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ABSTRACT. A limit analysis method for masonry domes composed of 
interlocking blocks with non-isotropic sliding resistance is under 
development. This paper reports the first two steps of that work. It first 
introduces a revision to an existing limit analysis approach using the 
membrane theory with finite hoop stresses to find the minimum thickness of 
a hemispherical dome under its own weight and composed of conventional 
blocks with finite isotropic friction. The coordinates of an initial axisymmetric 
membrane surface are the optimization variables. During the optimization, 
the membrane satisfies the equilibrium conditions and meets the sliding 
constraints where intersects the block interfaces. The results of the revised 
procedure are compared to those obtained by other approaches finding the 
thinnest dome. A heuristic method using convex contact model is then 
introduced to find the sliding resistance of corrugated interlocking interfaces. 
Sliding of such interfaces is constrained by the Coulomb’s friction law and by 
the shear resistance of the locks keeping the blocks together along two 
orthogonal directions. The role of these two different sliding resistances is 
discussed and the heuristic method is applied to the revised limit analysis 
method. 
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INTRODUCTION 
 

his paper reports a part of an ongoing research on the development of limit analysis for hemispherical domes 
composed of interlocking blocks. The paper covers two main issues. It first introduces a revision of the limit 
analysis framework proposed by D’Ayala and Casapulla [1] using the membrane theory for the hemispherical 

dome under its own weight. Then, the heuristic formulations previously proposed for 2D semicircular masonry arches 
with interlocking blocks [2] are extended to 3D interlocking interfaces within the hemispherical domes, by using a convex 
contact model [3].  

T 

http://www.gruppofrattura.it/VA/51/2547.mp4


 

                                                          E. Mousavian et alii, Frattura ed Integrità Strutturale, 51 (2020) 336-355; DOI: 10.3221/IGF-ESIS.51.25                         

 

337 
 

In the literature, 2D thrust-line, membrane, and 3D thrust-network [4, 5], along with convex and concave contact models 
[3, 6, 7], have been developed within the limit analysis framework to find the ultimate load factor (or the minimum 
thickness) for the feasible models of masonry structures. Referring to basic geometries, 2D thrust-line and membrane 
were applied to find the limit equilibrium of semi-circular arches [8-16], hemispherical domes [17-20] and vaults of given 
geometries including skew arches, and pavilion, cross and groin vaults [21-26]. Finding the ultimate load factor, together 
with the stress state and failure mechanisms for models with basic geometries, is a classical problem also solved through 
other structural analysis methods such as Finite Element (FE) analysis, including detailed and simplified finite element 
micro models [27-29], and Discrete Element (DE) analysis [30-32]. On the other hand, further approaches have been 
proposed to simplify the static and dynamic analysis of masonry structures assumed as assemblages of rigid blocks, such 
as equivalent macro-elements constituted by a set of trusses to describe masonry vaults [33] and one-sided motion of 
rocking rigid blocks [34, 35]. However, limit analysis approach is less computationally expensive still highly accurate, 
compared to other computational methods. 
According to the limit analysis approach applied to assemblages of rigid blocks, the stability of a block masonry structure 
is obtained when the internal forces distributed at block interfaces satisfy two physical constraints: the forces normal to 
the interfaces should be in compression and the forces tangential to the interfaces must be less than the interface sliding 
resistance, including associative [3, 6] or non-associative [36, 37] isotropic frictional resistance. 
D’Ayala and Casapulla [1] developed a limit analysis procedure to find the minimum thickness required for a 
hemispherical masonry dome composed of rigid blocks with finite isotropic friction, to withstand a weight-like load 
distribution. That work first proved that due to the symmetry of geometry and loading, this configuration belongs to a 
special class of non-associative friction problems for which unique solutions within standard limit analysis can be found. 
This solution is the optimized axisymmetric membrane surface that everywhere lies within the thickness of the dome and 
satisfies equilibrium and frictional constraints.  The resistant surface is characterised by meridional and hoop stresses, and 
it was observed that its profile might not coincide with the mid hemispherical surface for small frictional resistances. This 
means that the curvature of its generating meridian is not known a–priori and is generally not constant. So, in the cited 
paper, a meridional thrust-line per unit length of parallels (circle of latitude) was constructed by connecting a set of 
control points on the blocks, assumed as the optimization variables. The objective function of the optimization was to 
determine the coordinates of these control points for the unique membrane surface placed in the thinnest structure, 
satisfying the equilibrium condition and sliding constraints. To develop the sliding constraint, the stress state at the points 
where interfaces intersect the mentioned thrust-line was calculated.  
In the first part of this paper, the equilibrium formulations and the sliding constraints presented in the mentioned work [1] 
are to some extent revisited, since in that work the sliding constraint in the parallel direction was not very accurate. 
Furthermore, the revised method can present the stress states at block interfaces through the construction of the 
membrane or discrete network of forces for the lunes of the dome.  
The second part of this paper addresses the extension of limit analysis to interlocking interfaces with non-isotropic sliding 
resistance. In the literature, the sliding behaviour of interlocking blocks with different geometries has been taken into the 
consideration very recently. For example, the in-plane and out-of-plane capacity of masonry walls with blocks having 
corrugated interfaces have lately been studied through experimental and numerical investigations [38-40]. Particularly 
interesting is the numerical simulation of brick infill walls with locks along vertical interfaces under out-of-plane loading, 
developed by means of an innovative discrete macro-modelling strategy [41]. Dyskin et al. [42] and Estrin et al. [43] 
carried out an experimental test to evaluate the out-of-plane behaviour of osteomorphic blocks, while the out-of-plane 
capacity of a wall with blocks having cross shaped locks, keeping the blocks together, was demonstrated in [44] through 
experimental investigations. Furthermore, different structural behaviours of three types of joinery connections with 
different geometric properties were addressed in [45], experimentally and numerically. 
Herein, the convex contact model proposed in [2] for 2D interlocking interfaces is adopted and extended to perform the 
orthotropic sliding behaviour of 3D corrugated hoop interfaces with locks having rectangular cross section (Fig. 1). This 
behaviour is governed by the Coulomb’s friction law in one direction and by the shear resistance of the locks in the 
orthogonal direction. A heuristic method using this contact model is then introduced to find the sliding resistance of such 
interlocking blocks. The geometry of their interfaces is idealized and a relation between the geometric parameters of the 
locks, i.e. g x b x h (width x length x height), including their orientation and number and the sliding resistance of the 
interfaces, is defined (Fig. 1). 
In the following sections, the revisited limit analysis and optimization of the hemispherical dome proposed in the cited 
work [1] is first presented. The results obtained by this revisited procedure are compared with the previous ones and the 
extension of this analysis to hemispherical domes composed of interlocking blocks is discussed, in terms of a construction 
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of a discrete network of forces. Then, the proposed convex contact model and the heuristic method to find the sliding 
resistance of the assumed interlocking blocks are developed and the conclusions of the work are finally provided. 
 

