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1. Introduction

There has been a growing interest in isoperimetric inequalities with weights during the last decades,
and a wide literature is available, see for instance [4-7,9-12,15,16,19,22,23,25,35,39,40] and the references

therein. However, most research dealt with inequalities where both the volume functional and perimeter

functional carry the same weight. In this article we analyze a scale of isoperimetric inequalities on R with

two different weights in perimeter and volume which are powers of the distance to the origin.

More precisely, given k,l € R, we study the following isoperimetric problem:

Minimize / |z|* A1 (dx) among all smooth sets Q@ C RN satisfying /|x\l dx = 1.
o9 Q

In particular, we are interested in conditions on the numbers k£ and [ such that the above minimum is

attained for a ball centered at the origin.
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Our motivation comes from some norm inequalities with weights which are now well-known as the
Caffarelli-Kohn—Nirenberg inequalities (see, e.g. [13,18,21,26] and the references cited therein). These in-
equalities compare a weighted LP-norm of the gradient of a function on RY with a weighted LI-norm of the
function, and they have many applications to the analysis of weighted elliptic and parabolic problems.

Let us state the main results concerning the isoperimetric inequalities. We decided to include also results
that are already known in order to offer to the reader a comprehensive picture of the status of the art about
this subject.

We underline that in the following theorem the new results are cases (iii) and (iv).

Theorem 1.1. Let N € N, k.l € R and Il + N > 0. Further, assume that one of the following conditions
holds:

(i) N>1landl+1<k;
() N>2,k<l+1and ¥ <k <0;
(iii) N>3,0<k<I+4+1 and

k+N-—-1
I <0 (k,N) (k+N-1) -N (1.1)
(k+N—1)2 - &L
(iv) N=2,k<Ii+1, and
1<1y(k,2) {0 yO0sk<; (1.2)
= 01K, = (k+1)3 . 1 .
m —2 ’Lf k > 3
Then
(k+N—1)/(I+N)
/|x| A —1(dx) >C,:“ldN /|x|ldac , (1.3)

for all smooth sets @ in RN, where

[ lalt i)

Cmle — 0B, T = (NWN)(l—k+1)/(l+N) (4 N)(k+N—1)/(l+N)_ (1.4)

/|a:|ld:z:
1

Equality in (1.3) holds for every ball centered at the origin.

Let us briefly comment on Theorem 1.1. First observe that it can be extended to Lebesgue measurable
sets on RY by a standard approximation procedure (see Section 2). Moreover, it is often possible to detect
all cases of equality in (1.3) (for details, see Section 5). Inequality (1.3) was proved under assumption (i)
n [33], Theorem 3.1 and its application through Example 3.5, part (4), and under assumption (ii) in [20],
Theorem 1.3. Note also that partial results for N = 2, (i) and (ii), were obtained in [25], Proposition 4.21,
parts (3), respectively (2), and for (i) in [5], Theorem 2.1.
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Fig. 1. The conjectured region of radiality for k > 0 is below the dotted curve [ = [*.

As we already pointed out the main result of this paper is the proof of Theorem 1.1 in the cases (iii) and
(iv). We emphasize that the conditions (ii)—(iv) contain the range N > 2,1 = 0 < k < 1, while the case
=0,k > 1 was already known for some time, see [5]. In this way we generalize in particular on a recent
result in [22] where only the two-dimensional case was considered.

Let us observe that a necessary condition for the radiality of the minimizers is given by

N -1

<U(kN)=k—14+-—
PSR N) =k =1 e

(1.5)
see Theorem 4.1. Note that I;(k, N) < I*(k,N) for k > 0, that is, we are not able to establish inequality
(1.3) in the (small) region

{(k,1) : k>0, l1(k,N) <l <I*(k,N)},

see Fig. 1.

For more details on this, see SubSection 5.5. We wish to point out that the situation can be quite different
from Theorem 1.1 for other ranges of the parameters k and [. For instance, if kK = > 0, then the minimizing
sets have been identified as balls whose boundaries touch the origin, see [7] and [23].

Now we outline the content of the paper. We introduce some notation and provide some analytic tools that
will be of later use in Section 2. In Section 3 we introduce two functionals Ry v and Qv and we provide
some basic information related to the isoperimetric problem. In Section 4 we give a necessary condition for
the existence of a minimizer to the isoperimetric problem (Lemma 4.1) and a necessary condition for its
radiality (Theorem 4.1), which also establishes breaking of symmetry for a certain range of the parameters
k and . Section 5 deals with the proof of Theorem 1.1. In addition, we treat the equality case in (1.3),
see the Theorems 5.1, 5.2, 5.3, Corollary 5.2 and Theorem 5.4. Further, we give a complete solution of the
isoperimetric problem in the case N = 1 in Section 6, Theorem 6.1. Qur proofs use well-known rearrangement
tools, the classical isoperimetric inequality and Hardy’s inequality. The interpolation argument that occurs
in the proof of Lemma 5.1 seems to be new in this context. By using Theorem 1.1 and inversion in the
unit sphere, we show an isoperimetric inequality where the extremal sets are exteriors of balls centered
at the origin in Theorem 7.1. Finally, we give some applications of Theorem 1.1 in Section 8. Using the
notion of weighted rearrangement we provide a Pélya—Szego-type inequality in Theorem 8.1. This allows to
obtain best constants in some Caffarelli-Kohn—Nirenberg inequalities (see Lemma 8.1, Proposition 8.1 and
Theorems 8.2 and 8.3). Further, in Theorem 8.4 we evaluate the best constant in a weighted Sobolev-type
inequality for Lorentz spaces, originally proved in [1] (see also [27,17]), and a sharp bound for the first
eigenvalue of a weighted elliptic eigenvalue problem associated to the p-Laplace operator (Theorem 8.5).
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2. Notation and preliminary results

Throughout this article N will denote a natural number while £ and [ are real numbers. With the
exception of Section 5 we will assume

k+N—-1>0 and [+ N >0. (2.1)
Let us introduce the following notation

Br(zo) == {z € RN : |z —xo| < R}, (w9 € RY),
Br = Bgr(0), (R>0),

and let ZY denote the N-dimensional Lebesgue measure and wy = £V (By).
We will use frequently N-dimensional spherical coordinates (r,6) in RY:

RY 52 =7, wherer =|z|, and § = z|z|~! € .7V

If M is any set in RY, then let xs denote its characteristic function.
Next, let k& and [ be real numbers satisfying (2.1). We define a measure p; by

dpy(z) = |z|' de. (2.2)
If M C RY is a measurable set with finite y;-measure, then let M* denote the ball Br such that
p (Bi) = 0 () = [ dpu(a) (2.3)
M

If u : RY — R is a measurable function such that
m ({u(@)] >t}) <oo  VE>0,

then let u* denote the weighted Schwarz symmetrization of u, or in short, the p;-symmetrization of u, which
is given by

u*(z) =sup {t > 0: p ({Ju(z)| > t}) > i (Bja)) } - (2.4)

Note that u* is radial and radially non-increasing, and if M is a measurable set with finite p;-measure,
then

(xnr)" = xnm+-

The pg-perimeter of a measurable set M is given by

P

223

(M) := sup /div (Jz[*v) dz: v e CH(RN,RY), [v| < 1in M . (2.5)
M

It is well-known that, if 2 is an open set, then the above distributional definition of weighted perimeter is
equivalent to the following
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/ |lz|* A1 (de) if  0Q1is (N — 1)-rectifiable
Py (@) = 80 : (2.6)
400 otherwise

(AN _1 denotes (N — 1)-dimensional Hausdorff-measure.)

We will call a set Q C RY smooth, if it is open and bounded with smooth boundary, that is, for every
xo € 0N, there is a number r > 0 such that B,(zp) N Q has exactly one connected component and
B,(z0) N 99 is the graph of a C!-function on an open set in RV 1.

If p € [1,400), we will denote by LP(Q,dy;) the space of all Lebesgue measurable real valued functions
u such that

1/p

lull Lo (,d) = /|U|pdul($) < +o0. (2.7)
Q

We will often use the following well-known Hardy—Littlewood inequality,
/uvd,ul(x) < /u*v* dpy (), (2.8)
RN RN

which holds for all functions u,v € L2(RY, dy;).
Furthermore, W1P(Q, dju;) is the weighted Sobolev space consisting of all functions which together with
their weak derivatives u,,, (i = 1, ..., N), belong to LP (2, dy;). The space will be equipped with the norm

lullwre @,am) = 10l Lo@,au) + 11Vl Lo, dum) - (2.9)

Finally VVol’p(Q7 dyy) will stand for the closure of C§°(€2) under norm (2.9).

Now we want to recall the so-called starshaped rearrangement (see [34]) which we will use in Section 5.
For later convenience, we will write y for points in RY and (z, ) for corresponding N-dimensional spherical
coordinates (z = |y|, 8 = yly|~1).

We call a measurable set M C RY starshaped if the set

Mn{z0: z>0}

is either empty or a segment {26 : 0 < z < m(#)} for some number m(#) > 0, for almost every § € .V ~1.
If M is a bounded measurable set in RY, and 8 € .V~ then let

M@):=Mn{z0: z>0}.
There is a unique number m(6) € [0, 4+o00) such that

m(9)
Ny = / 2N=1gz.

