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1. Introduction

Let V C PV be a projective embedded algebraic variety and P € V a point of it; with P it associates
the i-th osculating space fl(f )(V) C P¥ generated by the (i + 1)-th infinitesimal neighbourhood (see e.g.
9, Example 11.3.2.5]); let d; be its dimension. We recall that the i-th Gauss map v:V --» G(d;, N) is the
rational map which associates to the general point P its i-th osculating space TI(DZ ) (V). For i = 1 this reduces
to the usual Gauss map.

The study of the Gauss map has been rather intense, both in classical (see for example [5,2,13]) and
modern algebraic geometry (see for example [8,1]). Instead, the study of higher order Gauss map has been
much more scarce; as far as we know, we can only cite the classical paper of M. Castellani [3], reviewed in
modern form in [7,11] and the very recent paper [6]. Closely related results have been obtained by R. Piene
on higher dual varieties, see for example [12]. We note moreover that a different notion of higher Gauss map
has been given by F. Zak: see for example [15].
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The main basic difference between the first and higher Gauss maps is—as shown in [3,7,12]—that the
fibres of the Gauss map are (Zariski open subsets of) linear spaces, while for higher Gauss maps this is not
true in general.

In this paper, the study of higher Gauss maps is taken up further: in particular, we analyse the infinites-
imal behaviours of these maps. Surprisingly enough, it turns out, see Theorem 3.6, that the general fibre
of the i-th Gauss map has dimension m if and only if at the general point the (¢ 4+ 1)-th fundamental form
consists of cones with vertex a fixed P~ as it happens for the usual Gauss map: see [3, (2.6)]. This result
is obtained by virtue of a recursive formula for expressing the (i 4+ 1)-th fundamental form in terms of the
i-th fundamental one: see Lemma 3.1. This last result is interesting in its own right: for example, we can
prove immediately as a corollary the (well-known) fact that Jacobian system of the (i + 1)-th fundamental
form is contained in the i-th fundamental form. Finally, we show some results that follow from the main
result of the paper: in particular, as an example of the consequences of the theorem, we study the varieties
whose image of a higher Gauss map has as image a curve, describing completely their varieties of higher
osculating spaces.

2. Notation and preliminaries

We use notation as in [8,9], and most of the preliminaries are taken from [4]. Let V C PY be a projective
variety of dimension k over C that will be always irreducible. For any point P € V we use the following
notation: TP(V) C P¥ is the embedded tangent projective space to V in P and Tp(V) is the Zariski tangent
space.

As in [8], we abuse notation by identifying the embedded tangent space in PV with the affine cone over
it in CNV+1. With this convention Tp(V) = %. We denote by G(t, N) the Grassmannian of ¢-planes of
PN,

To study the behaviour of V' in P, following [8] (and references [2,6,7,10] therein), we consider the manifold
F(V) of frames in V. An element of F(V) is a Darbouzx frame centred in P. This means an (N + 1)-tuple

{Aos A, Ak AN
which is a basis of C¥*1! such that, if 7 : C¥+1\ {0} — P¥ is the canonical projection,
m(Ag) = P, and  7w(Ag), (A1), ..., m(Ax) span Tp(V).

Let this frame move in F(V'); then we have the following structure equations (in terms of the restrictions
to V of the Maurer-Cartan 1-forms w;, w; ; on F(PY)) for the exterior derivatives of this moving frame

w, =0 Yu >k
dA() = Zf:o wiAZ-
dA; = Y0 gwijA; i=1,...,N (2.1)

k .
dwj =) _owh Awhj j=0,...,k
dwm:Zthowi,h/\wh,j i=1,....,N, j=0,...,N.

