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A Review of Similitude Methods
for Structural Engineering
Similitude theory allows engineers, through a set of tools known as similitude methods, to
establish the necessary conditions to design a scaled (up or down) model of a full-scale
prototype structure. In recent years, to overcome the obstacles associated with full-scale
testing, such as cost and setup, research on similitude methods has grown and their
application has expanded into many branches of engineering. The aim of this paper is to
provide as comprehensive a review as possible about similitude methods applied to struc-
tural engineering and their limitations due to size effects, rate sensitivity phenomena, etc.
After a brief historical introduction and a more in-depth analysis of the main methods,
the paper focuses on similitude applications classified, first, by test article, then by
engineering fields. [DOI: 10.1115/1.4043787]

1 Introduction

A fundamental step in the design of a product is experimental
testing. While theoretical and numerical approaches are valuable
tools, their predictions must be validated by extensive sets of
experimental tests before going to production. This way, whether
applied to the validation of a simple or complex system, one
achieves the desired reliability, performance, and safety. An
example given in Ref. [1] may help illustrate the necessary
experimental effort: the final static tests of the Lockheed C-141A
airlifter required 8 wing tests, 17 fuselage tests, and 7 empennage
tests.

Crashworthiness evaluation requires both full-scale and drop
tests. Moreover, it may be necessary to repeat some tests due to
errors or to focus on unexpected phenomena. Full-scale experi-
mental testing is expensive, in terms of both cost and time and,
sometimes, hard to implement; in some cases, the usefulness of
acquired data cannot justify the required effort. For these reasons,
it is useful to be able to design a model of the original system,
viz., a consistently scaled down replica of the full-scale prototype
that can be tested at significantly lower cost and with less diffi-
culty. Even if the model is a perfectly scaled-up or down variation
of the prototype, it is however another structure, with its own
static and dynamic responses that do not coincide with those of
the original prototype. As a consequence, the recovery (or recon-
struction) of the prototype response is not guaranteed.

Holmes and Sliter [2] provide an example of money and time
saving when scaled models are used. For a single crash test, the
authors estimate savings of between 1/3 and 1/4 the cost of the
equivalent full-scale building and testing. The test times are
reduced by 1/3 and more if also model fabrication is considered.
An entire experimental program, with a mixture of subscale and
full-scale models, would thus lead to greater economy in both
financial and temporal terms.

Similitude theory provides the conditions to design a scaled (up
or down) model of a full-scale prototype and to predict the proto-
type’s structural response from the scaled results. The tools used
are known as similitude methods.

In many modern applications, the increasing complexity of
engineering systems makes theoretical and numerical analyses
insufficient (and entirely unsuitable for very complex structures)
for evaluating whether a system’s performance meets design
requirements. The extensive need for experimental tests, due to
the disadvantages of full-scale testing, has resulted in a rapid
growth in applications of similitude methods. In fact, such meth-
ods are used in a variety of engineering branches (aerospace,
naval, civil, and automotive) and applications (free and forced
vibrations, impact behavior, seismic response, etc.).

The aim of this paper is to provide a comprehensive review of
similitude methods applied to structural engineering. A few
related reviews have been already published: the first dates back
to the early 2000s [3] and focuses, after an historical review, on
the analysis of composite test articles by means of similitude
theory applied to the governing equations of plates and shells.
Besides being the first review on the topic, the importance of this
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work lies in the explanation of key terminology related to simili-
tude theory that lacks precise definition, specifically scaling (or
scale effects) and size effects. Generally, scale effects describe
changes in the response to external causes due to changes in the
geometric dimensions of a structure (or a structural component);
size effects concern changes of strength and stiffness of the mate-
rial as a consequence of the physical scaling process. According
to Wissmann [4], when a size effect occurs, a physical phenom-
enon gains importance in a model due to the differences in size of
the replica and the prototype. Notwithstanding these definitions,
in many articles, the terminology scale effects are used also to
refer to effects of size. To avoid any ambiguity, from now on, the
terminology size effects will be used exclusively to describe the
effects of physical scaling.

A comprehensive review is also provided by Ref. [5]. This
combines historical, methodological, and application insights to
trace the evolution of similitude theory. Recently, Zhu et al. [6]
reviewed vibration problems of plates and shells using similitude
theory based on the governing equations and sensitivity analysis.
Rosen [7] surveyed the literature in the late 1980s and highlighted
commonalities and relationships among all the scientific fields using
similitudes. Other more limited reviews are present in the literature,
including one on scaling models in marine structures by Vassalos [8]
and on scaling techniques applied to the structural response of liquid
metal fast breeder reactor vessels to hypothetical core disruptive acci-
dent in Cagliostro [9], and the work by Saito and Kuwana [10] on
dimensional analysis applied to vibroacoustics.

The idea behind this paper is to give to the reader a new and
up-to-date perspective by organizing the discussion around appli-
cations categorized in terms of test articles. In this way, all the
contributions to a topic scattered across time and fields of study
are organized in a new presentation.

Keeping this layout in mind, the paper is organized as follows.
First, a short historical review is provided in which some informa-
tion is given about the first publications and main manuals and
books on the topic. Then, similitude theory is defined and a
description of the most used methods is given, focusing on their
relative advantages and disadvantages. Section 4 is the core of the
paper. It is divided into several subsections, each one focused on
the application of similitude methods to a particular test article
(beams, plates, and cylinders). Section 5 is dedicated to the use of
the theory in the study of complex structures across several engi-
neering fields. In Sec. 6, the main points of the paper are summar-
ized, with some final remarks of the authors about ways of
employing similitude methods.

At the end of the paper, after the references, an appendix has
been added. It contains three reference tables, introduced to give a
useful synopsis to interested readers.

2 Short Historical Review

In this section, a brief historical review of similitude methods is
provided, following the publication, in chronological order, of the
first articles and books that introduced the main similitude meth-
ods, still in use today. A brief insight into the development of
such methods according to test articles follows. Finally, some
papers are discussed which do not fit clearly in this paper but are
worthy of mention because of their historical and thematic
relevance.

The first reference to similitude theory dates back to the 18th
century, as reported in Ref. [6]. In fact, Galilei and Weston [11]
stated that size and strength of an object do not decrease in the
same ratio: if dimensions decrease, the strength increases. The
curious aspect of this statement is that Galileo, in the 18th century,
was already facing the problem of size effects. However, the first
work in which scientific models based on dimensional analysis
are discussed is due to Rayleigh [12]. Although Rayleigh’s article
aimed to underline the importance of similitude methods, espe-
cially in engineering, as discussed in Ref. [13], thirty years had to
pass before the publication of another work in which the

usefulness of similitude methods is highlighted: the NACA
technical report by Goodier and Thomson [14] and the book by
Goodier [15]. In these publications, dimensional analysis was
applied for the first time with a systematic procedure to simple
and complex problems. This resulted in a deep insight on the mod-
eling of materials with nonlinear stress–strain characteristics or
plastic behavior, buckling, and/or large deflections.

In the following years, many books were written on the topic.
In their review, Simitses et al. [3] cite many works, e.g., Refs.
[16–20], in which similitudes and modeling principles are based
on dimensional analysis. Kline [21] gives a perspective on deriv-
ing similitude conditions with both dimensional analysis and
direct use of governing equations. The latter method is accurately
treated also in Ref. [22], while a whole chapter of Ref. [23] is
dedicated to the former. In Ref. [5], good alternatives to Refs.
[21] and [23] are given, such as Refs. [24] and [25]; furthermore,
the authors underline that dimensional analysis has driven and jus-
tified the writing of several other manuals, such as Refs. [26–28],
even though other methods were introduced and successfully
applied. A wider modeling interpretation is given in Ref. [29],
while Zohuri [30] provides first a perspective on classic dimen-
sional analysis and, then, deepens the topic in Ref. [31], going
beyond Buckingham’s P theorem and approaching self-similar
solutions.

An overview of similitude methods is reported in Fig. 1. The
methods on the vertical axis are dimensional analysis (DA), simil-
itude theory applied to governing equations (STAGE), energy
method based on the conservation of energy (EM), asymptotical
scaled modal analysis (ASMA), similitude and asymptotic models
for structural-acoustic research applications (SAMSARA), empiri-
cal similarity method (ESM), and sensitivity analysis (SA). More
details on each of these are presented in Sec. 3. The horizontal
bars represent the range of years in which each method has been
used.

The development and application of similitude methods has not
followed a linear path in terms of test articles. Contrary to expect-
ations, the first methods were not applied to simple test articles
first and more complicated ones later. For example, in the first rel-
evant application of similitude theory to engineering [14], the
authors first provide an extensive theoretical study on general
structures (isotropic, composite, linear, and nonlinear). They then
proceed to employ dimensional analysis to buckled thin square
plates in shear, with and without holes. Many years had to pass to
find the first instance in which dimensional analysis was applied
to a stiffened panel [32]. Differential equations were used in
Ref. [33] to investigate sandwich panels. The first application of
similitude theory to a beam is reported in Morton [34] in which
the author employs dimensional analysis. Some years later, the
first analysis of unstiffened cylinder models is conducted by
Hamada and Ramakrishna [35]; oddly, stiffened cylinders were
already studied in a previous work by Sato [36] by means of

Fig. 1 Time overview of similitude methods
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dimensional analysis. An overview of progress in applying simili-
tude methods to different test articles is shown in Fig. 2. The bars
again illustrate the time range in which publications concerned
with the corresponding test articles have been published.

A mention to two works with a great historical relevance is
needed; both of them are dedicated to similitudes applied to
shells.

The first is an analysis executed by Ezra [37]. This is motivated
by a peculiar behavior of shells; under certain conditions, they can
sustain pressures considerably larger than that which would pro-
duce static buckling. On the other hand, when applying a pressure
rapidly with a long duration, the structure carries less than it
would statically. The author uses dimensional analysis to investi-
gate scale model determination of the buckling of a thin shell
structure, with arbitrary shape and subject to an impulsive pres-
sure load with duration not short enough to be considered as a
pure impulse, nor long enough to be considered as static pressure.
He shows that when the materials of prototype and model are sim-
ilar, consistent predictions require that the magnitude of the
applied pressure must be the same while the duration must be
scaled proportionally. If magnitude and duration cannot be con-
trolled, then a complete similitude can be achieved by a suitable
choice of a different material for the model.

A second relevant work on the topic is that of Soedel [38]. In
this paper, the author derives similitude conditions for free and
forced vibrations of shells from Love’s equations. Shells are char-
acterized by both in-plane and transverse oscillations; as a conse-
quence, when deriving the exact similitude conditions from the
governing equations, the thickness is not independent from the
surface geometry. By decoupling the membrane and the bending
effects, the author derives two sets of approximate conditions in
which the thickness is introduced as a parameter independent of
the surface geometry. The choice of the set is dictated by the rela-
tive dominance of membrane and bending effects.

Finally, it is worth mentioning that some works by Sterrett con-
sider the topic of similitude and, more generally, model in a wider
manner; the epistemological setting of these articles may help to
explain the concepts underlying similitude theory.

The application of fundamental laws to scale modeling is the
main question in Ref. [39]; the author states that scale modeling
must not mediate between an abstract/theoretical world and a phe-
nomenological one, but rather to give insights into phenomena, so
that it is possible to tell what happens in a situation that is not
directly observable by means of another situation that can be
observed.

A direct insight into dimensional analysis and Buckingham’s P
theorem applied to both geometrical and physical similitudes is
given in Ref. [40]. The usefulness of models is underlined in Ref.
[41] in which the author shows how new areas of application and
investigative research have been found. The topic is further devel-
oped in other articles [42–44].

3 Similitude Methods

Before proceeding to the core of this review, we present a brief
introduction to similitude methods. After providing some useful
definitions, we quickly describe the main characteristics of each
method.

Fundamentally, similitude theory is a branch of engineering sci-
ences which allows to determine the conditions of similitude
between two or more systems. The full-scale system is known as
prototype, while the scaled (up or down) one is the model. When a
model satisfies the similitude conditions, it is expected to have the
same response as the prototype (in a qualitative meaning). This is
the reason why such tools are very useful. It is possible to over-
come all the problems associated with full-scale testing by design-
ing and investigating a scaled (usually down) model.

Some authors refer to similitude, others to similarity, thus a
remark is necessary about the terminology. In fact, both terms are
used interchangeably in the literature although with a slight differ-
ence: similarity is closer to the usage in fields of mathematics (for
example, self-similarity solutions). An example of such an appli-
cation is reported by Polsinelli and Levent Kavvas [45] in which
Lie scaling methodology is introduced. Such a method performs
symmetry analysis of the governing differential equations basing
on Lie groups, special structures leading to invariant transforma-
tions. An extensive treatise on the topic is given in Ref. [46]. In
this paper, we only use the word similitude.

In order to give a brief introduction to similitude methods, it is
important to explain two concepts previously introduced, viz.,
similitude and similitude conditions.

Similitudes can be distinguished according to the parameters
taken into account; it is possible to have

(1) Geometric similitude, when geometric characteristics are
equally scaled.

(2) Kinematic similitude, when homologous particles lie at
homologous points at homologous times [24]. By recalling
the ratio between space and time, it follows that kinematic
similitude is achieved, simply, when homologous particles
have homologous velocities.

(3) Dynamic similitude, when homologous parts of a system
are subject to homologous net forces.

A formal definition of kinematic similitude, that also introduces
the concept of scale factor, is given by Langhaar [17]:

The function f0 is similar to function f, provided the ratio f0/f is a
constant, when the functions are evaluated for homologous points
and homologous times. The constant k¼ f0/f is called the scale factor
for the function f.

Baker et al. [24] explain the use of the term homologous in this
definition as corresponding but not necessarily equal values.

Those listed above are the main types of similitude, but others
can be defined. As an example, Baker et al. [24] add constitutive
similitude to the list, achieved when there is similitude between
the materials stress–strain curves of the prototype and the model,
or between the constitutive properties of such materials. However,
in general, only geometric, kinematic, and dynamic similitudes
are considered, so that it is possible to say that two systems are
similar if they share the aforementioned characteristics.

Szucs [22] gives a useful definition of similitude conditions:

The sufficient and necessary condition of similitude between two
systems is that the mathematical model of the one be related by a bi-
unique transformation to that of the other.

So, if Xp and Xm are two vectors of N parameters, respectively,
of the prototype and the model, then they are related one to each
other in this way

Xp ¼ ½K�Xm or Xm ¼ ½K��1Xp (1)

Fig. 2 Time overview of test articles
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where [K] is the following matrix:

½K� ¼

kx1
0 � � � 0

0 kx2
� � � 0

� � . .
.

�

0 0 � � � kxN

2
6664

3
7775 (2)

which performs a transformation between the mathematical
models for the prototype and scaled model. A diagonal matrix
provides the simplest form of transformation.

The diagonal elements of matrix [K] are known as scale factors
of the parameter xi (i¼ 1, 2, …, N); herein they will be defined as
kxi
¼ xim=xip (where the subscript m is for model, while p for the

prototype), although the other authors use the inverse formulation.
According to the fulfillment of similitude conditions, different

models can be defined (and another classification of similitudes
can be done):

(1) True model: All the conditions are fulfilled. This is referred
to as complete similitude.

(2) Adequate model: First-order conditions, i.e., the conditions
related to the main parameters are fulfilled. This is referred
to as first-order similitude.

(3) Distorted model: At least one of the first order conditions is
not satisfied. This is referred to as partial similitude.

The difference between true and adequate models is of rele-
vance especially when using dimensional analysis. Here, special
insight into a problem can be used to reason that some of the con-
ditions are of “second-order” importance.

An interesting example is provided by Harris and Sabnis [26]:
in rigid frame problems, axial and shearing forces are of second-
order importance relative to bending moments as far as deforma-
tions are concerned. Thus, it may be adequate to model the
moment of inertia but not the cross-sectional areas of members.

So, it is clear that the difference between true and adequate
models relies on the choice of parameters that are accounted for
when deriving the similitude conditions. For other methods, such
as STAGE or SAMSARA (introduced below), that work

according to other principles, such difference is absent and the
concepts of true and adequate models can be joined.

When dealing with a scaled model, the main characteristics
taken into account are the scaling effects, i.e., the change in
response of the structure due to the geometric scaling procedure.
In some applications, e.g., impact response, size effects must also
be taken into account; they appear as a change in material proper-
ties, such as strength and stiffness, due to the scaling procedure.
Simitses et al. [3] cite a workshop on the topic (Jackson [47]) in
which, while all the presenters agree on the fact that size effect on
stiffness is almost nonexistent, they disagree about its influence
on strength.

Several similitude methods can be found in the literature. To
give an exhaustive explanation of such tools is beyond the aim of
this paper; however, it may be helpful to focus briefly on the
working principles, advantages, and disadvantages of the main
ones. The main aspects, advantages, and disadvantages of each
method considered below are summarized in Table 1.

3.1 Dimensional Analysis. Dimensional analysis or, as
Coutinho et al. [48] refer to, traditional similarity method, is based
on the definition of a set of dimensionless parameters that govern
the phenomenon of interest. It relies on the concept of dimen-
sional homogeneity, i.e., an equation which describes a physical
phenomenon must have sides with same dimensions. All these
concepts are gathered in Buckingham’s P theorem [49]. Accord-
ing to this theorem, let K be the number of fundamental dimen-
sions, required to describe the physical variables, and let
P1;P2;…;PN be N physical variables. Suppose that it is possible
to relate such variables through the functional relation

f1ðP1;P2;…;PNÞ ¼ 0 (3)

Equation (3) may be rewritten in terms of (N – K) dimensionless
products, called P products, as

f2ðP1;P2;…;PN�KÞ ¼ 0 (4)

Table 1 Overview of similitude methods

Advantages Disadvantages

DA Simple Experienced analyzer is needed, with a deep knowledge of the
problem

Useful when governing equations are not known Great effort in deriving the conditions
Trial-and-error approach, due to the non-uniqueness of
nondimensional groups
Nondimensional groups may have little physical meaning

STAGE Similitude conditions are more specific Governing equations must be known
Conditions have physical meaning Effort in deriving the conditions
Scale factors can be applied to both governing equations and
solutions

It cannot be implemented in an algorithm

EM The procedure is more straightforward than involving the field
equations

Effort in deriving the conditions

Same level of generality and results of STAGE Problems occur when prototype and model are made of
different materials

ASMA Reduced computational time due to reduced spatial domain It works well only for global response; local information is lost
Applicable to finite element analysis
It can be implemented in an algorithm

SAMSARA Structural response completely achieved for replicas Structural response partially achieved for avatars
It can be implemented in an algorithm

ESM Transformation matrix is derived empirically Additional manufacturing and testing

SA Reduced effort in deriving similitude conditions It is not based on physical equations
It can be implemented in an algorithm Computationally expensive
Similitude-based scaling laws do not need prior knowledge of
the structural scaling behavior

Note: Table 3 in the Appendix gives the corresponding references related to this table.
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Each P product is a dimensionless product of Kþ 1 physical vari-
ables so that, without loss of generality

P1 ¼ f3ðP1;P2;…;PK ;PKþ1Þ
P2 ¼ f4ðP1;P2;…;PK ;PKþ2Þ
…

PN�K ¼ f5ðP1;P2;…;PK ;PNÞ

8>>>><
>>>>:

(5)

In mechanics, usually K¼ 3 and the fundamental dimensions
are mass, length, and time: this is called the mass, length, and
time (MLT) base. The choice of repeating variables P1, P2, …, PK

should be such that they include all K fundamental dimensions,
while each dependent variable of interest should appear in just
one P product.

