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We show how the fields and particles of the standard model can be naturally realized in non-
commutative gauge theory. Starting with a Yang-Mills matrix model in more than four dimensions, an
SU(n) gauge theory on a Moyal-Weyl space arises with all matter and fields in the adjoint of the gauge
group. We show how this gauge symmetry can be broken spontaneously down to SU(3). X SU(2); X
U(1)y [resp. SU(3). X U(1)g], which couples appropriately to all fields in the standard model. An
additional U(1)z gauge group arises which is anomalous at low energies, while the trace-U(1) sector is
understood in terms of emergent gravity. A number of additional fields arise, which we assume to be
massive, in a pattern that is reminiscent of supersymmetry. The symmetry breaking might arise via
spontaneously generated fuzzy spheres, in which case the mechanism is similar to brane constructions in

string theory.
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I. INTRODUCTION

While no one knows how to describe physics at the
Planck scale, there are suggestions that it may be described
by some generalization of ordinary spaces which goes
under the generic name of noncommutative geometry [1—
4]. Regardless of the details of such a construction, the
noncommutative generalization of the coordinate functions
is given by matrices x* which satisfy commutation rela-
tions of the type

[x#, x¥] = 10",

(.1

where 67 is a quantity of the order of the square of the
Planck length. An action is then naturally defined as some
kind of matrix model in terms of these noncommutative
coordinates, such as the models introduced in [5-7]. These
matrix models are known to describe noncommutative
gauge theory [8,9], and contain gravity as an emergent
phenomenon [10] a la Sakharov [11,12]. Thus they are
promising candidates for a quantum theory of fundamental
interactions. However, the noncommutative gauge theories
obtained in this manner are quite restrictive [13]: only U(n)
gauge groups (or possibly products thereof) are consistent,
fermions can be introduced only in the adjoint or possibly
(anti)fundamental representation, and the trace-U(1) sector
is afflicted with the notorious UV/IR mixing [14-17].
Hence these models are often thought to be incompatible
with particle physics. There are proposals for how to
circumvent this restriction using additional structures
such as open Wilson lines or “Higgsac™ fields [18]. This,
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however, leads to other problems, e.g. with unitarity [19],
and a hypercharge sector suffering from UV/IR mixing.
The latter issue has been addressed in [16], in which a
model is constructed where the problematic trace-U(1)
sectors of U(4) X U(3) X U(2) are separated from the
hypercharge, but nevertheless they lead to unwanted low-
energy fields which are not understood. A different pro-
posal [20] is based on a Seiberg-Witten expansion in 6,
which leads to models which can be viewed as the low-
energy effective action of some underlying noncommuta-
tive theory. Here the restriction for the gauge group does
not apply; however, such #-expanded models are typically
not renormalizable [21], and a different approach is needed
for a fundamental theory.

The main point of this paper is to demonstrate that the
simple matrix models for noncommutative gauge theory
may nevertheless lead to low-energy gauge theories which
are extensions of the standard model. In particular, we
show how all fermions in the standard model with their
appropriate charges can be accommodated. The principal
idea is to consider a matrix model which describes not only
the usual Moyal plane R, but also extra dimensions en-
coded by additional matrices. These matrices correspond-
ing to extra dimensions can be equivalently interpreted as
scalar fields on R}, and can acquire nontrivial vacuum
expectation values leading, via the usual Higgs effect, to
spontaneous symmetry breaking. The extra-dimensional
matrices are assumed to have a finite spectrum and no
massless modes, similar in a sense to Connes’ approach
to the standard model in noncommutative geometry
[1,22,23]. The mechanism is essentially the same as the
generation of fuzzy extra dimensions in ordinary gauge
theory [24]; cf. [25]. The trace-U(1) components and its
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UV/IR mixing were understood in [10] to be part of the
gravity sector and are not part of the low-energy gauge
theory. This allows us to resolve the problems with the
U(1) sector found in previous formulations of the standard
model on the Moyal-Weyl plane [16,17] based on (prod-
ucts of) U(N) gauge groups.

The models we will describe below have some key
features of the standard model, mainly regarding symmetry
breaking, but are not yet phenomenologically viable, in the
sense that there are still several features which are unreal-
istic. However, the basic mechanism based on spontaneous
symmetry breaking of the underlying noncommutative
SU(N) [resp. U(N)] gauge theory is rather general, and it
is quite conceivable that more sophisticated versions might
be realistic. In particular, we will see that a promising line
of development is to consider the internal space as fuzzy
spheres, similar to [24]. Then the pattern which emerges is
quite similar to string-theoretical constructions of (exten-
sions of the) standard model [26-28], based on strings
stretching between branes. These modes are recovered
here as bi-modules of SU(n;) subgroups of the spontane-
ously broken SU(N) gauge group. One of the main open
problems is the origin of chirality, and we only discuss
some possible avenues here. This problem is similar to the
commutative case [29], and can probably be solved by
invoking more sophisticated geometrical structures such
as orbifolds [30].

This paper is structured as follows. After recalling the
basic constructions of matrix models and noncommutative
gauge theory, we discuss in Sec. III the symmetry breaking
of SU(n) to products of SU(n;) via extra dimensions. We
consider both a simplified effective treatment involving
only the low-energy degrees of freedom and a more so-
phisticated realization in terms of fuzzy spheres in extra
dimensions. Section IV contains the main results of the
paper, namely, the embedding of the standard model par-
ticles and fields in the basic matrices which are in the
adjoint of SU(N), focusing on N = 7. Electroweak sym-
metry breaking is discussed in Sec. V, as well as the
structure of the Yukawa couplings. Here we only exhibit
some qualitative aspects and discuss possible avenues for
further studies. Parts of the present paper have been pre-
sented in the proceedings [31].