 
Figure 1: A hemispherical dome, a lune depicted in blue and two interlocking blocks presented in red.  An interlocking block has 
several locks on its hoop face whose geometric properties including width g, height h and length b affect the sliding resistance of the 
block. 
 
 
LIMIT ANALYSIS OF HEMISPHERICAL DOMES COMPOSED OF CONVENTIONAL RIGID BLOCKS  
 

he objective of the optimization is to find the minimum constant thickness of a stable hemispherical dome under 
its own weight, with assigned radius. To develop the optimization method, first a number of control points 
representing the blocks are defined and the axisymmetric membrane surface is constructed. 

Applying the discrete approach of O’Dwyer [5] within the limit analysis framework, a network of forces can represent the 
structural model of the dome. A discretized dome includes a set of similar lunes (Fig. 1), each of them spanning horizontal 
angle  = 2/nl, where nl is the number of lunes (Fig. 1). Each lune also includes a set of similar rigid blocks stacked over 
each other. 
The network of forces is constructed using a set of control points located on the blocks. A set of horizontal parallel 
polygons and a set of similar meridional thrust-lines pass through these control points. Decreasing the horizontal angle , 
and therefore the length of the lune support, the centroids of the blocks move horizontally and radially towards the mid-
surface of the dome, while the parallel polygons tend to become circular. For unit length of parallels (of the hemisphere), 
the network of forces becomes very close to a membrane surface for the hemispherical dome [1] and the generating 
meridional trust-line can be called base thrust-line.  
Given the symmetry of the problem, only half of the dome is considered in the proposed procedure. The generic trust-
lines with the coordinates of two subsequent control points for a lune with horizontal angle  =  (i.e. for half dome), 
with  < , and the base thrust-line are represented in Fig. 2 by a broken line, a dashed line, a dash-dotted line, 
respectively. The half dome is modelled by assuming that its mass is distributed along its mid hemispherical surface of 
radius R (its projection on the plane XZ is represented by the central-arc C in Fig. 3). To determine the coordinates of the 
control points of the base thrust-line, first the central-arc C (and the unknown thickness as well) is divided into the desired 
number of blocks r. Considering the mid-points of all the blocks (empty red circles in Fig. 3a), their x coordinates coincide 
with the x coordinates of the control points (filled red circles in Fig. 3b). Two different thrust-lines for the lunes with 
horizontal angle  =  and  <  are also constructed through interpolation of the points (depicted by orange and yellow 
dots in Fig. 2a and b, respectively) whose x coordinates are different from the control points on the base thrust-line. 
Therefore, a different superscript of x is used for the different lengths of the considered lunes. On the other hand, the z 
coordinates of the control points of the base thrust-line are the same as those of the thrust-lines of lunes  and , and no 
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superscript is used for them. It is worth noting that, in the following, indices i and j are respectively used to enumerate 
blocks and interfaces between the blocks from the apex (point A) to the support (point B), i.e. interface j is the lower 
interface of block i. 