Scale-modeling with dimensional analysis requires that all the
dimensionless P products are scaled in such a way that they are
equal for both model and prototype, which means

Pj
ðmÞ ¼ Pj

ðpÞ (6)

for j ¼ 1; 2;…; ðN � KÞ.
When the condition (6) is fulfilled for each value of j, then com-

plete similitude is achieved; if at least one condition is not satis-
fied, then the model is distorted. Generally, to simplify the
calculations, only first-order conditions are considered, so that the
difference between a true and an adequate model is neglected also
when using dimensional analysis.

In some applications, dimensional analysis does not directly
involve Buckingham’s P theorem. The scaling laws are deter-
mined by defining just one scale factor, then expressing the proto-
type/model ratio of parameters as a power law of such a scale
factor. This step requires dimensional consistency, so that the
method can be regarded as another version of dimensional
analysis.

On the one hand, the described method is simple to use and use-
ful for those systems without a set of governing equations, such as
complex or new systems. On the other hand, it is clear that a phe-
nomenologically meaningful choice of the parameters is needed:
taking into account a parameter with low or no influence on the
phenomenon would complicate the derivation of P terms
unnecessarily, while ignoring an important parameter would lead
to an incomplete, and maybe wrong, conclusion. Hence, to use
such a method, an experienced analyzer and a deep knowledge of
the problem are needed.

Furthermore, P terms may be not unique, which lead to a trial-
and-error approach and to a significative calculation effort.
Besides, not all P terms have physical meaning and, in general,
the equations characteristic of the phenomena under observation
can be formulated only in an incomplete form. In conclusion, the
procedure is not structured, so it cannot be easily implemented
into an algorithm.

3.2 Similitude Theory Applied to Governing Equations.
After dimensional analysis, the second and most commonly used
method to derive the similitude conditions is similitude theory
applied to governing equations (or STAGE, as abbreviated by
Coutinho et al. [5]): Kline [21] was the first to introduce this
method.

Similitude theory applied to governing equations is applied
directly to the field equations of the system, including boundary
and initial conditions, which characterize the system in terms of
its variables and parameters. Because similar models are governed
by an equivalent set of field equations and conditions, similitude
conditions may be derived by defining the scale factors and com-
paring the equations of both prototype and model. This is a direct
consequence of invariance as defined by Szucs [22] and expressed
by Eq. (1). The derived conditions relate geometric (length, width,
thickness, etc.), structural (assembly), excitation (force amplitude,

force phase, excitation frequency, etc.), and material properties
(Young’s modulus, Poisson’s ratio, mass density, etc.) of the sys-
tem to its response. When all of them are satisfied, then complete
similitude is achieved; otherwise, if at least one of such conditions
is not fulfilled, the similitude is at best partial.

For example, consider an isotropic plate with uniform cross
section and subject to a uniform transverse load q [1]. Its govern-
ing differential equation is

d4w

dx4
þ 2

d4w

dx2dy2
þ d4w

dy4
¼ q

D
(7)

wherein w is the displacement in the direction orthogonal to the xy
plane (where the plate lies) and D is the bending stiffness.

For model and prototype, we then obtain

d4wm

dxm
4
þ 2

d4wm

dxm
2dym

2
þ d4wm

dym
4
¼ qm

Dm
(8)

and

d4wp

dxp
4
þ 2

d4wp

dxp
2dyp

2
þ d4wp

dyp
4
¼ qp

Dp
(9)

respectively. The prototype Eq. (9) can now be rewritten in terms
of scale factors and model parameters

kw

kx
4

� �
d4wm

dxm
4
þ 2

kw

kx
2ky

2

� �
d4wm

dxm
2dym

2
þ kw

ky
4

� �
d4wm

dym
4
¼ kq

kD

� �
qm

Dm

(10)

Equations (7) and (10) are the same if the terms in parenthesis
in the last equation are all equal, that is

kw

kx
4
¼ kw

kx
2ky

2
¼ kw

ky
4
¼ kq

kD
(11)

Complete similitude is achieved when Eq. (11) is totally satis-
fied, which leads to the similitude condition kx¼ ky. In this case,
the orthogonal deflection scale factor kw has three equivalent
expressions

kw ¼
kqkx

4

kD
(12)

kw ¼
kqkx

2ky
2

kD
(13)

kw ¼
kqky

4

kD
(14)

Any of Eqs. (12)–(14) ensures a perfect prediction of prototype
behavior. Instead, if kx 6¼ ky, then the similitude is partial: each of
the conditions (12)–(14) yields different results and it is not
ensured that any of them provides good predictions. Notably, in
this application, the procedure must be completed by also consid-
ering the boundary conditions.

When using STAGE, the similitude conditions can be derived
by introducing the scale factors into the solutions (exact or
approximate) of the equations [1] or into the equations, in dimen-
sional [50] and nondimensional [51] form. In the latter case, the
scale factors that appear in the scaling laws, derived from the gov-
erning equations for the prototype and the model, are called
explicit scale factors. The factors that disappear in the scaling
laws but relate to the boundary conditions and the excitation
mechanisms are called implicit scale factors and must be suitably
defined in order to obtain a complete set of similitude conditions
and, thus, the complete similitude. For example, in Wu [52],
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which investigates the scaled models of an elastically restrained
flat plate under dynamic load, the explicit scale factors are those
for the length, width, thickness, and displacement. The implicit
scale factors are those for translational and rotational springs,
excitation frequency, moving-load speed, damping ratios, and nat-
ural frequencies. Until now, no one has investigated partial simili-
tudes in which the distortions are introduced by changing the
boundary conditions between prototype and model.

An advantage of such method is that it allows to derive a set of
conditions more specific than those obtained through dimensional
analysis, because they are equation driven, which means that the
relationships are forced by the governing equation. This implies
that they have a physical meaning and that the procedure is more
structured with respect to the one used in DA, but it lacks of a
standard action sequence, so also STAGE cannot be implemented
in an algorithm. Furthermore, the range of applications is limited
to those systems with at least a set of governing equations and the
derivation of similitude conditions still requires a certain calcula-
tion effort.

3.3 Energy Methods. Besides the classic approaches previ-
ously mentioned, alternative methods have been proposed; two of
them are based on an energy approach. One exploits the principle
of conservation of energy and is introduced in Ref. [53]; the other
is known as ASMA [54].

3.3.1 Energy Method Based on the Principle of Conservation
of Energy. The EM method [53] is based on the principle of con-
servation of energy, which states that if there is no energy loss (in
terms of heat and chemical reactions), the strain energy U stored
in the structure is equal to the sum of kinetic energy T and the
work made by external forces W. By letting Xi; Yj; Zk denote the
complete sets of properties (containing geometric ones, material
ones, etc.) related to each type of energy, then the principle can be
written as

UðXiÞ ¼ WðYjÞ þ TðZkÞ (15)

Because the energy equation given by the principle includes the
structural domain, the applied loads, and the boundary conditions,
the system is considered as a whole and there is no need to deter-
mine the explicit and implicit scale factors separately.

To derive the similitude conditions, all the considered energies
are scaled simultaneously, so that a scaled energy equation is
obtained; by doing so, the prototype Eq. (12) becomes

UðXim
kiÞ �WðYjm

kjÞ � TðZkm
kkÞ ¼ 0 (16)

In order to achieve a complete similitude, it is necessary that
the equations must be rewritten in the following form:

/ðkiÞUðXimÞ � vðkjÞWðYjm
Þ þ UðkkÞTðZkm

Þ ¼ 0 (17)

where /ðkiÞ; vðkjÞ; and UðkkÞ are functional relationships among
scale factors.

Complete similitude is achieved when the principle of conser-
vation of energy is satisfied, which means that, for the model,
UðXimÞ �WðYjm

Þ � TðZkm
Þ ¼ 0 and, by comparing with Eq. (17),

/ðkiÞ ¼ vðkjÞ ¼ UðkkÞ.
The EM method is more straightforward than STAGE because

it provides the scaling factors for structural behavior even when
the structure is made of several components, while keeping the
same level of generality and obtaining the same conditions.
Again, a certain calculation effort is required, especially for com-
plex systems. Furthermore, problems may occur when prototype
and model are made of different materials.

3.3.2 Asymptotical Scaled Modal Analysis. The finite element
method is the best numerical tool for structural analysis but its
computational cost becomes prohibitive as frequency increases,

because the spatial mesh is frequency dependent: the higher the
frequency range of the analysis, the smaller the mesh dimension.
Because the Nyquist sampling theorem must be considered, with
sampling rate at least twice the value of the highest frequency in
the system response, the computational time increases consider-
ably. The ASMA was conceived to reduce the spatial extent in
order to save time during simulations.

A first definition of the method [55] is based on statistical
energy analysis (SEA) and aims to define a scaled finite element
model which can represent the energy exchange for increasing
excitation frequency. The main idea is to reduce the extension of
the spatial dimensions not involved in energy transmission, so that
the original finite element mesh can be maintained, and, at the
same time, to increase artificially the damping level in order to
keep the same energy level of the prototype. ASMA is then for-
mally justified without invoking SEA [54] but using the energy
distribution analysis (EDA, Mace [56]), which defines the way the
scaled model can represent the mean response. All the linear
dimensions g not involved in the structural energy transmission
are scaled down with a scale factor r< 1, so that the scaled
dimension is �g ¼ gr. Because this procedure would move mode
shapes and natural frequencies to higher frequency, in order to
keep the same energy level, damping has to be increased with a
certain scale factor e, so that �g ¼ ge. Boundary conditions and
material of the model are the same as for the prototype so that
mode shapes are retained.

Combining the reduction of the degrees-of-freedom and eigen-
values to be extracted during the dynamic problem solution, there
are several possibilities of computational time saving:

(1) Same number of degrees of freedom and eigensolutions:
There is not a direct computational advantage but ASMA
can represent the response at higher frequencies.

(2) Same number of degrees of freedom, but reduced number
of eigensolutions: The dynamic response is obtained at
least in the same frequency range and a certain computa-
tional advantage is acquired.

(3) Reduced number of degrees of freedom and eigensolutions:
The number is tailored to acquire the dynamic response
correctly in the same frequency range with an appreciable
computational advantage.

The method is applicable to finite element analysis and it can
be implemented in an algorithm. Being based on modal expan-
sions, ASMA can be applied to any structural operator for which
the real or complex modal base is known (natural frequencies,
mode shapes, and damping). Furthermore, it does not require a
reference solution, i.e., there is no need to analyze first the proto-
type. Finally, it can be applied to every finite element solver. On
the other hand, the response is meaningful only for the global fre-
quency response: local information is lost due to the artificially
increased value of damping. Furthermore, the response is per-
fectly replicated if it is averaged on both excitation and acquisi-
tion points.

In conclusion, ASMA can be seen as a modulator of the original
modal base that allows the analysis of the response of the selected
structural operator in the frequency domain where the response is
meaningful.

3.4 Similitude and Asymptotic Models for Structural-
Acoustic Research Applications. In order to enlarge the number
of parameters, to achieve a complete similitude, and to investigate
the possibility to define similitude conditions for acoustic-
structural systems, a new method used in combination with EDA
was proposed in De Rosa et al. [57]. This is a generalization of
the modal approach used in the ASMA method to establish the
scaling laws. The method is then successively formalized in
Ref. [58] and referred to as SAMSARA.

To reproduce the dynamic response by means of a similitude, it
is necessary to satisfy some conditions:
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(1) Material does not change, because any change modifies the
distribution of natural frequencies.

(2) The boundary conditions do not change.
(3) The excitation is a concentrated harmonic force and it acts

at the same dimensionless (homologous) location.
(4) The structural damping is such that the system response

can be obtained by using the real mode shapes and the
undamped natural frequencies. More complicated models,
based on complex mode shapes, do not add further contri-
butions to theory development and results.

The main reason behind these assumptions is to limit the
changes of the modal base when the similitude is applied. These
conditions are not limitations of SAMSARA but points to be
explored in further developments of the method.

When using SAMSARA, if the structure is geometrically scaled
in all the dimensions, the model is called replica. Instead, a dis-
torted model is called avatar. To obtain a replica, similitude con-
ditions must be necessarily satisfied, but the scaling procedure
involves also other scale factors that do not appear directly into
the scaling conditions. For example, when scaling a plate, a rep-
lica is obtained by varying length, width, and thickness of the
panel, while by satisfying only the similitude condition (involving
just the length or the width) leads to a proportional sides model
[59].

When a complete similitude is under investigation, the proto-
type mode shapes appear at different natural frequencies in the
model (higher frequencies if the model is scaled down). After the
excitation, the energy spreads in a model according to a certain
succession of modes with perturbed natural frequencies. By apply-
ing a remodulation, such succession of modes can be brought
back to prototype ones. In this way, the response of the structure
is reconstructed.

Figures 3–6 may clarify the concept of remodulation by com-
paring the natural frequencies and frequency response functions
(FRFs) of orthogonally and longitudinally stiffened cylinders in
similitude. Three test articles are compared: the prototype (labeled
with A), the replica, and an avatar (labeled with A1). The geomet-
ric dimensions subjected to scaling are length, diameter, skin
thickness, stringer section, and rib section.

Figure 3 shows the natural frequencies of the prototype cylinder
and its replica, before and after remodulation. There are a number
of features that are worth noting. Before remodulation, the natural
frequencies of replica shift to higher frequencies because of the
reduction in size of the cylinder. The remodulation process leads
to the overlap on the bisector of both prototype and replica fre-
quencies. The natural frequencies of cylinder A are perfectly

predicted from the replica because all the geometric dimensions
of the prototype have been halved, automatically satisfying the
similitude conditions.

Avatar A1 scales down only the length and the diameter. The
similitude conditions are not fulfilled, thus the natural frequencies
are not located on the bisector after the remodulation process
(Fig. 4). Typically, the greater the distortion, the wider the dis-
tance between the natural frequencies of the prototype and the
remodulated ones of the avatar.

Similar observations can be made for the FRF of the cylinders.
Figure 5 shows the forced response of both prototype and replica.
In this case, the shift in frequency is more clear (Fig. 5(a)): the
number of modes of both the test articles is the same, but the poles
of the replica move to higher frequency covering, as a conse-
quence, a wider frequency range. After remodulation, the
responses perfectly match, despite some slight errors in amplitude,
noticeable at high frequency (Fig. 5(b)).

When considering the avatar (Fig. 6), the remodulated response
(Fig. 6(b)) does not fit at all the prototype response.

A characteristic of the method is that it directly involves modal
parameters, which means that their scale factors are defined; this
being the main novelty of the approach. Different from ASMA,
which provides only the mean response, SAMSARA is able to fur-
nish the local one. It can be also implemented in an algorithm.
The method allows the solution of both replicas and avatars.

3.5 Empirical Similarity Method. In the field of rapid proto-
typing, dimensional analysis is typically used, but it has some
issues related to the difference in material properties between pro-
totype and model, sensitivity to distortions, too restrictive use of
information, and dependence of cost and time on geometrical
complexity. For these reasons, Cho and Wood [61] proposed the
ESM. This is based on the testing of a specimen pair: one speci-
men with simple geometric features fabricated through rapid pro-
totyping (prototype specimen) and the other fabricated through
the actual production process (product specimen). By measuring
the state vectors of this pair and the scaled structure obtained
through rapid prototyping, a state transformation is derived. In
such transformation, the usual scale factors are replaced by
weighting factors.

The empirical transformation matrix can be considered as an
advantage, but the fact that additional specimen pairs are needed
leads to additional manufacturing and testing.

3.6 Sensitivity Analysis. Recently, SA has been applied to
similitude theory. SA can be defined as the study of how

Fig. 3 Natural frequencies of replica and cylinder A before and
after remodulation. (Reproduced with permission from Petrone
et al. [60]. Copyright by Sage.)

Fig. 4 Natural frequencies of avatar A1 and cylinder A before
and after remodulation. (Reproduced with permission from
Petrone et al. [60]. Copyright by Sage.)
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uncertainty in the output of a system can be associated with uncer-
tainties in the input of the system. When the global behavior is of
interest, then global sensitivity analysis (GSA) is applied. When
the response is studied at a particular point of the parameter space
with a differential approach, then local sensitivity analysis (LSA)
is applied.

Luo et al. [62] employ sensitivity analysis to derive the simili-
tude conditions for distorted models. The authors enunciate four
principles to get distorted laws. They are

(1) Principle 1: In distorted scaling laws, if parameter j is
directly reflected in the governing equation, the index k of
the scaling factor kk

j can be directly determined from the
governing equation.

(2) Principle 2: In the sensitivity analysis, if sensitivity’s abso-
lute values satisfy jUaj > jUbj in distorted scaling laws, the
index relation of scaling factors ka

a and kb
b is jaj > jbj.

Here, Ua and Ub are the sensitivities (i.e., the change rates)
of the natural frequency with respect to geometrical param-
eters a and b.

(3) Principle 3: If Uj> 0, kj is positively proportional to kx
(the scale factor of the natural frequencies) in the distorted

scaling law; conversely, kj is inversely proportional to kx if
sensitivity Uj< 0.

