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Abstract We develop an improved version of the parabolic Lipschitz truncation, which
allows qualitative control of the distributional time derivative and the preservation of zero
boundary values. As a consequence, we establish a new caloric approximation lemma. We
show that almost p-caloric functions are close to p-caloric functions. The distance is mea-
sured in terms of spatial gradients as well as almost uniformly in time. Both results are
extended to the setting of Orlicz growth.

Mathematics Subject Classification 35A35 - 35K55

1 Introduction

The purpose of the Lipschitz truncation is to regularize a given function by a Lipschitz
continuous one by changing it only on a small bad set. It is crucial for the applications that
the function is not changed globally, which rules out the possibility of convolutions. The
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Lipschitz truncation technique was introduced by Acerbi—Fusco [2] to show lower semi-
continuity of certain variational integrals.

Since then this technique has been successfully applied in many different areas. Let us
provide a few examples. The Lipschitz truncation was used in the context of biting lemmas,
existence theory and regularity results of non-linear elliptic PDE for example in [1,11,19,
20,27] and [15].

It was also successfully applied in the framework of non-Newtonian fluids of power law
type [4,7,16,24] and even in the context of numerical analysis [14]. In [8-10] the Lipschitz
truncation was used to develop an existence theory of vector valued very weak solutions of
elliptic PDEs.

All of these application have in common that the desired test functions are a priori not
admissible, but have to be approximated by Lipschitz functions. In order to preserve things
like pointwise monotonicity of the system, it is important that the truncation takes place only
on the small bad set. The bad set is usually defined in terms of the level sets of the maximal
operator of the gradients.

During these years the Lipschitz truncation technique has been refined with respect to
several aspects. In the stationary situation the picture is almost complete. It is now possible
to preserve zero boundary value, obtain stability in all L?-spaces and to apply the technique to
sequences of functions. Moreover, the Lipschitz truncation can be interpreted as a Calderén—
Zygmund decomposition in the Sobolev spaces of first order, see [3].

In the parabolic context the theory is much less developed. The parabolic Lipschitz trun-
cation was introduced by Kinnunen—Lewis [25]. They used it to prove higher integrability
for very weak solutions of the evolutive p-Laplacian systems. On the other hand, Diening—
Ruzicka—Wolf [17] developed a parabolic Lipschitz truncation to show existence of fluids of
power law type; i.e. the evolutive analogue to [24]. In [5,7] a parabolic Lipschitz truncation
was developed, which preserves the solenoidal structure of the given function and makes the
truncation more suitable for problems from fluids dynamics.

The difficulty of the parabolic Lipschitz truncation in contrast to the stationary case is due
to the fact, that the time-derivative of the solution is only defined in terms of negative Sobolev
spaces or in the distributional sense. Therefore, the parabolic Lipschitz truncations mentioned
above lacked the possibility to preserve zero boundary values and to obtain control on the
time derivative of the truncation. In this paper we will overcome both of these problems.

In what follows we will introduce our parabolic Lipschitz truncation in the setting of
p-growth assumptions. The full statement that holds for general Orlicz growth assumptions
can be found in Theorem 2.3 in the next section.

Our standing assumption for the Lipschitz truncation, is that the given function w has a
time derivative in the following sense:

dw=divG inD'(J x Q) (1.1)

where J is a time interval and €2 is a bounded domain in R, m > 2. We take as “bad set”
a superlevel set of the maximal function of the spatial gradient and of the time derivative in
the following way. Let

05 = {M*(xuxeVw) > A} U{aM* (xsxeG) > A,

where A > 0 and the «-parabolic maximal function M is defined using the (backwards in
time) parabolic cylinders Q¥ := (—ar?,0) x B, in the following way:

(M) (x) :=  sup ][Igl- (1.2)
Q0eQ¥:xeQJ 0
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where Q% is the family of cylinders Q%, r > 0.
Here « is a scaling quantity, to allow different integrability assumptions on Vw and G.
Having collected the necessary notation we may state the theorem.

Theorem 1.1 Let G € Lp/(J xQ)andw € LP(J, W(;’p(Q)) satisfy (1.1). Then there exists
an approximation wy € LP(J, W&’p(Q)) with the following properties:
(a) w§ =w on (OF)°.

(b) M*(Vwy) < cA, i.e. w§ is Lipschitz continuous with respect to space.

(c)

/ IV(w§ —w)|?dz < cf [Vw|? + 17 |0%].
IxQ oy

(d) aN*(@;ws) < ch where N* is defined in (2.11).
(e) w¥ is Lipschitz continuous with respect to the scaled, parabolic metric, i.e.

t—s|2
[wy (£, x) — wj (s, y)| < ¢ A max {# lx — yl}
o2
forall (t,x),(s,y) € J x Q.
(f) for J = (t—,t") and arbitrary n € Wol’oo(—oo, t%) it holds::

1
(@, win) = > /(|w‘1|2 — 2w - w3y ndz + /(atwi‘xwi‘ — w)ndz.
0 oy

Observe, that (d) shows that our approximation does also approximate the distributional time-
derivative. The maximal operator N'* is defined in terms of the distributional time derivative.
It seems to be a novel tool to quantify the distributional time derivative in such a way. In a
way the boundedness of N*(8;w5) corresponds to 9, w§ € L>(J, w—LooQ)).

As an application of our parabolic Lipschitz truncation, we present a new caloric approxi-
mation lemma. We show that every “almost p-caloric” function has a p-caloric approximation
“close enough”. The following theorem is the p-version of the more general result for Orlicz
function, see Theorem 4.2.

Theorem 1.2 Let p € (1, 00) and Q be a times-space cylind~er, Q=I1IxB= (t’,~t+) X B.
Leto € (0,1), g € [1,00) and 6 € (0, 1). Moreover; let Q be such that Q C Q C 20Q.
Then, for all € > O there exists ad > 0 s.t. the following holds: if u € LP (I, Wé’p(B)), U, =
divG, G € Lp/(J x ), is almost p-caloric in the sense that for all & € C§°(Q),

‘]Lua,s + |Vu|”_2VuV§dz‘ < 5<][ IVul? + |G|” dz + ||vg||go>
[¢] (9]

then there exists a p-caloric function h s.t. h = u on 9, Q and

u—hP o \E NG o\
<]€ (]i (m> d) d’) +<][Q|V<W>—V<Vh>| dz)

< e][~ IVul? + |G|? dz.
o
p—=2
where V(z) = |z| 7 z.
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If u would be p-caloric, then we could choose § = 0 in the assumption of Theorem 1.2 and
h = u as an approximation. The small parameter § > 0 indicates, that u behaves like a small
perturbation of a p-caloric function. This smallness however is only needed in reaction to
very regular test functions £. Nevertheless, Theorem 1.2 ensures that « is close to a p-caloric
function /. The closeness is expressed up to a small loss in the exponent in the natural distance
of the p-heat equation, which are L%®(L%) and LP(W'P). In particular, we have control on
the distance in the sense of space and time derivatives.