 
   (a)    (b)     (c) 
 

Figure 2. Thrust-lines for the a) half dome, b) lune with  < , and c) base thrust-line. 
 

 
   (a)        (b) 
 

Figure 3: Coordinates of the centroids of blocks on the a) central-arc C and of the control points on the b) base thrust-line, with the 
enumeration of blocks and their interfaces. 
 
The z coordinates of the control points constructing the base thrust-line are the variables of the optimization objective 
function f (zi). For a set of control points with coordinates xib and zi modelling a base thrust-line, half of the thickness for 

the dome is obtained as max    
2 2b

i ix z R
    

. As a result, the objective function of the optimization is: 

 

f (zi): t/2 = Min max    
2 2b

i ix z R
    

        (1) 

 

where t is the minimum thickness of the masonry dome. 
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Given the isostatic nature of the problem, for any given set of descending zi’s the state of stress is completely defined by 
simple equilibrium equations, so allowing the construction of any corresponding axisymmetric membrane surface. In 
other words, the value of zi’s are only bounded by the sliding constraint. Finding the state of stress of the equilibrated 
model, this constraint is determined, as described in the following 
First consider the section with an angle of embrace j of half dome divided into a number of rows equal to the number of 
blocks along the meridional length. Being ω the weight for unit surface, the total weight of this section is: 
 

  π 2
j ω π  1 cosαjW R           (2) 

 
passing through the centre of mass of the half dome section (Fig. 4a). The x coordinate of this centre is: 
 

 
 π π

1π
π

 
j

i ii
wj

j

W x
x

W



          (3) 

 
where Wi

 is the weight of the corresponding row on the half dome and xiπ is the x coordinate of block i on the thrust-line 
for  =  (Figs. 4b). The z coordinates of this point and control point i on the base thrust-line are identical. 

 
   (a)    (b)     (c) 

 

Figure 4: Thrust-lines and details for the half dome with an angle of embrace j. 
 
The angle jπ between the meridional force resultant on interface j (Sjπ) of the half dome and the horizontal line at point 
Pj
 (xj

, zj), shown in Fig. 4a, can be defined both from the global equilibrium of the section and from the construction of 
the corresponding thrust-line. 
In fact, the rotational equilibrium of the section j of half dome about point Pj

requires the horizontal hoop force 
resultant Hj

 to be applied to a point with zHj coordinate, so that: 
 

 
π π π

π π
πtanγ

j wj j
j j

Hj j j

x x W
H W

z z


 


         (4) 

 

from which the angle jπ can be derived. On the other hand, jπ also corresponds to the inclination of the thrust-line 
between the control points of block i and i+1 when  =  (Fig. 4c), i.e.: 
 

π 1
π π

1

tan γ i i
j

i i

z z

x x








          (5) 
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Using Eqns. (4) and (5) the following expression can be obtained: 
 

π 1
π π π π

1

tan γ Hj j i i
j

j wj i i

z z z z

x x x x




 
 

 
         (6) 

 
from which a value of zHj can also be derived for each j. Moreover, considering that xi

 = (2/ xib), the following relation 
between the angle jπ and the corresponding one jb on the base thrust line (representing the inclination of the meridional 
force resultant Sjb on interface j) is: 
 

π 1

1

π π
tan γ  tanγ

2 2
bi i

j jb b
i i

z z

x x





 


         (7) 

 
as represented in Figs. 5a to 5c which refer to the same dome section but per unit length of parallels. It is worth noting 
that zHj is the same for both representations of the dome section. 
Similarly, it can be demonstrated that: 
 

 π 2 b b
j j jH x H            (8) 

 
   (a)    (b)     (c) 
 

Figure 5: Thrust-lines and details for the lune per unit length of parallels (base thrust-line). 
 