(4) Additional principle: In the distorted scaling law, the index
ratio a: b of scaling factors ka

a and kb
b is approximate to the

ratio of the sensitivity a : b � Ua : Ub.

The principles 1–3 help to derive approximate distorted scal-
ing laws, i.e., scaling laws for distorted models that return a
high percentage of error between the natural frequency of the
distorted model and the predicted natural frequency. The addi-
tional principle is used to derive accurate distorted scaling laws,
returning an error lower than approximate laws (typically within
5%).

A statistical application of GSA is given in Ref. [63], where the
authors employ, first, a 2k (k¼ 3 in this case) full factorial design
to study the effects on the response of the structure to changes in
input parameters, then derive sensitivity-based scaling laws
through a multiple quadratic regression.

Local sensitivity analysis is then applied by Adams et al. [64].
Let Xj be the design parameter of the system (geometry, material,
etc.) and Yk its response (e.g., natural frequencies or vibration
velocities). The model kth response Y

ðmÞ
k can be written as the

Fig. 5 Forced response of replica and cylinder A before (a) and after (b) remodulation. (Reproduced with permission from
Petrone et al. [60]. Copyright by Sage.)

Fig. 6 Forced response of avatar A1 and cylinder A before (a) and after (b) remodulation. (Reproduced with permission from
Petrone et al. [60]. Copyright by Sage.)
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product of the prototype response Y
ðpÞ
k and N linearly independent

scale factors kXj
, each one weighed by an unknown power aj;k

Y
ðmÞ
k ¼ Y

ðpÞ
k

YN
i¼1

ðkXj
Þaj;k (18)

The approach is directly deduced from Buckingham’s P theorem.
According to this theorem, dimensional analysis can be used to
derive the weighting terms aj;k. The novelty of the method
proposed by Adams et al. relies on the application of sensitivity
analysis to derive these exponents as

aj;k �
ln Y

þð Þ
k

� �
� ln Y

�ð Þ
k

� �

ln k þð ÞXj

� �
� ln k

�ð Þ
Xj

� � (19)

where the symbols (þ) and (–) indicate the scaling up and down,
respectively.

Therefore, there is no need to derive dimensionless groups, as
in dimensional analysis, or to compare the equations of prototype
and model, as in STAGE or SAMSARA. By just knowing the
scale factors and the responses, Eqs. (18) and (19) allow to imple-
ment SA in an algorithm so that the sensitivity-based scaling laws
can be derived without having a priori knowledge of the scaling
behavior and with minimum effort. However, both GSA and LSA
lack of a physical insight into the problem that may lead one to
overlook some important phenomena. Furthermore, too complex
systems may lead to prohibitive computational costs and ineffi-
cient procedure.

3.7 Methods Summary. A brief introduction to similitude
methods has been provided. Up to now, despite the increasing
complexity of modern applications and the emerging methods,
dimensional analysis and STAGE are still the most used ones.

According to dimensional analysis, similitude conditions are
derived by defining sets of nondimensional ratios through the
investigation of the reference parameters. It is not based on
the knowledge of the governing equations, which makes such
a method employable in a wide spectrum of applications, even
very complex ones, although a great amount of manual calcu-
lation may be needed. For example, dimensional analysis is
used a lot in fluid dynamics in order to find the nondimen-
sional numbers representing the main characteristics of a
fluid (Mach number, Reynolds number, Peclet number, etc.) by
comparing dimensional groups with their own physical
meaning.

Dimensional analysis is a very useful tool when the analyzer
has a very good knowledge of the problem or when the governing
equations are unknown or too complex to be solved analytically
or numerically. As the choice of parameters is up to the analyzer,
it can be exploited in order to understand the influence of a partic-
ular parameter on the phenomenon under observation.

The second most used method is STAGE, based on the defini-
tion of scale factors successively substituted into the governing
equations in order to derive the similitude conditions. On the one
hand, this requires knowing the field equations; on the other hand,
the conditions obtained are more specific and the method itself
lacks the trial-and-error approach typical of dimensional analysis.
In general, when the governing equations are known, it is better to
employ STAGE than DA.

Conservation of energy is the foundation of the energy method
introduced by Kasivitamnuay and Singhatanadgid [53]. Once the
strain energy, the kinetic energy, and the work of the (possibly
multicomponent) structure have been evaluated, the scaling condi-
tions are derived keeping the same results and level of generality
of STAGE. The procedure is more straightforward than STAGE
but still affected by a certain effort when dealing with complex
structures.

Asymptotical scaled modal analysis and SAMSARA are the
first methods that address similitude theory toward an automatic
procedure, because both of them can be implemented in an
algorithm.

Because computational costs can sometimes be prohibitive,
ASMA was introduced in order to reduce them by scaling down
the spatial domain by means of a scale factor. Since the energy
level must be kept, an artificial, increased damping was intro-
duced limiting the analysis to the global frequency response. In
other words, ASMA can be expected to produce a good level of
accuracy only for the mean response of a structure. Such charac-
teristics make the method suitable for computationally expensive
analyses where the analyzer is interested only in the mean
response or in the response at high frequency range. Furthermore,
ASMA is useful in evaluating how SEA energy influence coeffi-
cients (both direct and indirect) are affected by changes in the
modal overlap factor.

Similitude and asymptotic models for structural-acoustic
research applications exploit scale factors, just like STAGE. Since
it is based on a generalization of the modal approach, modal
parameters are also involved in the scaling procedure. Different
from ASMA, SAMSARA provides the local response (from
which, with multiple acquisition, the mean response can be recon-
structed). SAMSARA is very useful when studying structural
dynamics and acoustic-structural systems.

Empirical similarity method is a method used in rapid prototyp-
ing applications. It derives a state transformation between a speci-
men pair and the scaled structure obtained through rapid
prototyping. It was introduced in order to overcome the problems
of dimensional analysis applied to rapid prototyping, such as dif-
ferences in material properties and sensitivity to distortions. Addi-
tional manufacturing is the main disadvantage of this method.

Sensitivity analysis is another step toward an automatic
approach, especially in terms of scaling laws derivation, because
this method can also be implemented in an algorithm. SA is
divided into global and local sensitivity analyses, according to the
purpose. Its automatic nature allows to derive the sensitivity-
based scaling laws without knowing the scaling behavior of the
system but, at the same time, it is not based on physical relation-
ships. It is also computationally expensive.

4 Applications of Similitude Methods

Similitude theory has been widely applied in many engineering
branches, to both complex and simple structures. Elementary
structures such as beams, plates, and cylinders may occur as
stand-alone simple systems or form the basic structural compo-
nents of more complex ones (for example, pressure vessels
[65,66]). The purpose of this section is to review the applications
of similitude theory to such structures.

During the writing of this review, it has been noticed that
similitude theory applications concern some particular structural
fields, such as static and dynamic behavior, impact response, and
damage.

Dynamic response focuses on identifying the natural frequen-
cies and the mode shapes of a structure, since this information is
fundamental for analyzing fluid-structure interactions, vibroacous-
tic phenomena, etc. An application example is the interaction of a
structure with a turbulent boundary layer. It is an important source
of vibration and noise; the stochastic pressure distribution associ-
ated with the turbulence excites significantly the structural
response and the radiated acoustic power. For these fluid-structure
interaction problems, there are some computational problems
related to the fact that solutions are typically lost above the struc-
tural/aerodynamic coincidence frequency, even if the mesh is built
to simulate very small structural wavelengths.

Prediction capability at each frequency range at acceptable
computational costs is another issue associated with dynamic
response. Up to now, different methods have been used to investi-
gate problems at low and high frequency ranges.
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A characteristic type of dynamic response of particular
engineering interest is that associated with impacts. Here, large,
short-duration forces may produce damage that can affect the load
carrying capacities of a structure. There are several examples in
which the resistance of structures to penetration or perforation has
primary importance: design of a structure to resist wall perforation
by a high velocity projectile, containment of fragments or projec-
tiles generated by possible accidents in nuclear reactors, the threat
of the so-called wind-generated missiles, containment of frag-
ments generated in aircraft turbine engine disintegration, bird
impacts on aircraft, etc.

For metals, such damage involves plastic deformation and wear
in the contact zone, while it takes the form of fiber failure, matrix
cracking, and delaminations for composites. Things get further
complicated when distinguishing between structures that localize
damage and those for which damage can be more widespread. In
structures with significant flexibility, multiple collisions may
happen and a large amount of energy is released in terms of vibra-
tions. For rigid bodies, impactor and body vibrations are negligi-
ble and deformations are confined to the vicinity of the contact
region.

From these observations, it follows that impact problems are
complex to study and it is easy to imagine that they involve many
phenomena that must be accounted for, including inertial effects,
material response to varying strain-rate and thermal loading, and
material failure and stability. In particular, dependence on strain-
rate is a challenge to the scaling procedure. Because of such
dependence, the material increases its resistance as the impact
load is applied. The model/prototype ratio of dynamic stress, rep-
resenting how the static flow stress changes when there is a vary-
ing strain-rate, is no longer invariant. In similitude terms, this
translates into distortions because strain-rate phenomena do not
support scaling, at least not with the usual, geometric scaling
procedures.

In addition to dynamic response, similitude methods are com-
monly applied to study the static response, often loading test
articles until failure. It is known that size effects have a strong
influence on failure mechanisms and the ultimate strength of a
structure. These effects cannot be explained by statistical models
or fracture mechanics theories. For this reason, experimental tests
are very useful for understanding the limits of validity of
similitudes.

Significant attention has been dedicated to composite materials,
since they emerged more than sixty years ago, as an interesting
and useful alternative to the classic, isotropic engineering materi-
als, thanks to their lightness and resistance capabilities. In aero-
nautics, for example, where both stiffness-to-weight and strength-
to-weight properties are important, composite materials are used
for load-bearing aircraft structures such as the upper fuselage of
the A380 Airbus [67].

Compared to isotropic materials, such as metal, composite
materials exhibit nontrivial interactions between micro- and mac-
rostructural properties. It is sufficient to think of the several ways
in which a composite material undergoes damage (fiber fracture,
delamination, and matrix cracking), or the emergence of size
effects. These are all phenomena that start at the microscopic
scale and then evolve, eventually, to the macroscopic level of the
laminate.

Although these considerations suggest that a microstructure
scaling should accompany scaling of a macroscopic test article,
this operation is never executed due to its great practical complex-
ity. Instead, only the macrostructure is considered when similitude
conditions are derived. This approach leads to some obstacles, as
the descriptions of notch and strain-rate sensitivity, for example,
are strongly dependent on the microscopic characteristics of a
composite material. Notably, notch sensitivity is strong in quasi-
isotropic laminates, but weak in unidirectional laminates subject
to traction in the fiber direction. Strain-rate sensitivity depends on
fiber and matrix materials; glass and Kevlar fibers are rate-
sensitive, as is epoxy resin matrix, while carbon fibers are not

rate-sensitive. Furthermore, the degree of sensitivity depends on
the lay-up and the rate of loading may affect the damage mecha-
nisms. The interaction among all these factors may easily lead to
scaling conflicts, thus scaling a composite laminate is an operation
to perform with extreme care; testing is required to establish
guidelines and to highlight size effects that are not modeled by
any scaling procedure.

The use of composite materials is limited by their susceptibility
to impact damage that can reduce the compressive strength even
if such damage is not visible. The characterization of impact phe-
nomena is necessary because the response of composites is com-
plex, involving localized out-of-plane loading, possible strain-rate
effects, and the interaction of several failure modes.

Many articles [33,68–87] showed that stacking sequence is a
key parameter in scaling composite materials. There are three
scaling approaches, namely ply level scaling (Fig. 7(a)), sublami-
nate scaling (Fig. 7(b)), and general reduction of the number of
plies. Ply level scaling consists in adjusting the number of plies in
a group having the same orientation; thickness is scaled and the
stacking sequence is kept. In sublaminate-level scaling, basic
sublaminates, stacked together, are introduced so that thicker lam-
inates are formed.

The choice of the scaling strategy has significant consequences
on the response of the composite specimen. This choice is studied
in many works [68–72] in which it is demonstrated that ply level
scaling applied only to the thickness or to all the geometric dimen-
sions (also known as one- and three-dimensional scaling, respec-
tively) leads to a decreasing tensile strength with increasing size.
Such behavior is due to the increased severity of edge delamina-
tion and debonding, creating stress concentrations that lower the
strength of hybrid materials. Instead, two-dimensional ply level
scaling, i.e., area scaling, exhibits an increased tensile strength for
larger samples. In this case, delamination affects smaller speci-
mens because the relative width of the delaminated zone is
greater. The severity variability of delamination is due to Pois-
son’s ratio mismatches between the materials. Sublaminate-level
scaling affects area scaling significantly. In fact, it reduces the
tendency of smaller models to fail earlier.

The effects of both ply- and sublaminate-level scaling on
fiber metal laminates (FMLs) specimens are shown in Fig. 8.
Figure 8(a) illustrates the failure strength and ply level scaled
specimens exhibit a pronounced size effect: in fact, the strength
increases steadily from the 1/4 scale sample to the full-size geom-
etry. Figure 8(b) shows the tensile strain to failure. No size effect
is observed in the ply level scaled FMLs, with the strain being
approximately 20% in all sample sizes. This result is quite surpris-
ing, because size effects were noticed in the strength data of these
models. Neither sublaminate-level scaled models exhibit a notice-
able size effect in strain, keeping an average value of 22%.

This section is organized in Secs. 4.1–4.4, one for each struc-
ture type; the test articles are then presented in terms of applica-
tions, highlighting the commonalities in results and the novelties
of the applied methods. At the end of the section, the main points
are presented. The contents of the following sections are summar-
ized in Table 2: the rows show, on the left, the test article, on the
right the method, the columns separate the applications in terms
of used procedures (theoretical and experimental) and each box is

Fig. 7 Schematic of two techniques: ply-level (a) and
sublaminate-level (b) scaling. (Reproduced with permission
from Carrillo and Cantwell [68]. Copyright by Sage.)

030802-10 / Vol. 71, MAY 2019 Transactions of the ASME

Downloaded From: https://appliedmechanicsreviews.asmedigitalcollection.asme.org on 06/01/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



filled with the material. Only the most relevant works are dis-
cussed in detail. The complete list is provided in Tables 3 and 4 in
the Appendix in which the references for both methods and test
articles are indicated.

4.1 Beams. Beams and bars are structures that constitute the
main elements of frames, as well as subcomponents of more com-
plex systems, e.g., stiffeners in a stiffened cylinder or spar caps
and shear webs in wind turbine blades. Similitude methods have
been applied to beams to study static and dynamic behavior, fail-
ure, and impact response.

4.1.1 Failure Analysis. An important contribution to simili-
tude theory applied to beams is presented in Jackson and
Fasanella [88] and Jackson [89]; in these works, the authors con-
duct extensive experimental and numerical tests to investigate the
behavior to failure of composite beams. In particular, they subject
six scaled models of a graphite-epoxy composite beam with uni-
directional, angle- and cross-ply, quasi-isotropic stacking sequen-
ces, from 1/6 to full-scale, to both static and dynamic (impulsive)
eccentric axial compression. The choice of the test article is based

on the possibility of achieving large bending deflections promot-
ing global failure away from the supported ends.

By scaling the prototype with dimensional analysis, the
reported results highlighted many important characteristics of
scaled models, especially in terms of size effects, that reoccur in
several subsequent works. A summary of the main experimental
results is given as follows:

(1) In static tests, the scaled load and strain responses depend on
the laminate stacking sequence and on the number of 0 deg
plies in the laminate. For unidirectional and cross-ply lami-
nates, the responses scale well even for large deflections and
rotations; in other words, such laminates do not exhibit size
effects. In contrast, the responses of angle-ply and quasi-
isotropic laminates deviate from those predicted with simili-
tude theory because of damage which alters the beam stiffness.

(2) In static tests, all laminates exhibit a significant size effect
in strength: normalized loads, end displacements, and
strains at failure increase as the size of the beam decreases,
especially for cross-ply beams. For dynamic tests, quasi-
isotropic small models are more severely damaged.

Fig. 8 The effect of scale size on the tensile strength (a) and on the strain at failure (b) for both ply- and sublaminate-level
FMLs. (Reproduced with permission from Carrillo and Cantwell [68]. Copyright by Sage.)

Table 2 Overview of test articles, procedures, methodologies, and materials used in similitude methods

Analytical/numerical Experimental Method

Beam Aluminum Aluminum ASMA
Aluminum, brass, composite, magnesium alloy, steel,

titanium, tungsten alloy
Composite, steel DA

Aluminum, steel — EM

Unstiffened plate Aluminum, composite Aluminum ASMA
Aluminum, composite, steel Aluminum, composite, polyvinyl chloride, steel DA

Aluminum, steel — EM
Aluminum Aluminum SAMSARA

Steel — SA
Aluminum, composite, magnesium alloy Composite STAGE

Aluminum, steel Aluminum, steel STAGEþSA

Stiffened plate Steel Steel DA
Aluminum — STAGE

Sandwich plate — CompositeþPMI (polymethacrylimide) DA
TC4 titanium alloyþ general rubber — STAGE

Unstiffened cylinder Steel Aluminum, composite, concrete, steel DA
Aluminum — SAMSARA

Steel Steel STAGE
Aluminum — STAGEþSA

Stiffened cylinder Composite — EM
Aluminum — SAMSARA

Aluminum, steel Aluminum, steel STAGE

Note: Table 4 in the Appendix gives the corresponding references related to this table.
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(3) The scaled model predictions for dynamic tests are good
for unidirectional laminates, but inconsistent for cross-,
angle-ply, and quasi-isotropic ones, again mainly due to the
size effects.

(4) In both static and dynamic tests, failure modes are the same
for the same stacking sequence, independent of specimen
scale. In static tests, only the scaled models of cross-ply
beams exhibited size effect in failure mechanism (fiber
fracture was not present in the larger models).

(5) Static and dynamic test data from beams of the same lami-
nate family and scaled size indicate similar load and strain
responses; the dynamic response oscillates about the static
response for all the laminate types. With the exception of
cross-ply laminates, the failure locations due to both static
and dynamic loading are nearly identical. Thus, it is possi-
ble to retrieve important information on the global dynamic
response of structures from simple static testing of scaled
models.

(6) Bending stiffness is not affected by size for unidirectional,
cross-ply, and quasi-isotropic laminates; angle-ply lami-
nates, however, exhibit greater stiffness, with decreasing
size.

