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A B S T R A C T

The Kinematic Wave Model (KWM), representing a simplification of the Full Wave Model (FWM) under the
shallow-water approximation, is often used in the one-dimensional formulation for describing the dynamics of
debris/mud flood. The present work investigates the applicability conditions of the KWM to analyze mud floods,
characterized by a rheological behaviour expressed through a power-law model. The study is carried out through
the numerical solution of both the Full and Kinematic Wave models changing the characteristic time of hy-
drograph, i.e. the wave duration, imposed at the channel inlet. The predictions of the two models are compared
in terms of maximum flow depth, maximum discharge and peak discharge at the downstream channel end. The
study is performed for several values of the Froude (F) and the Kinematic Wave (K) numbers. Similarly to the
clear-water case, present results show that higher errors in applying KWM pertain to shorter flood wave dura-
tions, but the performance of KWM appears to strongly depend on the value of the rheological index, becoming
worse as the fluid rheology becomes more shear-thinning. The study furnishes applicability criteria representing
a guideline for practical applications in terms of minimum wave duration above which the KWM error in re-
producing the considered flood characteristics (the maximum flow depth, the maximum discharge and the peak
discharge at the downstream channel end) is less or equal than 5%. Finally, it has been shown that the wave
period criterion, obtained considering linearized wave dynamics, may be safely applied at least for fluid with
moderate shear-thinning behavior and for moderate values of the dimensionless number KF2.

1. Introduction

The terms debris and mud flows, used to identify rapid movement of
sediment and water mixtures propagating along slopes, are classified
according to a nomenclature based on the different origin, the com-
position and the flow characteristics (Takahashi, 2014). In particular,
debris flows are characterized by the presence of gravel sediments and
their dynamics is controlled by erosion, deposition and grain collisions
(Gregoretti et al., 2019). Conversely, mud flows involve highly-con-
centrated mixtures of water and fine sediments, with a rheology
strongly influenced by the quantity of the fine fraction.

Due to the modification of the rainfalls and the increased urbani-
zation, the frequency of debris/mud flows has increased in the last
decades. These phenomena have an exceptional destructive power
producing severe damages on the impacted areas due to the high ve-
locity and the large volumes of mobilized, transported and deposited
sediments (Fuchs et al., 2007; Jacob et al., 2012; Thiene et al., 2017;
Gregoretti et al., 2018; Stancanelli and Musumeci, 2018; Chen et al.,

2019). The individuation of hazard-prone areas is of utmost importance
to estimate the effect of an event on populations, properties and en-
vironment (Harms-Ringdahl, 2004; Hurlimann et al., 2006).

For individuating hazard areas, different approaches may be used
based on environmental surveys and monitoring of previous events (e.g.
Di et al., 2008; He et al., 2003; Hungr, 2011) and/or numerically pre-
dicting the evolution of potentially dangerous scenarios. Numerous
numerical methods considering the mass, momentum and energy con-
servation equations have been proposed in literature for simulating the
debris/mud flow propagation. A possible classification pertains to the
schematization of the water-solid mixture.

A first option for the mixture analysis consists in separately de-
scribing the liquid and the solid components and therefore adopting the
so-called two-phase approach (e.g. Pitman and Le, 2005; Pudasaini,
2012; He et al., 2014; Di Cristo et al., 2016). The sophisticated models
proposed by Armanini et al. (2014) and by Iverson and George (2014)
belong to this class, more adapt for representing debris flows in which
the role of the solid and liquid phase must be distinguished. The former
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model uses the kinetic theory for the collisional regime, dominant close
to the free surface. For the frictional regime a specific model is adopted,
which matches the Coulomb condition at the boundary with the loose
static bed. In the model by Iverson and George (2014) the balance
equations describe the coupled evolution of the solid volume fraction,
the basal pore-fluid pressure, the flow thickness and the two compo-
nents of flow velocity. Basal friction is evaluated using a generalized
Coulomb rule, and the fluid motion is evaluated in a reference frame
that translates with the velocity of the granular phase. Source terms in
each of the depth-averaged balance equations account for the influence
of the granular dilation rate, considering both the effects of elastic
compressibility and of an inelastic dilatancy angle.

A different approach models the mixture as a homogeneous single-
phase medium with a non-Newtonian behaviour (Takahashi, 2014).
The characteristics of the apparent fluid are defined by the relationship
between the shear stress and the strain rate that is called the con-
stitutive law. The most commonly used single phase models are:
Bingham (yielding with subsequent Newtonian behaviour), power-law
or Ostwald–de Waele, Herschel-Bulkley (yielding with subsequent
power-law behaviour). Moreover, it is often adopted also a variant of
the Bingham model which introduces a quadratic term, aiming to ac-
count even for the turbulent/dispersive terms (O’Brien et al., 1993).
The models with a yield stress, often called visco-plastic, reproduce the
stopping of the flow as a deposit in flat areas and they are therefore
widely used in many engineering applications (e.g. Coussot, 1997;
Huang and Garcia, 1998; Chanson et al., 2006; Ancey, 2007; Chambon
et al., 2009; Pastor et al., 2014). However, since a correct rheology
characterization of the visco-plastic fluids is a subtle task (Ovarlez
et al., 2011; Chambon et al., 2014), also the power-law (without yield
stress) rheology is often employed (e.g. Jeong et al., 2009).