In the stationary case, the method is called harmonic approximation lemma and its idea
goes back to De Giorgi. He used itin geometric measure theory to prove regularity of harmonic
maps. See [22] for an overview on the harmonic approximation lemma. The closeness in the
sense of gradients and the preservation of the boundary values was introduced in [19].

The p-caloric approximation method was developed by Bogelein, Duzaar and Mingione
[6], (see also [21,23]). We wish to quickly point the improvements of the approximation
lemma here with respect to the one in [6]. First, our assumptions are weaker: we only assume
(1.1) and we deduce the validity of a Poincaré inequality. Second, our proof is directly and
completely avoids any argument by contradiction and the proof is much shorter. Second,
this direct approach via the parabolic Lipschitz truncations gives us a much finer control on
the quantities. Indeed, we can show closeness of the p-caloric approximation function both
in L9(L%) and LP? (W1-P?) norms, (the last closeness is via the natural quantity V(z) =

|z %z). This means that our estimates measure the closeness of the weak time derivatives
and spatial gradients in a quantitative way. Third, we can preserve boundary values, which
is very handy for applications. Forth, our technique is developed in the more general frame
of Orlicz spaces.

Besides the potential use for applications that was described above, we will demonstrate
the useability of our method in a forthcoming paper where we will consider parabolic systems
with critical growth, [18].

2 Parabolic Lipschitz truncation

In this section with derive an improved version of the parabolic Lipschitz truncation. Earlier
versions are due to [26] and [17].

We start by assuming that w € Li(J, WOI’I(Q)) is a distributional solution (possible
vectorial) to

dw =divG inD'(J x Q)

w=20 on dpr(J x ) 2.1

Here J = (—19, 0) denotes the time interval. The space domain 2 C R should have the
fat complement property, see Remark 2.1. In particular, it suffices that €2 is a bounded open
domain with Lipschitz boundary. In many applications it is enough to consider the case
where €2 is a ball or a cube. By dpa:(J x €2) we denote the parabolic boundary of J x © =
({—10} x ) U (J x 3K). The function G will at least be in L' (J x ). Note that the zero
boundary values on the parabolic boundary are well defined due to w € L'(J, WOl o1 (€2)) and

dw € L1(J, (Wy ™ (2)%).

Remark 2.1 Tt is sufficient for us to consider domains €2 that have the fat complement prop-
erty, i.e. there exists A; > 1 such that for all x € Q

C
|B2dist(x,QB)(x)| <A |Bzdist(x’gc)('x) n el (2.2)
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If @ ¢ R? is an open bounded set with Lipschitz boundary then © has the fat complement
property.

Let us recall some definitions and results that are standard in the context of N-functions.
A real function ¢ : RZ% — RZ? s said to be an N-function if it satisfies the following
conditions: ¢ (0) = 0 and there exists the derivative ¢’ of ¢. This derivative is right continuous,
non-decreasing and satisfies ¢'(0) = 0, ¢’(t) > 0 for r > 0, and lim,_, ¢'(f) = 0.
Moreover, ¢ is convex.

We say that ¢ satisfies the A,-condition, if there exists ¢ > 0 such that for all # > 0 holds
¢ (2t) < c ¢ (t). We denote the smallest possible constant by A (¢). Since ¢ (1) < ¢ (2¢) the
A, condition is equivalent to ¢ (2¢) ~ ¢ (1).

By L? and W!¢ we denote the classical Orlicz and Sobolev-Orlicz spaces, i.e. f € L?
iff [¢(If])dx <ocoand f € W iff £, Vf e L. By W()1’¢(S2) we denote the closure of
CSe(Q) in W (Q).

By (¢")~! : RZ0 — RZ% we denote the function

@)@ :=supfs e = : ¢/(s) <1}
If ¢’ is strictly increasing then (¢)~! is the inverse function of ¢’. Then ¢* : RZ0 — R0
with

t
*(t) == / @) ' (s)ds
0

is again an N-function and (¢*)'(r) = (@) ~L(@) for t > 0.1t is the complementary function
of ¢. Note that ¢*(t) = sup,~o(st — ¢ (s)) and (¢*)* = ¢. For all § > 0 there exists c5 (only
depending on Az (¢, ¢*) such that for all 7, s > 0 holds

ts <8P(1) +c5 9™ (s), (2.3)

This inequality is called Young'’s inequality. For all t > 0

%M%) <¢) <1/,

" % 2.4)
2
¢<¢ t(t)) <9 < ¢>< ¢t (t))-
Therefore, uniformly in # > 0
d()~¢ ), d* (') ~ (1), (2.5)

where the constants only depend on Az (¢, ¢*).
We will assume that ¢ satisfies the following assumption.

Assumption 2.2 Let ¢ be an N-function such that ¢ is C' on [0, co) and C 2 on (0, 00).
Further assume that

¢'(1) ~ 19" (1) (2.6)
uniformly in # > 0. The constants in (2.6) are called the characteristics of ¢.

We remark that under these assumptions A> (¢, ¢*) < oo will be automatically satisfied,
where Az (¢, ¢*) depends only on the characteristics of ¢.
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120 Page 6 of 27 L. Diening et al.

For given ¢ we define the associated N-function i by

V(@) = D)1 @7

We remark that if ¢ satisfies Assumption 2.2, then also ¢*, ¥, and v * satisfy this assump-
tion.

The idea of the parabolic Lipschitz truncation is to cut certain maximal functions of the
gradient and the time derivative. Since the time derivative is only defined in the weak sense
by d;w = divG, we will cut the maximal operator of G instead of d,w.

The properties of the Lipschitz truncation are summarized in the following theorem.

Theorem 2.3 Letw € L'(J, Wy (Q)) and Vw € L?(J x Q) satisfies (2.1). For A, a > 0
define the bad set OF by

OF = {M*(xyxoVw) > A} U{aM%(xsxaG) > A}, (2.8)

Then there exists an approximation w$ € L?(J, W(} "D(Q)) with the following properties:
(a) w§ =w on (OF)°.
(b) M*(Vwy) < cA, i.e. wy is Lipschitz with respect to space.

(c)
/ SV @ — w)))dz SC[¢(|VW|)+¢()»)IO,O{I-
IxQ Oi‘

(d) aN®(@;w§) < ci where N* is defined in (2.11).
(e) wy is Lipschitz continuous with respect to the scaled, parabolic metric, i.e.