In addition to specific observations regarding scaled composite
beams, the work by Jackson and Fasanella [88] and Jackson [89]
highlights the problem of size effects: noticeable departure from
the predictions of similitude methods in actual experimental tests.

4.1.2 Static Analysis. Static tests on composite beams were
performed by Asl et al. [90–93]. In this work, the authors investi-
gate composite I-beams analytically, numerically, and experimen-
tally in the framework of model analysis for subcomponent
testing; the beams are equivalent to the spar caps and shear webs
of wind turbine blades. Similitude conditions are obtained by
means of STAGE. The novelty of these works is in the use of par-
tial similitude. Indeed, in theory, it is possible to obtain a com-
plete similitude with ply-level scaling and keeping the same
aspect ratio. When the laminate thickness is supposed to be scaled
down below the range in which there is no integer number of lam-
ina left in the stack up, however, ply-level scaling is no more
achievable; reducing the lamina thickness is not an available
option. Ply-level scaling is applicable only to specific lamination
schemes but the possibility of keeping the same lay-up in the
scaled models as in the prototype is limited by manufacturing con-
straints, since only fabrics with specific thicknesses are available
in industry. Thus, a partial similitude is a likely outcome due to
manufacturing issues.

Aiming for a good prediction of prototype behavior using only
partial similitudes, Asl et al. [90–93] introduce a permutation
algorithm that searches for the potential model having ply
schemes with overall laminate thickness less than that of the pro-
totype; an error is defined to find the layup that works best with
the derived scaling laws, and this lay-up is then used for predic-
tions. Their algorithm is known as the distorted lay-up technique
(DLT) and the tests prove that it is possible to have satisfactory
results with errors smaller than 6% also with such distorted mod-
els. It is important to note that the probability of finding an accu-
rate model decreases when decreasing the number of layers in a
model. There is thus a limit to the amount of scaling that can be
achieved using DLT. However, the technique is applicable to
other geometries and ply schemes.

In a recent work [93], DLT was used to test experimentally a
prototype and nine models (three small, three medium, and three
large) with different lay-ups in a four-point bending test. The
results show that the strain field of the small beams is representa-
tive of those of the medium and large models; the prescribed loads
described by similitude analysis work accurately across different
scales. The important consequence is that a certain strain level for
a composite beam geometry with specific scale and lay-up can be
accurately replicated in a smaller scaled model with a different

lay-up. Thus, a scaled model may facilitate and expedite the
fatigue testing process of large composite structures, leading to
reduced costs and times.

In another experimental campaign [92], analytical and numeri-
cal results are verified by a three-point bending test measured with
digital image correlation executed on a composite beam so that
flapwise bending is reproduced and measured with digital image
correlation. The results of the test confirm the observations previ-
ously made by Jackson and Fasanella [88] and Jackson [89] about
the absence of size effects: bending stiffness of particular lay-ups
is not affected by scaling. The predictions are very good also
because the study is conducted in the elastic range, before yielding
or failure has appeared.

4.1.3 Frequency Response. More insights on stiffness behav-
ior with size were obtained in the experimental investigation by
Asl et al. [94], of the response of three models (small, medium,
and large) of a free-free beam to excitation with an impact ham-
mer. Comparison among the models show that the FRFs agree
despite a certain decorrelation, especially at higher modes. In fact,
at low frequencies, effects associated with the flexural stiffness
dominate over those associated with shear. The first two peaks
thus exhibit a good correlation because bending stiffness is not
affected by scaling [89,92]. At higher modes, shear effects
become dominant. Because the FRFs decorrelation increases in
this case, it is possible to conclude that shear stiffness is affected
by scaling Fig. 9. Similarly, rotary inertia has an influence, shift-
ing the frequencies of larger models to lower values.

The advantages of ASMA in studying structural dynamic
behavior are shown in Refs. [55] and [95]; in the first work, the
test article is a set of six in-line rods; in the second, two flexural
aluminum beams and two sets of, respectively, two and four in-
line rods. ASMA proves to be a valuable tool with respect to both
SEA and classic modal analysis. Comparisons with classic modal
analysis show that ASMA provides good matches only at high fre-
quencies, since it captures an average energetic behavior. Never-
theless, its advantage is that it allows to deal with a scaled domain
or with the same number of degrees-of-freedom across a larger
frequency range [55]. ASMA can also be used to evaluate cou-
pling loss factors providing acceptable results in regions of low,
intermediate, and high modal overlap factors [95].

4.1.4 Impact Response. A particular type of dynamic behav-
ior is that due to impacts. As previously highlighted, it is challeng-
ing to approach impact problems within a rigorous theoretical
framework. There are a large number of relevant physical proper-
ties to characterize that necessitate analytical models with an

Fig. 9 Comparison of the FRF of the small beam with the
scaled FRFs of the medium and large beams. (Reproduced with
permission from Asl et al. [94]. Copyright by Springer.)
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equally large number of parameters. The need to reduce them to a
smaller, more manageable set and, more importantly, to introduce
quantities that would allow comparison of results obtained for sys-
tems with similar geometries, boundary conditions, and loads, has
been the main focus of several works in the literature.

Size effects similar to those found in Refs. [88] and [89] were
already described in a previous work of Morton [34], which con-
sidered the experimental impact analysis of a composite beam
struck at the center by a free-falling mass. There, small specimens
were found to be stronger than larger ones and thus able to carry
larger postdamage loads. Generally, the greater the specimen, the
lower the impact velocity needed to cause damage.

Morton [34] also makes an interesting experimental observa-
tion: it seems, in fact, that smaller specimens also exhibit smaller
impact duration than larger ones. In this case, the reason may not
be a size effect but rather the fact that the articles exhibiting this
behavior are made of the same material (carbon fibers in an epoxy
matrix) coming from another, older batch. This shows that the
results obtained with a particular experimental procedure, on the
one hand, may be important and highlight hidden phenomena but,
on the other hand, must be treated carefully.

Another example of results possibly polluted by improper
experimental procedures is the work by McKown et al. [96] in
which FML beams and plates are studied by means of dimensional
analysis. Some results are consistent with those already listed,
such as the good agreement with predictions of load and deflec-
tions in both static (four-point bend flexure) and dynamic (low
velocity impacts) tests, or the persistence of failure mechanisms.
On the other hand, the flexural yield forces of the 1/4-scale model
are said to be 15% smaller than those of the other models; this
may be a size effect but could, alternatively, be the consequence
of the incorrect alignment of the smallest specimens on the test
supports, a particularly difficult task. It is important to point out
that in this investigation only geometrical scaling has been per-
formed, thus the approach may not work when higher strain-rates
are considered.

An early contribution to this effort is presented in Zhao [97],
who uses dimensional analysis to find a unique, dimensionless
number to describe the dynamic plastic response of bodies subject
to impacts. This so-called response number is given by the prod-
uct of Johnson’s damage number [98] and the geometrical influ-
ence of the structure. It takes into account the three aspects: load
inertia, material resistance, and structure geometry. This paper
uses theoretical and experimental comparisons to show that the
response number is suitable for representing the plastic response
of beams and plates for many boundary and loading conditions. It
also considers second-order effects such as finite deflections,
transverse shear, strain-rate sensitivity, and dynamic tearing.

The fact that the response number is the product of a similitude
parameter in impact dynamics and a term related to the geometry
of the structure leads to different forms of this number according
to the loading conditions. This kind of considerations led Zhao to
formulate a generalization of the response number to cover other
forms of dynamic plastic failure, e.g., bifurcation buckling prob-
lems [99]. Other authors expanded its application to more geome-
tries, including circular and quadrilateral plates [65], and
generalized the technique to different types of shells [66]. These
works are the evidence that the response number is, indeed, quite
useful to study the dynamic plastic response and failure of struc-
tures (beams, plates, shells, etc.) subject to large dynamic loading.

The same aim is the core of the works of Christoforou and Yigit
[100,101]. These authors introduce dimensionless numbers, ana-
lytically or numerically obtainable according to the system com-
plexity, to reduce the number of parameters characterizing
impacts. Their results provide both physical insight and a tool for
generalizing and correlating experimental results through the use
of minimum data and model tests. Different structures (beams and
plates) made from different materials, under different support con-
ditions and under different impacts, but having the same values of
such nondimensional numbers, share the same normalized

responses. Thus, it is possible to scale the impact responses among
different systems. Importantly, however, similitude is achievable
only during the initial response or, more generally, before the
mechanical waves are reflected back by the structure interfaces
(after such reflection, beams and plates exhibit different dynam-
ics). Thus, the global response scales well in terms of impact force
and deflection, while the local response scales well only in terms
of force. Since the transition region between global and local
behavior is not captured accurately by the dimensionless number,
it is not possible to generalize this among different structures.

Pintado and Morton [102] focus their work on the analysis of
size effects in graphite-epoxy composite beams under three-point
bending vertical impact loading. Two sources of lack of similitude
are considered: constant gravitational acceleration and nonscaling
of stacking sequence. The former introduces small errors in model
behavior, thus it can be neglected; the latter leads to greater dis-
crepancies. Applying Buckingham’s P theorem, the authors
notice that a complete similitude is achievable only with ply-level
scaling; using sublaminate-level scaling leads to a partial simili-
tude. There is a physical reason behind these results: with ply
level scaling, both in-plane and flexural moduli of the structure
are kept, while sublaminate-level scaling changes the flexural
stiffness of the laminate.

The distortions introduced with sublaminate scaling can be
adjusted, under certain circumstances, by means of a correction
factor. In order to derive this factor, Pintado and Morton use
dimensional analysis based on bending stiffness. Because the pre-
dictions of such stiffness given by the composite laminate theory
are inaccurate, it is evaluated with experimental tests. Using such
countermeasures against distortions, the predictions provided by
similitude theory replicate results already seen [34,88,89]: smaller
models exhibit higher energy thresholds and fail at higher loads.
In certain cases, the discrepancy in terms of failure scaled load is
of 25%.

The source of size effects is not clear to the authors, who pro-
pose two possible explanations:

(1) Possibility of finding a critical defect in the material.
Because the distribution of defects of any size is uniform in
the volume of the structure, the probability of finding a crit-
ical defect in larger specimens is higher than in smaller
ones.

(2) The size dependence of strength is driven by fracture mech-
anisms principles. For example, the authors refer to the
fracture model of Laws and Dvorak [103] for cross-ply
laminates in which the stresses necessary to produce first
ply failure depend on the absolute size. Thus, larger speci-
mens are weaker than smaller ones.

However, these explanations turn out to be incomplete. For
example, Kellas and Morton [73] demonstrate that the dependence
of strength on size can be inverted for certain lay-ups and loading
conditions. In fact, even though in-plane moduli are equal for the
specimens with both ply- and sublaminate-level scaling, the ten-
sile strength of ply level laminates decreases as the specimen size
and thickness increase. For angle-ply laminates, instead, when
sublaminate level scaling is used, the tensile strength increases
with the size.

Pintado and Morton [102] also emphasize the problem of
results interpretability. The outcomes obtained from their tests are
not easy to compare in a scaled manner because the use of dimen-
sional analysis does not allow the derivation of a unique set of
dimensionless parameters. The approach used by the authors, i.e.,
bending-stiffness-based dimensional analysis, leads to significant
size effects; using, instead, an approach which neglects the lack of
similitude in stacking sequence, a limited size effect is noticed.

An application of scaled models to terminal ballistics is dis-
cussed in Rosenberg et al. [104]. This investigation is motivated
by the previous works focused on geometric scaling issues and
nonscaling effects in this field. For example, Sorensen et al. [105]
analyze penetration mechanics and potential benefits of high
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velocity for both monolithic and segmented penetrators. The two-
dimensional numerical simulations performed by Anderson et al.
[106] aim at demonstrating that the strain-rate sensitivity of the
flow stress in the target material can cause some nonscaling
effects in the penetration depths of long rods. The differences
between a full- and 1/10-scaled model amount to 5%, small
enough to be neglected. Magness and Farrand [107] present exper-
imental results showing that, for both tungsten alloy (WA) and
depleted uranium penetrators, simple scaling does not exist. Fur-
thermore, penetration capabilities for both materials are signifi-
cantly improved by increasing the penetrator scale. The primary
aim of Magness and Farrand is to demonstrate that such size effect
depends on target properties. However, because the comparison of
the results between two different targets does not show differences
(size effects are the same), the authors are forced to admit that the
results do not single out any definite source for the scale depend-
ency of their tests.

Rosenberg et al. [104] share the goals of Magness and Farrand
[107] but their assumption is that size effects depend on the prop-
erties of the penetrator, not on those of the target. More precisely,
the lack of geometric scalability is due to the failure mode: geo-
metric scaling should hold for ductile penetrators, like copper,
while semibrittle penetrators, made of WA or depleted uranium,
may perform better at full scale because of their different mode of
failure. The authors support their idea with some experimental
observations. First, while copper penetrators exhibit a perfect scal-
ing of penetration depth, WA penetrators lead to 10% of discrep-
ancy. WA penetrators are more prone to early failure at their
interface with the target, while copper, being a very ductile metal,
creates a relatively wide crater due to the hydrodynamic nature of
its penetration process. Moreover, copper penetrators create
totally clean craters, while those generated by WA penetrators are
full of debris. These results highlight a totally different mecha-
nism of penetration and erosion which the authors think to be the
sources of differences in scaling behavior. There is an analytical
support to the authors’ assumption, too. In fact, the main cause of
such nonscalability is traced to the plastic zone size parameter. Its
value is very large for semibrittle materials that, consequently,
exhibit different failure mechanisms at different scales. For exam-
ple, the larger the penetrator, the smaller the plastic zone ahead of
cracks, which leads to a more brittle failure.

The application of dimensional analysis to overcome the diffi-
culties due to strain-rate sensitivity is the subject of several works
by Alves and Oshiro [108–113]. There, the authors propose a new
method to overcome the distortion problems in impacts. The basis
of the approach is provided in Ref. [108], which introduces a new
dimensional base: from MLT to VSG (initial impact velocity,
dynamic yielding stress, and impact mass). Then, and this is the
real novelty of the work, the distortion due to rate-sensitivity is
compensated for by defining a new model/prototype impact veloc-
ity ratio without directly taking into account the constitutive
model of the material. The investigated structures are a clamped
beam subject to an impulsive velocity and a Calladine model (two
plates clamped together) under axial impact. The results show that
the technique is robust, it scales different types of structures hav-
ing different behaviors and undergoing different phases of motion
with errors below 1%. A possible source of discrepancy is due to
the strain-rate choice: constant through the whole motion for
beams, but only during the final phase of motion for plates. This
means that it is not possible to correct all the motion stages at the
same time.

The apparent success of the method in Ref. [108] led the
authors to expand the approach to demonstrate the VSG base
versatility and to overcome some experimental constraints. In
Ref. [109], they considered a scaling based on the impact mass
rather than the initial impact velocity. Very good results are
obtained, achieving even effectively zero error. In Ref. [110], the
authors successively changed the scale factor for the initial impact
velocity in order to take into account the models made of different
materials. The reason behind this study is that material properties

change when models are very small or very large with respect to
the prototype (i.e., size effects can occur, as shown in Refs. [34],
[88], and [89] and discussed previously). Because the constitutive
curve changes, inaccurate predictions result when inferring proto-
type behavior from that of a model. The proposed method is able
to recover the response of the prototype, made of mild steel, from
that of a model made of aluminum, with an error smaller than 3%.
The authors, however, underline that the method works under the
particular assumption that the wave speed is the same in both pro-
totype and model. If this were not so, there would be changes in
the model response when elastic effects are important. In
Ref. [110], such effects were ignored.

A common problem for all the previous approaches is the
choice of representative strain-rate; typically, an average value
was used but it is not always easy to accurately estimate this aver-
age. Based on this consideration, the approach was further
expanded in Ref. [111] in which the choice of constitutive law
changes. Instead of a Cowper–Symonds law, the authors used a
Norton–Hoff law. Although they describe the strain-rate of the
material in the same way as before, the new law allows an exact
scaling without a priori knowledge of the structural response.
Using this idea, the already small errors obtained with the previ-
ous approach were now totally removed.

Geometric distortion is considered in Ref. [113] in addition to
strain-rate effects, in order to address the complexity of manu-
facturing models whose dimensions are flawlessly scaled. As
argued by the authors, the geometric and strain-rate distortions
can be dealt with separately. Here, the authors use an exponen-
tial scaling law for the geometry, but since the exponent is diffi-
cult to determine experimentally, some residual errors appear
inevitable.

The VSG-based method is used also in an experimental test on
a T-cross section beam made of low carbon steel 1006 subject to a
quasi-static loading [112]; a comparison with the results obtained
with the MLT-based method still demonstrates the robustness and
accuracy of the VSG technique.

4.2 Plates. The wide range of practical applications and the
extensive literature have made plates one of the most investigated
structural elements. Plates are used as upper and lower skins in
wing boxes or as spar caps of a wind turbine blade near to its max-
imum chord; engine blades can be regarded as cantilever plates.
Coated plates are used as aircraft panel covered with a damping
material that can reduce the flutter caused by airflow [114] and on
ocean platforms. They are also used as propeller blades, vibrations
adaptors, and to achieve anti-scour performance [115,116].

The works of Simitses and coworkers [1,33,74–77,82–86,117]
made a significant contribution to the study of laminated plates in
similitude, thanks to the several applications and the fundamental
results obtained. The investigations cover a wide range of loading
conditions and structural configurations: bending of laminated,
cross-ply orthotropic beamplates [1,82,117], buckling and free
vibrations of laminated cross-ply orthotropic beamplates [1,77],
symmetric laminated angle-ply plates [74–77], delaminated beam-
plates [83] and sandwich plates [33], flutter of symmetric angle-
ply [84], antisymmetric cross-ply [85], and delaminated cross-ply
and quasi-isotropic laminated plates [86]. The purpose of these
works is to analyze complete similitudes and, above all, to find
the scaling conditions leading to the best predictions if partial sim-
ilitudes are considered. The authors apply STAGE to the solutions
of governing equations and boundary conditions.