We define
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and
M:={z20:z¢cM®),0ec. 7N}

We call the set M the starshaped rearrangement of M.
Note that M is Lebesgue measurable and starshaped, and we have

2N(M) = 2N (M). (2.10)

If v : RY — R is measurable with compact support, and ¢t > 0, then let E; be the super-level set {y :
|v(y)| > t}. We define

U(y) :==sup{t >0:y€ E}

We call v the starshaped rearrangement of v. It is easy to verify that v is equimeasurable with v, that is,
the following properties hold:

By ={y: (y) > t}, (2.11)
ZN(E) =£N(E,) vt=>o0. (2.12)

This also implies Cavalieri’s principle: If F € C([0,4+oc)) with F(0) = 0 and if F(v) € L*(RY), then

/ F(v)dy = / F(v)dy (2.13)
RN RN
and if F' is non-decreasing, then
F(v) = F(¥). (2.14)

Note that the mapping

is non-increasing for all § € .7V —1,
If v,w € L?(RY) are functions with compact support, then there holds Hardy-Littlewood’s inequality:

/vwdy < /&Zdy. (2.15)

RN RN

If f: (0,+00) — R is a measurable function with compact support, then its (equimeasurable) non-increasing
rearrangement, f : (0,+00) — [0,400), is the monotone non-increasing function such that

~

LHte[0,+00) : [f(t)] > c} =Lt €[0,+00): f(t) >c} Ve>0,

see [34], Chapter 2. A general Pdlya—Szeg6 principle for non-increasing rearrangement has been given in
[37], Theorem 2.1. For later reference we will only need a special case:
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Lemma 2.1. Let § > 0, and let f : (0,400) = R be a bounded, locally Lipschitz continuous function with
bounded support, such that

—+oo

/ O1f(t)| dt < 4o0.

0

Then f is locally Lipschitz continuous and

“+o0 +oo
/t5|f’(t)|dt§ /t5|f’(t)|dt. (2.16)
0 0

3. The functionals Ry ; N and Q. ~n

Throughout this section we assume (2.1), i.e.
k+N—-1>0 and I+ N > 0.
If M is a measurable set with 0 < (M) < +o0, we set

By (M)

Rk,l,N(M) = — .
(HI(M))(kJrN 1)/(I+N)

Note that

/|:1c|k 1 (d)

o0
Rict.n(§) = (ke +N=1)/(+N) (3:2)

/\a:|ldx

Q

for every smooth set 2 C RV.
If u € CHRN)\ {0}, we set

/|x|k|Vu|dx

Pp— RN
Qk,lyN(u) = kI N-D/(FN) " (33)
/|x|l‘u|(l+N)/(k+N71) dx
N

Finally, we define
Cmng — (NwN)(l—k+1)/(l+N) S+ N)(k+N—1)/(l+N)_ (3.4)
We study the following isoperimetric problem:
Find the constant C n € [0,+00), such that

Cran =nf{Ry i n(M): M is measurable with 0 < p (M) < +00.} (3.5)
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Moreover, we are interested in conditions on k and [ such that
Rk,l,N (M) > Rk,l,N(M*)

holds for all measurable sets M with 0 < (M) < +o0.
Let us begin with some immediate observations.

287

If M is a measurable set with finite p;-measure and with finite pg-perimeter, then there exists a sequence
of smooth sets {M,,} such that lim,_, p(M,AM) = 0 and lim,,_,o Py, (M,) = P,, (M). This property
is well-known for Lebesgue measure (see for instance [29], Theorem 1.24) and its proof carries over to the

weighted case. This implies that we also have
Cran =inf{Ri n(Q): QC RY. Q smooth}.
The functionals Ry n and Qp; n have the following homogeneity properties,

RN (M) = Ry, n(tM),

sty

where t > 0, M is a measurable set with 0 < (M) < +oo, u € CHRN) \ {0}, tM := {tx :

ul(x) := u(tx), (x € RY), and there holds
O,Sj}le =Ry ,n(B1).
Hence we have that
Cran < CP%,
and (3.6) holds if and only if
Crin = C,:fllfiN.
Finally, the classical isoperimetric inequality reads as

Ro,o,n (M) > Cg%le for all measurable sets M with 0 < po(M) < o0,
and equality holds only if M is a ball in RY.

Lemma 3.1. Let | > 1’ > —N. Then

(M)

T - 1
(u (M) > WY TN (14 N)"EN (I 4 N) 7w

for all measurable sets M with 0 < p (M) < 400. Equality holds only for balls Br, (R > 0).

(3.7)

(3.11)

(3.12)

(3.13)

Proof. Let M* be the p;-symmetrization of M. Then we obtain, using the Hardy-Littlewood inequality,

(M) = / 2l da = / 2~ xar () djan ()
M RN

< [ (") 00 @) dua(z)

RN
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’
= [ ol @) ()
RN
- / " da = e (M*).
M*

This implies that

(a (M) () VO
(e (M) (b))

and, by evaluating the right-hand side, (3.13) follows.
Next assume that equality holds in (3.13). Then we must have

el duata) = [ 1ol (e,
M M*
that is,
ol dpua) = [ ol ().
MA\M* M\M

Since I’ — [ < 0, this means that p;(MAM*) = 0. The Lemma is proved. O

Lemma 3.2. Let k,l satisfy (2.1). Assume that 1 > I' > —N and Cy N = C’gfl"iN. Then we also have
Cey N = C£ﬁ¢7N. Moreover, if Ry n(M) = C}::ll(’:l,N for some measurable set M with 0 < py (M) < 400,
then M is a ball centered at the origin.

Proof. By our assumptions and Lemma 3.1 we have for every measurable set M with 0 < p; (M) < 400,

AN k+N—1
Ry n(M) =Rin(M) - l%]

L . k+N—1
> Cptty - [F T e Ny T | o
with equality only if M is a ball centered at the origin. O
Lemma 3.3. Assume that k <1+ 1. Then
Crun =1inf {Qpun(u) : ue CHRN)\ {0}}. (3.14)

Proof. The proof uses classical arguments (see, e.g. [28]). We may restrict ourselves to nonnegative func-
tions u. By (3.5) and the coarea formula we obtain,

/\az|’“|vu|dx://|x\kﬁN,1(dx)dt (3.15)
RN 0 u=t

00 (E+N—-1)/(I4+N)

> Ck,l,N/ |:c|ld:c dt.
0 >t
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Further, Cavalieri’s principle gives

o0

u(z) = /X{u>t} (z)dt, (zecRM). (3.16)
0

Hence (3.16) and Minkowski’s inequality for integrals (see [42]) lead to

(I+N)/(k+N-1)

/ ! ] (N BN D) g / o' / - dz
0

RN
0o (k+N—1)/(1+N) (I4+N)/(k+N—-1)
</ (E el sy ) at
0
0o (k+N—1)/(1+N) (I+N)/(k+N-1)
_ / a;|l dx dt . (3.17)
0
Now (3.15) and (3.17) yield
QkJ’N(U) > Ck,l,N Yu € Cé \ {O}(RN). (3.18)
To show (3.14), let € > 0, and choose a smooth set € such that
Riin(Q) < Cryn+e. (3.19)

It is well-known that there exists a sequence {u,} C C5°(RY)\ {0} such that

lim /\x|k|Vun|d:c:/|z|k%N_1(dw) (3.20)
n—oo
RN
hm /|x| |y | N/ (et N = /|x\ dx. (3.21)
RN

To do this, one may choose mollifiers of xq as u, (see e.g. [43]). Hence, for large enough n we have
QN (un) < Crun + 2. (3.22)
Since € was arbitrary, (3.14) now follows from (3.18) and (3.22). O
Remark 3.1. Lemma 3.3 improves on [2], Corollary 1.1 and 1.2, where the authors showed the inequality
inf {Rpn(Q): QC RN, Q smooth} > inf { Qv (u): u € CLHRN)\ {0}}.
4. Necessary conditions
Throughout this section we assume that assumptions (2.1) are fulfilled, i.e.

k+N—-1>0 and [+ N > 0.
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The main result in this section is Theorem 4.1 which highlights the phenomenon of symmetry breaking.
The following result holds true.

Lemma 4.1. A necessary condition for
Ck,l,N >0 (4.1)

8

< k. (4.2)

Proof. Assume that k < (N — 1)/N, and let te; = (¢,0,...,0), (¢t > 2). It is easy to see that there is a
positive constant D = D(k, [, N) such that

tk

Ry~ (Bi(ter)) < DNy

Since k —l(k+ N —1)/(l+ N) < 0, it follows that
tliglo R~ (Bi(ter)) = 0. O

Theorem 4.1. A necessary condition for

Cran = Ciliy (4.3)
s
N-1
l+1<k+— 4.4
R Ry v (44)

Remark 4.1. Theorem 4.1 means that if [+1 > k+ %, then symmetry breaking occurs, that is Cy; ny <
C’,Zfll‘fN. Our proof relies on the fact that the second variation of the perimeter for smooth volume-preserving
perturbations from the ball By is non-negative if and only if (4.4) holds. Note that this also follows from a
general second variation formula with volume and perimeter densities, see [40].

Proof. First we assume N > 2. Let (r,0) denote N-dimensional spherical coordinates, u € C?(.#N~1),
s € C%(R) with s5(0) = 0, and define

Ult):={z=r0 cRY : 0 <r<1+tu®) +s(t)}, (tecR).
Note that U(0) = By. By the Implicit Function Theorem, we may choose s in such a way that
/ || da :/\x|ld:c for |t| < to, (4.5)
U(t) B1
for some number ty > 0. We set s; := s'(0) and sz := s”(0). Since

14+tu(0)+s(t)

/ |z do = / / PN dp ab,

U(t) FN-1 0
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a differentiation of (4.5) leads to

0= /(u+51)d0 and (4.6)
yN—l
0=(Il+N-1) /(u+51)2d0+52 / do. (4.7)
LgﬂN—l yN—l

Next we consider the perimeter functional

() = / lfF A (da) (4.8)
au ()

= / (14 tu+ s() V72 /(1 + tu + s(t))2 + t2|Voul? db,
nyl

where Vy denotes the gradient on the sphere. Differentiation of (4.8) leads to
J'(0)=(k+N—-1) / (u+s1)df, and
yN—l

J'(0) = (k+ N —2)(k+ N — 1) / (u+ 51)2d0 +

FN-1

+ (k+ N —1)s / do + / IV oul? df.