1
|t —s|2
lwg (£, x) — wy (s, y)| < ¢ A max {f lx =yl
o

forall (t,x),(s,y) € J x Q.
(f) for J = (t~,t") and arbitrary n € WOI’OO(—OO, t1) it holds:

1
(o, un) = 5 /(|w§|2 2w w)dndz + /(atwif)(w% — wyndz
0 o5

The proof will be achieved through several lemmas.

2.1 Parabolic Poincaré type inequality

The goal of this subsection is to derive a very weak form of the parabolic Poincaré inequal-

ity on parabolic cylinders, where the time derivative is just defined in a weak sense, see
Theorem 2.8.

We start with some notations. By B, (x), resp. I(¢), we denote the standard euclidean
ball with radius r and center x € R™, resp. t € R. For ¢ > 0 define the o-parabolic metric
dy : R x R™ — [0, c0) by

do (8, %), (7, ¥)) 1= max {a 2|t — 7|2, |x — y|}.

The balls with radius r respect to d, are called a-parabolic cylinders with radius r. Any
a-parabolic cylinder Q can be represented in terms of euclidean balls, i.e.

Q = Qg(t"x) = Iarz(t) x By(x) =1 x B.
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for some (¢, x) € R™*! where r is the radius of Q.

By o Q (for o > 0) we denote the parabolic scaled cylinder with the same center but o -times
the radius with respect to d,,. In particular, for Q = I x B we have 0 Q = (621) x (0 B). We
denote by | E| the Lebesque measure of E for a measurable set £ and by y its characteristic

function. We define
1
s = o [ 1r1a
]{; |E]| J

For a non-negative integrable function n we define

1
= d
U ||n||1/f’7 g

and for a measurable set E we define (f)g := (f)y,. The integration is taken over the
natural domain of f, so if f is defined on Q, then the integral is over Q.
We need the following version of the norm conjugate formula for L(l)(l ).

Lemma 2.4 Let f € L'(I), then

BECHHU, NIBlloo =1

/If—(f)zldtSZ sup ffﬁdrsz/|f—<f>1|dr.
I 1 1

Proof The second estimate is obvious, so we just need to prove the first one. It suffices to
prove the case I = (0, 1). Fix § > 0. Then due to the isometry (L' (1))* = L>(I), we can
find g € L°°(1) with ||g|lo, < 1, such that

/If—(f)lldt55+/(f—(f)1)gdt=5+/f(g—(g>1)dt~ 2.9
1 1 1

Fore € (0, %) define I, = (e, 1—¢). Let . denote a standard mollifier with suppye C Bc(0).
Define

he = (XIS (g — (g>15)) * 1pe/2~

It is easy to see that i € C(‘]’,OO(I ).(subspace of C§° whose elements have mean value zero),
he — g — (g)1 almost everywhere for € — 0, [|hell 007y < 2 (€]l oo- In particular, it follows
by the dominated convergence theorem that

/f(g—(g)l)dtzgii%/fhe dz.
1 1

This and (2.9) imply

he €CEH(D), llhelloo <2

/If—(f)zldt58+ sup /fhedt.
1 1

The claim follows, since § > 0 was arbitrary. O

/f)//dt
1

Lemma 2.5 Let f € L'(I), then

52/|f—(f)1|df~

1

/If—(f):ldt§2 sup
1

yeC), Iy =1
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120 Page 8 of 27 L. Diening et al.

Proof This follows immediately from Lemma 2.4. Indeed, if 8 € Cgf’o(l ), then its primitive
y(t) = ft B(s)ds satisfies y € C(‘)’f’O(I). On the other hand for every y € C35°(I), we have
y € C[‘)”O;E?)‘ ]
For an a-parabolic cylinder Q = Q, = 1,2 x B, we define
Fo =16 € C(Q) : I&llry =€l + rlIVEllo + ar’ll:&llo < 1},

Define
Mo(a) ::][ lal dz,
(@]
MﬁQ'l (a) :=][ 7|a — (ol dz
0 ro

For a distribution a € D'(Q) we define

No(a) = sup (r|QI7 " {a, &)).

EeFo

We use the letter N for “negative”, since we measure somehow the local information on 9;a
in a negative space. We can observe that

M%) (x) = sup  Mpgla), (2.10)
QeQ%:xeQ

We also define the maximal operator

N%)(x) = sup  Np(a). 2.11)
QeQ%:xeQ

Remark 2.6 1f 9,a = divG on Q, then

No(¥a) = sup (r|QI7(8a,)))
EeFp

= sup (r1QI'(G, V§)))

§eFo

S][ |G|dz.
(4]

We need the following version of parabolic Poincaré’s inequality with respect to time.

Lemma 2.7 Let n € C3°(B) with n > 0, fB n(x)dx > 0 and |[nllee + 7 IVhlle =<
co|B|™! Inl;- Then for every a-parabolic cube Q = 1 x B we have

][1 [(a(®))y — (a)yx1|dt < craNp(da),

where ¢ depends on 1 only through co. Here we use the notation (a),x; = |}—| f(a ®))pdt.
I
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Proof We can assume without loss of generality that |’ g N(x)dx = 1. From Lemma 2.5 it
follows that

Fliaon, - @lar=2 sup
4 yeCP . [y lo<1

f @)y () di

1
][ ad;(ny)dz|.
9]

We want to estimate the integral in the last expression by means of N (d;a). Lety € Cg°(1)
with ||y leo < 1. Then ||y |l < c|I|. We estimate

= 2|B| sup
yeCeU) Iy lloo =<1

1Y lloo < I lloo1¥ lloo <col B,
PVl < lIVIlallY oo < co |BIZ!IEI,
ar? |3 ()lloe < Inllacer? 19y lloe < co [BITHI1.

In particular, ||r]y||}-Q < ¢o|B|7' 1| = co|B|"'ar?. Therefore, using the definition of
No(9;a) we have

|B|‘][ ad(ny)dz| < c|BIr~"Np@a) llny 5, < carNp@a).
9]

and the claim follows. ]

We are now in a position to state the following Poincaré inequality :

Theorem 2.8 Let Q = I x B be a-parabolic cube and let p € L'(Q) be such that p > 0
and ||plls < col Q17 llplly. Then

][ a—(a)p
0

P
Recall that N (8;a) < JCQ |G| dz if 3;u = divG with G € L'(Q), due to Remark 2.6.

dz < c][ [Va|dz 4+ ca Ng(3;a).
0

Proof We begin with the special case p = x;n with n as in Lemma 2.7.
][ dzs][][ a—{a@))y, dxdt—i—][ {a(D))y — (a)yx1
0 1JB 1

=:I+1I.
Now the claim follows by using Poincaré in space for the first term and Lemma 2.7 for the
second term.
Now consider the case of arbitrary p as in the assumptions. Then

][Q |a - <a)p| dz S][Q |a - (a)nxl‘ dz + |<a>p - (a>n><1|-

Now Jensen’s inequality with respect to the integration of (a), together with the assumptions
on p imply

[(@)p — (@)yxr| < ':|’;':|L°°(Q)/| nx1|dZ§Co][ |a — (@)yxr] dz.
L'(Q) 0

a— <a>nx1
r

dr
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120 Page 10 of 27 L. Diening et al.