II. THE MATRIX MODEL

We start with a Yang-Mills matrix model which in-
volves! D = 4 + n matrices X and a set of fermions:

'"The case D = 10 is of particular interest. In this case it is
possible to impose a Majorana-Weyl condition on W, and the
model admits an extended supersymmetry [6]. On a four-
dimensional Moyal-Weyl background as discussed below, the
model then reduces to the N = 4 super-Yang-Mills on R}, which
is expected to be well behaved upon quantization.
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A4 ! /
Sym = —(277)2% Tr([ X, XP XY, X2 1m0 i

+ WI [X%, V), (2.1)

where X¢ are infinite-dimensional Hermitian matrices
Mat(oo, C), or operators in a Hilbert space JH . I', gener-
ates the SO(1, D — 1) Clifford algebra, the metric 7,, is
the flat Minkowski (or Euclidean), and WV is a correspond-
ing (Grassmann-valued) spinor taking values in
Mat(oo, C). We introduced a scale parameter Ayc which
will be identified with the scale of noncommutativity be-
low, and g will be identified as a gauge coupling constant.
This model is invariant under the symmetry

Ue UH).

The equations of motion of the bosonic part of the model
are

X¢ — UXU™, (2.2)

(X [X?, X“ 19,0 = O. (2.3)

We will discuss the fermions later. There are several solu-
tions for this classical equation of motion, which we will
often call vacua in the following. Apart from the trivial one
(X% = 0) and the case in which all of the X’s commute, a
relevant vacuum for our model is the ‘“‘scalar Moyal-Weyl”
vacuum:

[X¢, xb] = i6ab 2.4)

with 8%’ constant. The functions of the X,’s in this case
generate an algebra isomorphic (under appropriate regu-
larity conditions) to the algebra of functions on a
D-dimensional space multiplied with the Groénewold-
Moyal product. That is, given two functions f and g,
consider f(x), g(x) as ordinary functions on the plane,
and f(X), g(X) operators; then

fX)g(X) = (f * g)(X) (2.5

with

(f * g)(x) = ei(i/Z)e”baxa a,"bf(x)g(y)|x:y’

We interpret this as the fact that the vacuum (2.4) describes
a noncommutative space where the coordinates have a
nontrivial constant commutator, the noncommutative
space RE. The bosonic action has a gauge invariance
defined by conjugation with unitary elements of the alge-
bra; since we are considering functions of X, we consider
these unitary elements as unitary matrix functions U(X) to
which corresponds a function of x which is, as usual, a
phase. We call this association of functions of the matrices
with functions on an ordinary space the Moyal-Weyl limit.
Another vacuum of interest is

(2.6)

Xa=X001, 2.7)

In this case the Moyal-Weyl limit is given by matrix-valued
functions on R% and the gauge symmetry is given by
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unitary elements of the algebra of n X n matrices of func-
tions of the X,. We say that this theory has a noncommu-
tative U(n) gauge symmetry because in the semiclassical
limit it corresponds to a non-Abelian gauge theory.

A. Moyal-Weyl, gauge theory, and extra dimensions
Let us now consider the case in which not all dimensions
have the same significance. Split the D matrices as
X = (X X), i=1...,n
(2.8)

mw=0..3

into four “‘spacetime’ generators X* which will be inter-
preted as (quantized) coordinate functions, and n genera-
tors X’ which are interpreted as extra dimensions. More
specifically, we consider a background (i.e. a solution) of
the matrix model where four spacetime generators X*
generate the Moyal-Weyl quantum plane R,

Xr=xtely, X' =0 (2.9)

which satisfies

[XH, X"] = i6"" ® 1y, [X», X ]7=0. (2.10)

Here we assume 6*” = const for simplicity. This back-
ground preserves the symmetry SU(N) which commutes
with X#.

Now consider small fluctuations around this solution,

X+ =Xt 4+ Am O = AL X (2.11)

so that X# has dimension length and ®' has dimension
length™! and can be considered (also dimensionally) a field
from the four-dimensional point of view. As shown in [10]
and recalled in Sec. II B, the trace-U(1) fluctuations give
rise to the gravitational degrees of freedom which lead to
an effective (“‘emergent’”) metric and gravity. For the sake
of the present paper we will ignore these U(1) degrees of
freedom and concentrate on traceless fluctuations, assum-
ing a flat Moyal-Weyl background with Minkowski signa-
ture. The remaining SU(N)-valued fluctuations

Ar = —rA%(X) ® A, (2.12)

then correspond to SU(N)-valued gauge fields, while the
fluctuations in the internal degrees of freedom,

D = Pie(x) ® A, (2.13)

correspond to scalar fields in the adjoint. The matrix model
action (2.1) therefore describes SU(N) gauge theory on Rg
coupled to n scalar fields. From now on we will drop the ®
sign whenever there is no risk of confusion.
Noncommutative gauge theory is obtained from the
matrix model using the following basic observation:

[X* + Ar, f]= iaw(aixv +i[A,, .])f = i9“'D, f.
(2.14)
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The matrix model action (2.1) can then be written as
1 4 — / /
SYM = > [d xtr(G"”‘ G FMVF,U/V/
8
+2G*'D,®'D, D5, — [P, DD, BI]5,;8,
+ UPVY + VI[P, ¥)). (2.15)

This is the action of an SU(N) gauge theory” on R%, with
the effective metric given by

G = O 0",y p = (detg?) V2 =1 Ak,

(2.16)

which satisfies /|G| = 1. Here F,, = d,A, —d,A, +
i[A,, A,]is the field strength on Rg,

D,=d,+iA,] 2.17)

is the covariant derivative for fields in the adjoint, and tr ()
denotes the trace over the SU(N) components. The effec-
tive Dirac operator is given by

PV =T ,[X* ¥]~ iy*D,¥ (2.18)

where [32]
v =Pl 0",

The fermions have been rescaled appropriately, and a
constant shift as well as total derivatives in the action are
dropped. Note that g is now identified as the coupling
constant for the non-Abelian gauge fields on R§.

{y*, y"} = 2GH". (2.19)

B. Fluctuations of the vacuum, emergent gravity, and
gauge theory

As explained above, fluctuations of X“ can be parame-
trized in terms of gauge fields A, and scalar fields ¢’ on
R$. At first sight, this might suggest that the action (2.15)
describes U(n) gauge theory on R}. However, this inter-
pretation is not quite correct: it turns out [10] that the
trace-U(1) fluctuations of both A# and ®' describe gravi-
tational degrees of freedom which modify the geometry of
R, defining an effective (emergent) geometry given by

G (x) = e~ 70MH (x)0"" (x)g 1y (%),
017 (x) = ifxt, X"} ~ [X*, X7],
g,LLV = 77,4/,1/ + a,u(biav(bir

e’ = \/detﬁ‘“’(x) detg,,, (x).

(2.20)

The SU(n)-valued components of A* and ®' describe
non-Abelian gauge fields (resp. scalar fields) which in the
semiclassical limit (denoted by ~) couple to the effective
metric G*”(x). Note that the “would-be U(1) gauge fields”

*The U(1) components are gravitational degrees of freedom
and will be ignored here.

085034-3



HARALD GROSSE, FEDELE LIZZI, AND HAROLD STEINACKER

A,1 are absorbed in the Poisson structure 6*”(x) =
6 (%) — 6##'§""'F s, and similarly the U(1) degrees

. # v
of freedom of ¢’ are absorbed in g, (x). In the following
we will ignore the gravitational degrees of freedom and
only keep the SU(n)-valued components of A#* and ¢',

focusing on the flat Moyal-Weyl space Rg.

III. SPONTANEOUS SYMMETRY BREAKING IN
EXTRA DIMENSIONS

In this section we will present two mechanisms to break
the gauge symmetry from SU(n) down to a smaller
group—the first with one constant extra dimension and
the second with inner fuzzy spheres. The two mechanisms
are not really different because the former can be seen as an
effective model of the latter. Only the bosonic part will be
discussed in this section as well. Both models are some-
what analogous to a grand unified theory (GUT)-like
model, where the breaking is realized through a Higgs in
the adjoint.

A. Single-coordinate effective breaking

The mechanism for how to obtain nontrivial low-energy
gauge groups and particle spectra can be understood in a

simple way as follows. Consider a model with X* as in
|
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(2.10), but this time with a single extra dimension which
we call ¥®, which in a suitable vacuum takes the form

a1,

(X*) = (3.1)

a1,
azl;

Here a’s are constant® quantities with the dimensions of
length, which are assumed to be distinct. These new coor-
dinates are still solutions of the equations of motion be-
cause [X*, (X®)] = 0 i.e. ##® = 0, which in turn implies
that G*® = 0 regardless of the value of 7®®. Therefore
the extra coordinate is not geometric and does not corre-
spond to propagating degrees of freedom from the four-
dimensional point of view. The new coordinate is not
invariant for the transformation
(X?) = UEXOUT # (X?) (3.2)

for a generic U € SU(7). The traceless generators com-
muting with (X®) generate the surviving gauge group
SU2) X SUR2) X SUQB) X U(1) X U(1).

In the bosonic action as in Sec. I A the spacetime (uv)
part of the action remains unchanged, while for the ¢
components we obtain, in the Moyal-Weyl background,

[X* + Ar, X®] = io**D, X¢ = i0* (9, + iA,)X?,

— Q) Te[X*, X?][X", X?]n,, = [ d*xGP(9,X%9,X% —[A,, X*][A,, XP)).

(3.3)

Note that the mixed terms fa“.%q’[AM, X% = - > [X?[o+A,, X®] = 0 vanish, assuming the Lorentz gauge A, = 0.

Now consider the vacuum (3.1). Since X* and (X®) commute, this means (X®) = const and the first term in the integral
above vanishes. We can therefore separate the fluctuations of this extra dimension which are a field, the (high-energy)
Higgs field. In the action the first term is nothing but the derivative of it. The second term instead is

0
(al - az)Aéﬁ
() — a3)AY

[Ax, (X?)] =

where we consider the block form of A#,
AH = A%) A%E A%?
Ay Ay Ay

(3.5)

Therefore (3.3) leads to the mass terms for the off-diagonal
gauge fields,

— 2m)> Te[X#, (X)X, (X)) ]n s

— [d4xGMV<Z(ai — aj)zA,u,,ijAV,ji)’

(3.6)

?Actually it is sufficient that they commute with the X’s.

