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Abstract

We employ the relativistic constituent quark model to give a unified description of the leptonic and semileptonic decays
of pseudoscalar mesons (77, K, D, Dy, B, B,). The calculated leptonic decay constants and form factors are found to be in
good agreement with available experimental data and other approaches. We reproduce the results of spin-flavor symmetry in
the heavy quark limit. © 1999 Published by Elsevier Science B.V. All rights reserved.
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1. Introduction

Semileptonic decays of pseudoscalar mesons al-
low to evauate the elements of the Cabibbo—
K obayashi—Maskawa (CKM) matrix, which are fun-
damental parameters of the Standard Model. The
decay K — mrev provides the most accurate determi-
nation of V,, the semileptonic decays of D and B
mesons, D —» K(K *)lv, B»>D(D*)lv and B—
7 (p)lv, can be used to determine |V, |V,,| and
[V,,|, respectively. The effects of strong interactions
in these processes can be expressed in terms of form
factors, which depend on g2, the squared momentum
transferred to the leptonic pair. Information on the
form factors are obtained by measuring the distribu-
tions of 2 and decay angles.

The decays of heavy D and B mesons are of
particular interest due to the spin-flavor symmetry

observed for infinite quark masses [1]. This symme-
try alows to reduce the number of form factors and
express them in terms of the universal Isgur—Wise
function [2]. Also the scaling laws derived for some
physical observables can be, in principle, tested ex-
perimentally. Since the Isgur—Wise function cannot
be calculated from first principles, many models and
nonperturbative approaches, which exhibit the heavy
quark symmetry, have been employed to describe
relevant phenomena. However, it was found out, that
the finite mass corrections are very important, espe-
ciadly, in the charm sector. It appears that in some
sense a step back should be done from using the
heavy quark symmetry as a guide under model build-
ing to the straightforward calculations with full quark
propagators. Then one has to check the consistency
of the results with the spin-flavor symmetry in the
heavy quark limit.
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In this paper we employ the relativistic con-
stituent quark model (RCQM) [3] for the simultane-
ous description of both light and heavy flavored
meson leptonic and semileptonic decays. This model
is based on the effective Lagrangian describing the
coupling of mesons with their quark constituents,
and the compositeness condition. The physical pro-
cesses are described by the one-loop quark diagrams
with free constituent propagators and meson-quark
vertices related to the Bethe—Salpeter amplitudes.
The masses of lower-lying pseudoscalar (PS) mesons
should be less than the sum of quark constituent
masses to provide the absence of imaginary parts
corresponding to quark production. The adjustable
parameters, the widths of Bethe—Salpeter amplitudes
in momentum space and constituent quark masses,
are determined from the best fit of available experi-
mental data and some lattice determinations. We
found that our results are in good agreement with
experimental data and other approaches. Also we
reproduce the results of spin-flavor symmetry for
leptonic decay constants and semileptonic form fac-
tors in the heavy quark limit.

The shapes of vertex functions and quark propa
gators should be found from the Bethe—Salpeter and
Dyson—Schwinger equations, respectively. This is
provided by the Dyson—Schwinger Equation (DSE)
[4] studies. A DSE-approach has been employed to
provide a unified and uniformly accurate description
of light- and heavy-meson observables [5,6].

A similar approach, based on the effective heavy
meson Lagrangian, has been described in Ref. [7] in
terms of a model based on meson-quark interactions,
where mesonic transition amplitudes are represented
by diagrams with heavy mesons attached to quark
loops. The free propagator has been used for light
quarks. However, the quark propagator obtained in
the heavy quark limit has been employed for heavy
quarks.

2. The model

We employ an approach [3] based on the effective
interaction Lagrangian which describes the transition
of hadron into quarks. For example, the transition of

the meson H into its constituents g, and q, is given
by the Lagrangian

Zint(X) = gy H( X)fdxlfdxz(DH(X;Xsz)a( X;)

XTyAya(x,) - (1)
Here, A, and I}, are the Gell-Mann and Dirac
matrices, respectively, which provide the flavor and
spin numbers of the meson H. The function @, is
related to the scalar part of Bethe—Salpeter ampli-
tude. For instance, the separable form @, (x; X, X,)
= 8(x— (X; + X,) /2 f((x, — X,)?) has been used
in Ref. [3] for pions.

