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1. INTRODUCTION AND FIRST RESULTS

Given any measurable nonnegative function f on R”, we denote by Mf
the Hardy-Littlewood maximal function of f, defined by

1
Mf(x) = sup i i

| fndy  forxeRr, (1.1)
B.(r)

where B,(r) stands for the ball centered at x and having radius r, and ||
is Lebesgue measure. Moreover, for 0 < a < n, we set I (x) = |x|*"", the
Riesz kernel, and denote by * the convolution product, so that

Lofn = [ 2

= dy for x € R", (1.2)
R x — yl

the Riesz potential of f.
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Hedberg [11] proved the following pointwise inequality between I * f
and Mf:

I # f(x) < CIfIEEMf(x) ™" for x € R". (1.3)

Herel <p <n/a,and || -|l.»&~ is the usual norm in the Lebesgue space
LP(R"). Henceforth, C will denote a positive constant, not necessarily the
same in different occurrences. In particular, C depends only on «, p, and
n in (1.3).

One of the interesting features of estimate (1.3) is that it allows one to
reduce certain problems concerning I, * f to analogous problems for Mf,
which are often easier to deal with. This is the case, for instance, when
interpolation techniques are involved. Actually, since the operator M is of
type (»,%) and of weak type (1,1), interpolation theorems (e.g., of
Marcinkiewicz type) in diagonal form, usually simpler than those off
diagonal, can be applied. Thus, for example, the Sobolev inequality for
potentials

||Ia *fHL("P/(Vl*aP))(R”) < C“f”L”(R")v 1 <p < l/l/Ol, (14)

where C is a constant independent of f, immediately follows from inequal-
ity (1.3), thanks to the boundedness of the operator M on LP?(R"), the
latter being a consequence of the Marcinkiewicz interpolation theorem.

Our basic result is an optimal Orlicz-space version of inequality (1.3).
Recall that, given any measurable subset G of R” and any Young function
A, the Orlicz space L*(G) is the Banach function space of those functions
f for which the Luxemburg norm

f(x)]
A

i) = inf{A > 0: /GA( ) dr < 1} (1.5)

is finite. A4 is called a Young function if A(s) = [§ a(r)dr for s >0,
where a: [0,%) — [0,0] is left-continuous and nondecreasing. Plainly,
LA(G) = LP(G)ifeither 1 < p < wand A(s) = s”,or p = wand A(s) =0
for 0 < s < 1, A(s) = « otherwise.

THEOREM 1. Let 0 < a < n and let A be a Young function such that the
function H,, defined by

o r \afma) \(me/m
Ha(s)=(fo(A(r)) dr) fors =0,  (1.6)
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is finite. Then a constant C, depending only on « and n, exists such that

Mf(x)

orx € R", 1.7
||f||LA<Rn>) J (47)

I+ f(x) < C”f”LA(R")Ha(

for all nonnegative f € L*(R"). Moreover, inequality (1.7) is sharp, in the
sense that if (1.7) holds with H,, replaced by some nondecreasing continuous
function H: [0,%) — [0, %), then a constant c exists such that H,(s) < cH(s)
fors > 0.

Let us mention that a result in the same direction is contained in [14];
however, such a result requires additional assumptions on A4 and is not
optimal.

Theorem 1 will be proved in the next section. As a first application,
we show here how it can be combined with an extension of the Hardy-
Littlewood maximal theorem to give simplified proofs (under slightly more
restrictive assumptions on A) of some recent results concerning Sobolev
inequalities in Orlicz spaces. The extension of the maximal theorem we
need states that the operator M is bounded on L*(R") if (and only if) the
Young conjugate A of A, defined by

A(s) = sup{rs — A(r): r > 0} for s > 0, (1.8)

belongs to the class A, (this is, e.g., a consequence of Theorem 5.17 of
[3, Chap. 3] or Theorem 1.2.1 of [12]). Recall that a function A4 € A, if a
positive constant ¢ exists such that A(2s) < cA(s) for s > 0. Thus, if we
assume that 4 € A, and denote by || M|l the norm of the operator M on

LA(R"), then we deduce from (1.7) that
[T, * f(x)l 1 I, =|f(x)l
fAH;1¢ dx< [ 4 H! f(x) dx
n CIMINFIl LAwn re |\ IMIl CllfllLawny
M
re \ IMIfIlLawm

)dxs 1 (1.9)

for every f € L4(R"). Observe that the first inequality in (1.9) is due to the
fact that ||M|| > 1 and that the left-continuous inverse H,' of H, is a
Young function. Inequality (1.9) yields the following

CoRrROLLARY_1.  Under the same assumptions as Theorem 1, suppose in
addition that A € A,. Let A, be the Young function defined by

A, (s) =A(H;'(s))  fors=0. (1.10)
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Then a constant C, depending only on «, n, and A exists such that
I, * fll ey < Cll fll 1y (1.11)
for all f € LA(R").