Consistent with observations in the Secs. 4 and 4.1, the work of
Simitses and coworkers shows that in order to obtain a true model,
scaling of a composite material must satisfy at least two condi-
tions, namely the conservation of both stacking sequence and
material properties. Such conditions are satisfied, respectively, by
applying ply level scaling and designing the model with the same
material of the prototype. For certain applications, additional con-
ditions apply; for example, mode shapes must be retained for
cross-ply [77,85] and delaminated [83] laminates.
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When partial similitudes are considered, it is not feasible to
deduce a general behavior because each system, with its own
geometry, loading, and boundary conditions, is sensitive in its
own way to a particular set of design parameters. This obligates
the analyzer to investigate each system separately. However,
some commonalities can be identified. In Refs. [1], [82], and
[117], it is shown that a distortion in the number of plies still leads
to good predictions of maximum deflection and stress provided
that the right scaling law is chosen. Experimental validations are
obtained in Ref. [117], which also show that STAGE fails in pre-
dicting any type of damage.

The estimation of buckling load is very sensitive to the number
of plies (thus, the thickness) and aspect ratio [1,74–76]. It is still
possible to obtain good predictions by changing the number of
plies of the model along as this is not too low [1] or by modulating
the aspect ratio [74–76].

Distortions in material properties make more difficult achieving
good matches with the prototype behavior. Depending on the cho-
sen scaling law, discrepancies vary between 5% and 30% if the
model is made of isotropic material (like metal and plastic) and
between 15% and 20% if it is made of fiber-reinforced material
[1]. If the stacking sequence and the number of plies are con-
served, choosing a proper fiber-reinforced material for the model
allows a good prediction of the buckling load without modulating
the aspect ratio. When the prototype material is a Kevlar/epoxy
composite, for example, good accuracy is achieved when the
model is made of boron/epoxies, boron/polymider, and most of
the graphite/epoxies materials. On the contrary, glass/epoxy is not
a good choice. When the model material is isotropic, it is still pos-
sible to accurately predict the buckling load by modulating the
aspect ratio [74–76].

When determining the flutter speed in aerodynamic applica-
tions, distortions in thickness, fiber orientation, and aspect ratio
still allow good predictions. In contrast, increasing the Mach num-
ber increases the discrepancies. A possible explanation may not
be related to scaling but to the aerodynamic theory used. In fact,
in Refs. [84] and [85], the authors apply the quasi-steady aerody-
namic theory valid for M <

ffiffiffi
5
p

, thus a loss of accuracy at higher
Mach numbers is expected.

Complete similitude for delaminated plates is achievable by
fulfilling two new conditions: the conservation of the buckling
modes (local for both thin and large delaminations) and of the
delamination position. When the delamination length is too low or
the delamination position is too close to the plate midplane, there
is a loss of accuracy because the modes are no more local but
global or mixed, thus the conservation of modes is no more
observed [83,86].

Until now, STAGE has been applied to the solutions of the gov-
erning equations. In similar investigations [50,118–122], STAGE
is applied no more to the solutions but directly to the governing
equations. In this way, the scaling conditions and laws are more
general because they do not depend on the boundary conditions.
These investigations can be seen as a natural continuation of the
previous works of Simitses, Rezaeepazhand, and their collabora-
tors [1,33,74–77,82–86,117].

Several test articles and loading are considered: buckling of
symmetric cross-ply [50], antisymmetric cross- and angle-ply
laminated plates [119] subject to biaxial loading, symmetric plates
under normal in-plane loading [120], polar orthotropic clamped
annular plate under compression and torsional load, and free
vibrations of antisymmetric cross- and angle-ply laminated plates
[118].

The results of the listed works confirm many of the results
already seen, e.g., that ply level scaling is necessary for complete
similitude. Physically, this means that the flexural stiffness of the
structure must be retained when scaling plates. By limiting the
distortions of flexural stiffness, good results can be obtained. This
is why, by changing the model material from Kevlar/epoxy to
E-glass/epoxy, prediction accuracy decreases, while the discrep-
ancies are very low when switching from a stainless steel material

to aluminum, because their flexural stiffnesses are very close
[76,121]. This justification is further confirmed when distortions
in extensional, bending, and bending-extension stiffnesses are
considered: the discrepancies are always higher when the flexural
stiffness is changed [118].

In Ref. [122], experimental tests are performed on vibrating
thin plates. This paper underlines, as already seen in Refs. [34]
and [96], the difficulties of experimental testing. The results of
the tests made on plates with different boundary conditions
highlight inconsistencies between the theoretical and the experi-
mental predictions. However, such outcomes are, likely, related
to imperfections in reproducing the boundary conditions. In fact,
analyses on free plates exhibit good theoretical/experimental
matches.

4.2.1 Frequency Response. The advantages of ASMA are
illustrated in two works. In the first work, De Rosa et al. [54] ana-
lyzed a two plates assembly joined at right angle by means of
ASMA, no more justified with SEA but with EDA. The experi-
ments were conducted by exciting one plate and acquiring the
response on the other. ASMA always predicts well the response of
the excited system because it is dominated by the input power,
well represented by the scaling procedure. Instead, the predictions
of the receiving system exhibit some approximations but the
response is still acceptable. ASMA is successively applied to
study the dynamic behavior of plates [57,123], two-plates [57,95],
and three-plates [95,124] assemblies.

In Ref. [125], a panel excited by turbulent boundary layer
(TBL) is investigated. Typically, to well estimate the dynamic
response above the structural/aerodynamic coincidence frequency,
the structure and the fluid should be discretized with meshes of
different scales, then these meshes should be linked with an inter-
polation matrix. This procedure is time expensive. By using
ASMA, a mesh with a scaled size can be used for both structural
and aerodynamic operators, recovering the global response with
an acceptable approximation. The local response, of course, is not
well reproduced. A direct comparison with finite element method
results show how finite element (FE) analysis diverges above the
coincidence region due to the spatial aliasing of the TBL correla-
tion lengths, while ASMA remains accurate since the minimum
scaled flexural wavelength is still smaller than TBL correlation
length.

Li provides two extensions of the ASMA method [126,127]. In
Ref. [126], the scaling laws are determined by using random pro-
cess theory with the Gaussian orthogonal ensemble assumption. A
plate under harmonic excitation is analyzed and the method
allows a good estimation of ensemble statistics (mean and var-
iance) of the mean squared velocities of a model which retains the
ensemble size of the original system. In Ref. [127], SEA is com-
bined with Skudrzyk’s mean-value theorem to derive, first, a gen-
eral scaling law, then specific laws for a flexural plate. A control
factor, representative of the modal density scaling, is introduced
to simulate high-frequency dynamics with coarse finite element
models. The results show that both local and global responses are
accurately estimated when the control factor is closer to one, which
means that the modal density of the model is closer to the modal
density of the prototype. Although the method has been developed
for global responses, it works well for local responses, too.

Similitude and asymptotic models for structural-acoustic
research applications were applied for the first time by De Rosa
et al. [58] to investigate the response of an elastic homogeneous
plate in contact with an acoustic cavity. For the sake of simplicity,
the global modes are represented by the uncoupled structural and
acoustic modal bases. However, the system under analysis is still
a coupled one. In order to keep the relative distribution of natural
frequencies, the ratio structural to acoustic frequencies must not
change. This assumption leads to the important condition that
plate thickness and area must not change. A complete similitude
is investigated. After the remodulation process, this allows a per-
fect reconstruction of the prototype behavior.
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In Ref. [59], both replica and proportional sides models allow a
good reconstruction of the dynamic response. Thus, to accurately
predict the prototype behavior, there is no need to scale all the
structural dimensions (i.e., to perform a complete geometrical
scaling). It is simply necessary to satisfy the similitude conditions.
Avatars are analyzed for the first time in this paper. The tests
prove that the response estimation is acceptable until the distor-
tion is limited. Furthermore, the authors introduce the modal den-
sity as similitude index. The comparisons among avatars seem
promising because the degree of distortion increases with the
value of modal density. However, it turns out that the replica and
the proportional sides model, similar among them, differ signifi-
cantly in density (0.33 and 8.0, respectively). Thus, the modal
density is not a good measure of similitude degree.

New insights into model behavior are obtained in the applica-
tion of SAMSARA to cantilever plates in Meriuane et al. [128].
Numerical/experimental comparisons exhibit good matches also
when avatars are used. In all cases, however, inconsistencies
occur in the high frequency range. It is found that the source of
such decorrelations is the damping. In fact, the numerical models
assume a constant damping for the prototype and all the models.
Comparing the experimental results with those obtained with
numerical simulations at different values of damping ratios, it is
shown that the prototype response is closer to the numerical
results obtained with lower damping ratio, while the model
response is closer to the numerical results obtained with higher
damping ratio. Thus, the assumption that the damping is constant
among models is not fulfilled. An augmented loss at the con-
straints may be the source of such behavior.

While complete similitudes allow a perfect reconstruction of
prototype behavior, Meruane et al. [128] show that avatars also
allow acceptable predictions of structural response from experi-
mental data. However, in all the cases, there are significant dis-
crepancies at high frequencies. These errors are due to the article
sizes. In fact, the response of the scaled-up models scales well in
all the frequency range, while this is not true for the scaled-down
models, for which the response scales well only at low frequen-
cies. The reason is the modal density, i.e., the number of modes in
a certain frequency range. The prototype and the models are ana-
lyzed in the same frequency range; thus, the scaled-up model has
a sufficient number of poles (modes) in such a range to suitably
reconstruct the prototype response. The scaled-down model is
characterized, instead, by a smaller number of poles, moved to
higher frequencies and insufficient in number in the considered
experimental frequency range. This result is in line with the
results of Li [127] and underlines the importance of keeping the
modal density as unchanged as possible.

In Refs. [59] and [128], the role of the modal density in the
similitude is highlighted. In fact, in Ref. [59], it is concluded that
the modal density does not allow an acceptable interpretation of
replica and proportional sides, thus the applicability of modal den-
sity as a similarity index cannot be generalized to all the types of
similitude. In contrast, in Ref. [128], it is remarked that modal
density must be kept in order to reconstruct the prototype
response. This seems contradictory, because the values of modal
density for replica and proportional sides are different, but both of
them perfectly predict the full-scale structure behavior. A further
apparent contradiction arises from the observation that, by defini-
tion, the replica model can act as a prototype for the proportional
sides model. Actually, both the conclusions are true and in accord-
ance between them. The modal density represents the number of
resonating modes in a given frequency range (that can be changed
according to the model considered), thus it is a quantitative infor-
mation. Two models of the same prototype may have the same
modal density, i.e., the same number of modes in a certain fre-
quency range, but one may be a replica, the other an avatar. In
fact, distortions can change the succession of modes, that is a
qualitative information, and the response is no longer recon-
structed although the modal density is the same. The quantitative
condition allows the redistribution of the energy in the right

number of poles, while the qualitative condition ensures that the
succession of such poles is kept.

Similitude and asymptotic models for structural-acoustic
research applications has been used to evaluate not only the
dynamic response, but also the radiated acoustic power [129] of a
plate. In this case, the introduction of the radiation function entails
the definition of a new scaling condition for the frequency. The
experimental results prove that both the response and the acoustic
power can be predicted by an avatar only beyond a certain fre-
quency value.

Xiaojian et al. [130] study the dynamic response of a plate sub-
jected to TBL. While ASMA and SAMSARA scaled only the
structural properties, here the aerodynamic and material properties
are also considered. Furthermore, a method to determine the fre-
quency offset between low and high frequency region is provided.
The scale derivation of scaling conditions is very similar to SAM-
SARA. Numerical and experimental predictions prove to be good,
although some slight discrepancies between them. It is not known
if such errors are due to the approximated experimental fixing
conditions or to the thickness effect that strongly affects the vibra-
tion response.

An innovative approach in dealing with partial similitudes was
proposed by Luo et al. [131]. In this work, the authors first apply
STAGE to derive the scale factors, then evaluate the applicable
structure size interval to determine accurate distorted scaling
laws. The procedure consists in fixing the discrepancy value that
must be returned by the partial similitudes, designed by changing
the structural parameters. The method is applied to simply sup-
ported plates numerically [131] and experimentally [132], and to
coated thin plates in Ref. [133]. Sensitivity analysis is then intro-
duced to support STAGE in Ref. [133] to determine accurate dis-
torted scaling laws. The operating principles are summarized in
four points (listed in Sec. 3.6) relating the design scale factors to
the sensitivities of the system. The method is used to investigate
thin walled plates [133] and annular thin plates [62].

Sensitivity analysis does not just support already existing simil-
itude methods [62,133], but can also be used to find scaling laws
independently. This is the approach used by Adams et al. [63],
who use GSA to derive sensitivity-based scaling laws. GSA con-
siders the design parameter space as a whole and allows to evalu-
ate the effect of each parameter as well as their interactions. In
Ref. [63], the test article is a simply supported aluminum plate
and both natural frequencies and mean squared transfer admit-
tance (MSTA) are the response parameters observed. To derive
the sensitivity-based scaling laws, design of experiment is first
used to determine the effects of the design parameters, succes-
sively with multiple quadratic regression. Thus, an implicit
assumption is made: that both natural frequencies and MSTA are
modeled quadratically. When considering a complete geometrical
scaling, the SA approach returns satisfactory agreements, while
changing the thickness leads to significant error in the MSTA pre-
diction, ranging from 21% to 85%. This means that a second-
order model is no more sufficient; in fact, a fourth order model
would be more suitable.

In Adams et al. [64], LSA is applied to similitude theory. This
method relies on differentiating the system under investigation at
a particular point in the parameter space by performing a first-
order sensitivity analysis. This procedure leads to the definition of
power-law sensitivity-based scaling laws. In this work, three cases
are presented: an analytical study of a simply supported plate
described by Kirchhoff theory, a numerical, finite element analy-
sis of the same test article described with Mindlin–Reissner
theory, and the investigation of a generic car undercarriage. The
second case is the most interesting, because it highlights the pit-
falls of sensitivity-based scaling laws, namely their mathematical
origin. In fact, while similitude-based laws are based on the physi-
cal properties of the phenomenon under analysis, sensitivity-based
scaling laws are instead obtained by means of a mathematical pro-
cedure, which lacks any link to the physical behavior of the sys-
tem. For this reason, when analyzing the Mindlin–Reissner plate,
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SA tends to overestimate both natural frequencies and MSTA,
because it does not take into account the influence of thickness. At
high frequency, the mode shapes also change.

An interesting variation of STAGE method is proposed by Cou-
tinho et al. [48]. The authors introduce a modular approach to
STAGE that would lead to scaling relationships as general and
structured as possible because of their organization into modules.
These modules are derived by applying STAGE to the most basic
equations: the governing equations derived from elasticity theory,
force and moments resultants written as integrals of stress fields,
stress–strain and strain–displacements relations, and displacement
field. In this way, it is possible to obtain flexible groups of scaling
laws that can be efficiently re-used in a multilevel methodology.
Using basic, general equations, no simplifying assumption is
made, thus the scaling relationships obtained are as general as
possible and applicable also to complex systems that lack of gov-
erning equations. The approach is a big step forward in similitude
methods, because all the previous methods considered just specific
cases and the similitude conditions were derived for each one of
them, with great effort of the analyzer. Instead, the method pro-
posed by Coutinho et al. derives the modular scaling laws just
once and shows how they can be assembled to solve more com-
plex problems (e.g., acoustic and thermal). The modular approach
is applied to analyze a stiffened aluminum plate with pinned edges
and the predictions provided are very good.

4.2.2 Impact Response. When dimensional analysis is used,
the simplest scaling procedure is the geometrical one. However,
geometric scaling along is not always sufficient to describe the
response to a loading condition; for example, it is not sufficient to
accurately scale impact phenomena. In fact, impact may produce
fracture and effects on strain rate that do not scale with geometry.
The limits of geometrical scaling with dimensional analysis are
highlighted by a series of works aimed to study the impact
response of plates [134–138].

Nettles et al. [134] execute an experimental campaign of tests
on composite plates subject to a transverse load. The results con-
firm some behaviors already encountered in the previous works
[34,88,89], e.g., the increased scaled load of small models with
respect to the prototype. Others highlight new phenomena. For
example, the dents due to impacts do not scale well and the scaled
delamination area of the models is always smaller than that of the
prototype (passing from 32 to 16 plies, there is a change of 71%).
Furthermore, a longer matrix splitting induces a change into the
delamination shape when the number of stacks increases (the
shape changes from circular to a more elongated shape).

The effects of delamination and fiber failures are described by
Ambur et al. [135], which execute impact experimental tests on
six flat and curved composite panels, with two geometrically
scaled sizes. The tests show significant size effects. The results
suggest that the impact energy absorption appears to depend on
the approach used to scale the laminate. In fact, flat panels, sub-
jected to low damage impacts and scaled with the ply level proce-
dure, are less resistant than the sublaminate-level scaled panels.
Instead, when subjected to high damage impacts, the ply level
scaled panels are more damage resistant than the sublaminate-
level scaled ones (which absorb more energy through local fiber
failure). When the panels are curved, sublaminate-level scaling
induces less damage resistance than ply level scaling. Further-
more, damage mode and extent are influenced and, as expected,
scaled-up models exhibit more damage with respect to the
prototype.

Sutherland and Guedes Soares [136] investigate an orthotropic
plate made of a marine composite material and struck by a mass.
Buckingham’s P theorem is used to derive the similitude condi-
tions. The derived geometrical scaling laws work only in the elas-
tic range. In fact, deviations are observed due to size effects: in
larger specimens, the fiber failure occurs at relatively lower load
and displacements (as already seen in Refs. [134] and [135]); the

effects of stiffening are limited for larger plates. When the speci-
mens have thinner woven ravings, higher strain-rate results.

The limits of geometrical scaling and the general smaller resist-
ance to damage of large test articles are underlined also by Viot
et al. [137] and Xu et al. [138].

Shokrieh and Askari [139] propose the sequential similitude
method, introduced to scale buckling problems of structures previ-
ously impacted. Because of this impact, the test article is already
damaged before the buckling load. The main principle of sequen-
tial similitude is to define the scaling laws in two consecutive
steps:

(1) Step one: The similitude method is first applied in the case
of impact loading to produce similar damaged areas in all
the plates.

(2) Step two: The similitude is developed between plates under
buckling loading without considering the effect of initial
damages on buckling equations. The damaged plates are
introduced in the buckling problem by setting the initial
condition of the structure to the ultimate situation of the
corresponding impacted plate.

