at time t:
if ujse — 2up < urSe < U;st:

fe= o)+ e‘”f{kbu[ —spkake [ (s —jse+2u0) _ 8’2““0} +f05r}; [see (74) and (76)],

0therw1se
= (fe); + €™ (kyue + fos¢); [see (71) and (72)],
Wlth (fe)e = —(B1 + Pa)ur + el — e=hatie,

we evaluate the internal ones). In the second part, denominated Calculations at each time step, we update the model param-
eters, the history variable, and the internal model parameter (we update the history variable) if we are at the first time step,
that is, t = At, or if the sign of u;, namely s; = sgn(u;), changes with respect to the one of u; A, namely S; ar = Sgn(Ue_ar);
finally, we compute the generalized force f,.

5. Verification of the Asymmetric Exponential Model

In this section we present the validation of the Asymmetric Exponential Model (AEM). Specifically, we first carry out the
experimental verification by simulating some experimental asymmetric hysteresis loops selected from the literature and, to
better illustrate the features of the developed model, we reproduce the same experimental results by employing the Gener-
alized Bouc-Wen Model (GBWM) formulated by Song and Der Kiureghian [31]. Then, we prove the numerical accuracy and
the computational efficiency of the proposed model by performing some nonlinear time history analyses on a rate-
independent hysteretic mechanical system and comparing the results with those computed by adopting the Modified
Bouc-Wen Model (MBWM) formulated by Ni et al. [23].

5.1. Experimental verification

In order to show the capability of the developed model to simulate complex asymmetric hysteresis phenomena typical of
several mechanical systems and materials subjected to a generalized cyclic displacement history with different amplitudes,
we compare the results analytically predicted with the experimental ones. In particular, to perform such an experimental
verification, we adopt the experimental hysteresis loops obtained during the quasi-static tests conducted on two different
types of spring connectors by Filiatrault and Kremmidas [13].

5.1.1. Description of tested spring connectors
The two tested flexible connectors, namely Spring Type A and Spring Type B, typically used in electrical substations to
allow electrical rigid bus conductors to accommodate thermal effects, consist of three parallel straps, each one constituted
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by a pair of copper alloy bars. The former is an asymmetric device having one transverse and one axial terminal pad, whereas
the latter is a symmetric device having two transverse terminal pads.

These devices show a highly asymmetric hysteretic behavior due to geometric and material nonlinearities, as well as to
contact and friction between the copper alloy bars; such a behavior is also characterized by an increase of the transverse
tangent stiffness with increasing positive transverse displacements due to the so-called tension stiffening effect. Additional
details regarding the above-described devices and the experimental tests setup can be found in Ref. [13].

5.1.2. Simulation of experimental asymmetric hysteresis loops

In Fig. 13a (13b), we compare the analytical and experimental results obtained by slowly imposing, to the above-
described Spring Type A (Spring Type B), a transverse displacement history characterized by a sequence of six sets of cycles
having an increasing amplitude.

We can observe that the agreement between the experimental asymmetric restoring force-displacement hysteresis loops
and the analytical ones, simulated by employing the Asymmetric Exponential Model, is satisfactory in both cases. The
adopted six model parameters, evaluated by fitting the experimental data by means of an improved version of the inverse
identification strategy recently proposed by Sessa et al. [29], are listed in Table 6. The properties of such an adopted iden-
tification procedure will be explained in details in a future paper.

In addition, we note that the proposed model is not only able to simulate the highly asymmetric shape of the experimen-
tal hysteresis loops but it is also capable of well simulating the increase of the transverse tangent stiffness occurring in such
devices, for positive values of the transverse displacement, due to the tension stiffening effect.

5.1.3. Comparisons with the generalized Bouc-Wen model

To better illustrate the features of the developed model, the same experimental asymmetric hysteresis loops are simu-
lated by means of the Generalized Bouc-Wen Model formulated by Ref. [31]. This differential model, representing a modified
version of the Bouc-Wen model [7,39,40], has been specifically proposed to reproduce highly asymmetric hysteresis phe-
nomena. In particular, it allows us to evaluate the restoring force of the above-described spring connectors as follows:

f(u)=aku+ (1 -a)kz (83)

where a represents a dimensionless parameter, k is a parameter having dimension of stiffness, whereas z is a variable having

dimension of displacement; the latter is computed by solving the following first-order nonlinear ordinary differential
equation:

6
3 [
)
o 0
2
S
3t
—Experiment —Experiment
..... AEM AEM
02 -01 0 0.1 02 02 01 0 0.1 02
displacement [m] displacement [m]
(a) (b)

Fig. 13. Comparisons of experimental and analytical asymmetric hysteresis loops, simulated by using the AEM parameters given in Table 6: Spring Type A
(a) and Spring Type B (b).