Corollary 1 can be used to derive, in a standard way, Sobolev—
Poincaré—type inequalities for functions from the Orlicz—Sobolev space
Wk A(R"), defined for a positive integer k as

wEA(R") = {u € L*(R"): u has weak derivatives D*u
of order k and D*u € L*(R")}.

Indeed, the estimate
lu(x)| < CI, *|D*ul(x)  fora.e. x € R" (1.12)

holds, with C depending only on k and n, for all compactly supported
functions u on R”" which are weakly differentiable up to the order k (see
[18, Remark 2.8.6]). Inequalities (1.11)—(1.12) imply

COROLLARY 2. Let A be a Young function such that A € A, and let k be
a positive integer < n. Assume that the function H, is finite. Then a constant
C, depending only on k, n, and A exists such that

||u||LAk(R") < C”Dku”LA([R“) (113)

for all functions u € W*(R") having compact support.

Remark 1. We emphasize that inequality (1.11) is sharp, in the sense
that L“«(R") cannot be replaced by any smaller Orlicz space. This can be
shown by an argument similar to that which proves the optimality of
inequality (1.7) (Section 2). See also [7], where a complete characterization
of norm inequalities between I, = f and f in Orlicz spaces is established.

Notice that, in the case where k£ = 1, inequality (1.13) was proved in [6]
to hold and to be sharp, via rearrangement and interpolation techniques,
even without the assumption 4 € A,.

Let us mention that earlier results about convolutions and about Sobolev
inequalities in Orlicz spaces are contained in [15] and [8], respectively.

Remark 2. Consider the situation when functions f whose support
sprt(f) has finite measure are taken into account. Then inequalities
analogous to (1.7) and (1.11) can be shown to hold, with constants C
depending also on A4 and [sprt(f)|, even if the integral on the right-hand
side of (1.6) diverges. If this is the case, one has just to replace A in the
definition of H, and A, by a Young function A4, which makes the
integral in (1.6) converge and is equivalent to 4 near infinity, in the sense
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that Ay(c,s) < A(s) < A,(c,s) for some fixed c¢;,c, > 0 and for suffi-
ciently large s. This follows from the same arguments as in the proofs of
Theorem 1, Section 2, and of Corollary 1, above, and from the fact that, in
an Orlicz space over a set of finite measure, replacing the defining Young
function with a Young function equivalent near infinity results in an
equivalent Luxemburg norm. Such an equivalence of norms allows one
also to weaken the assumption that 4 € A, in Corollary 1. Actually, for
(1.11) to hold (with C depending on [sprt( )] it suffices that 4 € A, near
infinity. This amounts to requiring that A be finite and that the inequality
in the definition of the class A, be satisfied by 4 for large values of the
argument. An analogous remark applies to Corollary 2.

ExaMPLES. When A(s) = s” with 1 < p < n/a, then
H,(s) =cis" /" and A, (s) = c,s"P/ =P

for suitable constants ¢, and c,. Thus, in particular, Theorem 1 includes
Hedberg's inequality (1.3) and Corollaries 1 and 2 include Sobolev’s
theorem.

In the borderline case where A(s) =s"/% H(s) is equivalent to
log~*/"(1 + s) near infinity and A_(s) is equivalent to exp(s"/~*) — 1
near infinity. Therefore, Theorem 1 and Remark 2 yield that

1+m) for x € R”,

L () = Cllunlog!™ /|14
n 0(( ﬂ)

(1.14)

for nonnegative functions f whose support has finite measure, with C
depending on «, n and |sprt(f)|. Moreover, Corollaries 1 and 2 reproduce
the limiting inequalities by Trudinger [17] and Strichartz [16]. Let us notice
that inequality (1.14) is very close to inequality (4) of [11], which was used
in that paper to prove a sharper version of Trudinger’s and Strichartz’s
results.