Values of the power-law exponent larger than one refer to dilatant
(or shear-thickening) fluids, while values smaller than one describe the
shear-thinning behavior. The widely used Bagnold rheology belongs to
the former category (the exponent is equal to two) and it is employed
for representing stony-type debris flow in which the grain-collisions are
dominant (Pudasaini, 2011; Takahashi, 2014). Conversely, the shear-
thinning power-law model is particularly adequate for describing fine
magmas and mining residuals, dilute clay or kaolin suspensions, and
river flows with a finite fraction of coarse grains, such as mud-flows (Ng
and Mei, 1994; Hwang et al., 1994; Perazzo and Gratton, 2004; Longo
et al., 2015). For instance, shear-thinning power-law model has been
found to mimic the rheology of both the natural estuarine mud dredged
from Haihe River in Tianjin and Mazhou Island (Zhang et al., 2010) and
the catastrophic landslide occurred in 1999 in Cervinara, Italy
(Carotenuto et al., 2015).

Starting from the Cauchy momentum equations and assuming a
power-law relation between the stress and the rate of strain tensors,
several shallow-layer models have been proposed. Owing to its sim-
plicity, the model deduced through the von Kàrmàn momentum in-
tegral method, i.e. Saint-Venant equations, is often preferred in en-
vironmental applications to other more rigorous models such as the
ones deduced through either the asymptotic expansions of the solution
of the Cauchy momentum equations (e.g. Fernández-Nieto et al., 2010;
Noble and Vila, 2013) or the weighted residual method (e.g. Ruyer-Quil
and Manneville, 2002).

Independently on the approach used for describing the solid-liquid
mixture, i.e. two- or single- phase, the two-dimensional shallow-layer
models allow to accurately reproduce the mud-flow dynamics
(Armanini et al., 2009, 2014; Di Cristo et al., 2018; Fent et al., 2018;
Greco et al., 2019; Iverson and George, 2014; Medina et al., 2008;
O’Brien et al., 1993; Rosatti and Begnudelli, 2013) but they require
considerable computational time and storage. Moreover, their appli-
cation is particularly challenging in presence of irregular topography
(Yan et al., 2013). These limitations prevent their use for large scale
investigations and for civil protection studies where quick analyses of
the possible impacted areas are required. To overcome such a

constraint, simplified models are often employed for describing the
dynamics of debris/mud flows (e.g. O’Brien et al., 1993; Arattano and
Savage, 1994; Chiang et al., 2012; Deangeli, 2008; Gregoretti et al.,
2016, 2019; Bernard et al., 2019). Simplified models are less compu-
tationally expensive than the full one and they are also characterized by
a less sensitive response to the noise in the input data (Yu and Lane,
2006; Weill et al., 2014; Aricò et al., 2016). In this context is of utmost
importance to define the conditions in which the simplified models can
be used with enough accuracy.

The Kinematic Wave Model, neglecting in the momentum equation
the local and convective inertia and the pressure gradient terms, is the
simplest approximation. A direct comparison between the results of the
Kinematic model with experimental data has been carried out by
Arattano et al. (2006), with reference to the debris flow occurred in
2004 in an experimental basin on the Italian Alps. The rheological
model is characterized by the presence of a yield stress plus a quadratic
term (Honda and Egashira, 1997). It has been shown that the simplified
model is able to describe the main features of the flood. Moreover, the
comparison with of the full model led the authors to conclude that the
rheological parameters influence the results more than the inertial
terms in the Saint-Venant equations, giving additional support to the
use of the Kinematic Wave Model for the debris flow prediction. Un-
fortunately, as far as shear-thinning fluids are concerned, a similar
comparison between the outcomes of the Kinematic Wave Model with
field data is not available. However, for this kind of fluids, the validity
of the kinematic approximation has been tested by Longo et al. (2015)
in reproducing laboratory dam-break tests performed in a constant
slope channel with different cross-sections. A good agreement between
the experiments and the theoretical developments, in terms of front
position, has been observed particularly at late times. In the early stage,
the discrepancies were attributed to the high depth-to-length aspect
ratio. The above analysis has been extended to the case of a varying
longitudinal channel slope in Longo et al. (2016), confirming the va-
lidity of the simplified model.

Even if applicability criteria of simplified models have been widely
studied for flood of clear-water, (e.g. Ponce et al., 1978; Moussa and
Boequillon, 1996; Singh and Aravamuthan, 1996; Tsai, 2003; Perumal
and Sahoo, 2007; Moramarco et al., 2008a,b), only few works ad-
dressed the problem for non-Newtonian fluids. With reference to a
power-law rheology, Di Cristo et al., (2014) deduced the applicability
criteria of some approximated models (i.e. kinematic, diffusion and
quasi-steady) in terms of dimensionless wave period of the flow per-
turbation. Assuming as initial condition the uniform one, the linearized
version of both the full and the approximated models in an unbounded
channel has been analyzed. The study has been extended to finite-
length channels in Di Cristo et al. (2018b) through the evaluation of the
upstream and downstream channel response functions of the linearized
problem. Recently, Di Cristo et al., 2018c have investigated the ap-
plicability conditions of the kinematic and the diffusive wave models in
power-law flows, accounting for the non-linearity of governing equa-
tions. The study compared the analytical solution of the steady flow
depth profiles predicted by the approximated models with those of the
full dynamic wave one in a channel of finite length. The results put in
evidence the important effect of the rheology, revealing also that the
applicability ranges of both approximated models may strongly differ
from the corresponding ones for the clear-water case.