(@, — al)Alle

(a3 - a1)A’|§

0 (CY3 - az)A% ) (34)

(a0 — a3)A%, 0

|
which is nothing but the usual Higgs effect. If we now
assume that the differences «; — «; are large, say of the
grand-unification scale, it is easy to see that all nondiago-
nal blocks of A acquire large masses m7; ~ (a; — @;)?,
thus effectively decoupling.

In order to approach the standard model, we will assume
the following version of the above mechanism:

al,
(XP) = ( Q03 ) (3.7)
CY3]13

with @y # @, # 3. Then the surviving traceless gauge
group is given by SU(3) X SU(2) X U(1) X U(1) X U(1),

and the off-diagonal gauge fields A, ;; for i, j labeling the
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four blocks acquire a mass as in (3.6). Again, this may
simply be a crude picture of some more sophisticated
mechanism involving fuzzy spheres (branes) in extra di-
mensions, as discussed below. This then comes very close
to some of the proposals for how to recover the standard
model using branes and strings stretching between them;
cf. [26,27]. Thus in a sense we show how such a mecha-
nism can be realized in the matrix model framework.

B. Fuzzy sphere breaking

According to the splitting of the matrices into a non-
commutative spacetime R$ and “‘extra” generators X', it is
quite natural to add extra terms to the potential and add a
potential term involving quadratic and cubic terms in the
fluctuations @ defined in (2.11):

Vsoft(q)i) =2 Tr(cz(l)iCI)J'(Sij + iC38ijkq)iq)j<Dk)
= ZAA;IC fd“x tr(Czq)i(Dj6ij + l.C38ijk(1)i(I)jq)k).
(3.8)

From the point of view of field theory on R4, these amount
to soft (resp. relevant) terms which may (partially) break
the global SO(n) symmetry, as well as supersymmetry if
applicable. In particular, they may be generated upon
quantization. The full one-loop effective potential can
have more complicated effective potentials, but for the
present work we will limit our considerations to these
terms.

The bosonic part of the action (2.1) now becomes the
following gauge theory action on [R‘(;,

1 ! /
SYM = fd4x—2 tI'FMVF‘M/V/G'U"U“ G"
8

1 . .
+ A%, f dx tr<? G*'D, D, di

AL N
_ ?NZC[(DI’ O DY, B/ ]5”,5”,, + Cz(pzq)Jé\ij

+ iC38ijchi(I)jq)k) (39)
with G?”' as in (2.16). We omit here surface terms (such as
[d*xF,,0,,), as well as all trace-U(1) degrees of freedom
which are part of the gravitational sector.

Scalar fields and spontaneous symmetry breaking.—
Assuming that the extra coordinates commute with the
spacetime ones, [X/, X#] = [®!, X#] = 0, or that, in other
words, in the Moyal-Weyl vacuum they commute with the
Xx’s, the above action leads to the following equation of
motion for the scalar fields:

2A%e [, [0, o/ T]o B + 2 icye [ D], D] =
?[ @ DT80 + 2¢0 +§lc38ijk[ , ®¥]=0.

(3.10)
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This equation has the solution

(@) = ali, (3.11)

where Ji, are generators of the N X N representation of

SU(2),

N> —1
R

This solution is interpreted as a fuzzy sphere [33] with
radius

i, I = e, Jidy = (3.12)

a=g N2 -1 (3.13)
as in [24]. The equations of motion then reduce to
2A¢
—ZNCa2 +2¢y —3c3a =0, (3.14)

8

which generically has two solutions. It is important to note
that one of them really is a global minimum of the potential
for @' (3.9):

. A2 o o
V[®']= tr(— gNzc[q)’, OID7, D)6, + c, @' D/S;

+ iC38ijkcI)i(chI)k)

4A4
a*A
= —N( NC 4+ ca? — c3a3).

20 (3.15)

This potential has either one or two degenerate minima as a
function of «, and (3.11) is the physical vacuum of the
model. The SU(N) gauge symmetry is then broken com-
pletely by the presence of a fuzzy sphere in the internal
space.

A physically more relevant vacuum could be the one
corresponding to a “‘stack’ of fuzzy spheres as proposed in
[24], in particular,4

al.lj'vl ® ]12 0 0
<(Dl> == 0 aZJIiVZ ® g3 0 y
0 0 a3J1i\,3 ® ﬂ3

(3.16)

which gives an explicit realization of (3.7). Each of the
blocks corresponds to a fuzzy sphere Szzv,. with radius «;.
More precisely, the last block has a threefold multiplicity,
which can be interpreted as a stack of three coinciding
fuzzy spheres with radius as. If these fuzzy spheres are
large, then the fluctuations around this vacuum effectively
“see’” only the radius of the fuzzy spheres. Thus at low
energies we are very close to the case of the previous
subsection. The symmetry in the vacuum (3.16) is broken
down to SU(3) X SU(2) X U(1) X U(1) X U(1), which
is very close to what we want. Note that by setting e.g.

“More sophisticated versions are of course conceivable [34].
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a; = a, and Ny = N, the symmetry is enhanced, and
more sophisticated symmetry breaking processes with sev-
eral steps (resp. scales) are conceivable.