Remark 2.1. Geometrically, the frame {A;} defines a coordinate simplex in PY¥. The 1-forms Wi, w;j give
the rotation matrix when the coordinate simplex is infinitesimally displaced; in particular, modulo Ag, as
dAg € Ts(PYN) (the cotangent space), the 1-forms wy,...,wy give a basis for the cotangent space Th(V),
the corresponding m(4;) = v; € Tp(V) give a basis for Tp(V') such that v; is tangent to the line AgA;, and
Wpt1 = - =wn =0 on Tp(V).
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We can define now the ¢-th fundamental form and the ¢-th osculating space at P € V, for t > 2, see [8,
§1.(b) and (d)] and [4, §1]:

Definition 2.2. Let P € V, let ¢ > 2 be an integer and let I = (i1,...,4) be such that |I| < ¢t. The

t-th osculating space to V at P is the subspace T I(Dt )(V) C PV spanned by Ay and by all the derivatives
dllA

—— 20 where vi,...,v) span Tp(V).

dvit .- dvj*
If the point P € V is general, we will put

dy := dim(TY (V).

Remark 2.3. Obviously, the “expected” dimension of the ¢-th osculating space at a general point P for our
k-dimensional variety V € PV is the minimum among N and k; := (k;i't) — 1; indeed, for the “general”

variety, d; has this expected dimension, but, as the next example shows, there are exceptions.

Example 2.4. Let us consider the so-called Togliatti surface S C P?, which is a particular projection of the
del Pezzo sextic surface embedded in P, see [14] and [10]; it is the closure of the image of the rational map

P:P? - PP

(x:y:2) = (2%y:ay? 2?22?92 y2?).

For the Togliatti surface we have do = 4: this can be easily seen from the fact that the parametrisation of S
given above, restricted to the open affine set x # 0, satisfies the following second order partial differential
equation (classically called Laplace equation):

0%x 0%x 0%x ox ox
224 +P s == — 2= +2x=0
U 5 tuv " v 2 u v " b'e ,

where u = £, v = 2, are the affine coordinates, etc.

Example 2.5. It is immediate to see that for the Veronese surface Vo C P5 we have dim TI(DQ)(V2) = 5 for
every point P € V5: there is not a hyperplane section of V5 with a triple point.

Definition 2.6. Let ¢ > 2 and V5 C V' be the quasi projective variety of points where TI(,t)(V) has maximal
dimension. The variety

Tan' (V) := | T9(V)
PeVy

is called the wvariety of osculating t-spaces to V.

Remark 2.7. Obviously we have

k—1+1t k+i-—1
dt<dt1+< ] ><<Z< ; )Zkt'

i=1
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Following [8] we give

Definition 2.8. The t-th fundamental form of V in P is the linear system |I'| in the projective space
P(Tp(V)) = PF*~1 of hypersurfaces of degree ¢ defined symbolically by the equations:

d'Ay = 0.
More intrinsically, we write I as the map
It:sym™ (V) = NYV)

(CNJrl

where N*(V) is the bundle defined locally as NL(V) := JETCa
Ty (V)

and the map I' is defined locally on

each v € Tp(V) as

d*A (-
v dvtO modTI(f 1)(V).

Example 2.9. With an explicit calculation (or from Example 2.11) we can show that the third fundamental
form at the general point P of the Togliatti surface S C P% is given by a single cubic in P(Tp(V)) = P!,
while for a “general” surface (i.e. if do = 5) of P® the third fundamental form is the empty set; this is
obviously true for the Veronese surface V5 C PP,

We will denote the dimension of the ¢-th fundamental form by A;:
A = dim(|I)),

ie. [It| = PA:.
We recall that (see [4, Corollary 1.15])

Proposition 2.10. We have that
dy =di—1 + A+ 1,

and vice versa: if dy = dy_1 + A+ 1, then the t-th fundamental form has dimension A.
Example 2.11. For the Togliatti surface S C P> we have that d3 = 5 and dy = 4, and therefore Az = 0.

Analogously, for a “general” surface of P°, d3 = dy = 5, and Az = —1, i.e. |III| = 0; this is true for
example for the Veronese surface Vo C P°.