FN-1 FN-1
By (4.6) and (4.7) this implies
J'(0) =0, and (4.9)
J'(0) = (k+ N = 1)(k—1—1) / (-t s1)2d0+ / Voul? do. (4.10)
N1 PN-1

Now assume that (4.3) holds. Then we have Ry ; n(U(t)) > Rin(B1) for all ¢ with [¢| < ¢o. In view of
(4.5) this means that J(t) > J(0) for [t| < to, that is,

J"(0) > 0= J'(0). (4.11)

The second condition is (4.9), and the first condition implies in view of (4.6) and (4.10),

0<(k+N-1)(k—1-1) / v? d + / |Vou|? df (4.12)
yN—l yN—l
Yo e C?(N71) with / vdf = 0.
yN—l

Let V' be the first non-trivial eigenfunction of the Laplace-Beltrami operator on the sphere. Then
Son-1IVeV|?do = (N —1) [,n_, V?df and [ _, V df = 0. Choosing v =V in (4.12), we obtain (4.4).
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Next assume that N = 1. We proceed similarly as before. Let s € C?(R) with s(0) = 0 and U(t) :=
(=1+t,1+s(t)), (t € R). Note that U(0) = (—1,1) = B;. We may choose s in such a way that

w(U() = m(B1) for |t < to. (4.13)

Setting s1 := s'(0) and s3 := s”(0), a differentiation of (4.13) yields

s1 =1 and s = -2l (4.14)
Next, let
Jt):= P, (U®)=1+s@®)F+] -1+t (4.15)
A differentiation of this gives
J'(0)=k(=1+s1)=0 and J"(0) = k(2k — 2+ s2) = 2k(k — 1 —1). (4.16)

As before, we must have J”(0) > 0, so that (4.16) implies [+ 1 < k. O
5. Main results

This section is devoted to the proof of Theorem 1.1, that is, we obtain sufficient conditions on k,l and
N such that Cy; n = C,Z:ll‘fN holds, or equivalently,

Rian(M) > Cgfll:’lN for all measurable sets M with 0 < p; (M) < 4o0. (5.1)

Such a proof is contained in various subsections each of which addresses one of the cases of Theorem 1.1.
Throughout this section we again assume (2.1), i.e.

k+N—-1>0 and [+ N > 0.
5.1. Proof of Theorem 1.1, case (i)

As mentioned in the Introduction, Theorem 1.1 was already shown under assumption (i) in [33]. Below
we give another simple proof which is based on Gauss’ Divergence Theorem. Note that this tool has been
applied in similar situations in [35] and [8]. We also discuss equality cases of (1.3).

Theorem 5.1. Let l+ 1 < k. Then (4.3) holds. Moreover, if |+ 1 < k and
Rin(M) = C,Zlele for some measurable set M with 0 < (M) < 400, (5.2)
then M = By for some R > 0.
Proof. We consider two cases.
1.I+1=k.

Let Q be smooth. We choose R > 0 such that Q* = Bg. From Gauss’ Divergence Theorem we have, (v
denotes the exterior unit normal to 9),
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/|a:\ldx = %/div (z|z]") da (5.3)
Q Q
1 l
“TIN (z-v)|z|' HN-1(dx)
o0
1 +1
S r |CC| %N_l(dl'),

with equality for Q = Bg, and (5.1) follows for smooth sets. Using (3.7), we also obtain (5.1) for measurable
sets.

2.1 +1<k.

Using Lemma 3.2 and the result for [ + 1 = k we again obtain (5.1), and (5.2) can hold only if M = Bgr
for some R > 0. O

Corollary 5.1. Condition (4.2), i.e. l% < k is a necessary and sufficient condition for Ci; n > 0.

Proof. The necessity follows from Lemma 4.1, and the sufficiency in the case [ + 1 < k follows from
Theorem 5.1. Finally, assume that & < { 4+ 1. Then (3.5) is equivalent to (3.14), by Lemma 3.3. Now the
main Theorem of [13] tells us that condition (4.2) is also sufficient for Cy; y > 0. O

5.2. Proof of Theorem 1.1, case (ii)

The case when k assumes negative values has been settled in a recent paper, see [20], Theorem 1.3. We
slightly improve on this result by adding a full treatment of the equality case in (4.3). For the convenience
of the reader, we include the full proof.

Theorem 5.2. Let N > 2, and let k,l satisfy

N -1
l

< k < min{0,l + 1}. (5.4)
Then (4.3) holds. Moreover (5.2) holds only if M = Bg for some R > 0.

Proof. Let u € C5°(RM) \ {0}. We set

Y= x\m|N}il , v(y) i=u(z), s:=r ~N-1
Using N-dimensional spherical coordinates, let Vg denote the tangential part of the gradient on S™V—1!.
Then we obtain

/ ! N/ BN D) gy (5.5)
]RN

_ / /rl+N—1|u|(l+N)/(k+N—1) dr do
#N-1

N-1 / /SkaN,l<N71>71|v‘(l+N>/(k+N—1>dsd@

TkErN 1
#N-1 0
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N —
TE+N— /Iyl’“” T(NZU=N N/ (N 1) gy
]RN
N —
- /| |V =1)=kN) /(4N =1) | (HN)/ (4N 1) g
]RN
Further we calculate
o0
v 2 1/2
/|x|k|vxu|dx: / /rk+N‘1 <uf++§> dr do (5.6)
RN #N-1
[ 1/2
2/ N-1 \?
_ / /sN—1<u§+|V"f| <k+N 1)) ds do
S _
#N-1
2
> N-1 (g |V927)| ) ds db
#N-1 s
~ [ 1Vueldy,
RN

where we have used (5.4). By (5.5) and (5.6) we deduce,
Qk,l,N(u) (57)

[ 19yl
v E N - 1><k+N—1>/<z+N)

(A N=1)/(+N) ( N-1

v

/|y|l |v|(l+N)/(k+N—1) dy

b N — 1\ BHN=D/(EN)
= (ﬁ) QO,l’,N(U)7

where we have set I’ := % Note that we have —1 <!’ < 0 by the assumptions (5.4).

Hence we may apply Lemma 3.3 to both sides of (5.7). This yields

k+N—1 (k+N-1)/(1+N)
C > — Cor.N- 5.8
= (S50) ot 5.9
Furthermore, Lemma 3.2 tells us that
Cou,n = Coi - (5.9)

Since also

(k—f—N— 1>(k+N—1)/(l+N)

rad rad
N1 C’Ol’N_C(kl,N'

From this, (5.8) and (5.9), we deduce that Cy,; n > Cf9%y. Since Cy; x < Cp4y by definition, (4.3) follows.
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Next assume that (5.2) holds. If I(N — 1)/N < k, then Lemma 3.2 tells us that we must have M = Bpg
for some R > 0. Hence it remains to consider the case

N -1
ZT—k<0.
Then
l,_l(N—l)—kN_O
 k+N-1

Setting k1 := (N — 1)/N and
M= {y=z|z|~ : z € M},

(5.7), the classical isoperimetric inequality (3.12) and a limit argument analogous to the proof of Lemma 3.3

leads to
it = Rusan(00) 2 () T Ry )
> <£§%Y>(N_UNVCQ3N. (5.10)
Since

rad l + N (V=N rad
Ckl,l,N = T CO,O,N’

(5.10) implies that RQO,N(Z/W\) = Cg%d,N. By (3.12) it follows that M = Bg(yo) for some R>0andyy € RV,
Using again (5.10) we find

(N-1)/N
I+ N
—) Roo(Ba(yo)).

Ry i.n (M) = < ~

Since

this implies
PHkl (M) = PMO (Bﬁ(yo))
It is easy to see that this is possible only when yo =0. O
Remark 5.1. (a) A well-known special case of Theorem 5.2 is k =0 > 1 > —N, see for instance [38], p. 11.

(b) The idea to use spherical coordinates, and in particular the inequality (5.6) in our last proof, appeared
already in some work of T. Horiuchi, see [31] and [32].
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5.8. Proof of Theorem 1.1, case (iii)

Now we treat the case when k assumes non-negative values. Throughout this subsection we assume N > 2

and k£ < [+ 1. The main result is Theorem 5.3. Its proof is long and requires some auxiliary results. But

the crucial idea is an interpolation argument that occurs in the proof of the following Lemma 5.1, formula

(5.13).

Lemma 5.1. Assume (N —1)/N <k and k > 0. Let u € C}{(RN) \ {0}, u > 0, and define y,z and v by

Y= m\x|ﬁ, z:=ly| and v(y) :=u(x), (x € RM).

Then for every A € [O, %} ,

s | [0l / 02| dy
k+N-—1 N N
> ——mM8M— .
Qi1 (u) = < N1 ) e
N—1)—kN 1+
/|y‘ EFN—1 Uk+N 1dy

Proof. We calculate as in the proof of Theorem 5.2,

400
k _ N-1 [Voul? (N —1)*
/ |z|*|V pu| dz = / / z \/vg + 2 i N1 dz de.