An important bonus compared with standard Higgs sce-
narios is that the above Higgs fields have a natural geo-
metrical interpretation in terms of compact fuzzy spaces.
The double commutator has an interpretation in terms of a
higher-dimensional curvature, and the additional potential
(3.8) is cubic. This should lead to milder renormalization
properties and less fine-tuning compared with the standard
¢* case, as observed in [24].

Massive vector bosons and Higgs effect.—The masses
of the four-dimensional non-Abelian gauge bosons A, in
the presence of such a fuzzy sphere vacuum were studied in
[24]. The result is essentially the same as in Sec. Il A; i.e.
the off-diagonal components A, ;; for i # j acquire a mass
due to the term trG**D,®'D,d", provided (a; N;) #
(@}, N;). For the diagonal blocks, only the / = 0 mode of
the decomposition of Mat(N;) = @lzzzvé)—l Y,,, into fuzzy
spherical harmonics remains massless, while all higher
Kaluza-Klein modes acquire a mass m? ~ a*Afcl(l +
1). This is nothing but a geometrical version of the usual
Higgs effect. Therefore the low-energy sector of such a
fuzzy sphere vacuum is essentially captured by the effec-
tive single-variable description in Sec. III A. However, the
fuzzy sphere scenario provides a natural origin of a Higgs
potential with a nontrivial minimum, which is not seen in
the single-variable description.

IV. PARTICLE ASSIGNMENTS, CHARGES, AND
SYMMETRIES

In this section we show how the fermions in the standard
model can be naturally accommodated in the framework of
matrix models. This is nontrivial because the fermions in
the matrix model are necessarily in the adjoint of some
basic SU(N) gauge group. In a later section we will also
show how electroweak symmetry can be broken through a
somewhat modified Higgs sector, and the Yukawa cou-
plings are obtained.

We start with the matrix model of Sec. lIlin D =4 + n
dimensions. Thus the fermions are realized as
D-dimensional spinors W in the adjoint of SU(N), and
there are n scalar fields ®' in the adjoint of SU(N) as
well as the four-dimensional gauge fields® A e

The basic idea is to assume that the fundamental SU(N)
gauge group is spontaneously broken in several steps down
to the low-energy gauge group SU(3) X U(1) of the stan-
dard model. It is natural to assume that the various (inter-
mediate and low-energy) gauge groups are realized as
block-diagonal subgroups of SU(N). We will show in a
later section how this can be realized by spontaneous

SWhich in turn are obtained as fluctuations of the covariant
coordinates in the matrix model.
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compactification on fuzzy internal spaces. In this section,
we simply assume that in a first step (at very high energy)
the block-matrix decomposition in Sec. III has occurred
and that, therefore, the symmetry is broken to SU(3) X
SUQ2) X U(1) X U(1) X U(1) as in (3.7). We assign the
fermions accordingly by the matrix

v=(%" o)

4.1)
Here the 4 X 4 block £ will contain the leptons which are
color-blind, and Q (resp. Q') will contain the quarks
[which we assume to be in (3) here for convenience]. We
drop all fermions in the adjoint of an unbroken gauge
group; i.e. we assume that they are very massive. This is
plausible if this block arises from Kaluza-Klein modes on
some fuzzy sphere as discussed above; in principle, such
fermions would correspond to gauginos. We denote the off-
diagonal blocks according to (3.7) as

0252 Ly ~
L = 7 0 e |, Ly=(I, 1)
Leh 0

n=(r) n=(5)

Here [; will be the standard (left-handed) leptons, and ey
the right-handed electron. Fields with a prime may either
be related to the unprimed ones through some conjugation,
or be independent new fields, or they may vanish for some
reason; this will be discussed below. In particular, [ will
correspond to additional leptons, which may be present at
some energy, or which may be null; at present, the model
allows them and we will keep the term. The quarks split
accordingly as

o-(3) a-(z) o-(f)w

which will again correspond to the standard quarks. This
gives the following general fermionic matrix,

02%2 OLL O
v=| L R0
L e;? O R

0 Ok

(4.4)
033
The correct hypercharge, electric charge, and baryon num-

ber are then reproduced by the following traceless gener-
ators:

02><2
Y= — 03 +
_%]13x3

1, (4.5)

~| =
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Q—T—i-Y—1 7 —o +1]l
3Ty 2 3 g 14
3 43%3
(4.6)
0 1
B = 0 +oL 4.7)
_%]13><3
O (1! 150)
22\ (0,1,0)
(0,Y,B)¥ = . 0
ES

as it should be, omitting the obvious lower-diagonal en-
tries. In particular, the charges of the exotic leptons [ are
those of Higgsinos.

The main result is that all particles of the standard model
with the correct quantum numbers fit naturally into this
framework, based on matrices in the adjoint of a funda-
mental SU(N) gauge symmetry. This is very important
because the only representations which can be realized in
noncommutative gauge theory® are fundamental, antifun-
damental, and adjoint representations of U(N) gauge
groups. Matrix models provide a natural framework to
study the quantization of NC gauge theory in a nonpertur-
bative way. In order to be free of UV/IR mixing, it appears
that only the IKKT matrix model, or close relatives, is
consistent at the quantum level, which contains only ma-
trices in the adjoint. This is a strong and predictive con-
straint, which restricts the freedom in model building, with
the added bonus of an intrinsic gravity sector [10]. Perhaps
the main result of this paper is that realistic models for
particle physics appear feasible within this framework.