The present paper aims to extend to unsteady flow conditions the
previous study of Di Cristo et al., 2018c by investigating the applic-
ability of the simplified Kinematic Wave Model (KWM) in predicting
the propagation of a mud-flow. This work considers the power-law
model proposed by Ng and Mei (1994) for reproducing mud-flows
characterized by a highly-concentrated mixture of water and fine se-
diments, which usually occur in river flows with a small fraction of
coarse grains. The model is deduced through the von Karman mo-
mentum integral method and accounts for the variation of the velocity
distribution along the flow depth.
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In this context, the accuracy of the KWM in reproducing some
characteristics of mud-floods with a power-law rheology is analyzed.
The study is carried out through a numerical analysis of both the Full
and the Kinematic Wave models considering at the channel inlet dis-
charge hydrographs characterized by different wave periods. An ex-
plicit first-order scheme for the temporal discretization and a second-
order Finite-Volume method for the spatial discretization are used. The
applicability conditions are expressed considering three dimensionless
parameters, related to the error on the maximum flow depth, the
maximum discharge and the peak discharge at the downstream end of
the channel. The effect of the rheology on the KWM applicability is
deeply investigated and the derived criteria are compared with the
analytical ones obtained by Di Cristo et al. (2014).

The paper is organized as follows. Section 2 reports the governing
equations for the Full Wave Model (FWM) and of the Kinematic Wave
Model (KWM), while in Section 3 the numerical methods are presented.
Section 4 illustrates the results of the comparison between the FWM and
the KWM and the obtained applicability criteria. Finally, conclusions
are drawn in Section 5.

2. Governing equations

Let us consider a one-dimensional unsteady, gradually-varied, la-
minar flow of a layer of power-law fluid flowing over a non-erodible
bed, inclined of an angle θ with respect to the horizontal plane. Lateral
inflow or outflow are not allowed. The dimensional depth-averaged
momentum and mass conservation equations are (Di Cristo et al.,
2013a):

+ + =q
t x

q
h

gh h
x

ghcos sin b
2

(1)

+ =h
t

q
x

0 (2)

where t is the time, x is the streamwise coordinate, h the flow depth, q
the flow rate (for unit of width), g and ρ the gravity and the fluid
density, respectively. β and b are the momentum correction factor and
the bottom stress, respectively.

Denoting with =u q h/ the depth averaged velocity, in laminar
regime the expressions of the momentum correction factor and of the
bottom stress are (Di Cristo et al., 2013; Ng and Mei, 1994), respec-
tively:
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µn and n being the consistency and the rheological index of the
power law fluid, respectively.

If the rheological index n is smaller than one (shear-thinning fluid),
the effective viscosity decreases with the deformation amount, model-
ling the disintegration of fluid structure under shear. Conversely, when
the rheological index is larger than one (shear-thickening fluids), the
viscosity increases with the amount of shearing, implying that the fluid
microstructure is build up by the fluid motion (Mei et al., 2001). In this
work, only shear- thinning fluids have been considered.

Denoting with L the dimensional channel length, for a given flow
rate qref (for unit width), the following dimensionless quantities are
introduced:

= = = =x x L t t q Lh h h h q q q/ /( ) / /ref N N ref (5)

where hN denotes the dimensional normal, i.e. uniform, flow depth
corresponding to qref Accounting for Eq. (5) and (3), Eqs. (1) and (2)
may be rewritten in their dimensionless form as follows:
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where the normal Froude number, F, and the kinematic wave number,
K, are:

= =F
q

h g
K

F
L

hcos
, 1 tanref

N N
3/2 2

(8)

Similarly to the Turbulent Clear Water (TCW) case (Govindaraju
et al., 1988a,b; Moramarco et al., 2008a) even for the power-law fluids,
the two dimensionless numbers F and K uniquely define the problem
under investigation. In what follows, similarly to the TCW case
(Moramarco et al., 2008a) one of the two pairs F K( , ) or F KF( , )2 is
considered.

It is easy to verify that the system (6)–(7) is hyperbolic and the
expression of the characteristic slopes is (Di Cristo et al., 2017):

= ± +±
q
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h( 1)
F

2

2 2 (9)

The KWM is obtained neglecting in the momentum equation the
local and convective inertia and the pressure gradient terms, re-
presented by all terms at the l.h.s. of Eq. (7). Therefore, starting from
the simplified version of Eq. (7), the flow rate may be expressed only in
terms of flow depth = +( )q h h( ) n

n
2 1

and by substituting this expression
in Eq. (6) the following equation is deduced:
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Conversely, expressing the flow depth only in terms of flow rate
= +( )h q q( ) n n2 1 and rewriting Eq. (6) as follows:
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the following version of KWM in terms of flow rate only is obtained:
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+
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The linearized version, around the reference state, of Eqs. (10) or
(12) allows to easily deduce the following expression for dimensionless
celerity of the KWM:

= +c n
n

2 1
KWM
PLF

(13)

in agreement with the findings of Di Cristo et al. (2014). While in for
Turbulent Clear Water flows the celerity of the KWM is constant and
equal to 3/2, Eq. (13) indicates that for a power-law fluid it depends on
the rheological index.