From now on, we will suppose that our Darboux frame

{Ao; A1, o Ak A1y - Adys Adgt1s -5 Ads ooy Adys o AN (2.2)

is such that Ag, A1,..., Aq, span T}(,S)(V) forall s=1,...,t, with d; := k.
Definition 2.12. Let ¢t > 1. The t-th (projective) Gauss map is the rational map

AV -5 G(dy, PY)
P TO(W).
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We recall that (see for example [4, Theorem 1.18])
Theorem 2.13. The first differential of v at P is the (t + 1)-th fundamental form at P
sy. t

G(dy, PN)

The idea of the proof is the following: we have, by the definition of «*, that
rfv}(;)v )

d’y}‘s:TpV -3

and we recall that Tz, G(dy, PY)
P
(2.2), we have that dAg € TpV C TI(D)V and

and therefore dvt, € Hom(TpV @ TV, N5 (V)
Now, we remark that, in our Darboux frame, we can interpret v* as

YH(P)=AgA--- A Ag,,
and therefore by (2.1)
dvh = Z (=)= H L, s Ag A A A A A Ag, A A, mod TI(;)V;
1SN
now, a basis for TpV ® TS)V can be expressed by (A, ® A,) a=1,. k , and
p=1,..
dyp(Aa®A) = D wuy(Aa)dy € NEFH(V);
di+1<j<N
)-th fundamental form we have
mod Tg)(V).

on the other hand, for the (
dA
E= Z W’u’j (Aa)AJ

dv
¥ d+1<G<N

3. Fibres of higher Gauss maps
We start by writing higher fundamental forms explicitly: choose a Darboux frame
Ad '---;Adt;-n;AN}

{Ao; Ar, oo Ak Apgry -+ Ady Adg 115 -+
such that Ag, A1,..., A4 span T(S)(V) forall s =1 t, with dy := k, Tpl)(V)
We use indices 1 < i(l),igl),..., <k=d, de_1+1<i® <d,fors=2,...

With these notations, the second fundamental form is given by the quadrics
Ve = > O ORISR

OO

with £ > k, where ¢, ;) (= gy ) (y) are defined by
22 2

Hom(TYV, N4t (V)); moreover if we choose a Darboux frame as in

Tp(V) (and dy := 0)

tand dp +1 <it+D < N

(3.1)
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wz‘gl),i(@) = g qigl),i(zl);i(e)wi(zl)’ (3.2)

i)
which are obtained via the Cartan lemma from

0 = dw;wy = E wigm N wigl),i“)’

i{Y

since w;wy = 0 on Tp(V).
The higher fundamental forms can be expressed as in the following

Lemma 3.1. The (s + 1)-th fundamental form is given by the polynomials

k

(s4+1) _
VL(Z) = Z q751)777§2117(4)w7§1) L] wig}gl’ (3.3)
i il =1

with € > s + 1, which inductively satisfy the relations

ds k
3 g oo = D a0 0@ 39
i =ds_1+1 i =1

s+1—

where g,y . ., are the coefficients of the s-th fundamental form (and with the natural symmetries of
1 aeeesls 3
the indices: q DL e =4 ,N)), and the basis of the induction is the second fundamental

form (i.e. s =1) for which relations (3.3) and (3.4) are to be read as, respectively, (3.1) and (3.2).

Proof. By the definition of T}(,S)(V)7 where s € {1,...,t — 1}, we have that

dA;j.—y =0 mod TS (V) (3.5)
and from (2.1) we can write
N
dA,L'(s—l) = Z wi<571)7jAj
j=ds—1+1
from which we deduce, by (3.5)
wz‘(s—l)’i(s+l) = wl‘(s—l)’i(s+2) == wi(s—l),i(t) = wi(sf1)7i(n+1> =0. (3.6)
These equations imply that
0= dwi(571),i(z) = qui(sfl)’i(s) A Wics) 50 £>s+1;
i)

now, by the inductive hypothesis, we have

}: G0, iW i Wit =D 40 = § :qigw,...,ig“;iu)%g“ (3.7)

i(s—1) (0
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where G0 O emry BT€ the coefficients of the (s — 1)-th fundamental form and Q00 e are those of
yeels—15

geeesyl

the s-th fundamental form (with the convention that 6o e = =1ifs <1, and if s =2, (3.7) is just
(3.2) i.e. the Cartan lemma used to obtain the second fundamental form (3.1)) and then, applying relations
(3.7) to (a linear combination of) (3.6), we deduce

E G |0 ie-nWit=D i) AWits) j0) = g T |0 Wi A Wi
is=1) §(5) i i)

then, by the Cartan lemma

DG @i 0 = DG ) @

E] 1
i £

and the (s + 1)-th fundamental form is

(s+1) _ § :
V;(e) = q.(1> 722142172(,3)0\} 1) * wi(51+>1' O
(1) (1)
(SR S

Remark 3.2. Alternatively, we can write—for example writing back relations (3.4) in (3.3) or by a direct
computation