There is some freedom in relation to the primed fermi-
ons appearing in the lower block of the matrix (4.1), and we
need to understand the relation among the upper- and
lower-diagonal blocks. It is likely that a supersymmetric
version of this model can be built, and in that framework
some of the zeros of the matrix can be filled by super-
symmetric partners, and the additional leptons I could be
identified with Higgsinos.

Let us discuss some possibilities for how fermions may
arise in the off-diagonal blocks. We first need to understand
the relation between the upper-diagonal and the lower-
diagonal components. We note that the upper and lower
triangles in the matrix are exchanged under Hermitian
conjugation, which is part of charge conjugation.

At a fundamental level i.e. without resorting to an effective
Seiberg-Witten expansion.
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which act in the adjoint. For easy reference we display the
charges (Q, Y, B) of these block matrices for the above
generators:

(0, ~1,0) e,
( (4.8)

Therefore, as we will see in detail in the following, the
role of primed and unprimed elements is exchanged in V.
There are three obvious choices for the primed fermions.

(1) If ¥ = W€ is a Majorana-Weyl fermion in the fun-
damental matrix model, then the lower-diagonal
components are related with the upper-diagonal
ones directly by charge conjugation. This choice
may be natural in the presence of ten dimensions,
in which case it is possible to have fermions which
are both Majorana and Weyl.

(2) One can set the primed fermions equal to zero, so
that W is an upper-triangular matrix. The lower part
of the matrix will appear in ¢, which will be lower
triangular. This choice has several advantages, as we
will see in the following, but it seems “ad hoc,”
without an explanation at the present. This may be
related to the presence of a magnetic flux [29].

(3) If both upper- and lower-diagonal components are
nonvanishing and not related via conjugation, the
model is nonchiral, corresponding to a mirror
model. Then one has to explain why each single
sector has an independent cancellation of anomalies,
which would be canceled by the mirrors anyway; we
refrain from speculating on a possible relevance to
dark matter, given the present state of the art.

In the latter two cases the lower-triangular one can be
seen as an instance of the presence of fermion doubling,
which is a known phenomenon in noncommutative geome-
try [23,35]. At this stage it is really a matter of taste if one
prefers to eliminate the lower triangle of the matrix, setting
it to zero, or to keep it as a mirror world. With the former
choice one is setting to zero a sector which is, in principle,
present, but which can give unwanted couplings.

The correct chirality assignment is put in by hand here.
There is also a slot which could naturally accommodate
additional leptons /; . Notice also that the scheme is natu-
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rally suited for supersymmetry, since all particles and fields
arise from matrices in the adjoint of SU(N).

The full U(N) model is certainly free of anomalies. After
symmetry breaking, the U(1)p gauge symmetry may turn
out to be anomalous, as it often does in string theory [28],
and we assume that the corresponding gauge boson be-
comes massive through some version of the Green-
Schwarz mechanism. Furthermore, the additional leptons
I'lead to an anomaly unless their lower-diagonal partners [
are also present; this strongly suggests that [ should be set
to zero.

These ambiguities indicate that an additional mecha-
nism is required to single out the correct physical result.
In particular, it is very interesting that the above scheme is
very similar to constructions in string theory [26-28],
where the standard model is realized in terms of four stacks
of branes with exactly the above gauge groups, and parti-
cles realized as strings stretched between these branes. The
latter correspond precisely to the off-diagonal blocks, and
there seems to be a correspondence between the possibil-
ities indicated above and the different versions of this
construction in string theory. This suggests that additional
structures such as intersecting branes should be considered
in the matrix model framework. This is probably possible,
and e.g. branes with fluxes were recently realized in [29].
In particular, fuzzy orbifolds [30] appear to realize the
above structures in a chiral model. We will not investigate
these in the present paper.

Here we do not claim to have the final answer; rather, we
want to point out possible directions which should be
pursued elsewhere. We take this similarity with string
theory as additional encouragement. However, we want
to stress that our approach offers advantages over string
theory, simply because the matrix model is a very specific
and predictive framework. For example, the branes real-
ized as fuzzy spheres are naturally obtained as stable
minima of the potential (3.15). Furthermore, this result
shows clearly that there is no obstacle to describe (an
extension of) the standard model within the framework
of noncommutative gauge theory. The mechanism is ap-
plicable to models which are expected to be well defined at
the quantum level, in particular, the IKKT model [6].

V. ELECTROWEAK BREAKING

Now we show how electroweak symmetry breaking
might be realized in this framework. To explain the idea
we will first present a simplified version where the Higgs is
realized in terms of a single extra coordinate (resp. scalar)
field. In Sec. V B we then discuss a more elaborate version
involving extra coordinates (resp. Higgs fields), which
form an “‘electroweak” fuzzy sphere. This is again not
intended as a realistic model, but it shows that a suitable
Higgs potential can naturally arise within the present
framework.

PHYSICAL REVIEW D 81, 085034 (2010)

A. Electroweak Higgs and Yukawa coupling

The Higgs field connects the left and right sectors of
leptons, and is otherwise color-blind; it is therefore natural
to consider, along the lines of Sec. III A, another extra
coordinate which will necessarily have to be off diagonal.
The following matrix has the correct characteristics:

O @ 03
X2 =AZ| ¢ 0p 0rxs |, (5.9)
O30 O3x2 0343

where we use again the notations of Sec. Il A and consider
the extra variable X, its vacuum expectation value, and the
fluctuations which are a physical field. The Higgs ¢ is a
2 X 2 matrix which is actually composed of two doublets
(which form the Higgs content of the minimal supersym-
metric standard model), i.e. two scalar doublets with op-
posite hypercharges:

$=( o) (5.10)
The vacuum expectation value of ¢ is an off-diagonal
matrix:
_ (0 v
(¢) = (ﬁ o)‘ (5.11)

All other components (possibly even some of the compo-
nents of ¢) are assumed to be very massive, e.g. due to the
commutator with the high-energy breaking discussed
before.

