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Abstract

A blocking semioval in a projective plane is a set of points which is both a semioval
and a blocking set. In this paper, blocking semiovals in the Desaguesian projective
plane PG(2, s2) admitting an order s+1 homology group are considered. By looking
at the geometry of the orbits on points of such a group we find two new blocking
semiovals of large size in PG(2, 52).
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A blocking set in a projective plane Π is a set of points B with the property
that every line meets B nontrivially, and no line of Π is contained in B. A
semioval in Π is a set of points O with the property that for every point P of
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O, there exists exactly one tangent at P i.e., a line of Π meeting O precisely
in P . A blocking semioval in Π is a set of points S which is both a blocking
set and a semioval.

While the study of blocking semiovals was originally motivated by Batten
[1] in connection with cryptography, these geometric objects are interesting in
their own right since blocking semiovals are necessarily minimal blocking sets
and also maximal semiovals.

Hubaut [8] (and independently Thas [11]) gave an upper bound on the size
of a blocking semioval S namely, |S| ≤ q

√
q + 1 and the equality holds if and

only if S is a unital [2]. The lower bound 2q +
√

2q − 47

7
− 1

2
on the size of

blocking semiovals in the Desarguesian projective plane PG(2, q) was recently
proved by Dover [5].

Apart from unitals there is a further well-known example of blocking semio-
val namely, the vertexless triangle.

In the paper [4] Dover reported a different family of blocking semiovals of
size 3q − 4 in any projective plane of order q containing a ∆−configuration
(we refer to [4] for the definition of ∆−configuration). Suetake constructed
three new families of blocking semiovals in the desarguesian projective plane
PG(2, q) [9]. These families contain the family found by Dover as special cases.
In the paper [7], five infinite families are added and four sporadic examples in
PG(2, 7) were described. Very recently, Dover, Mellinger and Wantz provide
new constructions of blocking semiovals containing conics [6].

The problem of classifying blocking semiovals was posed by Batten at
the CMS Special Session in Finite Geometry in 1997 but computer results
applied to desarguesian projective plane of small order suggest that a complete
classification of blocking semiovals is intractable [7]. Thus, it becomes quite
natural to look at blocking semiovals with some interesting properties. Among
the others, one approach is looking at blocking semiovals which admit certain
central collineation groups [10].

Here we are interested in blocking semiovals of desarguesian projective
planes of square order which are invariant under the action of a large homology
group: In PG(2, s2) we consider the unique homology group H of order s+1.

In the following we will denote by K∗ the set of non-zero elements of any
K.

Let PG(2, s2) be the projective plane over GF(s2), with s a prime power,
modeled by a three-dimensional vector space over GF(s2) using homogeneous
coordinates. Point coordinates are denoted by (x, y, z), while line coordinates
are written as [x, y, z].
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Let H denote the unique order q+1 subgroup of the homology group with
center C and axis ℓ. Without loss of generality, we may assume C = (0, 0, 1)
and ℓ = [0, 0, 1]. Then any collineation hδ ∈ H is defined by

hδ(x, y, z) =











1 0 0

0 1 0

0 0 δ





















x

y

z











with δ ∈ GF(s2)∗ an (s + 1)−th root of unity. It turns out that the non-
singeton orbits of H are the Baer sublines

Bβ,a = {(1, β, x) : xs+1 = a}, B∞,a = {(0, 1, x) : xs+1 = a}

with a ∈ GF(s)∗ and β ∈ GF(s2).

Let S be a H−invariant blocking semioval of PG(2, s2). Then it is easily
seen that the axis of H must be a secant of S and the center of H is not a
point of S. We also assume the following.

Assumption 1: Any line through the center C intersects S in exactly one
point-orbit.

Let Pi = (1, βi, 0) ∈ ℓ, i = 1, . . . , n. We write S = (ℓ \ {P1, . . . , Pn}) ∪
Bβ1,a1 ∪ . . . ∪ Bβn,an where ai ∈ GF(s)∗.

Let ζ ∈ GF(s2) \GF(s). We take {1, ζ} as a basis for GF(s2) over GF(s).

Let us consider the affine plane AG(2, s2) with respect to the line at infinity
x = 0. Let AG(3, s) denote the 3−dimensional affine space coordinatized by
the finite field GF(s).