3. Unsteady analysis

3.1. Numerical solution of Full Wave Model

The numerical solution of system (6)–(8) is pursued by using an
explicit first-order scheme for the temporal discretization and a second-
order Finite-Volume method for the spatial discretization. Rewriting
Eqs. (6)–(7) in the following compact form:

+ =
t x

w F w s w( ) ( ) (14)

where:
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the corresponding discretized equation reads
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in which w̄i and s̄i are the averaged values of the variable w and of the
source term (pointwisely evaluated) s in the i-th volume. In Eq. (16) the
k superscript refers to time tk = kΔt, with Δt the integration time step
and Δx the finite volume length, while Fi 1/2 and +Fi 1/2 represent the
numerical approximation of the fluxes at the volume interfaces i− 1/2
and i+ 1/2, respectively. The following expression of F is considered
(Harten et al., 1983):
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with:

= =+max( , 0), min( , 0)R
R L

L
R L, , (18)

In Eq. (17) wL and wR represent a piecewise linear reconstruction of
w on the left and right sides of the volume interface, respectively. In
order to preserve the monotonicity of the scheme, in the reconstruction
process the min-mod operator (Gottlieb and Shu, 1998) is applied.
Additional details on the numerical model may be found in Di Cristo
et al. (2017).

3.2. Numerical solution of Kinematic Wave model

The KWM is solved in terms of flow rate variable q through Eq. (12)
rewritten as follows:

+ = = +
+
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Eq. (19) is numerically integrated again through an explicit first-
order scheme in time and a second-order Finite-Volume scheme in
space applying the Euler- MUSCL-Hancock method (Toro, 2009). The
discretized version reads:
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where q̄i
k is the flow rate averaged value in the i-th volume at the time

tk. In Eq. (20) +f i
k

1/2 and f i
k

1/2 represent the numerical approximation of
the fluxes at the volume interfaces i+ 1/2 and i− 1/2, respectively,
and they read (Toro, 2009):
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where Δqi+1/2 (resp. Δqi-1/2) is the slope of q(x) function at the i+ 1/2
(resp. i-1/2) interface and the CFLi number is evaluated in the i-th vo-
lume at the time tk as:

= + +
+CFL n

n
q2 1 ( ¯ ) t

xi i
k n

n
1

2 1 (22)

In order to preserve the scheme monotony, the Superbee limiter
(Toro, 2009) has been applied in calculating both slopes Δqi+1/2 and
Δqi-1/2.

3.3. The performed tests

Following Moramarco et al. (2008b), in the present study several

tests considering different flow conditions, characterized by different
synthetic hydrographs imposed at the channel inlet, have been carried
out. Each hydrograph is characterized by a wave duration T=mT0,
with T0 the dimensionless time to peak and m an integer larger than 1.
The dimensionless time to peak T0 is evaluated as the wave travel time
of the reference flow rate and therefore, accounting for the reference
length scale, it reads:

= =
+

T
c

n
n

1
2 1KWM

PLF0 (23)

As indicated in Eq. (23), T0 is only function of the fluid rheology.
The following four-parameters Pearson type III distribution is assumed
for the hydrograph shape (Moramarco et al., 2008b):

=q t q t
T

e(0, ) p
0

1

1

t
T1

1
0

(24)

where qp is the dimensionless peak discharge and γ is the shape di-
mensionless factor, which assumes two different values for the rising
(γ= γris for <t T0) and the recession (γ= γrec for >t T0) limbs, respec-
tively. For all tests, qp is assumed equal to 2 and γris equal to 1.3, ac-
cording to Moramarco et al. (2008b). Then, the γrec value is defined
imposing as condition that the time-averaged value of the discharge
equals the dimensionless reference discharge ( =q 1ref ), expressed as:

=
T

q t dt1 (0, ) 1
T

0 (25)

In the performed tests it results that the γrec value ranges between
1.1 and 51 for m between 2 and 90.

Idealized input hydrographs are often used in numerical tests for
flood routing (e.g. Perumal and Sahoo 2007; Perumal et al. 2007;
Moramarco et al. 2008b; Dottori et al. 2009; Fenton 2019). Moreover,
Zucco et al. (2015) showed that the adopted hydrograph shape, after
calibration, well lends itself to represent also the actual single-peak
floods occurring in natural channels. Considering the correlation be-
tween debris/mud-flow discharge and water flow discharge (Takahashi
1991; VanDine 1985; Chen et al. 2008), the hydrograph shape adopted
for the numerical tests may be considered also representative for
debris/mud flows.