The coupling constants g,, is given by the so
called compositeness condition proposed in Ref. [8]
and extensively used in Ref. [9]. That condition
means that the renormalization constant of the meson
field is equal to zero:

_ 304

Z,=1 4W2ﬁ,g(m2H)=0, (2)

where 17;. is the derivative of the meson mass
operator defined by

~ 5 d*k ) )
Iy (p )=fm¢H(_k)

xtr[ T, S,(k) Iy S(k+ p)]. (3)

The invariant amplitudes describing the leptonic
H(p) = lv and semileptonic H(p) - H'(p)lv de-
cays are written down

Ge
A( H( p) - eV) = ﬁqu’(éouv)lvl#( p) (4)

ACH(p) = H'(p)er)
G,

= 75 Ve (30,7) M (P ). (%)

where G is the Fermi weak-decay constant, Vg, is
the appropriate element of the CKM matrix. The
matrix elements of the hadronic currents are given

by
3 d*k
ME(P) = 2 0n [ 2 du(—K)
x 1| y°S,(K) 0§k + p)] = fy, p*
(6)
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My (P, P')

3 d*k ) )
=ﬁgHngfm¢H(—k ) b (k%)

xtr[y°S,(K)y°S,(k+p)ors(k+p)| (7)

=t (P)(p+p) " +f (P)(p-p)" (8

where ¢,,(—k?) is related to the BS-amplitude in
momentum space, and

1
S(k) e (9)

is the propagator of the constituent quark with mass
m;. As discussed before, to avoid the appearance of
imaginary parts in Egs. (6) and (7), we assume that
my <m, +my, which is a reliable approximation
for the lower-lying mesons considered here.

To evaluate the integral in Eq. (7)

HH(pp)_f4 -7 (—k?)

xtr{y°S,(K) y°S,(k+§)

Xy S(k+p)}, (10)
where 7(—k?) = ¢, (—k?) - ¢, (—k?), we need to
calculate the following integrals:

JO.p,pv,pvd)
B (1,k* k#k” k k" k®)F (— k?)
" T e i e eI
(11)
Using the Cauchy representation for the function
F(—k?) and then the standard techniques of the

Feynman o — parametrization one finds (#'(z) =
d7(2)/dz)

JO='/:Cdt(ﬁ) fd3a5(1— igai)(—y’(a))

(12)

Jn= —Lxdt(ﬁ)?’fdf*aa(l— éai)

XPH=F"(7)) (13)

o t \2 3
J“”zfodt(l—ﬂ) [d3a8(1—i§lai)
1
{ gf“’1+tJ(Z|)

1t+t)29"(z.)} (19
dt(ﬁ)zfde’a 5(1— iiai)

{%[ 9*'P)+ 9P +g"°PY]

— PMP

©

JMVBZ];)

X (1+t)2<7(2|)

T I P )} (15

where q=p—p, P,=a; p+ a,p, Dy=a;a3p
+ a,a, p’2+a1a2q2, and z =t[Zi3:laimi2— D,]
—P2t/(1+1).

Finally, Eq. (10) becomes
(P P) =(p+p)" 1, (P°.p%0%)

+(p-p)"1_(p%p%0%)

with
L, (p%p%9%)

1 (" t ? 3 >
=§'/;J dt(m) fdaﬁ(l—i_zlai)
1 t
X{F(Z,)m[4—3(al+a2)m}

t

~7(2) T+t

(mg+my)m; +

X(—(a1+ ay)(mymg + mym; —mm,)

i

+ay p2 +a, p'2)

p2 ! 22 !
—-p2[—— +
|1+t (e a2)1+t

(16)
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The normalization condition is written in the form

395
4—I (p%,p?0)=1 (17)
with m, =m,=m.

The integrals corresponding to the matrix element
of the leptonic decay H( p) — |v and radiative decay
of neutral meson H(p) — y(q,) + y(q,) are cacu-
lated following the same procedure. We have

d*k
YE(P) = [ oz d(—K)

xtr{y*,(K) v (1 - v°)S(K+ b))

=pHY( pz)
Y(P%) = fo (1+t)
Xfodoz m, + (m, — m2)1+t d(zy)
(18)
K (qy,0;) = yy
Xtr{VSS(K—¢2)7”S(K)
Xy"S(k+d;)}

=ig"PrafK( p?)
% t \?2
K( p2) = mfo dt(m)

X f()ldalf:_ aldaz(_ ¢'(z)) (19)

where z,=tlam + (1 — a)m} — ap® + a?p?t/
1+0] and z =tlm — a,a, Pl + a,a, p?t/
(1+1).