Table 6
AEM parameters used for simulating hysteresis loops in Fig. 13.
kq [kNm™1] ky [kNm~"] o [m™] B1 [kKNm™] By [kNm™] y [m]
(a) 80.0 5.0 18.0 2.0 8.0 3.8
(b) 70.0 1.5 15.0 5.0 5.0 1.2
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z = u{A — [bsign(uz) + b,sign(uil) + bssign(uz) + basign(i1) + bssign(z) + besign(u)]|z|" }, (84)

where A, by, by, bs, by, bs, bg, and n are parameters defining the shape of the hysteresis loop.

In Fig. 14a (14b), we compare the experimental hysteresis loops of Spring Type A (Spring Type B) with those predicted by
means of the Generalized Bouc-Wen Model; the adopted ten model parameters, that have been calibrated by Ref. [31], are
listed in Table 7 for the reader’s convenience.

Comparing Figs. 13 and 14, we can observe that the Asymmetric Exponential Model is more accurate than the Generalized
Bouc-Wen Model; indeed, the former is not only able of simulating smooth hysteresis loops, that is, hysteresis loops having a
left-hand tangent stiffness at u = 0 equal to the right-hand one, but it is also able to better simulate the increase of the tan-
gent stiffness due to the tension stiffening effect. Furthermore, looking at Tables 6 and 7, we can also note that the proposed
model needs a smaller number of parameters that have a clear graphical meaning, as shown in 4.2.5.

5.2. Numerical verification and computational efficiency

In this subsection we simulate the nonlinear dynamic response of a single degree of freedom mechanical system, having a
rate-independent asymmetric hysteretic behavior, by modeling the generalized force using the Asymmetric Exponential
Model illustrated in Section 4. We perform the analyses for two different generalized external forces, namely a harmonic
force and a random force.

In order to show the numerical accuracy and the computational efficiency of the proposed model, we compare the anal-
yses results and the related computational times with those obtained by employing a modified version of the Bouc-Wen
model, formulated by Ni et al. [23], to reproduce the generalized force of the analyzed mechanical system.

5.3. Analyzed mechanical system with asymmetric hysteretic behavior

Let us introduce the nonlinear equilibrium equation of the analyzed Single-Degree-Of-Freedom (SDOF) mechanical sys-
tem having a rate-independent asymmetric hysteretic behavior. To this end, we denote by u and ii the generalized displace-
ment and acceleration, respectively, and by p(t) the generalized external force depending on time t. Hence, invoking the
d’Alembert’s principle, we get:

mii + f(u) = p(t), (85)
6
3 [
)
o 0
2
S
3t
—Experiment —Experiment
----- GBWM +«GBWM
02 -0l 0 0.1 02 02 0.1 0 0.1 02
displacement [m] displacement [m]

(a) (b)

Fig. 14. Comparisons of experimental and analytical asymmetric hysteresis loops, simulated by using the GBWM parameters given in Table 7: Spring Type
A (a) and Spring Type B (b).

Table 7
GBWM parameters used for simulating hysteresis loops in Fig. 14.
a k[kNm™] A by b, bs bs bs be n
(a) 0.1 49.2 1.0 0.4700 -0.1180 0.0294 0.1150 -0.1210 -0.1120 1.0
(b) 0.1 35.6 1.0 0.4190 -0.1930 0.1740 0.0901 —-0.1560 —0.0564 1.0
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where m is the mass of the system and f(u) represents its generalized force. In particular, m = 1 Ns?> m~!, whereas the gen-
eralized force-displacement hysteresis loop (Fig. 15a), described by f(u) when such a system is subjected to a generalized
sinusoidal displacement with amplitude of 0.25 m and unit frequency (Fig. 15b), is bounded by two non-parallel limiting
curves having no inflection point.