RN #N-1 0

Since the mapping

+oo
2
t— log / / \/v2+t‘ve v . a6
22
N-1
. (N—1)?
is concave, we deduce that for every A € |0, FN=12 |»

/|x|k|Vzu|dx
RN
—+o0 V 5 A —+o0
/ /Zle/v§+02U|dzd9 . / /ZN71|’UZ|dZd0
N-1 ( ¥ N-1 0

Y

A 1-A
| [iwetan] - [roday
N N
Finally, we have
/ e % / | SN e gy
RN RN

Now (5.12) follows from (5.13) and (5.14). O

(5.11)

(5.12)

(5.13)

(5.14)



A. Alvino et al. / J. Math. Anal. Appl. 451 (2017) 280-318 297

Next we want to estimate the right-hand-side of (5.12) from below. We will need a few more properties

of the starshaped rearrangement.

Lemma 5.2. Assume [(N —1)/N < k. Then we have for any function v € C3(RN)\ {0} with v > 0,

/ v dy = / 5% dy (5.15)

RN
I(N—1)—kN N-1)—kN _ _I4+N
/‘y| EFN—1 ka+N 1dy</‘y| FFN=T PEFN-T (y, (516)
. v
y | V|“ = e I'RY) and (5.17)
y z
ov Jv
—| dy > —| dy. 5.18
/ 0z y_/‘ﬁz‘ Y (5.18)
RN RN

Proof. Equality (5.15) follows from (2.13). Now let us prove (5.16). Set

I(N—1)—kN

w(y) ==yl =¥

Since [(N — 1) — kN < 0, we have w = w. Hence (5.16) follows from (2.15) and (2.14).
Next let ¢ := 2 and define V and V by V(¢,8) := v(26), and V (¢, 6) := T(20). Observe that for each
0 € SN=1 V(- 0) is the equimeasurable non-increasing rearrangement of V' (-, ). Further we have

Since % € L>*(RY), Lemma 2.1 tells us that for every § € /N1,

+oo

ov
/ ZN71
0

9)‘ dz =

“+o0
N—1 81}

Il
o
Qv
Y
f\
0
S
=
&

Integrating this over .#V=1 we obtain (5.18). O
A final ingredient is

Lemma 5.3. Assume that (N — 1)/N < k, and let M be a bounded starshaped set. Then

E+N—-1
I+N

U(N—-1)—kN
/Iyl SN (5.19)
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(N—1)(1—k+1) 1)(1 k41) EN—I(N—-1)

l+N
<dy /dy (M/IyI Ydy ,  where

k N 1 k-z—i\[}\]—l N (Nfll)ill\;k#»l)
_l’_ —
= (H——N> | (m) ' (5.20)

Moreover, if k <1+ 1 and I(N — 1)/N < k, then equality in (5.19) holds only if M = Br for some R > 0.
Proof. Since M is starshaped, there is a bounded measurable function m : . =1 — [0, +00), such that
M={20:0<z<m(0), 07V (5.21)

Using Holder’s inequality we obtain

U(N—=1)—kN
/\y| RFN-T (5.22)
k+N-—-1 / (+N)(N—1)
= m(0) FN=T df
I+ N)(N -1
(EEIOEDI
B (z—f ;QN_ : ) / m(0) TR (V1) g 9) SREIRTEN g
nyl
(N7k1+)§\17:1i+1) kNJrlIS[I\lll)
k+N-—-1 -
> m / m(ﬂ)N df . / m(@)N 1d9
N-—-1 yN—l
(N=1)(1—k+1) EN—I(N—1)
I n N_1 F+N—1 E+N—1
=——— | N [d (N -1 14
M M

and (5.19) follows. If k < [+1 and (N —1)/N < k, then (5.22) holds with equality only if m(f) = const . O
Now we are ready to prove our main result.
Theorem 5.3. Assume N >3, 0< k <[+ 1 and

(k+N—1)3

S GTN-TEC UVszN. (5.23)

Then (4.3) holds. Furthermore, if inequality (5.23) is strict, or if k > 0, then (5.2) holds only if M = Bpg
for some R > 0.

Proof. First observe that the conditions k > 0 and (5.23) also imply (N —1)/N < k. Let u € C§°(RY)\ {0},
u > 0, and let v be given by (5.11). In view of (5.23), we may choose

N(—k+1)

A:
I+N

to obtain
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(z k+1) EN—I(N—1)

+N
/lv ol dy /|vz|dy
kE+N—1
UN-—1)—kN
/|y‘ T RFN—T vk+N FN-T dy

(5.24)

k+ N
Qk,l,N(U) > (%)

I+N

Further, (5.18) and Hardy’s inequality yield

_ 0l
/\vz\dyz /|vz|dyz <N—1>/|;|dy, (5.25)
RN RN RN

where ¥ denote the starshaped rearrangement of v. Together with (5.24) and (5.16) this leads to

k+N-—1
s (k4 N—1Y B8
Quun(u) > (N — 1)” sl <+—1> . (5.26)
(z k+1) EN—L(N—1)
I+ N
1,01 dy /
4 Y ] Y
k+N-—1
I+N
I(N=1)—kN __I4N
/|y| FFN—1 Qk+N— 1dy
N

Now let M be a bounded measurable set. Then combining (3.20), (3.21) and the argument leading to (3.7)
we deduce that there exists a sequence of non-negative functions {u, } C C&(R") such that

Jim / (¥ [Vun|dz = Py, (M) (5.27)
n—oo
RN
and
Up — xp  in LP(RY) for every p > 1. (5.28)
We define M’ := {y—x|x|ﬁ:x€M} and v, (y) := up(z), (y = x|z|~- = 1z € RN). Let 0, and M’ be
the starshaped rearrangements of v,, and M’ respectively. Then (5.27) an (o.28) also imply
lim / |Vyon|dy = P,y (M'), and (5.29)
N
Up — Xgp in LP(RY) for every p > 1. (5.30)

Choosing u = u, in (5.26) and passing to the limit n — oo, we obtain, using (5.27), (5.28), (5.29), (5.30)
and the isoperimetric inequality (3.12),

kE+N—-1
k+N—1\ =~
+—> (5.31)

EN-_1(N-1)
Riin(M)> (N -1) ( N1
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EN—U(N—1)

N
N(l—k+1)
(B (M) TR / v
)

k+N 1
I(N—=1)—kN
(M/ gy

1 k+N—1
Z(N_l)kzv LN -1) N 1/N N(3+§v+) (k_;/le 1) N
EN—I(N—1)

l+N
W-buoktn
(no(ar7)) “THT /
|y
U(N—1)—kN 1) EN

In view of (5.19) and since pg(M') = puo( M ") we finally get from this

+N—1

N(—k+1) E+N—1
EN—L(N-1) k+N-1 N 1
Riun (M) > (N — 1) SRS (Nw}V/N) TN (%) - (5.32)
- 1

= (Neow) TF° - (14 N) B = iy,

and (4.3) follows by (3.7).
Now assume that (5.2) holds. If inequality (5.23) is strict, then Lemma 3.2 tells us that we must have
M = Bpg for some R > 0. It remains to consider the case that k > 0 and

- (k+N —1)3
- N-1)2
(k+ N —1)2 - 2D

Then we also have (N —1)/N < k and k < [+ 1. Now observe that all inequalities in (5.31) and (5.32)
become equalities. First, combining (3.12) and (5.31), we obtain that M’ = Bg(zg) for some R > 0 and
ro € RY. Further, (5.19) together with (5.32) imply that M’ is a ball centered at the origin. But this is
possible only if g =0. O

Remark 5.2. Theorem 5.3 is valid for N > 2. Moreover, when N > 3, then (5.23) covers the important range
I=0<Ek<1

However, we emphasize that this is not true in the case N = 2 (see however Lemma 5.4 in the next
subsection).

5.4. Proof of Theorem 1.1, case (iv)

Next we improve on the subsections 5.2 and 5.3 in the two-dimensional case. We will make use of the
following result of G. Csaté [22], that has been obtained by using conformal mappings.

Lemma 5.4. Let N =2,1=0 and 0 < k < 1. Then (4.3) holds.
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The following result holds

Corollary 5.2. Let N =2, k<[+1,

<k and (5.33)

TN~

<0. (5.34)
Then (4.3) holds. Furthermore, Zfé < k, then equality in (5.1) holds only if M = Bpg for some R > 0.
Proof. If k£ < 0, then (4.3) follows from Theorem 5.2. If k > 0, then (4.3) follows from Lemma 5.4 together
with Lemma 3.2.

Finally, assume that (5.2) holds and that % < k. Then the above result for % = k and Lemma 3.2 shows
that M = Bg for some R > 0. O

Theorem 5.4. Let N =2, k <[ +1,

k> and (5.35)

Wl

(k+1)3

<" _ 9 (5.36)
(k+1)2— 48

Then (4.3) holds. Furthermore, if inequality (5.36) is strict, then (5.2) holds only if M = Bpr for some
R>0.

Proof. We proceed similarly as in the proof of Theorem 5.3. Below we mainly point out the differences, and
we leave it to the reader to fill in the details.
Note that our assumptions imply

é <k and (5.37)
3k—20—1>0. (5.38)
If u € C°(R?) \ {0}, u > 0, we define v by
3k—1
v(y) == u(x), where y:=z|z| * , and z:=y|.