For the KWM none additional boundary condition is required. For
the FDM whenever at the channel inlet the current is hypercritical, i.e.
λ− assumes positive value, an additional boundary condition has to be
assigned. Imposing the validity of rating curve, at each time, the fol-
lowing flow depth value at the channel inlet is prescribed:

= +h t q t(0, ) (0, )n n/(2 1) (26)

Following Moramarco et al. (2008b), in hypocritical condition the
critical flow depth is imposed as boundary condition at the channel
outlet, which for a power-law fluid reads (Di Cristo et al., 2018c):

=h t q t F(1, ) (1, )2 23 (27)

Several tests have been carried out with the following values of the
wave period T = 2 T0′, 3 T0′, …, 10 T0′, 20 T0′, 30 T0′, 60 T0′, 90 T0′.
The Froude number have been fixed in the ranges and 0.5–0.8 and the
dimensionless parameter KF2 has been varied up to 20. As far as the
rheology of the fluid is concerned, the whole shear-thinning range has
been explored, namely n≤ 1.

All simulations have been performed with fixed values of Δx and Δt,
namely Δx= 0.005 and Δt= 10−6 verifying that the Courant condition
has been always satisfied.
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4. Results

4.1. Unsteady analysis results

The accuracy of the KWM in reproducing the results of the FWM is
assessed using different dimensionless indicators (Moramarco et al.,
2008b). Firstly, the dimensionless error on the maximum flow depth,

h max, and the maximum discharge, q max, along the channel are eval-
uated as:

=x h x h x
h x

( ) ( ) ( )
( )

100h

KWM FWM

FWMmax
max max

max (28)

=x
q x q x

q x
( )

( ) ( )
( )

100q

KWM FWM

FWMmax
max max

max (29)

In Eq. (28) (respectively Eq. (29)) h FWM
max and h KWM

max (respectively
q FWM

max and q KWM
max ) are the dimensionless maximum flow depth (respec-

tively discharge) computed by the FWM and the KWM, respectively.
Secondly, the mean values of h maxand q max along the channel, namely
*h max and *q max, are considered. With the aim of excluding the regions

where the boundary conditions may have a large influence, *h max and
*q max are computed limitedly for 0.05 ≤ x≤ 0.95 (Moramarco et al.,

2008b). Finally, a third index is considered, namely the percent error of
the peak discharge at the outlet, defined as:

=
Q
Q

1 100Qp
p
KWM

p
FWM

(30)

being Qp
FWM and Qp

KWM the peak discharge at the outlet computed by the
FWM and the KWM, respectively.

Fig. 1a,b represent the effect of the rheology on the maximum flow
depth error h max along the channel, considering, for the sake of ex-
ample, KF2 = 7.5 and F= 0.5. Two different fluids, characterized by
n= 0.25 and n= 1, are considered. Each curve refers to a single wave
duration ranging between 2 T0′ and 90 T0′. The maximum flow depth
error h max varies along the abscissa and it depends on both the rheo-
logical index and the wave duration. For both n values and similarly to
the turbulent clear-water case (Moramarco et al., 2008b), all curves
show a monotone behavior with respect to both the channel abscissa,
with an increase of h max in the downstream direction. Moreover, the
maximum flow depth error h max decreases with the wave duration,
with errors lower than 10% for T/T0′ < 30 for both considered
rheologies. Finally, the rheology substantially affects the magnitude of
the errors (Fig. 1a,b): highest errors are observed for the smallest
rheological index. For instance, for T/T0′ = 2, at x= 0.3 the error is
36% for n= 0.25, while decreases to 7% for n= 1.0. Independently of
the T/T0′ value, for n= 1.0 the error is less than 5% for x≤ 0.26 while
for n= 0.25 such a bound for the error is overwhelmed in the whole
channel for T/T0′ < 20. A more extensive analysis performed

considering different combinations of the pair (F, KF2) values (results
not shown) confirms the qualitative results observed in Fig. 1.

To better assess the effect of the rheology on the applicability
conditions, Fig. 2a,b report in the (x, KF2) plane, for F= 0.5 and for
four different rheological indexes (n= 0.25, 0.50, 0.75, 1.0), the region
where the KWM is applicable with an error less than 5% based on the

h max indicator. Two different wave durations have been considered,
namely T/T0′ = 2 (Fig. 2a) and T/T0′ = 20 (Fig. 2b). For a fixed n value,
the region of the (x-KF2) plane to the left of the curve corresponds to the
conditions of local applicability of the approximated model. Fig. 2c,d
are the counterparts of Fig. 2a,b with F= 0.8.

For a fixed n value and independently of the Froude number value
and the wave duration, all plots of Fig. 2 suggest that the applicability
region enlarges with the KF2 values, similarly to the turbulent clear-
water case (Moramarco et al., 2008b). Moreover, for a given triplet
(KF2, F, T/T0′), the performance of the approximated model deterio-
rates as the fluid rheology becomes more shear-thinning, i.e. when n
reduces. For instance, considering KF2 = 10 at F= 0.5 and T/T0′=2,
Fig. 2a indicates that the KWM predicts with the prescribed tolerance
the maximum flow depth in about the first 30% of the channel length
for n= 1, while this length becomes less than 10% in the n= 0.25 case.
For a concise comparison, Table 1 reports the upper bounds of the
channel abscissa (xlim) for the applicability of the KWM at KF2 = 10 for
the different rheological indexes.