Sobolev inequalities in the borderline situation where A(s) is equivalent
to s"/*log?(1 + s) near infinity for some B8 € R, which have been re-
cently proved in [9] and [10], can be recovered from Corollaries 1 and 2 as
well; for instance, the double exponential integrability result contained in
[9] is reproduced, since A4 (s) is equivalent to exp(exp(s"/"~*))) — e near
infinity when 8 = (n — a)/a. Further examples can be easily worked out
on choosing special Young functions. In particular, Theorem 1 tells us that
the Riesz potential of order « is a bounded operator from L4(R") into
L*(R"™) provided that [;(r/A(r)*/ "~ dr < e,
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Theorem 1 (or rather Corollary 1) is also a fundamental tool for an
extension of a well-known result about the capacity of the Lebesgue set of
Riesz potentials. Such result states that if f is any function from L?(R")
and g =1 = f with1 < p < n/a, then there exists a function g such that

. 1 _
Nim fBX(r)g(y) dy = g(x)

and

im, B.(r )ll/q”g( ) = 8(X)lles,ry = 0O (1.15)
for (a, p) g.e. x € R". Here, g equals np/(n — ap), the Sobolev conju-
gate of p,if p <n/a, and is any number > 1if p = n/a. Moreover, the
convergence in (1.14) and (1.15) is uniform outside an open set of arbitrar-
ily small (e, p) capacity, g is an («, p) quasi-continuous representative for
gand g =1, = f(«a, p) q.e. (see, e.g., [1, Theorem 6.2.1] for a proof in the
analogous case where I, is replaced by the Bessel kernel).

Our extension will be stated in Theorem 3, Section 3. In Theorem 2
below we limit ourselves to presenting a refinement, in the limiting
situation where p = n/«, of the classical result we just recalled. Theorem
2 is a straightforward consequence of Theorem 3 and of the subsequent
Remark 4.

THEOREM 2. Assume that p = n/« and that f has compact support in the
statement above. Then Eq. (1.15) can be replaced by

lim log*~«/"[1 +

r—>0*

g /- ~» =0, (1.16
B.(r )|)||g() 8(x)lexprrn= s,y (1.16)
where Exp(L"/"~®)) is the Orlicz space associated with the Young function
exp(s™/ (=) — 1,

2. PROOF OF THEOREM 1

Inequality (1.7) is a consequence of Lemmas 1 and 2 below. Lemma 1 is
an abstract version, of possible independent interest, of Hedberg’s inequal-
ity in the general framework of rearrangement invariant Banach function
spaces (briefly, r.i. spaces). We refer to [3, Chap. 2] for an exhaustive
treatment of r.i. spaces. In view of our purposes, we limit ourselves to
recalling here the following facts. An r.i. space X(R") is a Banach function
space on R” endowed with a norm || - || x®») such that

“f”X(R") = ||g||X(R") (2-1)
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whenever f* = g*. Here f* stands for the nonincreasing rearrangement of
f, i.e., the nonincreasing, right-continuous function on [0, ») equimeasur-
able with f.

Two more r.i. spaces can be associated with every r.i. space X(R"): the
representation space X(0,) and the associate space X'(R"). X(0,») is
the unique r.i. space on (0, ) such that

||f||X([Rz") = ||f*||)?(o,ao) (2-2)

for all f € X(R"). Notice that, for customary r.i. spaces, such as Lebesgue,
Lorentz, and Orlicz spaces, the norm || || x,, can be immediately com-
puted from the norm in the original space X(R"); for a general formula,
see [3, proof of Theorem 4.10, Chap. 2].

The norm in the associate space X'(R") is defined by

Il xwm = SUp{fRnlf(x)g(x)ldx; lgllx@m < 1}- (2.3)

The following Holder-type inequality is an obvious consequence of defini-
tion (2.3):

fRnlf(x)g(x)ldx < Ifllxwmllgllx@m)- (2.4)

Observe that, if X(R") = L?(R"), then X'(R") = L?'(R") with p’' =
p/(p — 1. When X(R") = L*(R"), one can show that X'(R") = L*(R")
and that

fll L aws < N fllceaywny < 211 fIlLagRn. (2.5)
LEMMA 1. Let X(R") be any r.i. space. Set
dx(s) =l X(o,s)”)?(O,oc)! (2.6)
the fundamental function of X(R"), and
—1+a/n
¥, x(5) =||(‘) " X(s,w)(')”)?'(o,oc) (27)

for s = 0. Here xy denotes the characteristic function of the set E. Assume
that s, x(s) is finite for s > 0 and define
wa,X(S) = ¢a,Xo¢);1(1/S) fors>0, (28)

where ¢x' is the right-continuous inverse of ¢. Then a constant C, depend-
ing only on « and n, exists such that

Mf(x)

—_— orx € R", 2.9
x| F (2.9)