Then we show, using an interpolation argument as in the proof of Lemma 5.1, that for every A € {0, ﬁ} ,

Qk.1,2(u) (5.39)

A 1-A
1 1
2 I AR
2 2

k41
+2
2(21+1—-3k) 142
\y| 3FD pRTL dy
2

Let v denote the starshaped rearrangement of v. Analogously as in the proof of Lemma 5.2, the properties

of the rearrangement, (5.38) and Lemma 2.1 lead to
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/U2 dy = /172 dy, (5.40)
R2 R2
/ Sy < [ 0 (5.41)
R2
-Vou v
Y30 — yF Y e LYR?), and (5.42)
‘y|§ 0z
ov 1
3| —| dy > 3| — 5.43
/\yl ’82’ y,/lyld (5.43)
R2 R2
Further, we have by Hardy’s inequality
(5.44)

1 4 2
/Iylf’lvzldyz §/|y| 50 dy.
R2 R2

Finally, we show, similarly as in the proof of Lemma 5

set in R?,
2(l+1 k)
4l—6k+2
ly| 53 dy < dy | [ dy ly| 3
M
2(141—k)
& — Mkt
*T 2 42
By (5.36), we may choose
_3(+1-k)
o +2
in (5.39). Combining this with (5.41), (5.43) and (5.44), we obtain
Qr1.2(u)
3(1+1—k)
142

R
1

3k—21—1 ([R/ly|3|vyv|dy

Skl g

3(k+1)

5.3, that for every bounded measurable and starshaped

3k—21—1
T RFL
,  where (5.45)
(5.46)
(5.47)
3k—21—1
142

- ([R/lyl‘%idy
2

("))

4

2(2041-3k)
3(k+1)

/Iyl

Now let M be a bounded measurable set, and set M’ := {y = m|x\3kT_

the proof of Theorem 5.3 and using the isoperimetric inequality

Crad

Ri02(M) = C1 5,

which follows from Corollary 5.2, we obtain from (5.47),

k41
142

OiEss dy

fre M?}. Then, proceeding as

(5.48)
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Rk’l’Q(M) (5.49)

3k—21—1
3(1‘*'—12—’“)
1
(o) | [ ay
Bt 3k—21-1 3
Bk+1)) 2 [4) 7 o
2\—2—) \3 ' =5}
142
2(2041— Sk)
/ ) S

e
-

3k—21—1
142
3(14+1—k)
Tz
(cred mo(ar)) / lyl 3
bl 3k—21—1
)6
> (2T B

4 3 =53

2(2041-3k) 3k)
/ ) S
In view of (5.45) and since po(M') = ,uo(Mv’), we finally obtain
3(41— 1) k41 3k—21—1
rad i+2 3(k + 1) 2 4 2 _ rad
maex (o) (M) () T e (550

and (4.3) follows by (3.7).
Now assume that (5.2) holds. If inequality (5.36) is strict, then we must have M = Bp for some R > 0,
by Lemma 3.2. The Theorem is proved. O

Remark 5.3. The assumptions of Corollary 5.2 and Theorem 5.4 cover the range [ =0 < k <1 for N = 2.
5.5. Concluding remarks

Let us comment on the results of Section 5
1. Let Kk >1— N and N > 2. We define a number I, = [, (k, N) by

Lo ==sup{l: 1> —N, Crun = C{iN}. (5.51)

By Lemma 3.2 we have that Cy;n = C,’;f;le whenever [ € (—N,l,]. Further, Theorems 5.1, 5.2 and
Corollary 5.1 tell us that

N
* — _— 1 < . .2
Lo=hy—y if k<O (5.52)

Next, let & > 0 and define numbers [* = [*(k, N) and Iy = l;(k,N) by (1.5), (1.1) and (1.2), respectively.
By Theorem 4.1 it follows that

I, <1I*. (5.53)
Further, Theorem 5.3, Lemma 5.4 and Theorem 5.4 imply that

L <1, (5.54)
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Note also that the (weaker) inequality
<l (5.55)
already follows from (1.5), (1.1) and (1.2).
Conjecture 5.1. There holds
L.(k,N) = 1*(k,N) when k> 0. (5.56)

Conjecture 5.1 can be rephrased by saying that if 0 < k < [+ 1, then balls centered at the origin are
isoperimetric if they are stable, that is, if
N -1
lgk—1+m. (5.57)
In particular, equality (5.56) has already been conjectured in the case N = 2 in [25], Conjecture 4.22,
part (1).

2. Related to Conjecture 5.1 is the so-called Log-Convex Density Theorem, which was conjectured in [4],
and proved by G.R. Chambers in [19]. The Theorem says that in R with radial log-convex density f(r),
equal for perimeter and volume, balls about the origin are isoperimetric. Note that log-convexity of f is
necessary because it is equivalent to the stability of balls around the origin.

A more general conjecture has been stated [40]: With two different radial densities for perimeter and
volume, balls about the origin are isoperimetric if stable, provided the densities satisfy some smoothness
conditions.

3. There are more comfortable ways to obtain isoperimetric results in the two-dimensional case. This is
due to the availability of conformal mappings, see [22,25]. For instance, Proposition 2.3 of [25] establishes an
equivalence between various sectors in the complex plane with differing perimeter and area densities which
are powers of the distance to the origin.

4. The approach used in the proof of Theorem 5.2 also allows to obtain a lower bound for the isoperimetric
constant Cy; n for all positive values of k. Such a bound is useful when relation (4.3) does not hold. In view
of Theorem 4.1 this is the case when [ > {*(k, N), or equivalently, if

N -1

Proposition 5.1. Let N > 2, and assume k <141, k>0 and (N —1)/N < k. Then
N-1 \ B~
>(— S :
Cri,N > (k TN 1) Co N (5.59)

I(N=1)—kN

I
where ' := NI

Remark 5.4. Similar estimates for the best constant Cj; n have been obtained in [20], Proposition 1.1,
part 2, but with a different approach.

Proof of Proposition 5.1. We proceed as in the proof of Theorem 5.2 until inequality (5.6). Then, since
< 1, we may replace (5.6) by the inequality

/|x| Voulde > N /|v o] dy. (5.60)

k+N 1
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Continuing as before, we obtain

I+1—k

N—1 \ 't~
Qrin(u) > <m> : Qo.ir N (V). (5.61)

Finally, observing that I = 50— € [1,0], (5.61) yields (5.59). O
6. The case N =1

The next result gives a complete solution to the isoperimetric problem in the one-dimensional case.

Theorem 6.1. Let N =1, k>0 and [ > —1.

(i) If k > 1+ 1, then (4.3) holds. Moreover, if (5.2) holds and if k > 1+ 1, then M = (=R, R) for some
R>0.
(i) If k <141, then

R (M) > Ryp1((0, R)) = (14 1)H/0HD (6.1)
for all measurable sets M with 0 < p (M) < 400 and for all R > 0.

Proof. (i) The result follows from Theorem 5.1.
(ii) It is sufficient to prove the assertion for smooth sets, that is, for unions of finitely many bounded
open intervals. For any smooth set {2 we set
U:={y=|zl'z: ze€Q}
Then an elementary calculation shows that
Rie1a(Q) = L+ DM R0 (0), (6.2)
where k' = z-% € (0,1). It remains to show that

Ri,01(U) > R 0,1((0,1)) for all smooth sets U C R. (6.3)

Let g1 := inf U and yo := supU. Then |y1|¥" + |y2|¥ = Py, ((y1,92)) < Py, (U) and [, dy < fyy12 dy. In
other words, we have

Rir0,1(U) 2 Ry 0,1((y1,92))-

It is therefore sufficient to consider open intervals U. Thus, let U = (y1,y2), (y1 < y2). Setting ¢ := yo — y1,
we define

Ut):=(—¢/2+t,c/24+1), (teR).

Then we have fU(t) dy = ¢ and

/ ¥ Ao(dy) = | = ¢/2+ 1D 4 fe/2 oD = f(t),  (t€R).

auU(t)
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Note that f is an even function. Let ¢ € [—c/2,¢/2]. Then f(t) = (c¢/2 — t)*/U+1) 4 (t 4 ¢/2)*/+1) | which
is a concave function. Hence

inf{f(t) : t € [=¢/2,¢/2]} = f(=¢/2) = f(c/2).
Since also f'(t) > 0 for t > ¢/2, this implies that
inf{f(t) : t € R} = f(=¢/2) = f(c/2),
that is,
R 01((y1,92)) = R 0,1((0,0)),

and the assertion follows. 0O
7. Thecasel + N < 0

In this section we treat our functionals Ry n and Qj n for a different range of the parameters £ and [.
Instead of (2.1) we assume

k+N-1<0 and [+ N <O. (7.1)

We state our result only for smooth sets. Extensions to measurable sets and a discussion of the equality
case in the isoperimetric inequalities follows the lines of the proofs in Section 4, and they are left to the
reader.

Theorem 7.1. Let N € N, k,l € R and | + N < 0. Further, assume that one of the following conditions
holds:

() N>1landl+1>k;
G) N>2,1+1<k, k<A and k+2N —2>0;
(Gjj) N>3,14+1<k<2-2N and

k+N-—1)3

e s 2 )(Nfl)z_N;
(jv)N:2,1+1§k,2§kandezther

72§k§fz or

3

3

,sz andlZL)ﬁ—Q.
3 G+ 17 - 12

Then

(k+N—1)/(1+N)

/|x\ HN_1(dz) > C’md /|:17| dz , (7.2)

o0
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for every open set Q C RN with smooth boundary that does not contain a neighborhood of the origin, where
Cvz%v i= (Nwy )EFHD/GN) )y N+ N=D/(+N) (7.3)

Equality in (7.2) holds for all sets @ = RN \ Bg, (R >0).