The physical observables are expressed in terms
of the structural integrals written in Egs. (16), (18)
and (19):

Ipyy = 2‘/— K(mz)
r(e — Za?mi g2 20
( _)77) 4C( mPgPyy’ ( )

3
fo= ﬁgPY(mIZD)!

(621
F(P—lv)=|Vy mF,m,2

; |
1-—|, (21

f.(9?) = A 2ngP +(m§,,m§,,,q2),

GZ
12 F t 2
F(P—>P|V) qq m/; dt|f+(t)|
<[t =0t -0]"% (22
with t, = (mp + m,,)? (the extra factor 1,/2 appears

for 79 in the find state).

2.1. Heawy quark limit

The leptonic heavy decay constants and semilep-
tonic heavy to heavy form factors acquire a simple
formin the heavy quark limit, i.e. when ml M — oo,
m,=M’' - and p?=(M+E)?, p?=(M’ +E)2
with E being a constant value. From Eq. (16) by
replacing the variables a; - a;/M and «, —
a,/M’, one obtains

| M+ M’ " t \?
+ 7 oMWY fo (1—|—t

[daaf dr(—5'(2))

at
m+ —
1+t

M+ M’ 1dr e m+ Yu
= 2T — | dus(Z 23
2MM’ zfo Wfo m? + 7 (23)

where Z=u—2Eyu/W, W=1+427(1— 7)X(w—
1 and w=(M?2+M?2-2MM'g?)/(2MM’).
The normalization condition can be obtained from

Eg. (23) by putting w=1 and M’ = M. We have
2

3&4(0):1 |(0)_i|

472 7 ’ 2m N

oo m+Yu
Iy =f0 dudi (%) [ (24)
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Table 1
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Calculated values of arange of observables (g, in GeV 1, leptonic decay constants in GeV, form factors and ratios are dimensionless).

The ‘“Observed’’ are extracted from Refs. [10-16]. The quantities used in fitting our parameters are marked by ** =’

Observed Calculated Observed Calculated
£ Gpyy 0.274 0.242 f£7(0) 0.98 0.98
o f 0.131 0.131 f2X(0) 0.74 + 0.03 0.74
o fy 0.160 0.160 £20(0) 0.73
x fy 0.191*12 0.191 £87(0) 027 £+ 011 0.51
« o 1.08(8) 1.08 Br(K — mlv) (4.82 +0.06) - 102 4.4-1072
fo
fo, 0.2067 %8 0.206 Br(D — Klv) (6.8+08) 1072 8.1-1072
* 5 0.172*%7 0.172 Br(B— Dlv) (200+ 0.25)- 1072 23-1072
« e 1.14(8) 114 Br(B— 7lv) (1.8+0.6)-107* 21-107*
g
fa, 0.196

where Z, = u— 2Eyu. Then the leptonic decay con-
stant and semileptonic form factors are written as

1 3 = B
fyaﬁf. ZFELdQﬁ#EMmuQ
m+Yu /2
s
m- + Z,
M +M
2¢KMVF'§(M0’

(25)

f,-
1dr m+\/U

g(w)=%/o L qusi(2)

It is readily seen that we reproduce the scaling law
for both leptonic decay constants and form factors,
and obtain the explicit expression for the Isgur—Wise
function [1,2].

m+7 (26)

3. Results and discussion

The expressions obtained in the previous section
for physica observables are valid for any vertex

Table 2

Values in GeV
A, 1.16
Ay 1.82
Ap 1.87
ADS 195
Ag 2.16

Ag 2.27

function ¢, (—k?). Here, we choose a Gaussian
form ¢(—k?) = exp{k?/A%} in Minkowski space.
The magnitude of A,, characterizes the size of the
BS-amplitude and is an adjustable parameter in our
approach. Thus, we have six A-parameters plus the
four quark masses, al of which are fixed via the
least-squares fit to the observables measured experi-
mentally or taken from lattice simulations (see Table
1.

The fit yields the values of A-parameters and the
congtituent quark masses which are listed in Tables 2
and 3.