I, = f(x) < C||f||x<R")wa,X(

for all nonnegative f € X(R").
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Proof. 1t is not difficult to see that, for every x € R"” and & > 0,
n
/ f(—y)_ dy < —8Mf(x) (2.10)
O lx—yl<sy|x — Yl a

(see [1, inequality (3.1.1)]). Moreover, by (2.5) and (2.7),

| [e3

e = 1% Ny 1x=y» 5)(')“)('(“")

f{ % dy < |Ifllxwn

y:Ix—y\28)|x -y
= C" " fllx@n i, x(C,8"), (2.11)

for x € R", where C, = #"/?/T'(1 + n/2), the measure of the n-dimen-
sional unit ball. Combining (2.10) and (2.11) and choosing

1 1/n
8= (C—qb;l(llfIIX(R'z)/Mf(x)))
yield

£ ey

ni1 o/
Ia*f(x)S;(C—nd)Xl(W)) Mf(x)

Mf(x) ) (2.12)

+Cywwmmm%xﬁﬂ55'

Consequently, inequality (2.9) will follow if we show that

a/n

s(ox'(1/s)) " < (a/n+ 1)2'" "0, x(s) fors > 0. (2.13)

Inequality (2.13) is a consequence of the inequality
s/ < (a/n + )28 x50,
—1+a/n
X ||(.) X(s,oc)(.) ||)?/(0'oo) fOf s > 0,

which, in turn, follows from

ra/n

a/n @ *
s = (; + 1)'/(; X(O,s)(’”)Td”

()" X0.9(")

o
< (2 + 1)l xo o for s >0,

X'(0, =)
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since
aa/n *
[ x0.0] 0
§—=r 0,9\ 7 o r+sa/"_1
_ (( )X;,.)( )) SX(O’S)(r)soz/nfl < ( 2a/))1—1
= 20/ () (1)
forr>0. |

LEMMA 2.  Under the same assumptions as Theorem 1, positive constants
k, and k, exist such that

kiH,(s) < w, ;4(s) <k, H,(s) fors > 0. (2.14)

Proof. Definitions (2.6) and (1.5) yield

¢ra(s) = for s > 0, (2.15)

A~ Y(1/s)

where 471! is the right-continuous inverse of 4. On the other hand, (1.5)
and a change of variable show that

o r—1+o</n
LA =) = Inf{A > 0: f ATT) dr < 1}

N

)7 x ()

s—1+a/n

=m fors > 0,

where D(s) = "/~ ®E(s) and E(s) = [§ A()t™ /"= dt for s > 0.
Thus, on setting

A, (s) = (sE~L(s"/m@))"/ "7, (2.16)

we have

) x4

where E~* is the left-continuous inverse of E and /'1\;1 is the right-
continuous inverse of A4,. Hence, owing to (2.5), the conclusion will follow

Lo =Aa'(L/s)  fors>0,  (2.17)
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if we show that positive constants ¢, and c, exist such that
A,(cy8) Sz:l\a(s) <A,(c,s) for s > 0. (2.18)

In order to prove (2.18), let us set L(s) = 2s/4~*(s) and B(s) = A(s)/s.
Since A 1(s) A (s) < 2s, we have 4 (s) < L(s) for s > 0. Denote by
L~' and B~ the left-continuous inverses of L and B, respectively. Then,
since L™ 1(s) < A(s) and A(s)/s < a(s), the following chain of inequali-
ties is easily verified to hold:

s Lil(t)
E(S) Z‘/;mdt

n— a L A-Y(r n/(n—a)
(/L 1(5)(¥) dr — L™Y(s)s"/(a=m
0

n 2r

n—ao

%

n

n(aemy (B7Xs/ T
X (2 fo e

n—a« 2n/(a—n)fBl(S/2)( T
n 0 A(T)

n/(n—a)
) a() dT—L_l(s)s”/(“_"))

"

a/(n—a) -
) dT—A(s)s"/(“_"))

(2.19)

for s > 0. Hence, since A(s)s"/(*~™ < E(2s), we deduce that a positive
constant ¢ exists such that cE(cs)" ™" > H (B~ *(s)). The last inequal-
ity implies that there exists a positive constant ¢ such that

/,l\a(s) <A, (cs) for s > 0, (2.20)

where A4,(s) = (sB(H, *(s)))"/"~*. On making use of inequalities
sA_a(r)

fo . dr <A, (s) < '/‘ZSA_a(r) dr

0 r

, (2.21)

performing a change of variable in the last integral, taking into account the
fact that 2H_'(s) < H,;*(2s) for s > 0, and observing that (2.21) also
holds with A _(r) replaced by 4 we get

nn—aAa(s/z) <A,(s) <A,(2s) fors>0. (2.22)