Now consider the fermionic part of the action (2.1),
which can be written on R‘; in the form (2.15). The part
involving X* gives the usual Dirac action as in (2.15), and
the part involving X¢ yields the Yukawa couplings

Sy = Tr¥y [X¢, W] (5.12)

giving mass to the fermions. Here vy, is an extra-
dimensional gamma matrix corresponding to X#. We write

(U L"L_, 0]
V=wiy,=| 7, © & g | 613
_ €r _ O
Or Or 033

Then the full Yukawa term without any omissions or
further assumptions is

Sy = Tr(—l:’yd,(e(?
R

+ L‘Lwﬁ(i e(f) + (2{ éé? )m(dﬁL —L'¢)

— OkYs Q)b + OQLysdOr + Orved'OL).
(5.14)

W)t - Olya0io!

We now impose y4 = s, which is natural since in this
way the five-dimensional Clifford algebra is closed, and
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vsLp = +Lg,
75QR = _QR)

with this assumption, and we see that the couplings turn out
to be the correct ones. Only opposite chiralities couple in
such a Yukawa term.

The construction is quite solid and works in all three
cases for the primed and unprimed fermions. In the case for
which the primed fermions vanish, only a few terms will
survive. In the case of Majorana fermions the couplings are
the ones needed to give Dirac masses to Majorana fermi-
ons. In the case of mirror fermions there is no coupling
among mirror and ordinary fermions, so that the mirror
world effectively decouples.

The extra fermion doublet / does not couple with the
remaining leptons with the option of setting the primed
fermions to zero. If the primed sector is the conjugate
sector of Majorana fermions, there is a coupling of ep
and é; which may cause problems. Note that in this model
the masses and the Yukawa couplings of leptons and
quarks turn out to be the same and there is no way to
differentiate them. A breaking with fuzzy spheres dis-
cussed below gives more structure to the extra dimensions
and may create differences.

Assuming
@=(3 )

with v and ¥ real, we get that the quark contribution to the
action is

_ _ t
Q75<0 d))Q—Q’ySQ’(O ¢’)

vsQ0r = +0;,

Y5€Rr = TE€Rs

(5.15)

(5.16)

ot 0 ¢ 0
= _U(C?RdL - C?LdR - a/Rdi + C?Zd%)
(5.17)

The lepton part of the action is instead
LyylL ¢p]= —0(—é e + ére, + &peg — egey)
- U(_éRé/L + élRéL - éLe/R + é‘lLeR).
(5.18)

Note that with the choice (5.16) the leptons of the [ doublet
do not have mass terms, but have spurious coupling to the
ordinary leptons. It is possible to set them to zero in this
scheme, but then we get that the mass of the electron is the
same as the one of the up quark. Note also that if we relax
the reality requirement on the v’s, then the coefficients of
¢peg and éze; are complex conjugates of each other, and
the same will hold for quarks. There is no problem in
setting the primed fermions to zero; the Hermitian con-
jugates appear naturally because of W, and if we set [ = 0
then there also is no problem for Majorana spinors. Mirror
fermions again have no problems, except that it is still not
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clear how to give them large mass. It is still too early for a
complete analysis of the various choices for the couplings
since we are not yet at the stage to be building a completely
realistic model. For example, there are no generations, nor
different couplings, for the different gauge groups, and this
points to the necessity of the refinement of the model.

B. Electroweak breaking by fuzzy spheres

Consider fuzzy sphere breaking at high energies (at the
GUT scale, say) described in Sec. III B and, in particular,
the stack of fuzzy sphere breaking described in (3.16). The
residual gauge symmetry in this case is SU(3) X SU(2) X
U(1)g X U(1)y X U(1)p. We will later discuss the splitting
into SU(4) X SU(3) X U(1) corresponding to the 4 X 4
lepton block plus the 3 X 3 color block.

As in Sec. III B, we assume that there are additional
quadratic and cubic terms as in (3.8) in the effective
potential

Vi (%%) = Tr(— L[RS ROP + x0x0 50
. | |
+ ic3sffk3€?3€fx;f> (5.19)

at the electroweak scale. A possible minimum of this
potential is given by the following fuzzy sphere,” S%,_;:

b\ [ o3 0] _
<%1> CYH- 0 oy | ]1®0'3,
_ o
Xy = ay o 02 = 0,8 0y, (5.20)
. [0 o]
(&f}=aH o, Ol =090

This breaks the symmetry SU(3) X SU(2) X U(1),y X
U(l)y X U(1)p of (3.16) down to SU(3) X U(1)y X
U(1)p, and we have indeed achieved the desired electro-
weak symmetry breaking. Observe that <9¢§’ ) and <9cf ) are
very similar to the two Higgs doublets H, H in the minimal
supersymmetric standard model, with an additional third
Higgs (%?) in the diagonal blocks. Since the off-diagonal
blocks are assumed to have definite chirality as in the
standard model, this diagonal Higgs does not contribute
to the Yukawa couplings. However, it does contribute to the
mass of the W* and Z bosons. This will be discussed
below.
Alternatively, if we start from a vacuum