In sum, taking into account Eqns. (6) and (7), the equilibrium of the dome section with angle of embrace j simply 
requires that: 
 

  tanγb b b
Hj j j wj jz z x x            (9) 

 
where: 
 

 1

1

tanγb i i
j b b

i i

z z

x x








  

tanγ

1 tanα  tanγ

b b
i i j

j b
j j

z x
z





  and     tanαb

j j jx z   (10) 
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Eqns. (9) and (10) easily allow the calculation of the meridional and hoop forces of the constructed membrane surface.  
Finding the stress state through the equilibrium equations, the sliding constraint is defined by limiting the maximum 
values of the internal shear force to be not greater than the frictional resistance at each block interface. This limitation can 
be imposed independently on the two contributions obtained by the meridional and hoop force resultants so that two 
states of presence and absence of hoop forces can be analysed. 
With reference to the meridional sliding constraint (in the absence of hoop forces), it is observed that the internal force Sjb 
at interface j per unit length of parallels is distributed uniformly on the intersected circular arc. According to the 
Coulomb’s friction law, the sliding constraint can be written as (Fig. 6): 
 

 μb b
j jT N            (11) 

 
where  is the friction coefficient and Tjb and Njb are the components of Sjb tangential and normal to interface j, 
respectively, expressed by the formulations: 
 

  sin α γb b b
j j j jT S            (12) 

 

  cos α γb b b
j j j jN S             (13) 

 
As a result, in Eqn. (11) can be rewritten as: 
 

  tan α γ μb
j j            (14) 

 
Figure 6: Meridional sliding constraint at interface j governed by tangential and normal components of Sj

b.
  
With reference to the parallel sliding constraint, first the horizontal resultant of the hoop stresses per unit length of 
parallels Hib for each block i can be found by taking into account Eqns. (4) and (8), i.e. (Figs. 7a and 7b): 
 

 1
b b b
i j jH H H             (14) 

 
which is applied at the control point at level zi. This force is applied horizontally outwards when positive (showing 
compressive hoop forces) and inwards when negative (presenting tensile hoop forces). 
Then, due to the geometry of the hemispherical dome and its composing blocks, inward movement of the upper portion 
of the dome over the lower one at interface j is not possible. This means that only limiting hoop force Hbj,lim against 
outward movements must be considered as frictional resistance at this interface and that, including the contribution of the 
meridional force, the normal and tangential components of the resultant at interface j can be respectively written as: 
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 ,lim ,limcos α γ cosαb b b b
j j j j j jN S H           (15) 

 

 ,lim ,limsin α γ sinαb b b b
j j j j j jT S H           (16) 

 
Taking into account that Tbj,lim = Nbj,lim, the limiting hoop force resultant Hbj,lim is: 
 

   
,lim

μcos α γ sin α γ

sinα μcosα

b b b
j j j j jb

j
j j

S
H

    


       (17) 

 
So, the parallel sliding constraint can be formulated as: 
 

,lim 1,lim
b b b
i j jH H H             (18) 

 
It should be observed that this constraint is more accurate than that proposed in the previous work [1] and therefore 
different results can be expected. 
 
 

 
   (a)       (b) 
 

Figure 7: a) Resultant of the hoop stresses Hi
b per unit length of parallels passing through the corresponding control point at level zi 

and equilibrium diagram for forces per unit length of parallels; b) meridional forces at the two interfaces (Sj-1
b and Sj

b) whose 
horizontal components are Hj-1

b and Hj
b, respectively. 

 
Lastly, the optimization problem can be stated as follows: 
 

 t/2 = Min max    
2 2b

i ix z R
    

        (19) 
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 S.T. 

  tan α γ μb
j j    meridional sliding constraint 

  

,lim 1,lim
b b b
i j jH H H    parallel sliding constraint 

 
It is worth highlighting that the parallel sliding constraint is particularly suitable to the stability of a dome composed of an 
assemblage of blocks with running bond pattern, while it does not work in presence of stacked bond pattern, where zero 
hoop forces must be considered. In this case, in fact, the problem reduces to the one of an arch of increasing width from 
the crown to the spring, obtained by cracks along the meridional interfaces between adjacent lunes, and the value of 
minimum thickness to span ratio as a safe solution was first provided by Heyman[17] under the assumptions of infinite 
compressive strength and friction resistance and zero tensile strength. The corresponding minimum thickness represents 
an upper bound of the real solution. On the other hand, the classical membrane theory with unlimited hoop forces 
provides zero thickness of the hemispherical dome, representing the lower bound solution. The solution provided by the 
approach herein proposed is a membrane surface with limited hoop forces and the minimum thickness required is 
expected to be in the range of the lower and upper bounds. 
 