Similitude theory applied to governing equations is the simili-
tude method used in the abovementioned steps and the structures
investigated are three carbon/epoxy composite plates. The predic-
tions from models are accurate even for impacts in the inelastic
region: all the plates have damaged regions and the damage pat-
terns are similar. The buckling loads and the mode shapes are pre-
dicted with small errors.

Some studies [140–144] focus on the scaling of blasts that can
be regarded as a particular type of impact problem. The blast is a
destructive wave of highly compressed air, typically produced by
an explosion. Blasts are characterized by high accelerations,
which allow to neglect other types of accelerations, for example,
that of gravity. The latter assumption simplifies the derivation of
scaling laws, since gravitational acceleration is one of the phe-
nomena that are not geometrically scalable. However, a structure
undergoing blasts also exhibits other types of nongeometrically
scalable phenomena, like fracture failure and rate-sensitivity.

Neuberger et al. apply dimensional analysis in order to investi-
gate the response of plates subjected to explosions in free air
[141], due to buried charges [142] and the springback of a circular
plate under TNT blast [143]. The blasts are scaled with the Hop-
kinson method, also known as “cube root” method [24]. This is
based on the assumption that self-similar blast waves are produced
at identical scaled distances when two explosive charges of simi-
lar geometries and explosive, but different weight, are detonated
in the same atmosphere. Thus, a scaled distance, a characteristic
time of the blast, and an impulse are introduced.

In Ref. [141], a circular plate is subject to close-range large
blasts. The models are geometrically scaled. The normalized mid-
point deflections and stresses scale well as a function of scaled
time when using both a rate-insensitive bilinear and a rate-
sensitive material model. To emulate possible manufacturing
problems, changes in material properties due to changes in mate-
rial thickness are introduced. In this case, there is a certain dis-
crepancy in the predictions of both midpoint deflection and
stresses, reaching values of 7% for the peak values. The matches
between experimental and numerical tests prove that a nonlinear
phenomenon such as plasticity scales well. The result should not
be surprising, because, as already reviewed in Rosenberg et al.
[104], geometric scaling holds for ductile penetrators and any
deviation from this scaling should be attributed to the failure
mechanism at the penetrator’s head, not to the target properties as
suggested by Magness and Farrand [107].

In the second part of their investigation [142], Neuberger et al.
investigate the case in which a clamped circular plate is subject to
blasts due to large buried spherical charges. Also in this study,
changes in thickness lead to discrepancies in the numerical results.
Moreover, the experimental/numerical comparisons show slight
disagreements when the scaled distance decreases; the source may
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be the change of material properties because of thickness varia-
tion. These works prove that the problem of determining the
dynamic response of a structure subject to blasts is well scaled.

Noam et al. [144] highlight, however, that the method used by
Neuberger et al. [141–143] works just for the structural response
without addressing potential fracture failure. Furthermore, Jones
[145] states that it is not possible to scale failure in blast loaded
structures when using fracture-mechanics based (fracture tough-
ness) considerations. Thus, Noam et al. [144] aim to provide an
alternative approach based on two scalable competitive fracture
failure criteria so that the blast scaling approach can be fully
treated. Their similitude method is based on the dimensional anal-
ysis and it is coupled with the following failure criteria:

(1) Strain energy density criterion: This describes adiabatic
shear and is derived from the considerations of Rittel et al.
[146], according to which the dynamic failure energy can
be viewed as a failure criterion when adiabatic shear is con-
sidered (adiabatic shear banding failure, or ASB failure).

(2) Maximum principal stress criterion: This is introduced
because the authors do not know if the blasts induce ASB
failure. The criterion states that failure occurs when a maxi-
mum principal stress, developed in an element, is greater
than the ultimate tensile stress of the material. It is a typical
brittle fracture criterion, but the authors are not interested
in describing the differences of various types of fracture
(cf., Rosenberg et al. [104]), they just want to represent the
fragmentation, i.e., the creation of new surfaces.

Both criteria undergo complete scaling under the condition of
rate-insensitive material. This is proved by numerical results of
air plates under air blasts due to spherical charge. For fine and
medium meshes, the normalized dimensions of the cracks and the
von Mises stresses are comparable; some slight differences appear
but they are negligible. Because the fracture is triggered when the
maximum stress criterion is satisfied, it is possible to consider it
as a good alternative to fracture-mechanics based criteria when
the problem has to be scaled.

The extensive experimental campaign by Jacob et al. [140] is
worthy of mention. There, quadrangular plates are subjected
to impacts and both charge (diameter and height) and plate
(thickness and aspect ratio) geometries are changed. Different
combinations of charge and plate properties return a multitude of
responses and interactions. To simplify such complexity, the
authors introduce a parameter for localized loading of quadrangu-
lar plates. In fact, by reviewing many previous works on the topic
[65,97,98,145,147–149], it is noticed that such parameter was not
introduced yet. It is a modification of a dimensionless parameter
previously introduced by Nurick and Martin [149] and it is useful
to evaluate the midpoint deflection for many loading conditions
and plate geometries. Its introduction allows a good estimation of
such deflection, also confirmed by numerical and experimental
tests.

4.3 Cylinders. Cylinders are another type of widely used
structural element widely used. They are useful to model tubes,
aeronautical structures like fuselages (especially when the cylin-
der is stiffened), or other types as containers and tanks. They are
also used as casks for the storage, transportation, or final disposal
of irradiated nuclear reactor fuel [36], gasholder barrels [150], and
riser tube for fluid in drilling operations [151,152].

4.3.1 Buckling and Frequency Response. As was done for
composite plates, STAGE is applied to composite cylinders in
Refs. [78–81,87], and [153–155]. The conditions for complete
similitude are those already obtained for plates, plus the conserva-
tion of the curvature parameter (squared length over the product
between thickness and radius). Thus, a great sensitivity is
expected when varying the length, the radius or the thickness of
the cylinder. Of course, complete similitude allows for perfect
reconstruction of the prototype behavior.

Rezaeepazhand et al. investigate the predictive capabilities of
STAGE in free vibration problems of symmetric cross-ply lami-
nated cylindrical shells with single [78] and double [81] curvature.
It is possible to introduce distortions in the stacking sequence only
if the number of plies of the cylinder is an odd number; the accu-
racy improves by increasing the number of plies of the prototype.
When the length or the radius changes, the nondimensional fre-
quency is still predictable with sufficient accuracy only if the
mode shapes are retained. In contrast, a distortion in length returns
errors up to 20% when flutter boundaries are investigated [87].
The response is more sensitive to variations in radius than in
length [78]; the Gaussian curvature also affects considerably the
estimations [81]. It should be underlined that retaining a mode
shape is a simple matter only from the theoretical point of view,
because it is enough to impose and respect the similitude condi-
tion. The condition fulfillment in an experimental test is not so
easy to achieve.

The investigation by Rezaeepazhand et al. also seeks to deter-
mine the buckling load of cross-ply laminated cylindrical shell
under axial compression [79] and lateral [81] loading. Again, dis-
tortions in stacking sequence still allow good predictions of the
buckling load, while the sensitivity to variations in radius leads to
high discrepancies, even if the distortions are small. Instead,
changing the length returns good results, even if the mode shapes
are not retained. In Ref. [80], it is noted that more accurate predic-
tions result from an increase in length than from a decrease; yet,
when the length reaches very low values, even if the mode shapes
change, the buckling load is well estimated.

A variation on STAGE is proposed by Tabiei et al. [156]. This
work can be regarded as a continuation of the investigation made
in Ref. [81] on the buckling behavior of cross-ply laminated cylin-
drical shells under lateral pressure. The proposed variation con-
sists in a curve fitting technique involving scale factors as a
function of other scale factors. The considered factors do not need
to be derived from equations, it is enough to consider those that
bring to the sought distorted model. With respect to the classical
scaling laws, the fitted model captures higher-order terms that
reduce the inaccuracies.

Ungbhakorn et al. investigated the buckling and free vibrations
of antisymmetric angle-ply [153], symmetric cross-ply [154], and
antisymmetric cross-ply [155] laminated circular cylindrical
shells. Their results show that neglecting the bending-extension
coupling effects leads to small errors, typically smaller than 1%,
while neglecting the extensional and flexural effects leads to
higher errors, from 33% for the buckling load up to 100% and
200% for the natural frequencies.

From these works, it is possible to infer some information that
confirm the results already obtained by scaling composite plates.
The distortions in stacking sequence are the only one allowed. It
is not necessary to fulfill the conditions related to the coupled
extensional-bending stiffness, while it is important to fulfill those
related to the flexural stiffness. This means that the response of
the system is sensitive to changes in the number of plies, i.e.,
thickness. However, the varying sensitivity with, for example,
length in different systems proves that it is not easy to deduce a
general behavior.

Yu and Li [150] analyzed prestressed, stiffened cylindrical pan-
els and shells using an approach similar to the energy-based
method described in Ref. [53]. Specifically, the authors relate the
total energy of prototype and model by means of a functional
relationship between transformation parameters. When the simili-
tude is complete, buckling loads are perfectly predicted and are
unaffected by changes in aspect ratio and curvature; the natural
frequencies and modes are also accurately predicted as long as the
wavenumbers are retained. Changing the stiffener material leads
to design equivalent stiffeners that support a very good prediction
of both buckling load and natural frequencies. The error is smaller
than 3%. Changes in material are acceptable as long as Poisson’s
ratio does not vary excessively: if the model deviates too much
from the prototype, the discrepancies become significant.
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Similitude and asymptotic models for structural-acoustic
research applications are applied to investigate an infinite cylinder
filled with air in Ref. [58]. According to the scaling laws,
variations of thickness and the area of the cylinder lead to a modi-
fication of both structural and acoustic natural frequencies distri-
butions; thus, for these acoustic-elastic systems, the structural and
acoustic poles scale with different laws. Damping must be kept if
a complete similitude is desired; by changing it, only the mean
response can be replicated. The similitude conditions are violated
on purpose in Ref. [157] so that avatars of thin aluminum cylindri-
cal shells can be investigated. According to the scaling laws,
length, radius, and thickness should vary in the same way. In this
work, instead, length and radius vary according to scaling laws
different from that of the thickness. Such a choice seems to affect
only the first axial-radial modes. However, the distortions alter
not only the natural frequencies but also their distribution, so a
partial reconstruction of the response is feasible only in particular
frequency ranges. As also proved in Ref. [158], the smaller the
distortion, the higher the prediction accuracy.

In Ref. [158], orthogonally stiffened cylinders are also investi-
gated. The adopted structural model is the smeared stiffness
approach, i.e., the rigidity properties of the stiffeners are spread
along an equivalent continuous cylinder, with the same geometri-
cal properties as the prototype. The stiffeners decrease the modal
density. Thus, for the same reason previously illustrated in
Ref. [128], there is an improvement in the agreement between
prototype and avatar. The number and the area of the stiffeners
are also changed, which lead to good local results when the modal
overlap factor is low, and good results only in the average sense
when the modal overlap factor is high.

In Petrone et al. [60], the authors perform a numerical analysis
of longitudinally and orthogonally stiffened cylinders using
SAMSARA. The results for replicas and avatars follow those of
the previous works [58,157,158], but in this work it is proposed to
use several scaling laws to describe the behavior of avatars. Thus,
two different frequency scaling laws are derived a posteriori and
are used to define the frequency ranges of validity of the laws.
The results exhibit an error lower than the case in which just one
scaling law is used. The identification of a confidence band shows
that the low frequency range dictates the confidence interval,
because the greater errors (maximum 35%) are placed in the low
frequency range. Thus, it is hard to reconstruct the local response.

Orthogonally stiffened cylinders are also investigated by
Torkamani et al. [51,159], who apply STAGE to the nondimen-
sional solutions of the governing equations. The stiffened struc-
ture is replaced by a smeared one also in this work. Thus, until
the wavelength is greater than the distance between stiffeners,
accurate predictions can be obtained.

Scaling of stiffened cylinders is not a trivial matter because
manufacturing constraints may limit the production of stiffening
elements or shell thicknesses that fulfill the scaling conditions.
Torkamani et al. propose some approaches to bypass the problem.
Equivalent stiffeners can be designed so that the same mode
shapes are kept. Only the cross section is changed; shell material
and geometry, stiffener material and distribution, boundary condi-
tions and loading are kept. The conditions show that the equiva-
lent stiffener is obtained by conserving the cross-sectional area,
the moment of inertia, the polar moment of inertia, and the eccen-
tricity. The simpler equivalent stiffener has a T-shaped cross sec-
tion. To circumvent the thickness limitations, both shell and
stiffeners can be designed with different materials having better
formability. The thickness of the stiffeners can also be changed
without varying the cross section shape. Another approach to scal-
ing the thickness is to modify the number of stiffeners. However,
since smearing theory is used, lowering the number of stiffeners
too much leads to inaccurate predictions. To verify the numerical
predictions, an experimental test was performed by Torkamani
et al. The prototype is made of aluminum and presents Z-shaped
ribs and X-shaped stringers; a one-third model is made of steel
alloy and has equivalent T-shaped ribs and stringers. The

cylinders are free on both the edges. The predictions are very
good: the response peaks coincide although some small errors
were attributed to the nonlinearities of the model.

4.3.2 Impact Response. Until now, test articles made of iso-
tropic and composite materials have been reviewed. The analysis
of Sato et al. [36] involves concrete cylinders, so it provides an
interesting insight into the behavior of material not commonly
tested. Experimental tests on four thick-walled concrete cylinders
with circumferential and tie reinforcements made of steel were
performed. The aim was to investigate the damage modes and
extent generated by impacts on three scaled-down models. These
are expected to be the same for the prototype and models. Indeed,
the damage modes are similar, as the models exhibit the formation
of a shear plug at the impact point, crushing of the concrete of the
inner surface, flexural cracking of the outer surface, and cracking
of both surfaces. In contrast, the damage extent differs between
the models and the prototype. The main results can be summar-
ized as follows:

(1) The end cover spalling decreases when the model size
decreases. The source of this phenomenon has found diffi-
culties in modeling the micro-aspects of concrete that gov-
erns fracture toughness; very high strain-rate is observed in
the smaller models resulting in high tensile strength and
lower-than-expected deceleration forces in smaller models.

(2) Smaller models exhibit a reduced extent of concrete crush-
ing damage, because strain rate increases the concrete com-
pressive strength and, maybe, also enhances the properties
of the steel reinforcements.

(3) Deceleration peak and strain rate are consistent with the
scaling laws.

(4) The increase of compressive strength in models leads to
underpredicted footprint widths; cracks are sometimes
overpredicted, sometimes underpredicted. Although these
slight differences, the predictions are good.

(5) Outside cracking spacing is overpredicted, while the inside
spacing is underpredicted.

Therefore, the models are more severely cracked. The results
exhibit different behaviors: crack data, generally, agrees with the
scaling laws but is susceptible to impact randomness of concrete
scaling. Because of such randomness, the study of scaled models
should involve more specimens so that a good statistical response
can be obtained.

Size effect in cylinders are also experimentally investigated by
Jiang et al. [160]. The authors perform quasi-static compression
and impact tests on thin walled mild steel circular tubes that are
geometrically scaled, but without scaling impact velocities and
mass. Strain rate affects both quasi-static and impact tests and its
influence is stronger in the smaller models. Other experimental
tests were conducted by Tarfaoui et al. [161]. These tests focused
on low velocity impact to simulate the dynamics of underwater
impacts. In this case, the observed damage consists in local crush-
ing of the resin at the point of contact with the projectile, without
fiber failure. The scaling laws, obtained with dimensional analy-
sis, can predict the dynamic response but underestimate the error.
Larger tubes are more damaged.

4.4 Summary of Similitude Theory Applications. The
reviewed articles demonstrate the wide applicability of similitude
theory. Many engineering fields, loading conditions, and materials
are involved.

Dimensional analysis has proven to be the most suitable simili-
tude method to scale impact problems. In fact, geometrical scaling
allows good predictions of the prototype behavior until the plastic
threshold, and even beyond if the damages are not too accentuated
and the material has a limited rate-sensitivity. However, when
failure occurs and damages and rate-sensitivity are not negligible,
such scaling fails in predicting the prototype response. For these
cases, DA exhibits a strong versatility; for example, the VSG-
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based method [108] and other applications [97,100] prove that,
with a suitable choice of the dimensional parameters that consti-
tute the dimensionless groups, some limits of geometrical scaling
can be circumvented. This again underlines the need for an experi-
enced analyzer of the subject under examination. The knowledge
of the theory underlying the phenomenon is also important for dis-
tinguishing inaccuracies due to the limits of such a theory from
those of the adopted similitude method. The works [84,85] are a
perfect example, as the discrepancies in the predictions of proto-
type behavior may come from the application of quasi-steady aer-
odynamic theory outside its validity boundaries.

As demonstrated in the literature, however similitude methods
do not allow one to bypass all of these limits at the same time. In
fact, on the one hand, the work by Neuberger et al. [141,142]
scales plasticity accurately when not considering fracture. On the
other hand, Noam et al. [144] are able to scale fracture in terms of
failure criteria that scale well only under the assumption of rate-
insensitive material. Furthermore, the fact that dimensional analy-
sis does not provide a unique set of nondimensional parameters
leads to interpretability problems, as Pintado and Morton [102]
highlight. Thus, the versatility of DA is not always an advantage.

Similitude theory applied to governing equations is less versa-
tile than DA, but the scaling laws have more physical meaning
because they derive from the governing equations. However, it is
necessary to point out some inconveniences when STAGE is
used. First, prototype static and dynamic behavior may often be
predicted by means of partial similitude in an acceptable way
when an accurate set of governing equations is provided. How-
ever, since a certain scale factor may take different alternative
forms, when partial similitudes are considered, it is a good prac-
tice to investigate all of them, because while some may give good
predictions, others may not. For example, the laws obtained in
Ref. [92] of the transverse deflection of a beam have two forms,
one of which underpredicts the prototype behavior, while the
other overpredicts it. Typically, the chosen equation is valid in a
limited range of values of the design parameters. This considera-
tion highlights the usefulness of the applicable size interval deter-
mination [131–133].

Similitude theory applied to governing equations and
SAMSARA share a common point in such limited validity of the
scaling laws. While the conditions found with STAGE are valid in
intervals of the design parameters, the conditions provided by
SAMSARA are valid in frequency intervals. Indeed, it has also
been demonstrated that different laws allow good estimation of
the dynamic response in particular frequency ranges [60].