From (2.20) and (2.22) we deduce the second of inequalities (2.18).
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_As far as the first inequality in (2.18) is concerned, owing to inequalities
A(s)/s <a *(s) < B %(s), where a™*! is the left-continuous inverse of q,
one has

s a (1) n-— a(

a~s) a/(a—n) -
PVCED) t < " / a(r) — go/(e=m) gy

0

E(s) < /

0

R

IA

a(Ha(Bfl(s)))"/("_“) for s > 0,

o
whence E~'(r"/"~®) > B(H;'(cr)) for r >0 and for some positive
constant c. Thus, by (2.22), also the first of inequalities (2.18) follows. 1

Let us now prove the second part of Theorem 1. Assume that an
inequality of type (1.7) holds with H, replaced by H. On taking nonin-
creasing rearrangements of both sides, we get

Ua = F)(s) CH(—(Mf)*(S) ) for s > 0. (2.23)

“f”LA([R”) N ”f”LA(R")

Consider radially symmetric functions f, namely, functions having the form
f(x) = ¢(C,|x|") for some ¢: [0,%) — [0, ). It is easily verified that

I+ f(x) = [ M)

— dy
{y: Iyl>1xp 1x =yl

> Cre/men [ g(ryr e/ mdr forx € RY,
C,lx|"

whence
(L= f)*(s) = C,%*””Z“*”ﬁ«p(r)r*l*a/" dr  fors>0. (2.24)

Moreover, by [3, Theorem 3.8, Chap. 3], a constant C, depending only on
n, exists such that

C s C s
(Mf)*(s) < ?/;f*(r)dr= ?]O¢*(r) dr  fors>0. (2.25)
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Inequalities (2.23), (2.24), and (2.25) yield

o —1+a/n d C N * d
7 (r)r "o LAV Sy o0, (226)
ldll 40, ) lll L0,

for some constant C independent of ¢. For fixed s, we have
Jo ¢*(r) dr
Il 40, )

_ o ¢*(”)X(o,s)(”) dr
Il L4, =)

2 1
< 2l x0 ollL70, =~—gzsA—1(—). 2.27
Xoollt"0= = 7511 5) s (2.27)

Notice that the first inequality is due to (2.2) and (2.5), and the last
inequality holds because r < 4~ 1(r) A~ 1(r) for r > 0. On the other hand,

o ‘f’(”)riHa/nX(s,oo)(r) dr
d)ELA(O,OO) ||¢||LA(O,OC)

> 1) 7 X () 70,

= Aal(%) > CAal(%) (2.28)

for some constant C independent of s. The first inequality, the equation,
and the last inequality in (2.28) are consequences of (2.5), (2.17), and
(2.18), respectively.

From (2.26)—(2.28) we deduce that a constant C exists such that 4. '(s)
< CH(A*(Cs)) for s > 0. Hence, CH,(Cs) < H(s) for some positive C

and, since H, is concave and vanishes at 0, we can conclude that CH_(s)
< H(s) for some positive C and for all s > 0.
The proof of Theorem 1 is complete.

3. CAPACITY AND LEBESGUE POINTS

The present section deals with capacitary estimates for the Lebesgue set
of Riesz potentials of functions from an Orlicz space L4(R"). Our results
are in terms of the («, A) capacity defined as follows.
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DEerFINITION. Let 0 < o <n and let A4 be a Young function. For any
E c R" the quantity

Co 4(E) = inf{llflL1@n: f € LA(R") and I,  f(x) > 1for x € E}

(3.1)
will be called the («, A4) capacity of E.
C, 4 satisfies the customary properties of a capacity, namely:
C, 4() =0; (3.2)
EcCF implies C, ((E)<C, 4(F), (3.3

A( U E,-) < Y. C, 4(E) for every countable family of sets { E;} .
(3.4)

Properties (3.2) and (3.3) are straightforward; (3.4) is a special case of
Proposition 2 below. We refer to [2] for a more extensive study of C, .

In the case where A(s) = s” for some p € [1,), Ca , will be simply
denoted by C, ,. Note that, by Proposition 2.3.13 of [1], C, , agrees (up to
a muItlpllcatlve constant) with the (1/p)th power of the classmal (a,p)
capacity.

In what follows, we shall say that some property holds for («, A) g.e.
x € R” if it holds outside a set of zero («, A) capacity. Furthermore, a
function f will be said to be (a, 4) quasi-continuous if for every € > 0
there exists an open set ) such that C, ,(Q) < e and f, restricted to
R"\ Q, is continuous.