 
RESULTS 
 

 case study of a hemispherical dome with 10m centreline radius, containing 20 rows and 20 lunes under its own 
weight was optimized. The obtained results were then compared to the results obtained by other existing 
methods. 

To model the dome, construct the membrane and implement part of the structural analysis, C# component of 
Grasshopper was applied. The outputs of the optimization including the final model were obtained through the 
Grasshopper environment as well. Grasshopper is a visual programming language which runs within Rhinoceros 3D. The 
core of structural analysis and optimization was done by MATLAB used as backend. To solve the minimax problem (19), 
the MATLAB’s fminimax method was implemented [46]. 
Fig. 8 graphically shows the relationship between the normalised minimum thickness of a structurally feasible dome and 
the coefficient of friction at block interfaces obtained by the proposed approach and by other existing methods 
introduced by [1, 17, 31]. The curve “Heyman’s cracked model” [17] represents the classical solution of a dome already 
cracked along the meridians (zero hoop forces) but satisfying the meridional sliding constraint according to Eqn. (14). In 
fact, this model yields a constant value of the t/R ratio of 0.0425 if the friction coefficient  is greater than 0.25. For 
 < 0.25, the resultant of meridional stresses reaches a limit value on some block interface (according to Eqn. (4)) and the 
minimum thickness increases sharply. As expected, this upper bound solution is not very far from the proposed curve 
“Revised membrane with zero hoop forces”, which is based on the same assumptions. Instead, the curves “Membrane 
with limited hoop forces” obtained by D’ayala and Casapulla [1] and “Revised membrane with limited hoop forces” herein 
proposed represent the solutions obtained by a similar optimization procedure but with a slightly different sliding 
constraint on the hoop forces, as described above. In particular, the approach herein proposed provides more 
conservative results with respect to the previous one, still included in the described range of solutions, whose lower bound 
is represented by the horizontal curve “Classical membrane with unlimited hoop forces”. Lastly, the “Discrete element 
approach” [31] still considering hoop resistances at interfaces (unlike the Heyman’s cracked approach), provides results 
closer to the Heyman’s model than to the models with limited hoop forces, even if for  > 0.23 the curve decreases 
similarly. 
On the other hand, the results of all approaches present the same pattern, characterized by three domains of the friction 
coefficient. First, no equilibrium is possible when  is so small ( < 1), where 1 is the minimum value. For larger values 
of  so that 1 <  < 2 (where 2 is the value marking a clear change in the curve inclination), the ratio of minimum 
thickness to radius t/R decreases (linearly or non-linearly) and the dome behaves as a cracked dome with mixed sliding 
and rocking mechanisms governed by the meridional sliding constraint (three hinges at the extrados and intrados of each 
lune are formed and the sliding mechanism occurs at the lowest interface of the lune). Instead, when  is large enough 
( > 2), sliding along the lower parallels can occur for the models considering the presence of limited hoop forces or, in 
case of zero hoop forces, pure rocking mechanism can be observed on the optimal result so that four hinges are formed at 
the intrados and extrados of each cracked lune. 

A 
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Using different approaches, different 1 and 2 were calculated. The results in terms of both values of  and the 
corresponding t/R are reported in Tab. 1, starting from the proposed approach. It is first interesting to observe that while 
the thickness of dome for any  between 1 and 2 given by Heyman’s method is larger than the corresponding result 
obtained by the proposed approach for the dome with stacked bond pattern (zero hoop forces), the minimum thicknesses 
for  > 2 are almost similar using the two approaches. Moreover, using discrete element analysis of Simon and Bagi [31], 
the results for 1 <  < 2 are closer to the proposed approach than to the Heyman’s method, while those for  > 2 are 
similar to the decreasing curves for limited hoop forces. 
The last remark is that the results obtained by the proposed method for domes with running bond pattern (limited hoop 
forces) are slightly different from those given by the membrane approach [1], herein revised. The reason is to be found in 
the different parallel sliding constraint that governs this part of the curve, as described above. Instead for  > 2 these are 
in good agreement and both shows that for values of   0.7 the minimum thickness required by that formulation is 
infinitely small as the membrane surface tends to coincide with the mean hemispherical surface of the dome, which is 
considered the lower bound of possible solutions. 

 
Figure 8: Relationship between the minimum thickness of a dome composed of conventional blocks and the coefficient of friction. 
 