Whereas DA has proven to be versatile, STAGE has been
shown to support some interesting variations, such as the modular
approach [48], the determination of size applicable intervals
[131–133], and the support of sensitivity analysis [62,133].

Until now, the aim of similitude methods has been the recon-
struction of the response characteristics in order to save costs
and time in the experimental procedures. It is interesting to note
that ASMA introduces a new point of view, namely to use a
scaled-down model to save computational time in numerical
simulations in those frequency ranges that make finite element
method unusable. The method cannot substitute SEA, whose
prediction capabilities are better, but it is useful for those cases
in which analytical solutions are not available and FE models
still represent the best tools. ASMA has also proven to be an
efficient method to fulfill the meshing requirements in fluid-
structure interaction problems thereby avoiding a prohibitive
computational time [125].

Sensitivity analysis has shown to be an approach that can sup-
port already existing methods like STAGE [62,133] or derive
sensitivity-based scaling laws [63,64] independently from the
classical similitude procedures. The global approach is useful to
obtain the effects of the parameters and their combinations on the
structural response, even for complex systems. LSA represents a
first order derivative, which means that the system is linearized in
the vicinity of the current design point. A certain accuracy is thus

expected in a limited range, typically 65%. Similitude-based
laws allow, instead, an application in a wider range; assuming a
complete similitude, the range over which the field equations are
valid.

Suitable sensitivity-based laws can always provide fitting pre-
diction but their origin is mathematical, so they totally lose sight
of the physical aspects of the problem. However, the method pro-
posed by Adams et al. [63,64] is a step forward in the automation
of the scaling procedure. Comparing the similitude-based laws
with those sensitivity-based, it is possible to conclude that each
method has its own advantages and disadvantages so that they are
balanced.

A common problem of many similitude methods is the inability
to predict size effects, i.e., the change of strength properties of
specimens when their size changes. Usually, the smaller the struc-
ture, the more resistant it is, but this is not a general rule; the
results in Refs. [36] and [73] are evidence of an exception. Some-
thing similar happens in frequency and is highlighted, for exam-
ple, in Refs. [127] and [128]. The size decrease of the model
moves the modes to higher frequencies, so analyzing their struc-
tural response in the same frequency range of the prototype would
lead to inaccurate predictions. The reason lies in the modal den-
sity: it must be retained as much as possible in order to reconstruct
an acceptable response.

Size effects are not predictable with similitude methods but
they can be observed by means of experimental procedures. The
matter is not so simple, because an improper setup may pollute
the results [34] to the point that it is not possible to distinguish if
the error originates from an improper experimental procedure or a
physical phenomenon not taken into account by the scaling laws
[130]. Experimental tests also are useful to investigate the validity
of theoretical assumptions, as in Ref. [128], where the constant
damping assumption among models is shown to not be exactly
fulfilled.

In conclusion, all the listed applications of similitude methods
have dealt with partial similitudes. All the authors, in fact, unani-
mously agree that complete similitude at some point becomes
unfeasible from the manufacturing point of view. As long as the
distortion is limited, that is an acceptable, or even mandatory,
assumption in the manufacturing error framework, since the pre-
dictions have an acceptable accuracy. Nevertheless, the study of
partial similitudes is still important.

5 Complex Structures and Other Fields of Application

The Secs. 3 and 4 have concerned the definition of similitude
methods and their application to simple structures such as beams,
plates, and cylinders. Their accuracy and limits, especially when
phenomena like size effects or distortions are considered, were
studied and analyzed.

Similitude theory has also been applied to study more complex
structures, often made of several subcomponents, such as satel-
lites, launch vehicles, spacecraft, aircraft, ships, and buildings.
This section has a double purpose: to review the main applications
in industrial engineering and, by doing so, to demonstrate the
actual usefulness of similitude theory. The section is divided into
the following subsections:

(1) Aerospace engineering: Investigations on static and
dynamic behavior of structures such as spacecraft, aircraft,
satellites, and their components. Beyond some typical
applications of similitude theory, two branches stand out
for their peculiar characteristics: aeroelastic and thermal
similitudes, treated in two distinct subsections.

(2) Civil engineering: Applications to investigate the dynamic
response of buildings and physical infrastructure, especially
when subject to seismic phenomena.

(3) Impact engineering: Investigations of short-lasting events
caused by collision between two bodies, characterized
by rapid induced motion and deformation, release of high
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kinetic energy and, often, damage of the impacted
structure.

(4) Rapid prototyping (RP): Applications to quick fabrication
techniques supported by computer aided design.

(5) Naval and marine engineering: Applications to study naval
structures and marine installations.

In the following Secs. 5.1–5.5, the most relevant works are dis-
cussed; a complete reference list is provided in Table 5, while
Fig. 10 illustrates the application of similitude methods over the
years (on the horizontal axis) to complex structures in the listed
engineering fields (on the vertical axis).

5.1 Aerospace Engineering. Similitude methods have been
widely used in the aerospace field. From the early 1960s, NASA
Langley Research Center (LaRC) investigated the structural
behavior of space vehicle, e.g., landers, launchers, spacecrafts,
and their subcomponents. These structures had large dimensions.
Considering the limitations of ground facilities, many tests were
feasible only using scaled models. A comprehensive review of rel-
evant LaRC technical reports is provided by Horta and Kvaternik
[162].

These works were not based on a complete similitude theory
and its limits; neither were differences between prototype and
model behavior analyzed. Similitude methods were used as a tool
to investigate (theoretically and experimentally) the static and
dynamic behavior of structures, sloshing phenomena into fuel
tanks, and to understand the most suitable analyses and the most
convenient construction philosophy. Experimental tests were
often used to validate new analytical models or structural simula-
tion software (for example, NASTRAN). Different scale sizes were
used, from 1/5 to 1/10 or more. Sometimes, hybrid scaling was
used (for example, scaling geometrical and dynamic parameters
with different factors). However, all models were perfect replicas.
Thus, all structural elements were scaled-down: hat-section
stringers, corrugated intertank sections, joints, etc. In certain
cases, different gravity conditions were emulated and tested, so
shock-chord suspension systems were created on purpose. This
kind of work required a substantial improvement of fabrication
procedures: machining and chemical milling tolerances, curvature
forming techniques, aluminum forgings, machining of complex
ring frames, etc.

Some works were dedicated to test early stage spacecraft and
landers. Indeed, before encountering the hazardous space environ-
ment, a spacecraft is subjected to extreme vibrations during the
launch and the boost phases. It is not feasible to design a space-
craft so that its natural frequencies are such that the structure does
not respond to the booster inputs. Considering also that instrumen-
tation and payloads are damaged by vibration conditions less
severe than those expected during the flight plan, it is necessary to
investigate suitable procedures to reduce the severity of many

resonant conditions. Different lander designs were also tested,
considering several multilegged designs with different suspension
systems. These vehicles, in fact, must land on irregular surfaces of
unknown topology and must not overturn after landing. These are
some of the reasons that led NASA engineers to test spacecraft,
such as the Nimbus [163], and landers, such as the lunar module
[164,165] or the Viking spacecraft lander [166,167].

Launch vehicles require a high operational reliability due to
high costs and payload preservations, so a reliable structural
design is necessary for the launch vehicle to survive the shock and
vibration environment encountered during the transportation to
the launch site, construction on the launch pad, launch, and flight.
In particular, during the launch and the flight phases, there are
several phenomena to take into account, for example, the fuel
consumption and the resulting change in weight condition and
sloshing. All these environments contain many sources of tran-
sient and quasi-steady-state excitations that may produce undesir-
able vibration response levels in the vehicle structure. Therefore,
it is also important to investigate the feasibility of using replica
models in order to obtain vibration data necessary for the design
of complex launch vehicle structures, control systems, clustered
tank configurations, etc. Many works were dedicated to test
launch vehicles, including a generic launch vehicle [4]; Saturn
SA-1 [168–170]; Titan III in A [171], B [172], and C [173] config-
urations; and Apollo-Saturn V [174–180].

Large structures such as spacecraft, space stations, and deploy-
able systems (as antennas or solar sails) defy conventional testing
because of their size and flexibility. Furthermore, the static
preloads and deflections due to gravity are greater than those
developed in orbit. Scaled models were used also to overcome
these problems, for example, testing Space Shuttle subcompo-
nents [181–190]. NASA established a dedicated program, the
dynamic scale model technology project, aimed at the develop-
ment of model technology for space structures too large to be
tested on ground in full scale. The space station freedom
[191–196], large antennas [197,198], and Pathfinder [199] are the
structures tested under this program.

In another NASA program, the in-space propulsion project,
tests were performed on models of solar sails. Solar sails are thrust
devices consisting of a membrane-based structure, lightweight
and large, made of gossamer. They convert solar pressure into
thrust of a spacecraft. On the one hand, solar sails can potentially
provide low-cost propulsion and operate without the use of pro-
pellant allowing access to non-Keplerian orbits through a constant
thrust; on the other hand, solar pressure is small, so the sails must
have a significant size and, at the same time, a small enough sys-
tem mass to achieve reasonable accelerations. Solar sails can
reach dimensions ranging from 200 to 104 m2. For obvious rea-
sons, ground demonstrations must be conducted at significantly
smaller sizes. Therefore, the limitations of ground facilities and
costs force the use of scaled models in order to test numerically
and experimentally [200–205] solar sails coupled with booms.

Solar sail-boom systems are an example of deployable struc-
tures, i.e., structures folded into several tight bundles for stowage
that are propelled in specific directions in space at the beginning
of the deployment phase. Again, testing difficulties and costs
require the use of scaled models. Because of manufacturing limits
(e.g., thickness control and accuracy), standard geometrical
scaling cannot be used. Instead, Greschik et al. [206] propose a
constant thickness scaling, which entails the uniform scaling of
the global dimensions while keeping the thickness constant. The
work of Greshcik et al. [206] is continued by Holland et al. [207],
who explore the computational and experimental issues (FE
model complexity, accuracy, and differences between analytical
and experimental results) arising in the modeling and testing of
scale models of inflatable structures.

Fuselages crashworthiness is the aim of Jackson and Fasanella
[208,209], who subject a 1/5-scale model to drop tower tests. The
results highlight some events characteristic of size effects. In fact,
both prototype and model subfloor sections exhibit the same

Fig. 10 Time overview of engineering fields
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damage modes, but the amount of relative damage and accelera-
tions are greater in the prototype.

All these works prove that scaled models are useful to over-
come experimental problems due to size, facility limits, and costs.
Selecting with care the scale factors and the methods of manufac-
ture, with a judicious evaluation of deviations from direct scaling
duplications, replica models turn out to be technically and eco-
nomically feasible to study complex structures.

5.1.1 Aeroelastic Similitude. Aeroelastic testing has the pur-
pose of verifying the numerically predicted aeroelastic character-
istics of an entire vehicle or a part of it. In general, the scaled
model must represent exactly the prototype dynamics matching,
basically, mass and stiffness distributions [210–214]. Examples of
structures that need aeroelastic validation, in terms of flutter clear-
ance, gust response, and so on, are flexible wing rotors, high and
low aspect ratio wings, and new designs of aircraft.

Typically, the selected similitude method is based on dimen-
sional analysis; aeroelastic similitude is achieved matching the
nondimensional parameters governing aerodynamics, the struc-
tural response, and their coupling. According to Bisplinghoff et al.
[210], these nondimensional parameters are scale factors relating
the static deflections and the modal behavior of the model with
those of the prototype. Typically, wind tunnel limitations dictate
the length scale as the ratio of the allowable model span in the
wind tunnel to the real wing span [215].

More details on the constraints of aeroelastic scaling are pro-
vided by Molyneux [211], who identifies two types of similitudes
to establish:

(1) Aerodynamic similitude: Mach and Reynolds numbers must
be retained and the bodies must be geometrically similar at
the surface, i.e., same shape, same incidences to the flow,
and same static elastic deformations.

(2) Structural similitude: By analyzing the force-deflection,
vibration, and equilibrium equations, the following quanti-
ties must be maintained: ratio between stiffness and aerody-
namic forces, stiffness distribution, reduced frequency,
mass ratio, and Froude number.

The above types of similitude lead to many conditions to be ful-
filled. In some cases, such as studies of static aeroelasticity [216],
some terms can be neglected because they are relevant only
for dynamic phenomena (e.g., mass ratio). In other cases, for
example, the study made by Hunt [212] on flexible lifting rotors
when thermal effects are neglected, some compromises must be
accepted. In fact, the author states that in his analysis, the require-
ments on Mach and Froude numbers cannot be fulfilled at the
same time. Thus, the scaling procedure can be applied only if one
of these two conditions is relaxed.

The flow conditions (subsonic, transonic, etc.) deserve some
attention in the similitude approaches.

If the full-scale flow is not wholly subsonic, the full-scale Mach
number is retained, leading to a structural model having same
mass density and same modulus of elasticity. The full-scale
Froude number is retained when the dynamic phenomenon is
characterized by a significant weight dependence or when high-
speed flight is performed in low-speed facilities. In this case, the
mass density is kept the same while the modulus of elasticity is
lower, so that an arbitrary structure or a replica can be used.

It can be noticed that the structural aspect is mainly addressed
in terms of material properties such as mass density and modulus
of elasticity. Considering also the aerodynamic requirements, an
alternative manner to define the conditions for aeroelastic scaling
is to keep mass and stiffness distributions and, at the same time,
the aerodynamic envelope unchanged, as discussed in Refs. [210]
and [213]. Consequently, the model must not necessarily resemble
the internal structure of the full-scale prototype, allowing one to
fabricate simpler structures, with noticeable money saving. In the
same investigation, Reynolds number conservation cannot be
achieved at all, i.e., the model cannot be tested at full-scale

Reynolds number. Nevertheless, this number must be high enough
to ensure the right type of viscous effects. In the work of Hunt
[212], an important remark is also made on some experimental
aspects. The dimensional tolerances are scaled with the same scale
of linear dimensions, thus the quality of manufacture of the model
is fundamental: spurious dynamic effects may arise due to errors
in manufacturing.

A significant number of works in the aeroelastic field rely on
the coupling between scaling procedures and optimization techni-
ques [213,214,217–220]. In fact, keeping in mind the require-
ments for aeroelastic scaling, the function to minimize may be the
structural mass distribution, while the design requirements of the
model (limits on deflections under static loading, natural frequen-
cies, flutter speed, etc.) may be used as constraints.

The first work in which optimization procedures are used is
French [213], aimed at designing a scaled model of a low aspect
ratio wing made of anisotropic material. The usual simplifying
assumptions made in aeroelasticity, such as chordwise rigid wing
and consequent beam-like response, are not applicable because
they apply only for high aspect ratio wings made of metal. To
overcome such difficulties, French proposed an approach based on
optimization techniques. In a successive work, French and Eastep
[214] break the optimization process into two steps: first to size
the structural stiffness and second to size the mass distribution.
The approach leads to good results; it is suitable for every struc-
ture that can be discretized with an FE approach. Furthermore, it
saves a lot of time otherwise required for the correct sizing of the
model and provides an interesting perspective on automatic proce-
dures when only structural influence coefficients are known.

A variation of the method introduced by French is provided by
Richards et al. [217]. The authors propose two scaling methodolo-
gies. One matches directly the modal response by updating mass
and stiffness distributions simultaneously in a single optimization
routine. In the second approach, mass and stiffness are updated in
two separate optimization loops. Both the methods converge to an
acceptable result but the single loop method performs poorly
when a gradient-based technique is used; the authors underline
how it would be more effective if another search method, such as
genetic algorithms, is used. In contrast, the two-loop method
proves to be computationally more efficient and more robust.
However, this technique has the disadvantage that additional
information, namely displacement sets under given loads, is
required.

The method proposed by Richards et al. [217] is expanded by
Ricciardi et al. [218], who also include the match with nonlinear
static deflections in the stiffness optimization loop. The imple-
mentation is successful, leading to a good estimation of aeroelas-
tic frequency, damping, and nonlinear static responses; however,
some issues are highlighted due to the decoupling of mass and
stiffness. The procedure is further expanded in Ref. [219] in which
the vehicle elastic stiffness, geometric stiffness, and nonstructural
mass are simultaneously designed. The work is based on the
results obtained in Ref. [218] and in a successive work [221] in
which the authors develop an aeroelastic interface that loosely
couples a custom vortex-lattice code with MSC-NASTRAN. Spada
et al. [220] propose a nonlinear scaling methodology similar to
the one of Ricciardi et al. [219]. The main difference is that the
scaling of stiffness and mass is achieved in two different optimi-
zation loops.

Several works are dedicated to aeroservoelastic applications
[114,222–226]. They show that the classical aeroelastic scaling
relations, typically developed for flutter, need to be extended
when dealing with modern aeroelasticity, i.e., active control of
aeroelastic stability, response problems, and extensive use of com-
puter simulations [24]. For example, Friedmann and coworkers
[114,222–225] aim to obtain scaling laws for aeroservoelastic
problems emphasizing scaling requirements for actuator forces,
hinge moments, and actuation power. These purposes are pursued
under different flow conditions and for different control devices:
subsonic flow [222,223], compressible flow [224], trailing edge
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flap [222,223], and piezoelectric induced actuation [224]. In par-
ticular, in Refs. [114], [224], and [225], a two-pronged approach
is introduced that perfectly fits in the framework of modern aeroe-
lasticity. In fact, the classical approach is supported by parallel
computer simulations playing the role of numerically derived
“similarity solutions”. These solutions are applied where innova-
tive scaling laws are required (e.g., control power, control surfa-
ces, and shock wave motion in transonic flows), so that an
expanded or refined set of scaling laws is obtained.

5.1.2 Thermal Similitude. Coutinho et al. [5] refer to thermal
similitude as an independent or complementary branch of struc-
tural similitude. It has been used extensively in space structures
modeling. As already mentioned, small-scale model testing has
proven to be important due to the high costs of space structure
testing with full-scale hardware. At the same time, it is important
to obtain an experimental validation of the mathematical methods
used for predicting the thermal performance of aircraft and space-
craft. In fact, aircraft must be capable of withstanding the adverse
effects of aerodynamic heating (high temperatures and rates of
change) during their mission. Spacecraft must keep temperature
values in fairly narrow limits because of complex electronic
equipment and instrumentations. This is not a trivial matter
because the space environment is hazardous, exhibiting high tem-
peratures and significant gradients, especially when space vehicles
pass from sunlight to shadow and vice versa. Thermal control is
acquired through proper design of the conductive and radiative
heat-transfer paths between components in the vehicle, in con-
junction with the control of the exterior radiative exchange of the
vehicle with its environment. The thermal scaling can be easily
derived by applying dimensional analysis, in an additional demon-
stration of its versatility.