The values reported in Table 1, compared with the one pertaining to
the turbulent clear-water case x 0.5lim

TCW (see Fig. 2 of Moramarco
et al., 2008b), allow to conclude that the laminar power-law rheology
strongly reduces the applicability conditions of the KWM.

The combined examination of Fig. 2a,c, corresponding to the same
wave duration (T/T0′ = 2), but referring to different Froude numbers,
suggests that the Froude number value has a negligible influence on the
performance of the KWM. Some small differences are observed only for
small KF2 values and for fluids with a small rheological index. The same
comparison for the higher wave duration, T/T0′ = 20 (Fig. 2b and d),
shows differences with a larger applicability region for the lower
Froude number (F= 0.5), with increasing differences for lower rheo-
logical index values. For instance, in the case F= 0.5 for n= 0.25 and
KF2 = 10 the KWM is applicable in the first 85% of the channel, while
for F= 0.8 it reduces to the 65%.

The enlargement of the applicability region with KF2 (for a fixed
value of F) may be easily explained by inspecting the dimensionless
momentum conservation equation (Eq. (7)). For large values of KF2, for
a fixed value of the Froude number, the r.h.s., of Eq. (7) becomes the
leading term and therefore the FWM tends to the Kinematic one. The
effect of the wave duration on the applicability of KWM may be again
theoretically explained based on the dimensionless momentum equa-
tion. Indeed, an increase of the wave duration reduces the l.h.s. of Eq.
(7) reducing the local inertia term.

Previous results demonstrate that the KWM accurately

Fig. 1. Error on the maximum flow depth h max along the channel for several values of the T/T0′ ratio. KF2 = 7.5 and F= 0.5. a) n= 0.25. b) n= 1.0.
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approximates FDM over the entire channel length, i.e. h max < 0.05 for
0 < x < 1 only for sufficiently large values of T/T0′. A less restrictive
criterion may be derived considering the mean error of the maximum
flow depth *h max. For F= 0.5, Fig. 3 reports *h max as function of the
wave duration for the same rheological indexes of Fig. 2 and two dif-
ferent KF2 values, namely KF2 = 2.5 (Fig. 3a) and KF2 = 20 (Fig. 3b).

Coherently with Figs. 1 and 2, in all cases the mean error *h max

decreases with T/T0′and it is affected by KF2. Similarly to TCW
(Moramarco et al., 2008b), *h max decreases when KF2 increases. The
comparison among the different curves confirms the strong dependence
of the error on the rheology, with a reduction of *h max for increasing n.
For instance, for KF2 = 2.5 (Fig. 3a), the mean error is less than 5% for
T/T0′ > 45 and T/T0′ > 16 for n= 0.25 and n= 1.0, respectively. In
this way, it is possible to individuate the minimum value of T/T0′ above
which the KWM can be applied with the prescribed accuracy.

For F= 0.5 Fig. 4 depicts *q max as function of the wave duration for
KF2 = 2.5 (Fig. 5a) and KF2 = 20 (Fig. 5b) for different rheological
indexes.

Similarly to *h max, the mean error on the maximum discharge has a
monotone reduction with T/T0′and it decreases with KF2. Comparing
Figs. 3 and 4, it is evident that the mean error on the maximum dis-
charge is higher than *h max, while the dependency from the rheology is

Fig. 2. Applicability Region of the KWM for four different rheological indexes (n= 0.25, 0.5, 0.75, 1.0) in the (x, KF2) plane considering h max less than 5% a) T/
T0′ = 2 and F= 0.5; b) T/T0′ = 20 and F= 0.5; c) T/T0′ = 2 and F= 0.8; d) T/T0′ = 20 and F= 0.8.

Table 1
Channel abscissa upper bound (xlim) for h max less than 5% for the different
rheological indexes. (T/T0′ = 2, F= 0.5, KF2 = 10).

n 0.25 0.50 0.75 1.00

xlim 0.07 0.16 0.24 0.31

Fig. 3. Mean error of the maximum flow depth *h max as function of the ratio between the wave period and the wave reference travel time for different rheological
indexes (n= 0.25, 0.50, 0.75, 1.0). F= 0.5. a) KF2 = 2.5; b) KF2 = 20.
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similar. For instance, for KF2 = 2.5 (Fig. 4a), *q max is always larger than
5% for n= 0.25, while for n= 1.0 it is less than 5% for T/T0′ > 30.
Present results suggest that the minimum value of T/T0′ individuated
for *h max does not provide the same accuracy in terms of mean error on
the maximum flow discharge.

Fig. 5 is the counterpart of Figs. 3 and 4 in terms of error of the peak
discharge at the outlet. Qp has the same behavior of the other two
considered indicators with respect to T/T0′ and KF2, but it has larger
values than both *h max and *q max. In fact, for KF2 = 2.5 (Fig. 5a), Qp for
the cases n= 0.25 and n= 0.5 is always larger than 5%.