(s+1)
VN) E Wi Wi1) (2 Wi(1) 5(3) * * Wils—1) () Wi(s) §(0) 5
HONIRIO)

with £ > s+ 1 and the sum varies, as above, for 1 < i) <k =d;,...,ds_1 +1 <i(® < d,.
We recall

Definition 3.3. Let X be the linear system of dimension d of hypersurfaces of degree n > 1 in PV (N > 1),
generated by the d+ 1 hypersurfaces fo =0, ..., fg = 0. The Jacobian system J(X) of X is the linear system
defined by the partial derivatives of the forms fo, ..., fa:

J(Z):((’)fl/&arj) iZO,...,d;j:07...,T.

Remark 3.4. Obviously, the Jacobian system J(X) does not depend on the choice of fy,..., f4, but only
on X.

Corollary 3.5. The (s + 1)-th fundamental form is a linear system of polynomials of degree s + 1 whose
Jacobian system is contained in the s-th fundamental form.

Proof. We have, by Lemma 3.1

s+1
v

Ow;(s) (o)

i(s) 4

D Z qign"“)igl);i(@wigl) W T O (3.8)
¢
J

s 8w,<1)
AR ORTO! v

We are now able to prove the following fact (see [8, (2.6)])

Theorem 3.6. The s-th Gauss map v° (s > 1) has fibres of dimension m if and only if at a general point
P €V the forms of degree s+ 1 of the (s+1)-th fundamental form |I*T1| are cones over a P™~1 C PTp(V).
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Proof. We choose a Darboux frame as above, i.e.
{AO;A17~-~7Ak;Ak+17~-~7Ad2;Ad2+17~-~7Ads;-~-7Adt§-~-aAdf,+1;~--7AN}
such that Ay, A1,..., Aq, span TI(DS)(V) and indices dy_1+1 < i < d,foralls=1,...,t+1, with d; := k,
ete.
In coordinates, the s-th Gauss map ~v*
Y(P)=Ao A -+ A Aq,,

and therefore by (2.1), its differential, which is the (s + 1)-th fundamental form, is given by

Z (—1)ds_i+lwi,j140 VAR /\Ai/\”'/\Ad8 /\Aj7 mod TI(;.S)V

dvp

i<ds
d F1<i<N

therefore, since v° has fibres of dimension m if and only if dv$ has rank k —m (recall that P is a general
point) v* has fibres of dimension m if and only if the space

has dimension k& — m. Dually, this space defines a subspace U C Tp(V) of dimension m, defined by the
equations

wim 40 = 0, h=1,...,8 £>s+1.

Now, we prove that V(Z) are cones with vertex P(U): let us suppose to choose a frame such that

W41, -- -, wk form a basis for U*, that is
wig) 1<icd, = {Wmitseowr). (3.9)
dsF1<G<N
Moreover, we choose indices 1 < j£1), . ,j}(Ll) <m,and m+1< k%l), RN k,(ll) <k.
From (3.4), the points of U satisfy also
0= % qi<11)7,,,,121);i(h)wi(h)7i(z> = ; q,<11)’4..7i21+)1;i([)wi§z1+)1, (3.10)
i 7’h1+1

which implies, for every choice of the indices as above, that

. =0.
q1(1> ,Jﬁ_ﬁl,z(f)

From this we infer, from (3.3), that

(s+1)
= W) W 11
Vit 2D a0, (3:11)

1 1
kY

that is, Vlsf;rl) is a cone with vertex P™~1 = P(U).
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Vice versa, let us suppose that the polynomials Vl((j;r D are singular along a P~ = P(U); by choosing

our frame, we can suppose that U is defined by
w; =0, j=m+1,...,k,

or that (3.9) holds. Then, we have

ds N
0= dwi(h)ﬂ'(i) = E wi<h),i AN wi,i(l) + E (JJ,L'(h)J AN Wj,i(z) (312)
i=1 j=ds+1
and W; (0, Win) 5 € U* and therefore the Frobenius integrability conditions for wy,+1,...,wy are satisfied;

then, from

N
J=ds+1

we conclude that the s-th osculating space remains constant along the leaves of the foliation defined by
Wm415- -+ Wk- O

Remark 3.7. As we recalled in the introduction, one can deduce, from Theorem 3.6, that, for s =1 (i.e. the
usual Gauss map), the fibres of 4! are (Zariski open subsets of) linear spaces: see [8, (2.10)]. Moreover, in
[8, §3] they give a general description of these varieties; we will pursue further this kind of description for
higher s in Subsection 3.1.