Remark 7.1. Theorem 7.1 has been known in some particular situations:

(a) N=2,k=1< -2, see [16], Proposition 4.3;

(b) N eN, k=1< —N, see [25], Proposition 7.5;

(c) case (jj), see [20], Theorem 1.3, part (3).

Proof of Theorem 7.1. Let u € C§°(R™) \ {0}, with u # 0 in RY. We set
yi=zlz|7?, o(y) =u(x).

Observe that v vanishes in a neighborhood of the origin. Then a short computation shows that

/|1’|l|u|(l+N)/(k+N_1) dr = / |y|—l—2N|U|(l+N)/(k+N—1) dy and (74)
RN RN
T N R (7.5)
RN RN
This implies that
QraN(u) = Qp iy (v), (7.6)

where k:= —k — 2N +2 and [ := — — 2N.

(7.6) also means that for every open set Q with smooth boundary that does not contain a neighborhood of
the origin,

Rign(Q) = Ry 7 (@), where Q:={y = 2y : 2 € Q}. (7.7)
Now the conclusion follows from Theorem 1.1. O
8. Applications
In this section we provide some applications of our results.
8.1. Pdlya—Szegi principle

First we obtain a Pélya—Szegd principle related to our isoperimetric inequality (4.3) (cf. [44]) Assume
that the numbers [ and k satisfy one of the conditions (i)—(iv) of Theorem 1.1. Then (1.3) implies

/|x|k<§fN,1(dm)2 / lo|F A1 (d) (8.1)
o0 o0~

for every smooth set 2, where Q* is the y;-symmetrization of 2. We will use (8.1) to prove the following
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Theorem 8.1 (Pdlya—Szegs principle). Let the numbers k,l and N satisfy one of the conditions (i)—(iv) of
Theorem 1.1. Further, let p € [1,+00) and m := pk + (1 — p)l. Then there holds

/ IVul? [P P g > / IVt P 2P P e vu e WEPRN dpyy), (8.2)

RN RN

where u* denotes the pj-symmetrization of u.

Proof. It is sufficient to consider the case that u is non-negative. Further, by an approximation argument
we may assume that u € C§°(RY) \ {0}. Let

I::/\Vu\pmp’”(l*p)ldx and

RN
=/\Vu*|p\a:|pk+(17p)ldx.
RN
The coarea formula yields
= / / |VulP~z PR =P 4 1 (de)dt  and (8.3)
0 u=t
= / / IVt P PR i (da) d (8.4)
0 u*=t
Further, Holder’s inequality gives
1 p—1
1
_ _ x
[ttt stan < ([ lapra vt | - [l @) s
u=t u=t u=t
for a.e. t € [0,+00). Hence (8.3) together with (8.5) tells us that
oo p l 1-p
x
I> / / x|k A1 (dx) | - |VL| Hy 1 (dx) dt. (8.6)
0 u=t u=
Since u* is a radial function, we obtain in an analogous manner,
oo P . 1-p
x
= / / |1‘| Hn_1(dz) | - ||V’L|L*| I —1(dx) dt. (8.7)
0 u* = u* =t

Observing that

/ z|' dx = / lz|'dz Yt € [0, +00), (8.8)

u>t u*>t
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Fleming—Rishel’s formula yields
|9€|l |z’
%N 1 dCL‘) —U%Nfl(d.’ll) (89)

for a.e. t € [0,+00). Hence (8.9) and (8.1) give

0o P . 1-p
x
/ / |z|k Hn—1(dx) V|u| Hn—1(dx) dt
0 u=t u=
0o p l 1-p
x
> / / |.’L“k %Nfl(dx) ||V1,|L*| %Nfl(d.’lj) dt
0 u* = u*=

Now (8.2) follows from this, (8.6) and (8.7). O
An important particular case of Theorem 8.1 is

Corollary 8.1. Let p € [1,40), a > 0, u € Wol’p(RN,duap), and let u* be the Schwarz symmetrization
(= po-symmetrization) of u. Then

/|Vu\p|x|apdx > / |Vu*|? |z|* dz. (8.10)
RN RN

Proof. We choose k := a and [ := 0. If a € [0,1] then k,! satisfy either one of the conditions (iii) or (iv),
and if @ > 1, then k, [ satisfy condition (i) of Theorem 1.1. Hence (8.10) follows from Theorem 8.1. O

8.2. Caffarelli-Kohn—Nirenberg inequalities

Next we will use Theorem 8.1 to obtain best constants in some Caffarelli-Kohn—Nirenberg inequalities.
Let p, q, a,b be real numbers such that

< Npjf N
1<p<qd =Nw o P (8.11)
<400 if p>N
N
a>1——, and
p
1 1
b:b(avpaqu) :N<_ - _> +a—1
P q
We define
D ifp< N
pri=q Nop L P (8.12)
+oo ifp>N
/|x\ap|vu|pdx
N o0
EaaP,q,N(U) = - p/q’ v E CO (RN) \ {0}7 (813)

/ 29[| da
N
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Sapan =i0f{E, o n () : veCPMRY)\{0}}, and (8.14)
S;'ifq’N = inf{Ey 4 n(v) : vECFRYN)\ {0}, v radial }. (8.15)

Note that with this new notation we have

By o () = Qran(v) Voe C(RM)\ {0}, (8.16)

Sm,%,w(v) =Crn and (8.17)
rad _ vrad

Sk,l,%,N = CriN- (8.18)

It has been proved in [13], that

Sapan > 0. (8.19)

Further, it is known that the functional E, , , n is well-defined for functions in WO1 P(RY, dpiap) and that
Cs°(RN) is dense in Wy (RN, djuap). Moreover, S, 4.n is attained for some u € Wy P (RN, dpap) if 1 <
p<q.

We are interested in the range of values a (depending on p, ¢ and N) for which

d
Sapa = Siidy (5.20)
holds. This problem has been investigated by several authors. For recent advances concerning the symmetry
of optimizers in the CKN inequalities, see for example [36,26] and references therein.

First observe that the case 1 < p = ¢ (which is equivalent to a —b = 1) corresponds to the Hardy—Sobolev
inequality, with the known best constant

rad N b
SGJLPJV = Sa,p,p,N = g —1+a ) (821)

see [30]. Note that the Hardy constant S, n is not achieved for any function u € Wy* (R, djiap).
Next, let 1 <p < N and g = p*. If a <0, then one has

Sapp*,N = Sg,apcfp*,Nﬂ (8.22)
see [32], Theorem 2.4, condition (3).
From now on let us assume that
N>2 and 1<p<gq<p®. (8.23)

rad

In this case, the constants S7% v,

including the corresponding (radial) minimizers, have been given in [41],
Theorem 1.4. The problem of symmetry breaking was analyzed by many authors, see [14] and the references
cited therein.

It is known that there is a finite number

ax = a’*(pvan)

with a, > 1 — %, such that
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N
SapaN = Spiaqn for a€(l1——, a] and (8.24)
o p
Sa,p,g,N < Sgiiq,N for a > a., (8.25)
see [14], Theorem 1.1 and Remark 3.1. Moreover, if a* = a*(p,q,N) denotes the unique number in
(1-— %, +00) such that
N ? 1 1
(--Ha*) =(N-1) <—— ,), (8.26)
p ¢q—p 4q+p
where p’ = ﬁ, then
ax < a’, (8.27)

see [14], Theorem 1.1, and if p < N, then a, > 0, see [14], Theorem 1.3.
Finally, it has been conjectured that condition (8.27) cannot be improved, see [14], p. 423, that is:

Conjecture 8.1. There holds
a* = a,. (8.28)

Remark 8.1. Conjecture 8.1 can be rephrased by saying that, if a > 1 — (N/p), then (8.20) holds if and only
if

<E—1+a>2<(N—1)(L— ! ) (8.29)

D q—p q+p

The case p = 2 in the CKN inequalities has received a lot of interest since the seminal article [18]. In
particular, Conjecture 8.1 for p = 2 has been proved in the recent paper [26], Theorem 1.1, using generalized
entropy functionals for diffusion equations. However, this tool seems not useful for general p.

A bound for a, from below is given in [32], Proposition 4.6: Let

N-1 N
—— 41, (8.30)
1+5 p

ay = a/l(paQaN) =

and note that a; > 1 — % Then
as > aj. (8.31)

Our aim is to improve on the bound a;. First observe that an application of the Theorems 1.1 and 8.1 yield
the following result.

Lemma 8.1. Assume that N, p,q,a and b satisfy the conditions (8.11) and (8.23). Further, assume that there
exist real numbers k and | which satisfy one of the conditions (1)—(iv) of Theorem 1.1, and such that

ap=kp+1(1—p) and (8.32)
bg < 1. (8.33)

Then (8.20) holds.
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Proof. Let u € Wy (RY, dpap,)\{0}, and let u* be the p-symmetrization of u. Then we have by Theorem 8.1
and (8.32),

/|x\ap\Vu|pda:2/|x\ap\Vu*|pd:v. (8.34)

RN RN

Further, it follows from (2.8) and (8.33) that
/|x\bq|u|qdm < / ||°9|u*|? da. (8.35)
RN RN

Finally, (8.34) together with (8.35) yield

Ea%q,N(u) > Ea,p,q,N(U*)a (8.36)
and the assertion follows. O
Next we define
1 1
az = az(p,q, N) :1+N(>, (8.37)
q P
and note that
max{0,a1} < az < 1. (8.38)

Proposition 8.1. Assume that N,p,q,a and b satisfy the conditions (8.11) and (8.23), and let
a < as. (8.39)
Then (8.20) holds.