In particular, we have

][ la —(a dz<(1+co)][ la = (a)yx1] dz,

so the general case follows from the special one. O

Since the above (weak) setting can not be applied to the Orlicz setting in modular form, we
include the following classical space-time Poincaré in modular Orlicz form.

Lemma 2.9 Let Q = I x B be a-parabolic cube and let p € LY(Q) be such that p > 0
and |Iplls < col Q17 0l

Moreover, let 9,a = divG with G € L'(Q) in the sense of distributions. Let ¢ be an
Orlicz function satisfying the Aa-condition. Then for every a-parabolic cube Q = I x B we

have
— {a)
][Q(pqarc”)‘)dzSC][Q‘p(W“DdZ‘f‘C(ﬁ(Ol][QIGIdz).

Proof As in Theorem 2.8 we begin with p = x;n with n as in Lemma 2.7. Analogously to
the proof of Theorem 2.8 we estimate

fo = s
][][ a(r)) Ddxdt+][¢(‘w
1

=1+1I

)dt

Now [ can be estimated by fQ ¢(|Val) dz by using Poincaré in space for Orlicz functions,
see e.g. [13, Theorem 7]. For the second we estimate

t

‘][7/«3,(;@) ndr ds
1 Inllzis

Ha®hy = @yl = | taO), = a1 ds

t
1
- ’][7/(G,Vr;)ds
1 Inllizica) J

< car][ |G| dz.
0

(2.12)

This can be used to estimate (/) and the claim follows for p = x;7.
Now as in the proof of Theorem 2.8 we can change to general p by showing in the same
manner

][qb(‘a— )dz<(1+co)][ (la = (@)yx1]) dz.
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2.2 Extension

It is convenient for our purpose to use function which are defined on the whole space R x R".
Therefore, we will extend our function w from (2.1) to a function on R x R™ such that most
of its properties are preserved.
We therefore extend G and w from J x 2 to (—oo, 0] x R™ by zero. Since w(—19) =0
in the sense of a (WOI’OO(Q))*)—trace, it is easy to see that ;w = divG on D'((—o0, 0), R™).
Next, we extend w to R x R” by even reflection and G by odd reflection. Then it follows
that
w=divG inD'(R x Q)
w=0 outside of (—tg, fy) x €2, (2.13)
G=0 outside of (—1g, fp) x 2.

We will construct a Lipschitz truncation wy of w on R x R™, which is zero outside
of (=10, 19) x . The restriction of w§ back to J x € will then provide the Lipschitz
truncation for our Theorem 2.3.

2.3 Whitney covering

For a, 1 > 0 we define the bad set O} as
0% == {M*(Vw) > A} U {aM*(G) > A}. (2.14)

Note that this differs slightly from the definition (2.8) in the Theorem 2.3, since we extend w
and G partly by reflection. This increase the maximal function M*(Vw) and M*(G) but at
most by a factor of two. Therefore, for the sake of readability we prefer to work with (2.14).
The result certainly also holds for (2.8).

According to [17, Lemma 3.1] there exists an a-parabolic Whitney covering {Q‘j’f} =
{1; x Bj} of Of in the following sense:

W U, 305 = o,
(W2) forall j € N we have 8ij C 0% and 16Q‘J’f N (Rm+1 \NOY) #0,
(W3) if 0% N QF # ¥ then ik <rp<2r,
(W4) %Q‘; N10Y =@forall j # k,
(W5) each x € OF belongs to at most 120"+2 of the sets 4Q‘}‘,
where 7 := rp,, the radius of B; and Q? =1; x B;.

With respect to the covering {Q‘}‘} there exists a partition of unity {p;} C C§° (R™+1) such
that

(P1) X1ge = Pj = X300
(P2) [10jllo +rilIVPjll o + 771V 05l +arFldipjll,, < c

For each k € N we define Ay :={j : %Qg N %Q‘}‘ # (}. Then
(P3) 3 e, pj=10n30f.
We get the following additional property

(W6) If j € Ay, then |Q9 N QF| = 167" 2 max {|Q%], | 01}.
(W7) If j € Ay, then |3 0% N 30| = max {| 4], |QF ).
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120 Page 12 of 27 L. Diening et al.

(W8) If j € Ag, then 4ry < rj < 2r.
(W9) #A; < 120m12,

Now, we define w; by

P KO if30%CJxQ,
7o else.

We define our truncation w$ via the formula

=w—Y pjw—uw?). (2.15)
i

Since the p; are locally finite, the sum is pointwise well defined. We will see later that the
sum converges also as a distribution and in a few function spaces.

Note that the sum Zj pj(w — w;’.‘) is zero outside of (—fo, o) x 2. So also wY is zero
outside of (—1y, ty) x 2. In fact, we have

supp(pj (w —w$)) C 309 N ((—ho, fo) X Q). (2.16)
Indeed, suppp; C %Q"f, so the case %Q‘; C J x 2 is obvious. If %Q‘; ¢ J x €, then
w‘}‘ = 0 and the claim follows by suppp; C %Q‘}‘ and suppw C J x Q.

2.4 Estimates on the Whitney cylinders

We need a few auxiliary results that allow to estimate w — w9 on our Whitney cylinders. The
estimates are based on our parabolic Poincaré’s inequality of Sect. 2.1.

Since the equation d;w = divG only holds on R x €2, we need the following auxiliary
result to deal with the case of cylinders that our also outside of this domain. We use the fact
that w is zero outside of R x €.

Lemma 2.10 Let Q be an a-parabolic cylinder with radius r. If % O ¢ R x Q, then
aNp@Bw) < cMgo(Vw).

Proof We calculate
aNo(@w)=a sup (r|Q|” H(w, 8,€) <c][ —dz
§eFg 0

Let Q =: I x B. Since %Q ¢ R x © and €2 has fat complement, we have |B \ Q| > c|B|.
Thus, we can apply the space Poincaré (with w = 0 outside of R x ) to get

][ 7dz<cJ[ [Vw]|dz.
0

This proves the claim. O

Lemma 2.11 The following holds.
(a) If%Q? C J x Q, then w".‘ = (W), x1 and

][297

w—w
dz < cM%Qa(Vw) +coz/\/'zQa(8,w)

Ty
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(b) If%Q?CRXQand%Q‘}¢JXS2,thenw3‘:0and

][;‘Q‘;‘

(c) If%Q? ¢ R x €, thenw?‘:Oand

J

Proof Part (a) follows immediately from Theorem 2.8 with o = p;.