Example 3.8. The first nontrivial example of application of the preceding theorem with s > 2 is given by
surfaces whose second Gauss map 72 has as image a curve; this case has been studied in [3] and in [7]: they
proved that the curves which are fibres of v? are indeed contained in 3-dimensional projective spaces; by
Theorem 3.6, we deduce that the third fundamental form at the general point is given by a perfect cube.

Let us see the following consequence of the preceding result.

Corollary 3.9. If the s-th Gauss map v° (s > 1) for a k-dimensional variety V' has fibres of dimension m,
then

(3.13)

k —
ds+1§ds+< m+8>7

s+1

and the equality is reached if and only if the (s+1)-th fundamental form |I5*Y| is given by the linear system
of all the cones over a P™~! C PTp(V).

Proof. By Proposition 2.10 we have to estimate the dimension Agi; of the linear system given by the
(s + 1)-th fundamental form, but this, by Theorem 3.6, is formed by degree (s 4+ 1) hypersurfaces which

are cones over a P™~1 in a P*~1(= P(Tp(V))). Since the linear systems of these cones has (projective)

k—m-+s
s+1

we have the assertion. O

dimension ( ) —1 (is equal to the complete linear system of degree (s + 1) hypersurfaces in a Pk=m2)

Example 3.10. Clearly, if m = k, then 4° is constant, |[I°*!| = () and the variety is contained in a P%.
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3.1. Varieties with a curve as the image of the s-th Gauss map

Let us start with the following

Lemma 3.11. If dy11 = ds + 1, then dsio < ds + 2. Moreover, if dsyo = ds + 2, then |I*TY| and |I°T2| are
generated by powers of the same linear form, and if ds+1 = d,yo, then our variety V is contained in P%+2,

Proof. We apply Proposition 2.10 to deduce that the (s + 1)-th fundamental form |I°T1| is generated by
only one form. Call this form f; by Corollary 3.5, if g is a form in [I°72|, then all its partial derivatives are
in |I5%1]; therefore, by Euler’s formula

k

k
1 dg 1
= w;—= = w;ia;

g s+2i:1 " Ow; s+2; iaif

a; € C,i=1,...,k, and we deduce that either g is zero or g = f¢, where ¢ is a linear form. If g = f¢, by a
change of coordinates we can suppose that ¢ = wy; then, we have

99 f

_ 9 s+1| _
awl—f+wlaw1€|l |=(f)
9g _ Oof sl _ -
&ujiwl@wjeu |=(f) i=2,....k

which imply that either f does not depend on wy, but then g is the zero form, or f is reducible of the form
f = wih. We can now proceed by induction to prove that f = wf“: if f = wi¢, then

dg ¢

— (041Dt 041 — ot
S = (e D+t 52 =t
Jg 041 99 V4
— = — =n; =2,...,k
80Jj “1 80.)]‘ njw1¢ J
n,n; € C, j =1,...,k, and, as above, either ¢ does not depend on w;, but then g is the zero form, or ¢ is

reducible of the form ¢ = wy¢’.
If g = 0, then we can conclude from Theorem 3.6 (or, better, from Example 3.10). O

Corollary 3.12. If dsio = ds11+1 = ds+2, then the s-th and (s+1)-th Gauss maps have fibres of dimension
kE—1.