The map

ψ : AG(2, s2) −→ AG(3, s)

(β, α) 7−→ (b0, b1, α
s+1)

(1)

where b0+b1ζ = β, defines a one-to-one correspondence between the H−orbits
on points of AG(2, s2) and points of AG(3, s).

The image of lines of AG(2, s2) under the map ψ are of three different
types:

I. The line [−β, 1, 0], with β = b0+b1ζ is mapped into the line Lβ = {(b0, b1, a) :
a ∈ GF(q)} of AG(3, s);

II. The H−orbit of [−α, 0, 1], with αs+1 = a is mapped into the affine plane
πa = {(b0, b1, a) : b0, b1 ∈ GF(q)};
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III. The H−orbit of [αβ,−α, 1], with αs+1 = a 6= 0 is mapped into the elliptic
quadric Qβ,a = {(λ, µ, a((λ− b0)

2+ t1(λ− b0)(µ− b1)− t0(µ− b1)
2)) : λ, µ ∈

GF(s)}.
Let F denote the set of the quadrics Qβ,a. A blocking semioval with respect

to F is a set of points S ′ in AG(3, s) with the following properties:

(i) every quadric of F meets S ′ nontrivially, and no quadric of F is contained
in S ′,

(ii) for every point P of S ′, there exists exactly one quadric of F meeting S ′

precisely in the point P .

Let S be an H−invariant blocking semioval in PG(2, s2) with Assumption 1.
Then the set S ′ = ψ(S \ ℓ) ⊂ AG(3, s) satisfies the following properties:

(P1) S ′ ∩ π0 = ∅, S ′ ∩ πa 6= ∅ and πa 6⊂ S ′, for all a ∈ GF(s)∗,

(P2) |L ∩ S ′| ∈ {0, 1} for any affine line L through P∞ = (0, 0, 0, 1),

(P3) S ′ is a blocking semioval with respect to the family F ,

(P4) {Qβ,a ∩ π0 : Qβ,a is a tangent to S ′} ⊆ Γ′ where Γ′ is the projection of S ′

on π0 from P∞.

The reverse also holds.

Theorem 1.1 Let S ′ be a set of points in AG(3, s) satisfying properties (P1),
(P2), (P3), (P4) and Γ′ denote the projection of S ′ on π0 from P∞. Set
I = π0 \ Γ′. Then the set S = ψ−1(S ′ ∪ I) ∪ {(0, 1, 0)} is a (H−invariant)
blocking semioval of size (s+ 1)|S ′|+ |I|+ 1 in PG(2, s2).

In PG(2, s2), a classical unital containing (1, 0, 0), (0, 1, 0) with tangents
ℓ0 at (1, 0, 0) and ℓ∞ at (0, 1, 0), has equation Uα : zs+1 = αys + αsy with
α ∈ GF(s2)∗.

It is easily seen that Uα is H−invariant and that there are s2 − 1 such
unitals. If α = a0 + ζa1, then ψ(Uα \ {(0, 1, 0)}) is a plane in AG(3, s), which
we denote by πa0,a1, whose projective closure contains neither P∞ nor the line
〈(0, 1, 0, 0), (0, 0, 1, 0)〉.

Proposition 1.2 The map ψ defines a one-to-one correspondence between
the set of the unitals Uα and the set of (affine) planes in PG(3, s) containing
neither P∞ nor 〈(0, 1, 0, 0), (0, 0, 1, 0)〉.

By using MAGMA [3], we found two projectively inequivalent sets of points
in AG(3, s) satisfying (P1), (P2), (P3) and (P4) which are not affine planes.
Both sets have the following geometric properties:
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i) |S ′| = m(s− 1) with m = 3, 4

ii) I is union of s+ 1−m affine lines of π0 through the origin

iii) every plane πa, a ∈ GF(s)∗ intersects S ′ in m points.

Therefore, such sets yield blocking semiovals in PG(2, 52) of size |S| =
m(52 − 1) + (52 −m(5− 1)) + 1 ∈ {86, 106}.

Among the formerly known semiovals in PG(2, 52) apart from unitals, just
the blocking semiovals constructed in [6] have size 86, but our examples do not
contain conics. This implies that the blocking semiovals we found are new.
Based upon the properties above, we are hopeful that the two examples we
found would generalize to Desarguesian projective planes of higher order.
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