For all the considered parameters, the results obtained with F= 0.8
(not reported herein) are very similar, with some differences only for
the smallest rheological index value and for wave durations T/
T0′ < 20. These observations confirm a larger influence of KF2 and a
minor effect of the Froude value on the KWM applicability condition.

In conclusion, the range of conditions in which the KWM has a mean
error of the maximum flow depth less than 5% is wider than the one
necessary for obtaining the same accuracy in terms of maximum flow
discharge and peak discharge at the outlet. The rheological character-
ization is crucial, because for small n values in many cases the KWM is
not able to reproduce the FDM solutions with an accuracy above 95%.
Finally, the results shown in Figs. 2–5 allow to define the applicability
conditions of the KWM and they can be used as a guideline for practical
applications.

4.2. Comparison with the wave period criterion

In what follows, the results of the performed numerical analysis are
employed to assess the effectiveness of the theoretical criterion pro-
posed by Di Cristo et al. (2014), which generalizes to power-law fluids
the wave period criterion proposed by Ponce et al. (1978) for clear-

water flood routing. Similarly to Ponce et al. (1978), the criterion of Di
Cristo et al. (2014) provides a lower bound of the dimensionless wave
period (Θ) above which the KWM approximates the FDM within a
prescribed accuracy. It is worth of nothing that the wave period criteria
are applicable only to linearly stable flow conditions. Therefore, as far
as power law fluids are concerned, the criterion of Di Cristo et al.
(2014) holds only for F < F*, F* being the limiting linear stability
Froude number (Ng and Mei, 1994):

=
+

F n
n

*
2 1 (31)

In order to verify the wave period criteria for clear-water flood
routing, Moramarco et al. (2008a) related the dimensionless wave
period Θ to the wave duration T T( / )0 through the following relation:

= KF
c

T
TKWM

2

0 (32)

with cKWM the dimensionless celerity of Kinematic Wave model.
Therefore, assuming an error less then 5%, Eq. (32) led Moramarco
et al. (2008a) to deduce the following lower bound of wave duration:

=T
T

c
KF
KWM

0 5%
2 5%

(33)

in which the dimensionless celerity and the dimensionless wave period
were set equal to =c 3/2KWM

TCW and = 171TCW
5% , respectively (Ponce et al.,

1978).
As far as the power law fluids are concerned, Eq. (33) may be still

applied provided that the dimensionless celerity cKWM is evaluated
through Eq. (13), i.e. =c cKWM KWM

PLF , and the dimensionless wave period
threshold refers to the value deduced for power-law fluids PLF

5% which
depends on n as shown in Fig. 3b of Di Cristo et al. (2014). The PLF

5%

Fig. 4. Mean error on the maximum discharge *q max as function of the ratio between the wave period and the wave reference travel time for different rheological
indexes (n= 0.25, 0.50, 0.75, 1.0). F= 0.5. a) KF2 = 2.5b) KF2 = 20.

Fig. 5. Error of the peak discharge at the outlet Qp as function of the ratio between the wave period and the wave reference travel time for different rheological
indexes (n= 0.25, 0.50, 0.75, 1.0). F= 0.5. a) KF2 = 2.5b) KF2 = 20.
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values corresponding to the considered n values deduced from this
figure are reported in Table 2.

The T T/ |0 5% threshold given by Eq. (33) is depicted in Fig. 6 as
function of KF2, for the different n values assuming the values of PLF

5%
reported in Table 2. Therefore, accordingly to the wave period cri-
terion, the KWM can be applied with an accuracy equal or larger than
95% in any of condition characterized by a (KF2, T T/ 0) pair laying
above the theoretical curve.

Based on the results of the non-linear numerical simulations, for any
of the conditions listed in Table 2 the value of T T/ 0 above which the
error of the three considered parameters is smaller than 5% is evaluated
for several values of KF2. In Fig. 6 triangles (circles) correspond to the
mean error of the maximum depth (respectively discharge) *h max( *q max),
whereas squares represent the 5% error threshold value for the peak
discharge Qp. Void and filled symbols refer to the cases F/F* = 0.5 and
F/F* = 0.8, respectively.

The ensemble of the results of the non-linear simulations reveals
that the minimum T T/ 0 value for KWM applicability decreases with
both KF2 and n. Moreover, a higher T T/ 0 threshold is almost always
required to assure the prescribed accuracy based on the Qp parameter

compared with the other two error metrics. For a fixed rheology, no
substantial differences are observed between the two investigated
Froude numbers.

Fig. 6 shows also that, independently of the Froude number value,
for n > 0.25 and KF2 < 20 the lines representing the Di Cristo et al.
(2014)’s criterion are above all points. This means that it may be safely
applied for predict all the considered quantities since it is more re-
strictive than the one resulting from the non-linear simulations. Such a
conclusion holds even in the KF2 = 20 case and for both the averaged
maximum flow depth and the flow rate but not for the peak discharge.
The above results apply even for n greater than 0.5 with exception of
the KF2 = 2.5 − F/F*=0.5 case for which *h max is always higher than
the prescribed accuracy (results not shown). The performances of the
wave period criterion deteriorate for the lowest value of n. In fact, in-
dependently on the Froude number, in the KF2 = 2.5 case the mean
error of the maximum depth is always higher than the prescribed ac-
curacy (results not shown). Same conclusion holds even in for KF2 = 20
as far as the maximum discharge and the peak discharge quantities are
concerned.