Let us consider part (b). In this situation R x €\ (J x ) contains a large part of %Q‘}‘
so that we can find a a function p € L with support in %Q‘}‘ N (R x Q)\ (J x R)) such
that |[pllo < ¢ |Q‘;.‘|_1 llolly- Since w = 0 on supp(p), we have w;‘ =0 = (w),. Again the

claim follows by Theorem 2.8.
Let us now prove (c). Since %Q‘J’f ¢ R x 2, we can find a function p with support outside

w— w9

~

dz < c My g (Vw) +ca/\/’gQa(8,w).
r 59j 595

o
w—w:;
J

dz < c Mpa(Vw).
7 rj J

in Qj.‘ NR x Q with [|p]lo < c|Q‘;f|_1 llpll;- Since w = 0 on supp(p), we have w;’ =0=
(w),. Now Theorem 2.8 proofs our claim with an additional 04 (0;w) on term on the right
hand side. Due to Lemma 2.10 this term can be controlled again by M 04 (Vw), which proves
our claim. O

Lemma 2.12 We have

7[297

Proof Since 16Q‘}‘O(Rm+l \OY) # @, itfollows thatMmerx_ (Vw) < Aand ot./\/lon; (G) <
i Thus also Mge (V) < c i and Mg (G) < c A. '
The estimate o\, 04 (0;w) < c A follows from Remark 2.6 if %Q‘}‘ C R x © and from

Lemma 2.10 if%Q‘}‘ Z R x Q. O
Lemma 2.13 We have

w— w%
][ ¢<‘ J >dz§][ ¢(|Vw|)dz+¢><a][ |G|dx>.
105 rj 0% 0%

Proof The proof is similar to the one of Lemma 2.11 and Lemma 2.12 by using Lemma 2.9
instead of Theorem 2.8. O

o
w—w;
J

dz < [Vw|dz + aN4 e (3w) + |Gldz < cA.
04 59 ol
J

r
J J

2.5 Stability

In this subsection we will show the stability of the Lipschitz truncation with respect to some
norms.
Lemma 2.14 If w € L'(J, Wy (Q)) and G € L'(J x Q), then w? € L'(J, W, ().

Moreover,

/|V(w—wi‘)|dz§c/|Vw|dz+A|O§|.
o4 o
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Proof It follows from the definition of wY that
w—wy = ij(w - wj»’).
J
Due to (2.16) the sum is zero outside of Of. Using that ) jpj =1onOf we get
Vw—w§) =Vw+ Y Vpjw—w). (2.17)
J

Now it follows with the help of (P2), (W1), (W5) and (2.16) that

/|V(w—wx)|dz</|Vw|dz+cZ/‘ ‘ ’dz
105
This and Lemma 2.12 implies
/IV(w—wi‘)ldz</IVw|dz+c)»|O“|
o
which proves the lemma. O

Lemma 2.15 We get

/¢(|V(w—w§)|)d1 EC/¢(|Vw|)+CI(9§‘I¢(?»)-

o3 o3

Proof The proof is similar to Lemma 2.14. Starting with (2.17) and using (P2), (W1), (W5),
(2.16), and the Aj-condition we get
) dz.

/¢(|V(w—wk)|)dz</¢(|Vw|)dz+cz/ (

105

By Lemma 2.13 we can estimate the summands of the second part by

w—w
f¢> ‘ ’ dz <¢ /¢(|Vw|)dz+c|Q 6 ][ IGldz ).
rj lQD{

4%j
3 Ha o
795 105

Using Lemma 2.12, we see that the mean value integral in the last term is bounded by c A,
so overall we get

/¢<|V<w — ¥ dz < f¢(|Vw|)dz+c|o;'|¢<x),
o o

which proves the lemma. O
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3 Lipschitz property

In this section we show that the truncated function w§ has some sort of Lipschitz properties.
In particular, we used M*(Vw) and o N* (9, w) (more precisely its upper bound M*(G)) to
define the bad set, where we truncate the function. It turns out that M* (Vw{) +a N (9, w§) <
CA.

Lemma 3.1
lw ]
Yoy f e
JEAL JEAK 1Y

Proof Due to (W7) and (W8) for every j € Ay holds |§Q7 N30¢1 = max {04, 10¢1}
andrj > %rk. Thus we can estimate

|w - wk|
DN a:
JEAK JEAK 0jNo;
lw — wf]
sef Mgy ][ AR
04N0oyY Tk jea,ONof
lw —w9|
=y f S
jea oy Tk
where we also used k € Ay. The rest follows by Lemma 2.12. O

We need the following geometric alternatives.

Lemma 3.2 Let Q be ana-parabolic cylinder with radius r. Then at least one of the following
alternatives holds.
(Al) There exists k € N such that Q N %Qg #0,8r <rpand Q C %Q%.
(A2) Forall j € Nwith QN %Q? # U, there holds r; < 16r and|Q‘}‘| < 8m+2|Q‘}‘ N Q|.
Moreover, 137Q N (R™T1\ 0%) # 0.

Proof If there exists k € N such that Qﬂ% Qf # ¥and8r < ry,then automatically QO C Qf.
Assume now that such an k does not exist. Then for every / € N with O N %Ql # ), there
holds r; < 8r. Suppose that @ N 3 Q% # @. Now let x € QN 3 0%, then by (W1) there exists
m such that x € %Qm. In particular, we have Q N %Q‘}‘ # ¢ and %Qm N %Q‘} # @, since
both sets contain x. Now, our assumption and Q N %Q‘}‘ # () implies r,, < 8r. On the other
hand %Qm N %Q;‘ # ¥ and (W3) imply r; < 2ry,. Thus, r; < 16r. Moreover, it follows
from 87 > r,, that 137Q = (1 4+ 17-8)Q D 160Q,,. Since 16Q,, N (R"+! \ 0%) # 0,
we also get 137Q N (R”+1\ 0%) # . Now, let zo € QO N %Q‘}. It remains to prove
104 < 8™21QYN QL. If r < &7, then O C QY% and the claim follows. If 7 > Lr;, then
there exists an a-parabolic cylinder Q' with radius %r j such that Q' C Q‘}‘ N Q. So in this
case |04 N Q| = Q'] = 87204, o

Lemma 3.3 There holds
ME(Vw§) < ch.
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Proof Let Q be an a-parabolic cylinder with radius R. We use the alternatives of Lemma 3.2.
We begin with alternative (A1). In particular, there exists k € N such that O N %Q% £ 0,

8R <rrand Q C 30%.