Notions of a geometric nature which will play a role in our discussion
are those of upper p-estimate and lower g-estimate for norms (see [13)).
Recall that an Orlicz space L*#(R") is said to satisfy an upper p-estimate
or a lower g-estimate if there exists a constant N, or N, such that, for
every sequence {f;} of functions with disjoint supports, we have

2 Zf

< NPZ”f,-”fA(R"), (3.5)

LAR™
or

|2 Zf

= N, T fll e, (36)

LAR™)

respectively. For instance, L”(R") simultaneously satisfies an upper and a
lower p-estimate with N, = 1. Notice that every Orlicz space satisfies an
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upper l-estimate, with N, =1 in (3.5), by the triangle inequality. A
characterization of those ps or gs for which (3.5) or (3.6) holds is known in
terms of the Matuszewska—Orlicz indices of 41, defined by

log(inf,. o( A~ (As) /471(s)))

i= lim and
Ao 4o log A
(3.7)
_ log(sup,. o( A (As) /AH(5)))
I = lim )
Ao +oo log A

and satisfying 0 < i < I < 1[4]. Actually, from Remark 2 after Proposition
2.b.5 of [13] and from the Theorem of [5], we get

1/1 = sup{p: L*(R") satisfies an upper p-estimate}, (3.8)
1/i = inf{g: L*(R") satisfies a lower g-estimate}. (3.9)

In particular, inasmuch as 4 € A, if and only if i > 0 and Ae A, if and
only if I <1, then there exists g < o, [resp. p > 1] such that LA(R")
satisfies a lower g-estimate [upper p-estimate] if and only if A4 € A,
[4 € A,] Moreover, if L4(R") satisfies an upper p-estimate and a lower
g-estimate, then p < q.

We are now in a position to state the main result of this section.

THEOREM 3. Let 0 < a <n. Let A be a Young function such that
A, A € A, and let p and q be numbers such that L*(R") satisfies an upper
p-estimate and a lower g-estimate. Assume that

IFe

a/(n—a)
) dr < = (3.10)

and

a/(n—a)
) dr = . (3.11)

re

Given any f € LY(R"), set g = 1, * f. Then a function g exists such that

1
[, g0 dy=5(x) (3.12)

lim
r—0+ |B,(r)| /B,
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and

1 r/q
lim [A4.¢! ) —8(x aBry = 0 3.13
HO+( « (IBx(r)I)) 1g(+) = &(xX)ILacs iy (3.13)
for (a, A) q.e. x € R". Moreover, the convergence in (3.12) and (3.13) is
uniform outside an open set of arbitrarily small (o, A) capacity, g is an
(a, A) quasi-continuous representative for g, and g = g (a, A) gq.e.

Remark 3. Observe that the expression A_*(1/|B (r))), appearing in
(3.13), is nothing but 1 /|I1[ ;1«5 (-

Remark 4. An inspection of the proof of Theorem 3, below, and
Remark 2, Section 1, show that, for functions f supported in a set of finite
measure, similar conclusions as in Theorem 3 hold even without assump-
tion (3.10). If such assumption is dropped, A has to be replaced in (1.10)
by any Young function which is equivalent to A4 near infinity and makes
the integral in (3.10) converge.

As a consequence of Egs. (3.8)-(3.9), we have the following corollary of
Theorem 3.

COROLLARY 3. Under the same assumptions as Theorem 3, we have for
every € > 0

r—>0"

(i/D-e
lim (Aal( 5.0 )) lig(-) = 8(xX)lL1ep, oy =0

for (a, A) q.e. x € R".

ExAMPLE. Assume that A(s) is equivalent to s"/“log""~*/*(1 + s)
near infinity. Since i = I = «/n, from Corollary 3 and Remark 4 we have
that, if [sprt f| < o, then for any o < (n — a)/n

1

B0

lim, ('09(|09 ))) lig () = 8(x)lexpExpcrr /= any s,y = O
for (a, A) g.e. x € R". Here, Exp(Exp(L"/("~®)) stands for the Orlicz
space associated with the Young function exp(exp(s”/"~®)) — e.

Our Proof of Theorem 3 is patterned on that of Theorem 6.2.1 of [1].
Preliminary steps are certain capacitary estimates for the level sets of the
maximal function of I * f and of a suitable fractional maximal function of
1, * f which will be established in Lemma 3 and Lemma 4, respectively,
below.
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_LemmMA 3. Let 0 < a<n and let A be a Young function such that
A € A,. Let f be any nonnegative function from L*(R") and set g = I, * f.
Then there exists a constant C, independent of f, such that

Co a({x: Mg(x) > A}) < %Ilfllu(m (3.14)

for A > 0.