 

Approaches 1 2 t/R ( = 1) t/R ( = 2) 
Revised membrane (zero 

hoop forces) 0.19 0.22 0.08 0.043 

Revised membrane 
(limited hoop forces) 0.13 0.17 0.06 0.018 

Membrane (limited hoop 
forces) [1] 0.09 0.11 0.20 0.016 

Heyman’s model [17] 0.20 0.25 0.10 0.043 

DEM approach [31] 0.20 0.23 0.10 0.045 
 

Table 1: Compared results for the optimized hemispherical dome composed of conventional rigid blocks. 
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DISCRETE NETWORK OF FORCES FOR HEMISPHERICAL DOMES 
 

s demonstrated above, the geometric properties of the interfaces between the blocks can be ignored in 
formulating the sliding constraint within the limit analysis framework. By contrast, using interlocking blocks, the 
geometric properties of the interfaces must be considered within the sliding constraints because the interface 

behaviour is not isotropic and the stress state at each interface must be found separately. To this aim, a discrete network 
of forces can be modelled with reference to meridional thrust-lines instead of base thrust-lines, while parallel polygons can 
still be assumed in compression or tension if the sliding resistances are met in different directions.  
To construct the meridional thrust-line for the lune with horizontal angle  first the relation between its meridional force 

Sj
 and its corresponding force Sjb on the base thrust-line is determined. Given    2ω π  1 cosα / π b b

j j jW R x     and Hjb 

as the two components of Sjb for the base thrust-line, the vertical and horizontal internal forces applied on interface j of 
the lune with horizontal angle  (as components of Sj

) can respectively be found as (Fig. 9): 
 

 θ    θb b
j j jW W x            (20) 

 

 θ θ
2 sin

2
b b

j j jH H x    
 

          (21) 

 

where xjb is the x coordinate of the point on interface j at which forces are applied. Fig. 10 illustrates the relation between 
Hj

 and Hjb (Eqn. (21)), graphically. 
 

 
Figure 9: Relation between the meridional force Sj

for the lune with horizontal angle  and the force Sj
b for the base thrust-line. 

 
Finding Wj

 and Hj
the x coordinate of centroid i, through which the thrust-line of the lune with horizontal angle  

passes (xi
), can be computed through the following steps. Knowing the x and z coordinates of centroid i, the network of 

force can be constructed using these formulations: 
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θ
θ

   θ θ
              tan γ    tan γ
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which can be rewritten as: 
 

 1 1 1
θ θ θ θ

1 1 1

θ θ
                   

θ θx2sin 2sin
2 2

b b
i i i i i i

b b
i i i i i i

z z z z x x

x x x x x
  

  

  
  

     
   
   

     (23) 

 

Eqn. (23) for two control points A and #1 is 1 1
θ θ θ
1 1

θ
 

θ
2sin

2

b b b
A

A

x x x

x x x


 

  
 
 

, since both xA
and xAb are zero. Substituting x1

b 

with [/(2 sin (/2))] x1
 in Eqn. (23) for control points 1 and 2 and then continuing it for every control points i and i+1, 

the following equation is obtained: 
 

 θθ
   

θ
2sin

2

b
i ix x

 
 
 

          (24) 

 

 
Figure 10: Graphic presentation of the relation between Hj

 and Hj
b. 

 
 

CONVEX CONTACT MODEL FOR INTERLOCKING INTERFACES 
 

n this section, an algorithm referred to a single interface with given orientation and number of locks is developed to 
demonstrate the sliding behaviour of the interlocking interfaces within a hemispherical dome. A numerical strategy is 
also proposed to idealize the stress state on this interface as a set of internal forces at one point on the interface, 

according to the convex contact formulation. 
 

Modelling of an interlocking interface in a hemispherical dome 
The hemispherical dome is composed of horizontal rows of blocks, which produce curved interfaces between blocks 
stacked over each other. The curved interface is a section of a cone, whose vertex is the hemisphere centre and whose 
base is a horizontal circle, as depicted in Fig. 11. If these interfaces, here called hoop interfaces, are designed to be 
interlocking, they can represent the curved surfaces where the locks are attached to the main bodies of the interlocked 
blocks. If the lock height is zero, each curved surface represents a row. 
As a simple approximation, the hoop interface of each block is assumed to be flat and to be abstracted to a trapezoid 
shape, as depicted in Fig. 12a. Modelling an interface as a trapezoid enables us to develop numerical formulations to 
calculate the value of width g and length b of the locks affecting the sliding resistance (Fig. 12b). Finding the value of the 
geometric parameters through the numeric formulations reduces the computation time considerably. The formulas are 
presented later in this section. 
Given the number m and orientation  of locks, these can be modelled on a trapezoid face (Fig. 13), following the 
proposed steps: first, line L is considered as the projection of the diameter d or the longer base of the trapezoid p, 

I 
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depending on which projection is longer (Fig. 13b); then, line L is divided to the given number of locks (Figs. 13c and 
13d). 