4.3. Discussion and final remarks

The interest in using the KWM model for reproducing mud flow
propagation implies the crucial question about its applicability. From a
practical point of view, it is important to understand in which condi-
tions its results represent a good approximation of the Full Model.
Based on the presented study, the users interested in applying KWM to
engineering problems involving mud flows are warned that its applic-
ability range reduces as the rheological index decreases and it is sig-
nificantly influenced by the KF2 values. Moreover, as expected, the

Table 2
Limiting stability Froude number and dimensionless wave period
lower bounds from Di Cristo et al. (2014).

n F* PLF
5%

0.25 0.20 90
0.50 0.35 102
0.75 0.47 92
1.0 0.58 91

Fig. 6. . Minimum value of T/T0′ vs KF2 corresponding to the mean error of the maximum flow depth *h max (triangle), the mean error of the maximum discharge *q max
(circle) and the error of the peak discharge Qp (square) is less than 5% as function of for F/F*=0.5 (void symbols) and F/F*=0.8 (filled symbols). Different values of
rheological index: a). n= 0.25; b) n= 0.50; c) n= 0.75; d) n= 1.0. Continuous line: criterion by Di Cristo et al. (2014).
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findings of the present analysis confirm that the KWM reproduces more
reliable results for high values of the wave duration. The results in-
dicate also that the applicability conditions depend on the flow variable
of interest. The KWM reproduces with a better accuracy the maximum
flow depth respect to the maximum flow discharge and the peak dis-
charge at the outlet. In other words, complying with the applicability
range relative to peak discharge guaranties the required accuracy also
on both the maximum flow discharge and depth.

The study furnishes useful indications about the applicability con-
dition of the KWM in terms of lower bound of dimensionless wave
duration in order to have a mean error less than 5% on the reproduction
of the considered flow variables. This parameter is equivalent to the
dimensionless wave period adopted in the criteria used for clear-water
(i.e. Ponce et al., 1978) and power-law fluids (i.e. Di Cristo et al., 2014).

The proposed criterion may be adopted to use KWM for simulating
mud flow propagation in a channel after studying the fluid rheology
and considering the hydrodynamic characteristics, i.e. F and K values.
Based on it, according with the variable of interest, it is possible to
define the minimum wave duration for which it may be adopted.

A further comparison demonstrated that, for power-law index va-
lues larger than 0.25, the wave period criterion obtained through a
previous simpler linear analysis is more restrictive than the one de-
duced from the presented non-linear simulations, then it may be safely
applied for all the considered variables.

The presented analysis has been carried out considering two Froude
number values, namely F= 0.5 and F= 0.8. With reference to the
Jiang-jia Ravine mud (n= 0.3, ρ= 2130 kg m−3, µ=150Pasn, see Ng
and Mei, 1994) and assuming a flow rate (for unit width) equal to
10 m2/s, the corresponding bottom slope is 0.3% and 0.5% for F= 0.5
and F= 0.8, respectively.

5. Conclusions

The present study investigates the applicability of the simplified
Kinematic Wave Model (KWM) in predicting the unsteady propagation
of a mud-flow wave, accounting for the non-linearity of the governing
equations. The fluid, characterized by a highly-concentrated mixture of
water and fine sediments, is represented through the power-law model
proposed by Ng and Mei (1994). The analysis is performed through a
numerical analysis of both the Full and Kinematic Wave models,
adopting an explicit first-order scheme in time and a second-order Fi-
nite-Volume method for the spatial discretization. The applicability
conditions are expressed considering three dimensionless indicators,
related to the error on the maximum flow depth, the maximum dis-
charge and the peak discharge at the downstream end of the channel.

The results indicate that the error on the maximum flow depth h max
increases moving in the downstream direction and that higher errors
pertain to lower wave durations. The rheology substantially affects the
magnitude of the errors which have been found to increase with the
shear-thinning behavior of the fluid, i.e. to decrease with the rheolo-
gical exponent n.

The analysis defines also the range of applicability of the KWM in
terms lower bound of the wave duration T T/ 0 above which the errors
are within the 5%. The limiting value of T T/ 0 depends on the rheolo-
gical index and the dimensionless parameters F and KF2, F and K being
the Froude and the Kinematic wave numbers, respectively. The results
indicate an increase of the T T/ 0 lower bound (a reduction of the ap-
plicability range) as n decreases and a larger influence on it of KF2

respect to F. The range of conditions in which the KWM has a mean
error of the maximum flow depth less than 5% is wider than the one
necessary for obtaining the same accuracy in terms of maximum flow
discharge and peak discharge at the outlet.

Finally, the obtained criteria are compared with the wave period
criterion theoretically deduced by Di Cristo et al. (2014) through a
linear analysis. At least for moderate values of the dimensionless
number KF2 and for power law index values larger than 0.25, the wave

period criterion has been found to be more restrictive than the one
resulting from the non-linear analysis, which may be therefore safely
adopted to assess the applicability of the Kinematic Wave Model to mud
routing.
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