Then w = ZjeAk pj wj.‘ on Q and therefore

Mo (Vws) = Mo (V(wy —wy)) = Mg V( Z pj(w‘; - w,‘é‘)))
JEAK

= 2 Mo (Vs —up))

a_wzt|

Now, Lemma 3.1 implies Mo (Vw$) < cA.

We turn to alternative (A2). In particular, for all j € N with O N %Q‘J’-‘ % ), there holds
rj < 16r and |Q;‘| < 8m+2|Q? N Q|. Moreover, 1370 N (R™+1\ 0%) # . Using wy =
w — Zj pj(w— w?‘) we estimate

Mo(Vui) < Mo(Vw) + > Mo(V(pj(w — w9).
j1ON305#8

1041
<Mo(Vw)+c > TleM%Q?(V(pJ(w—w?))).
j:0N3 04y
105 N O]
SMo(Vw)+e Y — o= Mi e (Vipj(w — wi))).
j:0N3 090 1l '
Due to Lemma 2.12 there holds
lw — w%

o
M3 e (V(pj(w —w9))) <c —— L dz+c [Vw|dz < cA.
4Qj J 3 o« ri 3
4Qj J 4Qj
On the other hand
Mo(Vw) < Miz70(Vw) < cA,

since 1370 N (R™+1\ 0%) # ). We summarize the above estimate to get

|05 N Q|
Mo(Vuf) <chtcr Y. jIT <ch,
j:0Nn3 040
where we used that the Q‘f are locally finite, see (W5). ]

Lemma 3.4 There holds
a N*(@Q,w) < cAa.

Proof Let Q be an a-parabolic cylinder with radius R and Q C R x 2. We have to show
that aNp (wf) < cA If 1370 ¢ R x 2, then the claim follows from Lemma 2.10 and
Lemma 3.3, so we can assume in the following 1370 C R x 2. We use the alternatives of
Lemma 3.2.
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We begin with alternative (A1). In particular, there exists kK € N such that Q N %Qk # 0,

8R <rryand Q C %Qk
Then w§ = ZjeAk pj w?‘ on Qy and therefore

aNo(Bw?) = aNp @ w? — w) = aNy (at( 3 pwd - w;f)))

JEAK

= Z aNg (3, (o;(w% — wi))).

JE€AK
We estimate

N (91 oy w — wi) =a sup (R1QI™" 10 (p; (w — wi)). £)1)
EeFo

<a sup (RIDj 11w — w18l )
EeFp
2\—1
§caR|wj —w,‘fl(otrj)
o o
- ij—wkl
N s

=< p
where we used 8R < ry < 2r; in the last step. This and Lemma 3.1 imply aNg (w§) <cA.

We turn to alternative (A2). In particular, for all j € N with QO N %Q j # 9, there
holds r; < 16r and |Q;| < 87*2|Q; N Q|. Moreover, 137Q N (RYF!\ 0%) # . Using
wf =w — Z; pj(w— w‘;) we estimate

No@w§) < No@w)+ Y No@(pj(w—w?)).
J:0N30;#0

Recallthat 137Q € Rx Q. So 137Q0(Rd+1\0§) # Y implies aNg (3, w) < caMg(G)
¢ A using also Remark 2.6. On the other hand using r; < 16R, Lemma 3.1 and | Q|
89+210; N Q| we estimate

IATA

No@w§) <cr+ Y. aNg(dp;(w—ws)
J:ON3Q;#V
=chta 3 sup (RIQI N0 —w). 46)1).
jion3o;n° e

Now for j with O N %Qj # @ and §; := (§)o; we have

R oy — wf;>,a,s>|_@|< — w3 (€ —EN))|

+ @I(w —wf, (9p;)(E —§)))

= 1+1I

IQI
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We will now estimate ||p;(§ — ;,-)H}-Qj. Using ||€]loo + RIIVE s + aR2||8,§||OO <1, we

get by parabolic Poincaré’s inequality

_ A 2 oo n
1§ = &ill o)) < ¢rill VEllmig, +carf 10E I mgy S ¢ 7+ e

19; € = EDllog < 11E — &illogo;) < ¢ .

R
N
IV (0 (€ — E)llog < 11E = &ill oo, + il VE (o)) < cij,
2 .
2 r; T
10 (& — &g < 1§ = &ill(o;) +erPldg llgg) <€ = +e -5 <t

R R2 -~ R
In particular, ||p;(§ — Sj)”}-Q < fﬁ This and Lemma 2.12 imply

R

I= @I(w —wf, ¥ (0jE —ENNI
oR
= |Qll(w ¥ (0 — D)
aR |0l
<c 10l ,(Bzw)llpj(é—éj)llfgj
aR |Qil Ari
- IQI ri aR
_ ol
IQI
Moreover, also by Lemma 2.12
aR
Il = @l(w —wf, (3pj)(E — &)

< |Q||Q,|][ — w1251 = g

or;

r

J

|Qj|rj arl -
J

- IQI R
_ 1o
0]
Summarized we have
aNg@wy) <ci+ Z c%k <cAi+ Z c%lfok,

J1ON3 Q;#0 J:ONFQ;#0
This proves the claim. O
Lemma 3.5 There holds

M“’ﬁ’l(u}f{) <cCA.
Proof Due to Theorem 2.8, Lemma 3.3 and Lemma 3.4 we have
M 1(w,\) <cMp(Vwy) +caNg(Bwy) <ch.

for every «-parabolic cylinder Q. O

@ Springer



Parabolic Lipschitz truncation and caloric approximation Page 19 of 27 120

Corollary 3.6 w$ is Lipschitz continuous with respect to d*, i.e.