 
Figure 11: Curved interface j within the hemispherical dome which is part of a cone. 

 

 
(a)      (b) 

 
Figure 12: An abstracted interface for a block of the hemispherical dome and all the geometric properties involved in structural 
stability. The designer can adjust all these properties parametrically. 
 
Knowing the length of L, the width of a lock g equals L/m, where m is the number of locks and L is obtained as follows: 
 

  max  cos ζ φ ,  cosφL d p           (25) 

 

where sin ζd a  ; 3θ2 d
a

p R   
 

; 
3

ζ arctan
θ

 tan
2

d

a

p a


   
 

; 3
θ

θ 2arctan(tan sin )
2d    

 
. Parameters a, α, R and 3d 

are depicted in Fig. 12. 
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  (a)   (b)    (c)    (d) 
 
Figure 13: Modelling process to generate the interlocking interface, given the orientation and number of locks in four steps (a) to (d). 
There are two ways (two rows in the figure) for modelling an interlocking interface, depending on the length of the diameter d and 
base of the trapezoid p. 
 
In addition to g, the length of a lock centreline b can also be formulated numerically. Depending on the location of a lock 
on an interface, three equations can determine this length. Fig. 14 shows three zones on a trapezoid, to which three 
corresponding intersection points of the lock centreline and L (red point in Fig. 14) are associated, i.e.: 
 

3
1

3

θ
cos φ

θ 2cos
2

d

d

a
L       

 
 

         (26) 

 

  2 1min  cos ζ φ ,  cosφL d p L           (27) 

 

 3 1 2L L L L             (28) 

 
Figure 14: Three zones for calculation of the length of the lock b. 
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Depending on if the intersection point locates on Zone 1, 2 or 3, the corresponding equations can be used to define the 
lock length b, respectively: 
 

3θtanφ cot φ
2 2

k d
k

g
b c

        
         (29) 
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   (31) 

 
where coefficient   1, , 3 1 ,  , 2 1 ; kc k k m k       . 

 
Sliding resistance of an interlocking interface in a hemispherical dome 
Fig. 15 presents a generic interlocking interface modelled as a set of failure strips where internal forces are distributed on. 
These planar strips include dry joints between two interlocking blocks (blue strips) and fracture planes at which the block 
can crack (red strips). Other kinds of fracture are avoided through considering the main body of the interlocking block 
rigid enough. A dry joint can be separated, rock, and slide along the locks, while a lock can be cracked at the fracture plane 
due to bending, shear, torsion or combinations of them. 

 
  (a)     (b)     (c) 
 

Figure 15: a) An interlocking interface and its failure planar strips including b) dry joints and c) fracture planes. 
 
Convex contact model addressed in [7] idealizes the stress state at an interface to the internal forces at the centre of the 
interface including the normal force fn, two tangential forces ft1 and ft2 normal to each other, two bending moments normal 
to each other bn1 and bn2 and torsion moment tr (Fig. 16a). In this section, instead of the centre of the interface, the 
internal forces at the intersection point of the meridional thrust-line of a lune and an interface are considered (Fig. 16b 
and c). A similar approach was previously applied to find the internal forces at the 2D conventional [9] and interlocking 
interfaces [2] of a semi-circular arch. 
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For such a convex model specialized for the hemispherical dome, the constraints on all the six internal forces preventing 
the mentioned structural failures are as follows: to avoid the block separation, fn must be in compression (fn ≤ 0); two 
tangential forces are considered along the locks ft1, and normal to the locks ft2; ft1 must satisfy the Coulomb’s friction law 
(ft1 ≤ μ fn), otherwise the block slides along the locks; ft2 and torsion moment tr must be less than the lock shear, bending 
and torsional resistance, as explained later; lastly, since the flow of forces, within the dome thickness, passes through the 
contact points of the convex model, bn1 and bn2 are zero and ignored (Fig. 16c). 

 
  (a)     (b)     (c) 
 
Figure 16: a) Contact point at the interface centroid according to the convex contact model in [7]; b) contact point as the intersection 
point of the interface and the network of forces according to the proposed convex contact model for the hemispherical dome; c) 
internal force on the contact point of the proposed convex contact model. 
 