Proof.  Given any subset E of R", we define x, = (1/|E]) xz. Then, for
every x € R” and r > 0, we have

Xs, ) * 8(X) = X,y * Lo ¥ [(X) = L, % Xp i * [(x) <1, = Mf(x).

Hence, Mg(x) < I * Mf(x) for x € R". Thus, by the very definition of
C,. 4 and by the maximal theorem in L*(R"), a constant C exists such that

1 C
C, a({x: Mg(x) > A}) < X”Mf”LA(R") < 7||f||L"(R">

fora>0. |

LEMMA 4. Under the same assumptions and with the same notation as
Theorem 3, define

1 r/q
M, x) =sup|A;*t gl LAacs orx € R",
,48(x) Dg( (IBx(r)I)) gllLrasoy  f
(3.15)
Then there exist constants C and C, independent of f, such that
1 q/p
C. (M, Lg(x) > ) < C(XllfllLA(Ru)) (3.16)

for A > E”f”LA(R").
The proof of Lemma 4 requires the following propositions.

ProposITION 1. Let 0 < a < n and let A be a Young function such that
(3.10) holds. Let B(r) be any ball of radius r in R". Then a constant C,
depending only on « and n, exists such that

C, 4(B(r)) < forr > 0. (3.17)

C
A(L/1B(r)])
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Proof.  An application of the minimax theorem yields
Cu, a(K) = sup{L/IIT, * pllpign: p €7 (K), w(K) =1}, (3.18)

for every compact subset K of R”, where .#*(K) is the set of positive
measures supported in K (see, e.g., [2, proof of Theorem 11]). Now, let
u €#7(B(r)) be such that w(B(r)) = 1. Since |x — y| < 2|x| whenever
y € B(r) and x & B(r), then, owing to (2.17) and (2.18), one has

1 -
12, * pll LAy > F” 1 N w12 () e

—C’P/HAA—1 L CA-L L 3.19
b = o B o

for some positive constant C. The conclusion follows from (3.18)-(3.19).

PROPOSITION 2. Let A be a Young function. Assume that p is a num-
ber =1 such that L*(R") satisfies an upper p-estimate. Then

Cg;A( U El-) <N, L ClA(E) (3.20)

for every countable family {E} of disjoint sets. Here, N, is the constant
appearing in (3.5).

Proof. Let €>0 and let f; be nonnegative functions such that
I+ f(x)>1 for x € E;, and |Ifll{1@n < C2 (E) + 27", Set f(x) =
sup; fi(x) and f,(x) = sup,_,, fi(x). Thus,

fu(x) g‘, fi(x)xp(x),  where

i—1

F= {x: £,(x) = ()I\ U {x: fu(x) = f(x)}.

j=1
Inasmuch as F; are disjoint sets, then, by (3.5),

p

m
<N, Y fllZawn

LAR™) i=1

_ZfiXF,-

i=1

||fm||£A(R") <

s

<N,

i

C? A(E) + N,e. (3.21)

1
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On passing to the limit in (3.21) as m goes to infinity we get || flI{1@n <
N, X7, C2 (E) + N,e,since lim,, _ | f,ll.a@n = I fllLa@n), £, beingan
increasmg sequence converglng to f. On the other hand, X7_, C} ,(E)) <
I flIZ4®m, inasmuch as I, *f(x)>1 for x€ U7_, E,. The conclusion
follows, thanks to the arbitrariness of €. |

Proof of Lemma 4. Without Ioss of generality, we may assume that f is
nonnegative. Set E, = {x € R": M, ,g(x) > A} and let x, € E,. Then
there exists r > 0 such that

A
(4:2(1/1B.(n)))""

Combining (3.22) with inequality (1.11) tells us that

1, = f”LAa(BXO(r)) > (3.22)

IB,(r) <1  providedthat A > C(A; (1)) “lIfllagn, (3.23)

where C is the constant appearing in (1.11). Now, let us split f as
f=/fi+f,, where fi(x) equals f(x) in B,(2r) and vanishes elsewhere.
From (3.22), via the triangle inequality, we deduce that one of the
following alternatives holds:

A
o * fill Laacs, oy > (3.24)
HE 2(4;1(1/C, )"
or
1, = f,l A (3.25)
o * Joll Lt () > : :
2 ° 2(A;1(1/C,rm))"