Environmental simulations are typically executed in suitable
structures known as “space chambers.” Because small test cham-
bers appear to offer better environmental control and reliability,
small models are required for the experimental tests. Therefore,
on the one hand, a structural scaling must be executed; on the
other hand, because of the characteristic problem under observa-
tion, thermal characteristics must also be scaled. Dictating a simil-
itude in thermal terms means to have similar temperatures,
temperature distribution, heat content, and heat flow.

Two works are of relevant importance. Vickers [227] identifies
two possible procedures to perform thermal scaling: temperature
preservation and material preservation. The former considers
prototype and model with the same absolute temperature, the lat-
ter considers prototype and model made of the same materials.
Watkins [228] derives and provides all possible sets of independ-
ent similitude ratios for thermal modeling in a simulated space
environment. The ratios are defined by a computer program which
applies dimensional analysis on the physical quantities of interest
(e.g., energy transfer from and to a single, elemental, and isother-
mal volume). In particular, the algorithm uses a matrix formula-
tion of Buckingham’s P theorem.

According to O’Sullivan [229], in an analysis of aerodynamic
heating of aircraft, geometrical similitude coupled with material
preservation ensures a thermal similitude in terms of heat flow,
while, keeping the temperature, thermal stresses, and deforma-
tions are similar. Katzoff [230] shows that all conditions for ther-
mal similitudes cannot be satisfied simultaneously because of
their complexity. This is the case, for example, of thermal conduc-
tivity and heat capacity scaling. Rolling [231] underlines that the
temperature preservation method is a better choice because it
allows material change, thus the choice of a material suitable to
comply with the similitude conditions. Furthermore, Gabron [232]
states that temperature preservation requires the conservation of
thermal paths; to satisfy this requirement, material and geometric
distortions (of the minor dimensions as the thickness of plates,
shells, etc.) can be effectively used. Thermal conduction and radi-
ation under transient conditions are the research subject of Maples
and Scogin [233], who prove that thermal similitude can be

applied also to transient systems with internal generation. Shan-
non [234] takes into account not only radiation and conduction
but also convection, demonstrating that it can be considered with
both the preservation methods achieving adequate thermal
similitudes.

These works also highlight some difficulties encountered during
thermal scaling. The constraints on temperature or material intro-
duce limits on the properties and the possible length ratios for
models. More generally, the pure adherence to thermal modeling
laws is often experimentally unfeasible, because of the limited
choice of materials, fabrication difficulties, and high costs. An
example is provided by Gabron [232], who shows why a 1/5-scale
model of a Voyager-type spacecraft is impractical due to the diffi-
culties in fabricating small elements. In the same work, there are
also some examples of scaled-up spacecraft appendages. How-
ever, the results in terms of measured temperature are not very
accurate.

5.2 Civil Engineering. Limitations in testing equipment open
the way to small-scale testing also for investigations on seismic
response and performances of civil structures. Kumar et al. [235]
and Usami and Kumar [236] discuss the aspects to consider in
selecting a suitable set of scaling factors, procedure often compli-
cated due to the great number of possible sets. They show that the
whole procedure can be divided into two distinct types depending
on whether the scale factor is chosen for mass or time.

A relevant work on the topic has been performed by Kim et al.
[237]. Because the scaling laws are derived for the elastic range,
the inelastic response of small scale models exhibits some discrep-
ancies. The authors apply and compare three scaling laws, based
on mass, time, or acceleration, according to the importance of
gravity; they are derived by means of dimensional analysis. The
authors conclude that, when using the same scale factors for
length and force, the comparisons of pseudodynamic tests with
the three similitude laws lead to inelastic responses which are
practically coincident. Pseudodynamic tests on steel columns
prove that these laws work well also in the inelastic domain. Fur-
thermore, they propose a modified similitude law which considers
both a scale factor for length and a stiffness ratio; it can effec-
tively simulate the seismic response of prototype structures.

When dealing with the inelastic range, conventional similitude
requirements based on geometry may not be suitable. To over-
come some problems related to the scale factor reduction,
Kim et al. [238] propose models with dissimilar materials to
those of the prototype. For this reason, the authors modify the
acceleration-based law, introduced in the previous article, into an
equivalent multiphase similitude law which takes into account the
material nonlinearities. The key parameters of the model are the
equivalent modulus ratio and the peak strain ratio. Then, the law
is implemented in a numerical algorithm reproducing a pseudody-
namic test; the results prove that such a modified law is applicable
to the seismic simulation tests. The investigation is completed
with experimental tests of a 1/5 scale reinforced concrete model
and its prototype. Results prove that a variable modulus ratio pro-
duces similar responses, while a constant one produces large
errors because the strain level of the small scale model is not
considered.

5.3 Impact Engineering. This subsection is dedicated to
investigations of impact phenomena by means of similitude
theory. An important suggestion for how to deal with nonscaling
phenomena occurring in scaled problems of mechanical impact
and fracture was provided by Atkins [239]. According to his
energy analysis, when the problem presents a mixture of surface
and volume effects, a perfect replica scaling is unfeasible. Such a
mixture is present in the majority of problems.

Through a rigorous analysis of the governing equations and
a detailed comparison between theory and test results, Atkins
defines a nondimensional parameter as the ratio between the
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energy involved in volume deformation and the energy
involved into forming the crack surfaces. Thus, it is a function
of both material properties and the absolute size of the proto-
type. The scaling laws derived consider the classical scaling
factors and the dimensionless parameter and explain why geo-
metric scaling of energy fails in problems of combined flow
and fracture.

Me-Bar [240] proceeds in the same direction as Atkins [239],
dividing the impactor energy, lost during the penetration into two
contributions: energy expended in surface and volume effects,
respectively. The normalized impact energy involved in volume
effects is the same in all scales, while the fraction of normalized
energy involved in surface effects increases when the scale factors
decrease. Thus, a smaller structure absorbs more energy, a clear
size effect. In this way, the method explains why scaling does not
hold in ballistic configurations when surface effects are signifi-
cant. Furthermore, it can be used in complex configurations with-
out knowledge of the constitutive relations of various materials
involved. Actually, for simple configurations and when just one
material is present, nonscaling due to strain-rate effects can be
considered. Instead, the method proposed by Atkins [239] allows
to evaluate the energy transfer interaction for a given material at
any given scale, only if its constitutive relations and fracture
toughness are known.

Other theoretical studies involving, more generally, scaling of
material failure are provided for linear elastic range in Refs. [241]
and [242], plastic fracture in Ref. [239], nonlinear elastic range in
Ref. [243], elastoplastic materials in Refs. [244] and [245], and
epoxy and polyether ether ketone composites in Ref. [246].
Ba�zant et al. also provide an extensive treatise of failure scaling
[247–253], while the failure of quasi-brittle materials is experi-
mentally investigated by van Vliet and van Mier [254].

Westine and Mullin [255] study experimentally hypervelocity
impacts into semi-infinite, shielded targets. In this case, beyond
the typical phenomena expected when impacts are involved, such
as plastic flow, fragmentation, and spalling, other mechanical and
thermal phenomena must also be taken into account, e.g., melting
and vaporization. The authors derive scaling laws suitable for
both semi-infinite and complex, finite size targets. Hypervelocity
impacts are found to scale well for both replica and dissimilar
materials models.

Going beyond purely theoretical investigations, impact analysis
has been applied to tests on scaled models of casks, for shipping
radioactive waste [256] or spent fuel elements [257]. Scaled mod-
els are useful in the automotive field, too [2,258–260]. In fact, the
response of an automobile in high speed crashes is complex: the
intricate structure of an automobile undergoes large deformations,
buckling, fracture, tearing, and joints deformation. The response
also depends on other elements, such as impact velocity, angle of
incidence, and the type of obstacle impacted by the car. Crashwor-
thiness problems have analytical solutions limited to simple cases
and depend on empirically derived data, thus relying strongly on
experiments. Scaled-down models allow one to perform an
acceptable number of experiments reducing the financial and
temporal costs.

5.4 Naval and Marine Engineering. Similitude methods in
naval and marine engineering are addressed toward two
main applications: ocean structures, that can be studied in
model basins, as well as the behavior of ships, typically due to
collisions.

Kure [261] gives an interesting perspective on several problems
with scaling in marine environment. For example, when dealing
with offshore structures, habitability is a factor not to underesti-
mate. These structures are subjected to loads that are easy to
model as long as still water is considered. However, complex phe-
nomena such as wave loads and drifting forces may also need to
be considered. Oceanic environment is also characterized by
wind, waves, currents and, in particular applications, ice flows,
continuous winter sea ice, and icebergs.

Ships behavior in a collision scenario is the topic of the review
by Calle and Alves [262]. Ship collisions and grounding represent
the majority of ship accidents and are caused, mainly, by human
errors, ship failure, and harsh environment. Considering that the
global fleet has increased significantly in the number of ships in
recent years, the risk of a collision has increased in parallel. About
48% of the world fleet consists of tankers, thus the risk of oil leak-
age is high. Furthermore, ship collisions lead to other serious dam-
ages, e.g., the degradation of the marine environment, explosions,
human losses, blocking of ship traffic, and permanent damage to
ships. While this is a sensitive topic, ship sizes are too large to
permit experimental testing of prototypes. Calle and Alves [262]
underline the necessity of more tests on models taking into
account the structural aspects.

There are many works on experimental testing of colliding
ships [263–270]. In all of them, the ships are scaled-down, some-
times significantly (1/45 [263], 1/35 [267], and 1/100 [268] scaled
models). What really jumps out from these works is the difficulty
in realizing the experimental tests. For example, in order to esti-
mate the energy involved in low energy collisions, Hagiwara et al.
[264] simplify the model manufacturing by omitting some struc-
tural members, which invalidates the experimental results. Also,
nonsimilarities in material failure appear. The manufacturing dif-
ficulties are remarked upon also by Ohtsubo et al. [265] and Calle
et al. [268]. For example, interior welding is limited by restricted
accesses. To fabricate, all the components would lead to an
enormous complexity, disproportionate cost, and long times for
assembly. Therefore, simplified geometries are a necessity: only
the main plates and stiffeners are typically considered. To repro-
duce the striker body, Lehmann and Peschmann [266] and Tabri
et al. [267] use a rigid, bulbous bow as striker (instead of making
a second, scaled-down ship model).

5.5 Rapid Prototyping. Rapid prototyping is a group of
industrial techniques used in many engineering fields. This section
reviews the use of similitude methods to rapid prototyping techni-
ques, independent of the final application.

Cho and Wood [61] report that, between the 1980s and
1990s, various rapid prototyping techniques emerged and
advanced, so that at least twenty companies already commer-
cialized diverse rapid prototyping systems; such diffusion can
be explained with the dramatic reduction of fabrication cost and
time that RP provides. Cho et al. [271] underline that, in the
late 1990s, there was only limited literature about similitude
methods applied to rapid prototyping, generally works based on
dimensional analysis, such as Refs. [272] and [273], that just
examine experimentally the test results. In Ref. [274], the pre-
diction of aluminum prototypes was performed by means of
impacted stereolithography (SL) models.

Coutinho et al. [5] list other studies concerning rapid prototyp-
ing, many of them related to wind tunnel testing: Springer [275]
obtains models with fused deposition method (FDM) using ABS
plastic or polyether ether ketone, SL, selective laser sintering, and
laminated object manufacturing; Nadooshan et al. [276] employ
FDM with polycarbonate; Chuk and Thomson [277] compare
times and costs of ten rapid prototyping techniques in making
wind tunnel models. However, these authors agree on the fact that
such technologies are applicable for models as long as the loads
are kept sufficiently low, because those parts made of plastic
materials or metal powders do not provide enough structural
integrity for testing.

In order to improve the structural integrity of RP models and
reduce the manufacturing period and cost, in Refs. [278] and
[279], a preliminary design and manufacturing technique is intro-
duced. This technique is applied to hybrid high-speed wind-tunnel
models with an internal frame and an outer resin, fabricated,
respectively, with a conventional method and stereolithography.
A similar method is already applied by Fujino et al. [280] to
experimentally investigate the flutter characteristics of an
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over-the-wing engine mount configuration by using different scale
models at different flow conditions.

Ziemian et al. [281] present a different case of study. They
investigate the correlation between the dynamic behavior of a
full-scale steel prototype and a small-scale plastic model fabri-
cated using FDM, in order to obtain baseline information on the
dynamic response on the dynamic behavior on FDM plastic parts.
By means of a shake-table test, the feasibility of the small-scale
FDM models is assessed comparing the experimental results with
those of a full prototype study and with computational models.

In Ref. [282], a novel method to design and fabricate aeroelas-
tic wing models for wind tunnel tests is presented. It is based on
SL and derives the model through a sequential design procedure
of dimensional scaling, and stiffness and mass optimization. It is
applied to an aluminum wing box, scaled down to obtain the
desired dynamic behavior data.

As reported in Ref. [5], all these researches do not propose
innovations and do not try to overcome the typical problems of
RP testing by changing the method. To address this, Cho and
Wood [61] propose the ESM methodology, claiming that their
method is more suitable in solving distortion problems. In this
paper, ESM is first used to predict the deflection of an aluminum
beam in two locations with a certain distance from the clamping
point, then to investigate a thermostructural problem in which
some of the dimensionless parameters are not kept identical.
Applications on an aluminum/nylon rod and to study temperature
transition of an aluminum/nylon mold are considered in Ref.
[271], and on a numerical slotted rod and a mold in Ref. [283].
Error estimation of both dimensional analysis and ESM results is
performed in Ref. [284], with a numerical application to the study
of thermal behavior of turbine blades. In Ref. [285], three
approaches to construct the transformation matrix are extensively
proposed: a pseudo-inverse approach, diagonal matrix approach,
and circulant matrix approach. Then, a numerical analysis of the
deflection of a cantilever beam is exposed; the same application is
repeated after introducing an advanced ESM, proposed to over-
come the problems of specimen distortion. The novel method is
applied also to the control of steady-state temperature of central
processing unit surfaces. The advanced ESM technique is applied
in Ref. [286] to investigate the deflection of a cantilever beam
with five holes subjected to a concentrated load at the tip. In Ref.
[287], a lumped ESM is introduced to link distorted systems made
of more than one part. A numerical study is performed of an arch-
ery bow, then an experimental one on a heat sink (to control the
steady-state temperature of a central processing unit).

6 Future Research and Conclusions

Similitude theory has proven to be an interesting and useful
tool, especially in structural design and testing. It is applied to
study many kinds of problem, such as free and forced vibrations,
buckling, and impact response, in several engineering fields (e.g.,
aerospace, civil, and naval engineering).

Historical methods, such as those based on dimensional analy-
sis and governing equations, are still widely used, but it is clear
that the possibilities they offer are limited due to, for example, the
efforts to derive appropriate similitude conditions. Some of the
new methodologies show how the scientific community is trying
to go beyond such limitations. Considering the constantly increas-
ing computational resources, a general trend can be intuitively
read. On the one hand, new methods try to face the resolution of
more complex problems, such as applications to acoustic-elastic
systems or structures made of several components. On the other
hand, a procedure that can be implemented in an algorithm is
searched, to reduce the effort needed to the analyst in deriving the
similitude conditions and transforming the problem of spent time
in a problem of computational time, i.e., machine capabilities.

The analytical and numerical implications must not distract the
attention from the main purpose of similitude theory: to reduce
the problems concerning full-scale testing. In fact, experimental

tests are fundamental because they allow to investigate real struc-
tures without the simplifications of analytical and numerical mod-
els (such as absence of noise and perfect boundary conditions).
More in general, experimental tests are useful to validate theoreti-
cal models.

Almost in all applications of similitude methods, partial simili-
tude may be the best one can hope for: it is not only an analytical
matter but also a result of manufacturing constraints (methods
limitations, errors, etc.). Nonscaling phenomena, such as size
effects, must also be taken into account, because they affect
important properties of the specimens, especially in terms of
strength and load-bearing. The problem cannot be generalized,
since each system is sensitive to different parameters: aspect ratio
for panels, radius or length for cylinders, damping in modal
approaches, and strain-rate effects for impact problems (without
taking into account more general data, such as material and exci-
tation source).

It may be interesting trying to understand if it is possible to use
distorted models in order to take more advantages from their
response. Distortions may be viewed as manufacturing variabil-
ities, or perturbations of a system with respect to a reference state
that lead to differences in response (to get a better idea, refer to
the works [288,289]). Because these events may happen in reality,
the ability to predict the impact of parameter variation on a system
would allow one to identify the perturbed parameter and to locate
the manufacturing error, without resorting to several experimental
and numerical tests, with a remarkable saving of time and
resources.

In this context, the path opened by sensitivity analysis is very
interesting. In already existing works, the evolution of a system
when design parameters change has been studied; another way
may be to perform sensitivity analysis directly on the structural
eigensolutions, i.e., natural frequencies and mode shapes, to be
related, then, to the system response.

The improvement of computer capabilities may be exploited by
employing numerical procedures belonging to the wide spectrum
of data-driven analysis methods, such as machine learning. On the
one hand, clustering algorithms may help to identify the response
of distorted models in parameters space, in order to identify, if
possible, the closest replica. On the other hand, neural networks
training may help to predict the behavior of systems when design
parameters change, by submitting for the learning process data
obtained from experimental and numerical tests.

In conclusion, the purpose of this paper has been to give an
updated review on applications of similitude methods in struc-
tural mechanics classifying them by test articles, with a brief
insight on historical developments and a deeper focus on the
applied methodologies, providing a comprehensive list of refer-
ences for those who are interested in this topic. Similitude
theory is well assessed until partial similitudes are taken into
account. Until now, such partial similitudes have been treated
as a problem: a consequence of similitude methods that are not
able to provide the wanted results. Some ideas on how partial
similitudes can be exploited have been provided, but goals and
guidelines need a careful definition, which can be the next step
of actual investigations.
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Appendix: Reference Tables

Three reference tables will follow in order to provide a useful
synopsis to the interested readers. They report the methods,
Table 3, and the test articles, Table 4, respectively. The last one,
Table 5, presents the references for complex structures and other
application fields.
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