Proof. We may restrict to the case a > 0, and we choose k := a and [ := 0. Since 0 < k < 1, one of the
conditions (iii) or (iv) of Theorem 1.1 is satisfied. Further, we have

1 1
bq—lzqu(N(———)—Fa—l)q
P q
< <N<1—1>+a2—1>q:0.
P q

Now the assertion follows from Lemma 8.1. 0O

Finally, a more sophisticated choice of the parameters k£ and [ leads to a further improvement of the lower
bound for a,.
First we assume N > 3. Let us define a3 = a3(p, ¢, N) as the unique number in (1 — %7 —i—oo)7 such that

(ﬁ g a3>2 _ V- 1) . (8.40)

2
p 1 1) . _q
N(p-3) (1-+a)
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Note that

az < as. (841)

Theorem 8.2. Assume that N,p,q,a and b satisfy 1 < p < g < p*, N > 3 and the conditions (8.11). Further,
let

a < ag. (8.42)
Then (8.20) holds.

Proof. By elementary calculus one verifies that ag appears as the maximum of all values a > 0 which have
a representation ¢ = k + l(% — 1) with parameters k& and [ that satisfy the conditions (iii) of Theorem 1.1

and such that bg < I. Formally,

1
agzmax{a:azk—&—l(]—)—l),OSkSl—t—l, (8.43)

1 1 (N —1)?
2 - 7bCI§l .
I+N " k+N-1 Nk+N-1)3

The assertion now follows from Lemma 8.1. O

The bound as can be improved in the case N = 2, too, provided that

(8.44)

SER
D=
Wl

Define a4 = a4(p, q) as the unique number in (1 — %, +00) such that

2 2 1
(— — 1+ a4) = 6 . (8.45)
p

27(%—5) (1—g+q)2

Note that

1 1
az(p,q,2) =1+2 ( - ) < ag, (8.46)
qg p
in view of (8.11) and (8.44).

Theorem 8.3. Let N = 2, and assume that the numbers N,p,q,a and b satisfy 1 < p < q < p* and the
conditions (8.11), (8.44). Further, let

a S a4. (847)

Then (8.20) holds.
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Proof. Using the conditions (iv) of Theorem 1.1 one verifies that

1
a4=max{a:a=k+l(z—?—1), <k<Il+1, (8.48)

Wl =

LI 10 pp<i
1+2- k+1 21k+1® 1=

Note that the set on the right-hand side of (8.48) is non-empty in view of (8.44). Now the assertion again
follows from Lemma 8.1. O

Remark 8.2. Let us point out an interesting relation between the Conjectures 5.1 and 8.1.
First observe that in view of the identifications (8.16), (8.17) and (8.18), condition (5.57) appears as a
limit case of (8.29) by sending p — 1 and then putting

I+ N

a=Fk and q:m

Further, assume that Conjecture 5.1 was true. Then, proceeding similarly as in the proof of Theorem 8.2,
one can show that also Conjecture 8.1 holds true: Indeed, by elementary calculus one verifies that

a*:max{a: azk—&—l(%—l), 0§k§l+1§k+%, bqgl}. (8.49)
Then one obtains as before that
Eapqn () 2 Eapan(u®)  Vue WP (RN, dpugp) \ {0},
and (8.28) follows.
8.3. Sobolev-type inequalities for Lorentz spaces
Corollary 8.1 can be used to obtain best constants for imbedding inequalities between the Sobolev space
WyP (RN, dptap), with a > 0, into Lorentz spaces.

Let u : RY — R be a measurable function and u* its Schwarz symmetrization (= po-symmetrization).
Then the decreasing rearrangement of u is given by

u*(wN|x|N) =u*(z), (z€ RN). (8.50)
For every r € (0,00) we define
—+o0 1/4
ad

lall g = / ()57 = if ¢ € (0,00), and (8.51)

0
[ullr 00 = sup u*(s) s/, if g = +o0. (8.52)

>0

The Lorentz space L™%(RY) is the collection of all measurable functions u : RN — R such that ||u],, is
finite. These spaces give in some sense a refinement of the usual Lebesgue spaces.
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Theorem 8.4. Let N, a,p,q and b satisfy the conditions (8.11) and (8.23), with a € [0, az], where ag is given
by (8.37). Then we have

1/p

1
Jlarvapds | ) (St ) g Ve WERS day). (353)

a,p,q,

where

Np

ri= 8.54
N_prap (8.54)

Proof. Let u € Wy P (RN, djuap) \ {0}, and let u* denote its Schwarz symmetrization. Corollary 8.1 tells us
that

/ V|| da > / IV P || P d. (8.55)
RN RN
Further, we have by Proposition 8.1,

p/q

/|Vu*\p|x|“pdm > gred (@/ W |9zPde | (8.56)
N

RN
Since also

1/q

ra = (wn) (@/ | d |
N

where 7 is given by (8.54), the assertion follows from (8.55) and (8.56). O

[[u

Remark 8.3. (a) Theorem 8.4 is well-known in the special case a = 0, see [1], where also other cases are
considered, and [27] and [17].
(b) Note that the number r defined in (8.54) satisfies
g <r < 4oo, (8.57)
by the assumptions of Theorem 8.4.

8.4. An eigenvalue problem

The Pdlya—Szego inequality allows us to obtain a sharp lower bound for the first eigenvalue of the following
nonlinear eigenvalue problem

(8.58)

—div(|Vul[P~2Vu) = Az|PP|u|P~2u in Q
u=20 on 0N

where Q is a bounded domain in RV, 1 < p < N and 0 < 3 < 1. This eigenvalue problem, together with
some related elliptic problems for the p-Laplacian has been studied in [21].
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We set

/ V| da

Q
/ 2|~ () P
Q

A1(€) = min C e WyP(Q)\ {0} p . (8.59)

Observe that the bounds on § and p assure that the imbedding of W, *(2) in LP(Q, |z|~#Pdz) is compact
(see, e.g. [21]).

The following result holds true
Theorem 8.5. Let Q* denote the pi_gp-symmetrization of Q1. We have

AL(Q) = A () (8.60)

where A1 () is the first eigenvalue of the problem

(8.61)

—div(|Vo[P~2|Vu|) = M| PPloP~20 in Q*
v=20 on 0Q*.

Proof. Put ! := —fp and k := —f(p — 1). Then it follows that k < 0,4+ N >0 and (N —1)/N —k <0.
Hence the conditions (5.4) are satisfied. Furthermore, we have pk 4 [(1 —p) = 0. Applying Theorem 8.1, we
obtain, by the definition of u*,

/\Vu|pdm > /|Vu*|p dz,

Q Qr

Ju@lal - o = [ u (@) elal - da,
Q Q*

and the result follows. O
Remark 8.4. In this last remark, let Q7 be the ball centered at the origin having the same Lebesgue measure
as Q, that is, Q7 is the Schwarz symmetrization (= po-symmetrization of 2). Then the following estimate
holds

M () = A (QF), (8.62)

see [3]. Indeed, if u# (x) denotes the Schwarz symmetrization of u, then the following estimate holds true

/|Vu\p dx /|Vu#|pdx
Q N

Ju@Plalas [ @il do

Q Q#

> M (QF)

which implies (8.62).
Observe that estimate (8.62) is worse than (8.60). Indeed by classical Hardy-Littlewood inequality we
get
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1 1 1
/_|ﬂc|51’ dr = / _|x|51’ dx < / —|$|ﬁp dx
Q* Q Q#

and therefore Q* C Q#. This implies
AL(QF) < A (). (8.63)
9. Disclosure of potential conflicts of interest

The authors disclose all relationships or interests that could have direct or potential influence or impart
bias on the work.

10. Note added in proof

After submitting our paper, we learned about the new article [24]. The authors show that Cj; v = C,:f’l‘fN
if k> 0andl(k,N) <l <0*(k,N). From this and our Theorem 1.1 Conjecture 5.1 follows. By Remark 8.2
this means that also Conjecture 8.1 is true.

Acknowledgments

We are grateful to F. Morgan and S. Howe for giving us valuable advice on the literature. The second
author wants to thank his collaborators and colleagues from the University of Naples Federico II for their
kind hospitality. The third and fourth author are grateful to the Institute of Mathematics of the University
of Rostock for the warm hospitality and the support. The first, third, fourth and fifth author are members
of the Gruppo Nazionale per 1’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the
Istituto Nazionale di Alta Matematica (INdAM) and they thank this institution for the support.

References

[1] A. Alvino, Sulla diseguaglianza di Sobolev in spazi di Lorentz, Boll. Unione Mat. Ital. 14-A (1977) 148-156.

[2] H. Ando, T. Horiuchi, On the weighted rearrangement of functions and degenerate nonlinear elliptic equations, Math. J.
Ibaraki Univ. 44 (2012) 17-31.

[3] C. Bandle, Isoperimetric Inequalities and Applications, Monographs and Studies in Mathematics, vol. 7, Pitman (Advanced
Publishing Program), Boston, Mass.—London, 1980, x+228 pp.

[4] V. Bayle, A. Caiete, F. Morgan, C. Rosales, On the isoperimetric problem in Euclidean space with density, Calc. Var.
Partial Differential Equations 31 (2008) 27-46.

[5] M.F. Betta, F. Brock, A. Mercaldo, M.R. Posteraro, A weighted isoperimetric inequality and applications to symmetriza-
tion, J. Inequal. Appl. 4 (3) (1999) 215-240.

[6] M.F. Betta, F. Brock, A. Mercaldo, M.R. Posteraro, Weighted isoperimetric inequalities on RY and applications to
rearrangements, Math. Nachr. 281 (4) (2008) 466—498.