The lock bending, shear, and torsional resistance can be found as follows: first of all, following [2] bending failure is 
neglected at the fracture plane through g ≤ h, where g and h are the thickness and height of the lock as already introduced 
above (Fig. 1). This means that the lock is thick enough so that, when subjected to a lateral force, it does not bend 
generating crack where the lock is connected to the main body of the lock. 
Besides, a conservative formulation to avoid both shear and torsional failures at locks is herein proposed. The tangential 
forces normal to a lock can be distributed uniformly or non-uniformly. If the force is uniformly distributed on lock k (Fig. 
17a), its limiting shear value Tky equals (ty bk), where ty = (g ) is the yielding force per unit length,  is the material shear 
strength, g is the lock thickness and bk is length of the lock, calculated through Eqns. (25) to (31). 
When the force is non-uniformly distributed on lock k (Fig. 17b), the lock may slide and/or twist after reaching the 
limiting value. For this case, the shear resistance of the lock is lower than the limiting value, since for a non-uniformly 
distributed force, whose resultant equals ty bk, there would be at least one point at which the force per unit length tb is 
more than ty. For such a non-uniformly distributed force, the overall shear resistance of the lock can be reduced to 
Tky = (cfk ty bk), where cfk is a coefficient less than one (Fig. 17b). Applying this coefficient, a combination of shear and 
torsion of the lock is considered, which becomes pure torsion for cfk = 0 and pure shear for cfk = 1 [7]. 
Given ft2, the tangential force at each lock can be considered as a component of ft2 (ft2k) subjected to an intersection point 
of ft2 and the centreline of the kth lock (Fig. 17c and d). Then, the following scalar summation represents the relation 
between ft2 and its components: 
 

1
2

2 2
0

m

k
t t
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f f





             (32) 

 
When the intersection point of ft2 and the centreline of the kth lock is not the centreline mid-point, the equivalent 
distributed force of ft2k is spread along the centreline non-uniformly. Therefore, ft2k ≤ cfk ty bk. 
In sum, the interlocking interface in Fig. 18 can be designed so that the fracture occurs on a flat face, i.e. fracture occurs 
only at one of the two interlocked blocks where its locks are attached to the main body of that block (Fig. 18), considering 
an overall shear resistance as: 
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where the coefficient cfk for each lock can be obtained through experimental investigation on different interlocking 
interface geometries.  
 

 
   (a)         (b) 
 

   (c)        (d) 
 
Figure 17: a) and b) Force distribution and shear resistance for a lock; c) and d) a conservative formulation for shear resistance of the 
interface within the convex contact model framework. 
 
 

 
Figure 18: The orthotropic sliding resistance of an interlocking block governed by the Coulomb’s friction law and the shear resistance 
of the locks in two normal directions. 
 
 
Considering ft1 and ft2 two components of the tangential force ft, and q the angle between the tangential force ft and the 
locks, the sliding constraint of an interlocking interface as long as the locks are not cracked is (Fig. 18): 
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Once all the locks are fractured and separated from the main body, the interface is turned to be a conventional interface. 
Thus, the non-linear sliding constraint can be formulated as: 
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In the future, the proposed convex model including the heuristic method for sliding resistance of the interlocking 
interfaces will be introduced to the revised membrane approach to find the thinnest hemispheric domes with interlocking 
blocks. 
 
 
CONCLUSION 
 

he paper presented two contributions to develop a limit analysis method for hemispherical domes composed of 
interlocking blocks. First the revision to an existing limit analysis approach using the membrane theory to find the 
thinnest hemispherical dome is presented. The dome is composed of blocks with isotropic sliding properties 

governed by the Coulomb’s friction law and it is only subjected to its own weight. The base thrust-line was constructed by 
a number of control points whose coordinates are the optimization variables. The optimization was constrained to meet 
the developed equilibrium conditions and sliding resistances. The results were obtained for (1) the finite tensile hoop 
stresses allowed by friction between the blocks assembled by running bond pattern; and for (2) no tensile hoop stresses 
which occurs in case of assembling the dome using stacked bond pattern. The outcomes showed that the revised 
formulations provided better results when compared to the other existing methods to find the minimum thickness of a 
structurally feasible dome, rather than the original formulation in [1]. The paper also demonstrated how the discrete 
network of forces can be constructed using the meridional thrust-line. 
The second issue addressed was the development of a heuristic method to find the orthotropic sliding resistance of the 
interlocking interface. First, a modelling procedure was proposed to abstract the interface and formulate the geometric 
properties on the interlocking interface affecting the sliding resistance. Then, adopting the convex contact model, the 
constraints for the internal forces tangential to the block interfaces within the hemispherical dome were defined. 
In further work, the developed constraints will be applied to find the thinnest dome composed of interlocking blocks and 
the revised limit analysis approach will also be extended to find the minimum thickness of shells with various basic 
geometries and non-isotropic interfaces. 
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