Proof. By Lemma 3.11 we have that the |[I*+!| and |I°T2| are cones over a P*~2  therefore, by Theorem 3.6,
the thesis follows. O

The case we are interested in now is the one with m = k —1 (i.e. the next after Example 3.10), therefore,
by (3.13), (ds <)dst+1 < ds+1;if dsy1 < ds+ 1, then ds11 = ds, but in this case we would have no elements
in [I°%!], and therefore we would be in Example 3.10. We deduce that ds11 = ds + 1, and we are in the
case of Lemma 3.11, and by Theorem 3.6 the image of the s-th Gauss map has dimension 1; the complete
description of such cases will follow from [8, (2.4)]. To use this result, we need some notations and result:
we start by recalling the notation introduced in [8, §2(a)]; let B be an r-dimensional variety and let

f:B—G(d,N)
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be a morphism; let y € B be a general point, and let S, C V (where P = P(V)) be the (d+ 1)-dimensional
vector space which corresponds to f(y). Then, the differential of f in y can be thought of

dyf:TyB — Hom(Sy, Ny),
where N, = SL More explicitly, if y1,...,y, are local coordinates of B near y, and if ep(y),...eq(y) is a
Y
basis for the (d + 1)-dimensional vector spaces near S,, we have

9 _ 0(e;(y)
dy f (8_%> (ej(y)) = Tyl mod Sy

fori=1,...,rand j =0,...,d. Then, fixed w € Ty B, one can define the “infinitely near” space

Sy

T =Imd, f(w) C N,

and if we denote by [v] the class of v € V in N,,, we consider the following subspaces of V:

Sy—l-% = {veV|v:s+t7s€Sy,[t] € 5—5}}
S, S,
5,050 = {s e 8, 1012 € 32 b = kerta ),

Obviously, we have

tk(dyf)=p <= dim(Sy—&—;—i):d—&—l—l—p = dim(Syﬂj—i):d—i—l—p.

We also denote the projective subspaces of PV associated to the vector spaces just defined by

pd S,

d Y o._ Yy
Py + 70 P(S, + dw)

pd S

d Y o._ Y
Py N T P(S, N dw)'

The case of r = 1 is completely solved in [8]; as in the cited article, with abuse of notation we denote by
y the local coordinate of B near our general point y:

d
Proposition 3.13. (See /8, (2.4)].) With notations as above, if r = 1 and dim(P% N 5—'{2) =d — p, then there
exist p curves in PV, C1,...,C, parametrised by y, a1,...,a, € N, and a fived (d — Y "_, a;)-dimensional
subspace H C PN such that P} is the span of H together with the (a; — 1)-osculating (a; — 1)-planes
T}‘“‘”(Ci) C PV, that is
(a1 —1 H(ap,—1
Pl = (TS (), ..., TSV (C,), H).
Let us now use this result in our case: we take B as the image of the s-th Gauss map:

YV = Im(7®) =: B <5 G(ds, N),

dim B = 1 and S, denotes just the d,-dimensional vector subspace T3 (V) ¢ CN*1, where y = 7*(P),
defined by—with notations as in the proof of Theorem 3.6—S, := (Ay,..., Aq,). Moreover, by (3.12), we
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have that B defines also a ruled variety, which is indeed the variety of osculating s-spaces to V: Tan®*(V) :=
UyeB]P’gs of dimension ds + 1. By Corollary 3.12, if TI(DS)(V) #* T}(;.s+1)(V), the same happens with T}(;.SH)(V):
we have, on B, the S}’s, which are the d,;-dimensional vector subspaces TI(;SH)(V) C CN*1 they define
the (ruled) variety of osculating (s + 1)-spaces to V Tan®™ (V) := Uye BIP’Z“rl of dimension ds 4 2 such that
V C Tan®(V) € Tan®*" (V).

Since, by definition of the (s + 1) osculating space, we have that, for y € B,

Pds
Pds + % C Plort,
which implies
o, o P
dlm(IP’yS N d_y) =d, — 1.

Then, by Proposition 3.13

Proposition 3.14. If the s-th Gauss map has dimension one, then there exists a curve C C PN having
(a — 1)-osculating (a — 1) planes P4~" := Téa_l)(C) and a fived PN =971 such that

P =Pyt + PNl

In other words, Tan®(V), is the cone over PN=¢=1 of Tan® *(C) (and the same holds true for higher Gauss

maps).

Clearly, one can deduce more general results on the varieties of osculating s-spaces in the same vein as
at the end of [8, §3].
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