In the case where (3.24) is in force, on exploiting inequality (1.11) again we
get that a constant C exists such that

< CllifllLas, @ry- (3.26)
(Ao_tl(l/cn”"))p/q 0

Assume now that (3.25) holds. It is not difficult to verify that a positive
constant C exists such that inf, ., o L # f(x) > CI, = f,(y) for every
y € B, (r). Hence, owing to (3.25) and'(3. 22) and to the fact that p <gq,we
have

L, % f(xo) = CA/P| fIIPid (3.27)

for some constant C > 0.
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Denote by U the set of those x € E, for which (3.26) holds for some
r=r. If Ais as in (3.23), then by Vitali’s covering lemma there exists a
sequence {B, (2r, )} of disjoint balls such that x;, € Uand U < U, B, (10r, ).
Therefore, there exists a constant C such that

1

CL 4(U) <N, X.CL 4(B,(10r,)) < N,CY

7 (4 (1/c,0r,)")

1 10"?N,C
<10"’N,C Y. 5 <
P (AN(Lc,r)
10"?N,C

< “f”LA(R my. (3.28)

Z”f”LA(B @2ry)

Notice that the first inequality in (3.28) is due to Proposition 2, the second
to Proposition 1, the third to the fact that 4, is a Young function, the
fourth to (3.26), and the last one to (3.6).

On the other hand, inequality (3.27) must be true for every x € E, \ U,
whence

i q/p
Co A(E\\U) < C (”f”LA([RE”)//\) . (3.29)

The conclusion follows from (3.28) and (3.29). 1
Proof of Theorem 3. Consider Eq. (3.12). Define for § > 0 and x € R”

Asg(x) = sup X, (r)*g(x) - Inzﬁ)_(Bx(r)*g(x)'

0<r<é

Since A € A,, the set C;(R") of smooth compactly supported functions in
R" is dense in LA(R"). Thus, for every e > 0 there exists f, € C;(R")
such that [If — follL1mm < €. Set g, =1, * f,. Then g, is smooth and
decays to zero at infinity. Consequently, lim,_ ; X () * &o(x) = g, uni-
formly for x € R" and there exists 6(e) > 0 such that Azg,(x) < e if
5 < 8(e). Moreover, As(g — go)(x) < M(g — go)(x) for x € R". Hence,
Asg(x) < As(g —go)(x) + Asgo(x) < M(g — go)(x) + € for x € R" if
5 < 8(€). Thus, for e < A/2,{x: Asg(x) > A} < {x: M(g — go)(x) > A/2},
and, by Lemma 3, there exists a constant C such that

C Ce
Coal{x: Asg(x) > M) < I = follagn < - (3:30)



HEDBERG’S INEQUALITY 185

On choosing A = 27" and € = 47" for m € N, and setting
5,=08(4"), E,={x1A,g(x)>2""}, F=UE,,

one easily deduces from (3.30) that lim, . C, ,(F) =0 and
C,, A(N7_; F,) = 0. The last two equations ensure that lim, _,, Xz (., * g(x)
exists for x € N7_; F;, uniformly outside every F;. The proof of (3.14) is
complete. As far as (3.15) is concerned, we set for § > 0 and x € R”

r/4
)) lg(+) — &(x)l1acm -
(3.31)

1
Ay 4,5(8)(x) = sup (A‘Il(le(r)|

0<r<é

If f, and g, are as above, then g, = g,; moreover, given € > 0, § can be
chosen so small that A, , ;(g,) < € for x € R". On adding and subtract-
ing g, — go(x) in the argument of the norm on the right-hand side of
(3.31), it is not difficult to verify that

Ay o45(8)(x) < (M, 4(8—80)(x) +1go(x) —8(x)I+ €)
for x € R” and for sufficiently small . On choosing € < A/3, one gets
{xe Ay 45(8)(x) > A < {x: M, 4(g—80)(x) > Ar/3}
Ufx: Igo(x) — g(x)| > A/3}.
Therefore, since |go(x) — g(xX)| < I, =|fy — fI(x) for (a, A) ae. x € R",

we infer from Lemma 4 and the definition of («, 4) capacity that, if
€/\ < 1, then a constant C exists such that

Co,alfx: Ay 4(8)(x) > A})
1 q/p 1
< c((an—fonLA(Rn)) + I = follaan
- C((i)fl/]) N ;

€
<2C—. 3.32
X X (3:32)

On starting from (3.32) instead of (3.30), Eq. (3.15) can be established via
the same argument as before. ||
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