The values of A are such that A, <A, if
m; <m;. This corresponds to the ordering law for
sizes of bound states. The values of Ay = 1.87 GeV
and Ag = 2.16 GeV are larger than those obtained in
Ref. [6]: Ap =1.41 GeV and Ag =165 GeV. The
mass of u-quark and the parameter A_ are almost
fixed from the decays = — uv and 7°— yy with
an accuracy of a few percent. The obtained value of
the u-quark mass m, = 0.235 GeV is less than the
constituent-light-quark mass typically employed in
quark models for baryon physics (m,>m,/3=
0.313 GeV). For instance, the value of m, = 0.420
GeV was extracted from fitting nucleon observables

Table 3

Vaues in GeV
m, 0.235
mg 0.333
m; 1.67
m, 5.06
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Table 4
K- D—-K B—D B—m
b, 0.28 0.64 0.77 0.52
b, 0.057 0.20 0.19 0.38

within our approach [3]. The different choice of
congtituent quark masses is a common feature of

o L T LI R |
< 1.15 [ Vu=0.2196 ]
e [ Br(K-mlv)=4.4107 ]
[ Br(K — 7| v),,=( 4.82 +/— 0.06) 1072 ]
1.125 i
1.1 F .
1.075 | 3
1.05 | n
1.025 | .
1 F ]
0.975 - .
L. 1 A . [ N
0 0.02 0.04 006 008 0.1 0.12
q°(GeV?)
g\ B 1T T T T T
S 1.1 L Ve=0.0395 il
3
e I Br(B-DIv)=23107
[ Br(B = D 1v),,=(2.00 +/~0.25) 10
1+ -
09 | -
0.8 |- —
07 | |
L L | | P N T BT L .-
0 4 6 8 10
q*(GeV?)

quark models with free propagators due to the lack
of confinement. However, we consider here the
low-lying mesons that alows us to fix the con-
stituent quark masses in a self-consistent manner. As
mentioned above, the meson masses must be less
than the sum of masses of their constituents. This
gives the restrictions on the choice of the meson
binding energies: Eq=my —m,<m,, Eg=mp —

LA o LS N A H A BB B B

Fi™(a®)

12 | Va=0.976
| Br(D-Kiv)=8.110"

11| BrO-KIvL=(68+/-08) 107

0.7 -

RN AN EERIN SN RPUTEIN RN RS R R I
0 02 o0 0.6 08 1 1.2 1.4 16 1.8

q*(GeV?)
o L B AL B T T T T T
o L 1
¥ 7F  Vw=0.0032 ]
[y Br(B — mlv)=2.1 10 h
6 Br(B — mlv),,=(1.8+/-0.6) 107

5 |- h
4 - =

3 -

2 -

‘| -_
'JJL.L“‘»‘:.MH L 1]
0 5 10 15 20 25
q*(GeV?)

Fig. 1. The semileptonic K — 7, D — K, B— D and B — & form factors with, for comparison, a vector dominance, monopole model Eq.
(28) and a lattice simulation [23]. Our results: continuous lines. Monopole: dotted lines. Lattice: data points.
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m, <m, and Eg = mg — m, <m,, which means that
the binding energy cannot be relatively large as
compared with those obtained in Ref. [6]: E, = 0.58
GeV and Eg = 0.74 GeV.

Let us now consider the g%behaviour of the form
factors. We use the three-parameter function for the
four f, form factors

' (q?) = 1o (27)
' 1 by(0?/m, ) — by(?/m?, )’

here b, ,b; and f(0) are parameters to be fitted. We
collect the fitted values in Table 4 and report the
g?-dependence in Fig. 1.

For comparison, we plot, together with our re-
sults, the predictions of avector dominance monopole
model:

19-9(0)

@)= g,
ad’

(28)

with m\z, being a mass of lower-lying gq'-vector
meson. We choose Mmp. = 2.11 GeV for ¢ —'s, mg.
— 5.325 GeV for b— U, Mg. = Mg = 6.4 GeV [17]
for b — c transitions. The values of qu (0) are taken
from the Table 1. Also we calculate the branching
ratios of semileptonic decays by using widely ac-
cepted values of the CKM matrix elements [10].
Our result for the slope of the K,; form factor

f<'(0
A, =m f+'<”((0)) =0.023, (29)
+

is in good agreement with experiment: A%P'=
0.0286 + 0.0022 [10] and VDM prediction: AY°M =
mZ /mz . = 0.025. This value is also consistent with
Refs. [18]

One can see that the agreement with experimental
data and lattice results is very good, with the excep-
tion of the value of f™(0) which is found to be
larger than the monopole extrapolation of a lattice
simulation, QCD Sum Rules (cf. [19]) and some
other quark models (see, for example, [20,21]). How-
ever, this result is consistent with the value calcu-
lated from Refs. [6,22] and allows us to reproduce
the experimental data for B — «lv with quite good
accuracy.
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