5.4. Applied generalized external forces

In Fig. 16, we show the two different types of applied generalized external forces adopted to perform the nonlinear time
history analyses, namely the harmonic force and the random force. In particular, the former, illustrated in Fig. 16a, is a sinu-

0.3

2 — 0.15
g

: 0 x
= =}
- B

2k - B.0.15

_ I I I 03 I I I |

-0.3 -0.15 0 0.15 0.3 0 1 2' 3 4 5

displacement [m] time [s]
(a) (b)

Fig. 15. Generalized force-displacement asymmetric hysteresis loop (a) obtained by applying a generalized harmonic displacement (b) to the mechanical
system described by Eq. (85).

force [N]

2 I I I I -40 I I I I
0 2 4 6 8 10 0 2 4 6 8 10
time [s] time [s]
(a) (b)

Fig. 16. Applied generalized external harmonic (a) and random (b) force.

Table 8

AEM parameters adopted in the nonlinear time history analyses.
ka [Nm™'] ky INm~'] o [m] pi[INm™] fa INm™'] y[m]
44.0 4.0 20.0 0.0 0.0 1.8
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Table 9
MBWM parameters adopted in the nonlinear time history analyses.
a a; [m™] ky [Nm™'] ky [Nm~2] ks [Nm~3] A[Nm™] by b, n
2.718 1.8 4.0 0.0 0.0 20.0 20.0 0.0 1.05
Table 10
NLTHAs results - Harmonic force.
tet [s] tctp u[m)| il [ms™] il [ms~2]
max min max min max min
MBWM 8.942 - 0.2264 -0.2925 0.8038 -0.8275 2.0849 -3.6322
AEM 0.059 0.66% 0.2258 —0.2901 0.7997 -0.8244 2.0791 -3.6185
0.3 I \ 0.3 I ‘
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..... AEM
— 0.15 — 0.15F .
g g
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= =
= £
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Q Q
. <
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2 RZ]
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0 2 4 6 8 10
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(a) (b)
Fig. 17. Generalized displacement time history obtained for the harmonic (a) and random (b) force.
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Fig. 18. Generalized velocity time history obtained for the harmonic (a) and random (b) force.

Please cite this article as: N. Vaiana, S. Sessa and L. Rosati, A generalized class of uniaxial rate-independent models for simulating asym-
metric mechanical hysteresis phenomena, Mechanical Systems and Signal Processing, https://doi.org/10.1016/j.ymssp.2020.106984



https://doi.org/10.1016/j.ymssp.2020.106984

763
764
765

766

767
768
769
770
771

772
773

775

776

777
778

780

YMSSP 106984
4 June 2020

24 N. Vaiana et al./ Mechanical Systems and Signal Processing xxx (XXXx) XXX

No. of Pages 27, Model 3G

soidal force characterized by an amplitude p,, that increases linearly with time from 0 to 1.6 N, and a forcing frequency
wp = 3.11 rad/s. The latter, illustrated in Fig. 16b, is a Gaussian white noise characterized by an intensity iwn = 10 N. Both
generalized external forces have a time duration t; = 10 s.

5.5. Asymmetric models parameters

To illustrate the numerical features of the developed model, the results of the nonlinear time history analyses are com-
pared with those obtained by employing the Modified Bouc-Wen Model formulated by Ni et al. [23]. This differential model,
representing an improved version of the Bouc-Wen model [7,39,40], has been specifically proposed to reproduce highly
asymmetric hysteresis phenomena. Together with the Generalized Bouc-Wen Model, described in 5.1.3, it represents one
of the most widespread asymmetric hysteretic models available in the literature. In particular, it allows us to evaluate
the generalized force of the above-described rate-independent mechanical system as follows:

F(u) = (ko + kasign(uu? + ko + 2), 59

where z represents a variable, having dimension of generalized force, that is computed by solving the following first-order
nonlinear ordinary differential equation:

z=u{A - [bisign(iiz) + b]|z["}, (87)
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Fig. 20. Generalized force-displacement asymmetric hysteresis loops obtained for the harmonic (a) and random (b) force.
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Table 11
NLTHAs results - Random force.
tet [s] tctp um it [ms™] it [ms~2]
max min max min max min
MBWM 9.023 - 0.2236 —-0.2536 0.8121 —-0.8377 38.7653 —32.7983
AEM 0.062 0.69% 0.2249 —0.2547 0.8109 —0.8380 38.7682 —32.7979

whereas a;, ay, ki, k2, k3, A, by, by, and n are the nine model parameters.

To perform the analyses, we have calibrated the parameters of the Asymmetric Exponential Model (Modified Bouc-Wen
Model) through an analytical fitting of the asymmetric hysteresis loop, illustrated in Fig. 15a, that characterizes the behavior
of the analyzed mechanical system. In particular, the adopted six (nine) model parameters are listed in Table 8 (9).