[7] W. Boyer, B. Brown, G. Chambers, A. Loving, S. Tammen, Isoperimetric regions in R”™ with density r?, Anal. Geom.
Metr. Spaces 4 (2016) 236-265.

[8] L. Brasco, G. De Philippis, B. Ruffini, Spectral optimization for the Stekloff-Laplacian: the stability issue, J. Funct. Anal.
262 (11) (2012) 4675-4710.

[9] F. Brock, F. Chiacchio, A. Mercaldo, A class of degenerate elliptic equations and a Dido’s problem with respect to a
measure, J. Math. Anal. Appl. 348 (1) (2008) 356—365.

[10] F. Brock, A. Mercaldo, M.R. Posteraro, On isoperimetric inequalities with respect to infinite measures, Rev. Mat. Iberoam.
29 (2013) 665-690.

[11] X. Cabre, X. Ros-Oton, Sobolev and isoperimetric inequalities with monomial weights, J. Differential Equations 255 (2013)
4312-4336.

[12] X. Cabre, X. Ros-Oton, J. Serra, Euclidean balls solve some isoperimetric problems with nonradial weights, C. R. Math.
Acad. Sci. Paris 350 (2012) 945-947.

[13] L. Caffarelli, R. Kohn, L. Nirenberg, First order interpolation inequalities with weights, Compos. Math. 53 (3) (1984)
259-275.

[14] P. Caldiroli, R. Musina, Symmetry breaking of extremals for the Caffarelli-Kohn—Nirenberg inequalities in a Non—
Hilbertian setting, Milan J. Math. 81 (2013) 421-430.


http://refhub.elsevier.com/S0022-247X(17)30118-X/bib416C76696E6Fs1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4148s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4148s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib42616E646C65s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib42616E646C65s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib42434D52s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib42434D52s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib42424D50s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib42424D50s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib42424D5032s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib42424D5032s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4242434C54s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4242434C54s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib427261735068696Cs1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib427261735068696Cs1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib42434Ds1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib42434Ds1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib424D50s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib424D50s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib5852s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib5852s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib585253s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib585253s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib434B4Es1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib434B4Es1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib43616C644D7573s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib43616C644D7573s1

318 A. Alvino et al. / J. Math. Anal. Appl. 451 (2017) 280-318

[15] A. Caniete, M. Miranda Jr., D. Vittone, Some isoperimetric problems in planes with density, J. Geom. Anal. 20 (2) (2010)
243-290.

[16] T. Carroll, A. Jacob, C. Quinn, R. Walters, The isoperimetric problem on planes with density, Bull. Aust. Math. Soc.
78 (2) (2008) 177-197.

[17] D. Cassani, B. Ruf, C. Tarsi, Optimal Sobolev type inequalities in Lorentz spaces, Potential Anal. 39 (3) (2013) 265-285.

[18] F. Catrina, Z. Wang, On the Caffarelli-Kohn—Niremberg inequalities: sharp constants, existence (and nonexistence),
Comm. Pure Appl. Math. 54 (2) (2001) 229-258.

[19] G.R. Chambers, Proof of the log-convex density conjecture, arXiv:1311.4012v3.

[20] N. Chiba, T. Horiuchi, On radial symmetry and its breaking in the Caffarelli-Kohn—Nirenberg inequalities for p = 1,
Math. J. Ibaraki Univ. 47 (2015) 49-63.

[21] E. Colorado, I. Peral, Eigenvalues and bifurcation for elliptic equations with mixed Dirichlet—Neumann boundary conditions
related to Caffarelli-Kohn—Nirenberg inequalities, Topol. Methods Nonlinear Anal. J. Juliusz Schauder Center 23 (2004)
239-273.

[22] G. Csaté, An isoperimetric problem with density and the Hardy Sobolev inequality in R?, Differential Integral Equations
28 (9-10) (2015) 971-988.

[23] J. Dahlberg, A. Dubbs, E. Newkirk, H. Tran, Isoperimetric regions in the plane with density r?, New York J. Math. 16
(2010) 31-51.

[24] L. Di Giosia, J. Habib, L. Kenigsberg, D. Pittman, W. Zhu, Balls isoperimetric in R™ with volume and perimeter densities
r™ and ¥, arXiv:1610.05830v1, 2016.

[25] A. Diaz, N. Harman, S. Howe, D. Thompson, Isoperimetric problems in sectors with density, Adv. Geom. 12 (2012)
589-619.

[26] J. Dolbeault, M. Esteban, M. Loss, Rigidity versus symmetry breaking via nonlinear flows on cylinders and euclidean
spaces, arXiv:1506.03664v1, 2015.

[27] H. Eqgnell, Elliptic boundary value problems with singular coefficients and critical nonlinearities, Indiana Univ. Math. J.
38 (1989) 235-251.

[28] W.H. Fleming, R. Rishel, An integral formula for total gradient variation, Arch. Math. (Basel) 11 (1960) 218-222.

[29] E. Giusti, Minimal Surfaces and Functions of Bounded Variation, Monogr. Math., vol. 80, Birkhduser Verlag, Basel, 1984.

[30] G.H. Hardy, Notes on some points in the integral calculus, Messenger Math. 48 (1919) 107-112.

(31]

Appl. 1 (3) (1997) 275-292.

[32] T. Horiuchi, P. Kumlin, On the Caffarelli-Kohn—Nirenberg-type inequalities involving critical and supercritical weights,
Kyoto J. Math. 52 (4) (2012) 661-742.

[33] S. Howe, The log-convex density conjecture and vertical surface area in warped products, Adv. Geom. 15 (2015) 455-468.

[34] B. Kawohl, Rearrangements and Convexity of Level Sets, Springer-Verlag, N.Y., 1985.

[35] A.V. Kolesnikov, R.I. Zhdanov, On isoperimetric sets of radially symmetric measures, in: Concentration, Functional In-
equalities and Isoperimetry, in: Contemporary Mathematics, vol. 545, Amer. Math. Soc., Providence, RI, 2011, pp. 123-154.

[36] N. Lam, G. Lu, Sharp constants and optimizers for a class of the Caffarelli-Kohn-Niremberg inequalities, arXiv:
1510.01224v1, 2015.

[37] R. Landes, Some remarks on rearrangements and functionals with non-constant density, Math. Nachr. 280 (5-6) (2007)
560-570.

[38] V. Maz’ja, Lectures on isoperimetric and isocapacitary inequalities in the theory of Sobolev spaces, in: Heat Kernels and
Analysis on Manifolds, Graphs, and Metric Spaces, Paris, 2002, in: Contemporary Mathematics, vol. 338, Amer. Math.
Soc., Providence, RI, 2003, pp. 307-340.

[39] F. Morgan, Manifolds with density, Notices Amer. Math. Soc. 52 (8) (2005) 853-858.

[40] F. Morgan, The Log-Convex Density Conjecture, Contemporary Mathematics, vol. 545, 2011, pp. 209-211.

[41] R. Musina, Weighted Sobolev spaces of radially symmetric functions, Ann. Mat. Pura Appl. (4) 193 (6) (2014) 1629-1659.
[42] E. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Mathematical Series, vol. 30, Princeton

University Press, Princeton, N.J., 1970.

[43] G. Talenti, The standard isoperimetric theorem, in: Handbook of Convex Geometry, vol. A, B, North-Holland, Amsterdam,
1993, pp. 73-123.

[44] G. Talenti, A weighted version of a rearrangement inequality, Ann. Univ. Ferrara Sez. VII (N. S.) 43 (1997) 121-133.


http://refhub.elsevier.com/S0022-247X(17)30118-X/bib434D56s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib434D56s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib434A5157s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib434A5157s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib435254s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4357s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4357s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4368616Ds1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib436869486Fs1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib436869486Fs1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4350s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4350s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4350s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib43s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib43s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib44444E54s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib44444E54s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib646947696F7369615F6574616Cs1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib646947696F7369615F6574616Cs1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib44484854s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib44484854s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib446F6C4573744C6F7373s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib446F6C4573744C6F7373s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib45s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib45s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib466C655269s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib47s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4861726479s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib48s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib48s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib484Bs1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib484Bs1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib486F7765s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4B6177s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4B5As1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4B5As1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4C4Cs1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4C4Cs1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4C616Es1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4C616Es1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4Ds1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4Ds1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4Ds1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4D6Fs1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4D6F32s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib4D7573696E61s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib537465696Es1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib537465696Es1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib54616C656E746931s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib54616C656E746931s1
http://refhub.elsevier.com/S0022-247X(17)30118-X/bib54616C656E746932s1

	Some isoperimetric inequalities on R N with respect to weights |x|α 
	1 Introduction
	2 Notation and preliminary results
	3 The functionals Rk,l,N and Q k,l,N
	4 Necessary conditions
	5 Main results
	5.1 Proof of Theorem 1.1, case (i)
	5.2 Proof of Theorem 1.1, case (ii)
	5.3 Proof of Theorem 1.1, case (iii)
	5.4 Proof of Theorem 1.1, case (iv)
	5.5 Concluding remarks

	6 The case N=1
	7 The case l+N<0
	8 Applications
	8.1 Pólya-Szegö principle
	8.2 Caffarelli-Kohn-Nirenberg inequalities
	8.3 Sobolev-type inequalities for Lorentz spaces
	8.4 An eigenvalue problem

	9 Disclosure of potential conﬂicts of interest
	10 Note added in proof
	Acknowledgments
	References