1
t—s|2
(2, x) — (s, )| < cxmax{' LILIN —y|}
o’

Proof Tt follows from M"*ﬁ'l(wf{) < c and [12] that w{ is Lipschitz continuous with
respect to d“. O

Lemma 3.7 Let J = (t—,t1). Foralln e WOI’OO(—OO, t+) the expression (9;w, win) is
well defined and can be calculated as

1
(B w, win) = 3 f(|w§|2 —2w - w¥)dndz + /(a,wg‘)(w;‘ —w)ndz. (3.1)
0 o5
Proof Let0 < h < T.Forafunction f defined in space and time denote the Steklov average
of f by
t+h

1
Sn(x, 1) == ;A / f(x,s)ds.
t

Then we have 9, fj,(x, 1) = 1 (f(x,t+h)— f(x,t)). We calculate

(Dn = (dw, (WM -n) = _/wh -9 (w)nn)dz
0

= /(wf —w)p - 3 (w)Hpn) dz — /(wj‘f)h -0 (w)pm) dz
0 )

= /(wi‘ —w)y - (3 (wHn)ndz + /(wi‘ —w)y - (WHndndz
(0] (0]
1
—/%|<w;")h|28mdz=/(w§‘—w>h : (at(w;'>h)ndz+5/(|(w;’)h>|2
(¢ 0 (0]
= 2wy - (W)Hn)dndz = (LD + (L1

All of these expressions are well defined. It has been shown in [17] formula (3.33) that

(I, — /(w‘; — w) (3w )ndz,
0
1 o2 o
1Dy — 5 (lw§ | — 2w - w§)dndz.
0

for h — 0. Let us point out that w}’ —w is only non-zero on Of . On this set w{ is locally C*°,
so d;wy is a classical time derivative on this set. This shows that the limit (/) is also well
defined and can be calculated by 3.1. O

This was the last piece to get Theorem 2.3.
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Proof of Theorem 2.3 The definition of Lipschitz truncation w{ is given in (2.15) and prop-
erty (a) follows by the definition. Property (b) is proven in Lemma 3.3, property (c) is proven
in Lemma 2.15, property (d) is proven in Lemma 3.4, property (e) is proven in Corollary 3.6,
property (f) follows by Lemma 3.7. O

4 The ¢-caloric approximation

In this Section we will concentrate to prove the ¢-caloric approximation result i.e. Theorem
1.2 in the general case of ¢-growth.
Let us start defining A, V : R™*" — R”*" in the following way:

/ Q
A = ——, 4.1
Q) =9¢(QD 0| (4.1a)
/ Q
VQ) = ——. 4.1b
Q) =v'(1QDh 0l (4.1b)

Another important set of tools are the shifted N-functions {¢,},o. We define for s > 0
t
a+t

Note that ¢, (1) ~ ¢/ (¢)t. The families {a}a>0 and {(¢4)*},>0 satisfy the Aj-condition
uniformly in @ > 0. The connection between A, V (see [19]) is the following:

(A®) —AWQ) - (P Q) ~ [V®) — VQ)|” ~ ¢p(IP - Q).

uniformly in P, Q € R™*" . Moreover,

AQ)-Q~ [VQI ~ ¢(1QD),

t
Qu(t) == / @, (s)ds with ¢, () :=¢' (a+1) 4.2)
0

uniformly in Q € R™*".
Now we begin to prove some Lemmas regarding the level sets of the maximal function.
Letw € L?(J, W&’¢(Q)) and G € L¢*(J x €2) such that

o;w =divG, on [—fp,0) x Q
{ w(—tg,)=0. @3)
We define for Q = [—19, 0) x Q2
6= f oavuaz+f 406Dz, (44)
Q0 0
We then have the following lemma.
Lemma 4.1 Foreverymg € N there existsa ) € [y, 2™y ], such that fora = a(X) := ﬁ
M= (Vuxg) > ] + M (Gxg) > #' (W} = ) )
mo¢ ()

with ¢ independent of mo and y .

Proof We will use the following maximal operator

M () (@) = sup ][ ][ Fdrdr,
{IxBCR™t1:zeIxB}/I1JB
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Certainly we have that M?(f)(x) < M*(f)(x), for almost all x € R”*+!, Therefore,
A

0% = {M*(Vw) > A} U {aM*(G) > A} C {M*(Vw) > A} U{M*(G) > —}.
a

Now we have by the continuity of M* and since (¢/)~! ~ (¢*)', that for mg € N and
o) = 5

mo _min  $Q@"Y) (M (V) > 2"y}l + (MG o) > ¢'C"))))

mel{0,..,mo}

mo
= Y ($@"NUM (Vwxg) > 2"y} + [IM*(Gxo) > ¢'2")])

m=0

mo
= Y (4@ IM (Vo) > 277 )| + (M (Gxo) > ¢'2" 1))

m=0

< /cb(M*(VwXQ))+¢((¢’)_](M*(GXQ)))dz

= C/¢(|Vw|) +¢* (1G] < cd(NIQI.
Q

This concludes the proof. O

Letu € L(J, Wy'? () be solution of
ou = divH
onQ=IxB=((",t7) x BwithH € L¢*(J x ) and & be the weak solution of
d;h — div(A(Vh)) =0in Q

with & = u on 9, Q. The function 4 is called the ¢-caloric comparison function of u in Q.
Define w := u — h. Then
orw — div(A(Vu) — A(Vh)) = o;u — div(A(Vu))
=div(H — A(Vu)) = div(G)

andw =0o0nd,Q, where G = H — A(Vu).
Since w is a valid testfunction, we find by the standard methods, that

2
S“?]g U +][ |V/(Vi) = V()| dz<Co][ $(Vu) + 9" (G dz,  (45)
te -

where ¢ is a fixed constant only depending on the characteristics of ¢.
Now we are in a position to prove the ¢-caloric approximation Theorem.

Theorem 4.2 Let o € (0,1), g € [1,00) and 6 € (0, 1) fixed. Moreover, let Q Q orto
be more flexible let Q be such that Q C Q C 20Q. Then for € > 0 there exists § > O such
that the following holds: if u is “almost ¢-caloric” in the sense that for all £ € C;°(Q),

‘][ —ud € + A(Vu)VE dz
0

§8<é¢(|Vu|)dZ -i-][Q(ib*ﬂHDdz—|—¢>(||V§||Oo)>7 (4.6)
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then

1

— 2 o % : 9
<][ <][ ('” h[) dx> dt)q + ‘][ WV (Vi) — V (V)2 dz|
I B tt—t 0
< €<][~ ¢(IVul)dz +][_ ¢*(|H|)d2)-
0 )

Proof Letw :=u —hand G = H — A(Vu). Then

ow=divG onQ

and w = 0 on 9, Q. We define
é(y) :Z][Q¢(IWI)dZ +][Q¢*(|H|)dZ- 4.7

By Lemma 4.1 and (4.5) we find for every myp € N a A € [y, 2"™0y], such that for @ =
a() = 55

cp(y)
d()ym

HM* (Vwxg) > M| + faM*(Gxo) > M| < IQI (4.8)

with ¢ independent of mg, y and A.
Now, let wi‘ be the Lipschitz truncation of w as in Sect. 2, i.e.

05 = ((M*(Vwyp) > A} U {aM*(Gxp) > A}) and supp(w}) C OF N Q.

We use the test function § = w{n, where n = max {ti 7’, 0} e[0,1]on I = [t—,tT].