Looking at Tables 8 and 9, we can observe that the proposed model needs a smaller number of parameters than the Mod-
ified Bouc-Wen Model. In addition, since such parameters have a clear graphical meaning, as shown in 4.2.5, we may point
out that the proposed model requires a simplified parameters identification procedure.

5.6. Results of the nonlinear time history analyses

We now present the numerical results of the nonlinear time history analyses to demonstrate the numerical accuracy and
the computational efficiency of the Asymmetric Exponential Model.

To perform such analyses, we have numerically solved Eq. (85) by employing an explicit structure-dependent time inte-
gration method [15,35] and adopting a time step of 0.001 s. Furthermore, we have numerically solved Eq. (87), that charac-
terizes the Modified Bouc-Wen Model, by means of the unconditionally stable semi-implicit Runge-Kutta method [27] and
using 50 steps. The solution algorithms have been implemented in the computer program MATLAB and run on a computer
having an Intel® Core™ i7-4700MQ processor and a CPU at 2.40 GHz with 16 GB of RAM.

Table 10 (11) presents the Nonlinear Time History Analyses (NLTHAs) results obtained by applying the harmonic force
(random force). We can observe that the accuracy of the Asymmetric Exponential Model is very satisfactory; indeed, such
a model gives maximum and minimum values of the generalized displacements, velocities, and accelerations that are quite
close to those evaluated by employing the Modified Bouc-Wen Model. In addition, the accuracy of the proposed model is also
confirmed by Figs. 17-19 that illustrate, respectively, the time histories of the generalized displacement, velocity, and accel-
eration, as well as the generalized force-displacement hysteresis loops, simulated by both the asymmetric models. (see
Fig. 20).

Finally, as far as the computational efficiency is concerned, Tables 10 and 11 provide the total computational time tct and
the total computational time percentage tctp of the proposed model, evaluated as:

AEM tct
7l = 7 .
AEM tctp (%) = MBWM tct 100. (88)
These values confirm the computational efficiency of the Asymmetric Exponential Model that clearly allows us to dras-

tically reduce the computational burden of the nonlinear time history analyses.

6. Conclusions

We have reformulated a class of uniaxial rate-independent hysteretic models, originally developed by Vaiana et al. [33],
to reproduce generalized force-displacement hysteresis loops characterized by asymmetric shapes. Subsequently, we have
developed two instances of such a class, denominated Asymmetric Bilinear Model and Asymmetric Exponential Model, in
order to better illustrate the meaning of the quantities employed in the reformulation and to show its properties in terms
of accuracy and computational efficiency.

The Asymmetric Exponential Model, capable of simulating six different types of generalized force-displacement hystere-
sis loop shape, namely two symmetric and four asymmetric shape types, has been experimentally and numerically verified.

The experimental verification reveals that the proposed model is able to accurately reproduce the highly asymmetric
experimental hysteresis loops displayed by some spring connectors tested by Filiatrault and Kremmidas [13]. Furthermore,
compared to the Generalized Bouc-Wen Model, specifically developed by Song and Der Kiureghian [31] to simulate the com-
plex experimental behavior of such devices, the proposed model turns out to be more accurate by using a smaller set of
parameters. Actually, the Asymmetric Exponential Model is able to well simulate the increase of the transverse tangent stift-
ness observed for increasing positive values of the transverse displacement by using six, rather than ten, parameters. Fur-
thermore, the adopted six parameters have a specific graphical meaning, as shown in 4.2.5.

The numerical verification, performed by carrying out some nonlinear time history analyses on a rate-independent
mechanical system having asymmetric hysteretic behavior, reveals that the Asymmetric Exponential Model not only pro-
vides results that are very close to those predicted by using the Modified Bouc-Wen Model formulated by Ref. [23], but it
also allows for the reduction of the computational times. Indeed, it requires only the 0.66% (0.69%) of the time required
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by the Modified Bouc-Wen Model when the analyses are performed by applying the generalized external harmonic (random)
force.

Current research is focusing on the extension of the proposed general formulation to the case of cyclic hardening and soft-
ening, by assuming the adopted parameters as functions of other quantities, such as the hysteresis loop area or the number
of cycles, and to the case of pinching phenomena, by conveniently modifying the general expression of the generalized tan-
gent stiffness function.
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