Note that in general £ ¢ Cg°(Q). However, it follows by a simple convolution argument as
in (4.1) of [19], that the validity of (4.6) for all £ € CSO(Q) implies its validity under the
assumption || V&|| o, < 0o. Thus, £ is a valid test function.

Therefore, using the Theorem 2.3 (f) we find

() + (D) + (1) —][ (A Bm)dz—][(w—wx)az((wk)n)dz
+ ][Q (A(Vu) — ACYRY), (Vo) ) dz
S5<][Q¢(|VM|)dzdS+][Q¢*(|H|)dz+¢(||77wa’{||oo)>

< 8<][Q¢(|Vu|)dz +][Q¢*(|H|)dz+cm0¢(y)) =: (IID).
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using [[Vwf |l < cA < 2™0y. As =9 =
estimate the other terms.

> 0, we have that (/;) > 0. We

1
(tT—17)
) = —][ (w —wf) dwyndz —][ (w —w§) wiondz

][(w—wk)azwmdz ai Z/(w—w )pi wi ;1 dz

—][Q(w—wi‘)azwi‘ndz— |Q|Z/(w—w i Y ojwamdz

JEA;

1
——][ (w = wf) drufnds - o /(w—w i Y pjwidmdz
Qo

Ot
{i: ajeA, “£0})), jeA;

= —(I) — ().

Using the fact, that supp(p;) C %Qq, we estimate
(1) 5][ xoslw — w13 win| dz
Q

|Q|/XQOO Z]p,(w—w“)HZE),p, ¢l dz

JeA;

|Q|z/xm oLoiw — w3 8ol — w)] dz

JEA;
4Ql

We estimate further using (P2), (P1), (W6), (W9), (W2) Lemma 3.1, Lemma 2.12 the fact
that OF is symmetric around t+ and (4.8).

|w—w||w w|
(2)<TQ|ZZ/ Py

i jeAij

7 Qi
! |][
OlIQI iy
2 o
_ N0 _ )
a |0] mo

To estimate (/3) we making use of the fact that either w = 0 or supp(p;) C %Q;?‘ C Q and
then f (w — wi)p;d;ndz = 0. Since > pi =1 we find
Oi

(3)_@ > f(w—w)p,Zp]<w—w>amdz

{i:3jeA;w#0} ), JEA;

Next, observe that there exists j € A;, such that wj.‘ # 0 and hence %Q j € J x B. This
however implies that rjz.ot < 2(t* — t7) and consequently by (W8) that rizot <c@t —17).
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Using this bound together with the argument that was used to estimate (/2) implies

1
s ey /Iw—w de 3w —
O(#O

{i:3jeA;w JEA;

lw — w?| lw — wf|
<2012 / 2 =

JEA;

32 o .
) iw _ )
o |0 nmo

Now we continue by estimating (/7). Recall that [Vw}| < c¢ A and that w§ = w = u — h on
0\ Of. This gives

(n :][ (A(Vu) — A(Vh), Vus n)dz
0

C][Q Xo\0e |V (Vi) = V (Vi) [Py dz — C][Q xoe (|IA(Vu)| + [A(VR) )1 dz

= () — (D).

Using Young’s inequality with &, that can be chosen independent of mg, y, A and (4.8), we
find that

(1) = ][Q xog (A(VI)| + |A(VA) )2 dz
10N 0% G
< 000 5 +5][QXO;'¢(IVMI)dZSC(Z+8)¢(V)-
So far we have
UID = (D) + (1) = (1) = (1) = (1) + (1) = (I )
which implies by that

() + ) <)+ () + (13)| + (1)

=< <Cmo‘S +35+ )(b()/) (+2)

Observe, that for 8 € (0, 1) we find
r+ % 0 t+ — 1t B B p—1
(s = (f 50
= t——tt sP

—1-p7.
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Now we fix 6 € (0, %), such that 8 = ﬁ € (0, 1). For 6 closer to 1, we will later use an
interpolation with (4.5). For this fixed 6 € (0, %) we get by the above that

1

qv) = < |V (Vu) — V(Vh)[*? dz) '
Q

- (][ Xoe|V(Vu) = V (V) * dz +][ x|V (Vi) = V(Vh)| ¥ dz)e.
0 0

]
IQHO,\I> g

V(V —VVh2d<
Sc][Ql(u) (Vh)|~dz 0l

1-0
4

—0
+c][ X2 |V (Vi) = V(Vh)|*n dz(][ X(©)en dz)
(9] Q

-0
3 2 (12NOYN T 1-6\%"
sc][QIV(Vu) V()P dz ( o ) +e(y=55) U

=:c(V)+c(lh).

Now, by Lemma 4.1 we get
jon 0“|>e“
[0 '

1-6
)’ ][Q¢<|w|)+¢*<|H|> (4.10)

W) < C][Q¢>(|VMI)+¢(|Vh|)dz(

- ( cp(y)
P (2Mmoy)mg
cp(y)

— mg(1-6)
279

For the estimate from below for (/1) we estimate similarly that

v -=][ (][ |w|dx>2dt
A N A

t} x B) N O% wl?
][X(m) (1) x B) |][ 2 g
0 |B| xB 1T —
n oY 2
< e +12° A'Sup][ W™ gy

0| 1 Jptt—t

Now we use (4.5), (4.7) and Lemma 4.1 to find that
o) o)

VI) <c(l _

(VD) S el +e o800 = S0

This implies together with Lemma 4.1, (4.9) and (4.10)
VD +UV) < (anyd +35+ & 4 2(7) + 305 )O ).
Let us fix the auxiliary constant € € (0, 1). It shall be ﬁxed at the very end of the proof. In the

followmg order we choose 8, m and 8. We choose § = 5. Then we choose m large enough,
such that 55 e LR m + 2,,10 < % Finally we fix § small enough such that ¢,,,6 < % These
270
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choices imply the following estimate for a fixed 6 € (0, %) (for example 6 = %)

2 7

Finally, by interpolation between the estimate above and estimate (4.5), we find the result.
For the sake of completion we include the interpolation between L>(L') and the L>(L?)
estimate. The interpolation between L? and L’ for the gradient terms is similar but more
straight forward, such that we omit the details. Let us fix f = % Then we find for

b € (2,00) and a € (1, 2) by Holder, Jensen’s inequality, (4.5) and (4.7) that

(O GE o) o) = (o )

D

(F ()™ (o) ™
I B
bla— 1)+b(2 a)_l
( mdx) d,)

)"
sep<B|f|2dX)T (F(f Ifldx> dz) <y e,

Choosing a = 20 and b = 2q the proof is completed by an appropriate choice of €. O

IA

IA
@\N
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