(@) = (alj;‘vlo® 1, 0 )

a1 (5.21)

with SU(4) X SU(3) X U(1) symmetry, then the single

"Here we indicate only the relevant 4 X 4 block in square
brackets and drop the color blocks.
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fuzzy sphere (5.20) is not sufficient, since it commutes with
the generators X¥'¢, = QX¥?,

"1 0
@) =ay o 1) ] — o8,
0 —io
(X19,) = alH_ial 0 ! ] =0,® 0, (5.22)
<%/¢>:a/- O —i0'1 :_0_®0_
3 H_—i0'2 0 2 2.

The above six matrices generate an SO(4) Lie algebra

(D) (X)) = —2ie;an(XD),
(XY, (X1 )] = 2iejpai (X,

n
(X)), (816 )] = ey “H (XD, 429
Ay
1 1
— (XINED) = — EPHE?) = Laa.
aH aH
The two commuting SO(3) algebras are then
N | r
X5y = — (X)) = — (X)) (5:24)
2ay 2ay

and they represent two fuzzy spheres which commute with
O (and of course the identity).

Thus in that case we can achieve the desired symmetry
breaking down to SU(3) X U(1), X U(1) using these two
fuzzy spheres. There may be important differences be-
tween these scenarios depending on the energy scales of
these spheres, and more detailed work is required before
claiming any direct phenomenological relevance. In any
case, our main point is that it seems feasible to obtain a
(near-)realistic extension of the standard model by these or
similar mechanisms. The essential ingredients, notably the
stacks of various fuzzy spheres, are similar to string-
theoretical constructions of (extensions of the) standard
model using branes in extra dimensions. Similar ideas
are also used in [24,30].

The coordinates of the fuzzy spheres couple with the
fermions in the action (2.15) via the term WI',[®!, W], with
the ®’s proportional to the X’s as in (2.11) and the y’s of
the internal dimensions represented as diagonal matrices in
the 7 X 7 gauge matrix space. The Yukawa couplings for
the fuzzy sphere (5.20) are then (omitting the proportional
factor ay)
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WX, %, V] = —d,d; + dgrdg + 2egeg + i u; — iigug
+ 20y — 25 5 +dy d), — dipdl, — 28hek
—ihuy + ihuly — 20"V + 207,
trW[X,%, W] = —idgd, +id,dg + ie eg + iigu;
— it ug — ié) e — idhd, + id, d}
+ieke, —iege, —iege; + iege)
—ié el + ie) el + iithe) — iit) uf,
WXL, W] = dgd, + dydg + e, eg + iiguy + dgug
— & leg — dpd), — d,dy + &ké, — ey
+ ere; — egey — & ek — &) el — iihel
— it ub, (5.25)
while if one considers the pair of spheres (5.23) (setting
ay = ay = 1 for simplicity) one obtains
u WX W] =¢pe, + 8.8, + egeg + iipu; — igug
+ 200 — &) — 8,8, — ehey — ijul
+ dhul — 29V,
tr\i’[.%;d’, W] = iiigu; — i ug — iéheg +iege; +iege)
—iep e + iihul — i) uk,
wW[X]? W] = iigii, + iy iig — Sheg + ehe, — exe)
+ Byl — i), — iy,
uW[X %, W] = —d,d, + dpdg — ére;, — .8, + egeg
— 200 +d,d, — dpdy + &) e} + &) &)
— Gheh + 257,
wW[X, %, W] = —idgd; +id dg — iege, +ie eg
—idhd) +id, dl — ieke) +i&) ek,
WX, ?, W] = dpd; + dydg + ege; + epeg — did),
(5.26)

N Y AN BN |
dypdy — ege; — ey ep.

The couplings which appear are all “‘reasonable,” meaning
that they are either Majorana or Dirac masses, or coupling
among the primed particles or the spurious leptons. Setting
all of these to zero we obtain

tr"if[.%rqs, "I’] = ELeL + éReR + ’/_tL”L - ﬁR”R + 2177/,
tr‘i’[%;(b, \I’] == ib_iRML - il/_iLuR,

WX W] = igii;, + i1y iig,

tr"if[.%l_(b, "I’] = _d_LdL + ngR - éLeL + EReR,
tr‘i’[%;d’, \I’] = _i&RdL + ideR - iéReL + iéLeR,

WX, W] = dpd;, + dydg + ege; + ereg. (5.27)
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These are the couplings of the standard model in the
absence of right-handed neutrinos. Some of these terms
may vanish depending on the specific chirality assignment,
as discussed before. As it is, the model does not allow for
different masses, apart from some freedom afforded by the
tuning of ay and a,.

Note that the remaining eight generators of Mat(4, C) do
not commute with these two fuzzy spheres; thus the gauge
symmetry is indeed broken to Q and the generators of color
and baryon number. According to what we explained in the
previous sections this implies that they are massive.

It is worthwhile to elaborate in some detail the explicit
form of the low-energy electroweak Higgs. Consider first
the vacuum without fluctuations. Using

EYEDST = aF,  SMEINEINE]) = —2iag,
(5.28)

the effective potential for ary; becomes
. 4
VH(Gc:b}) = Tr(—2 ay + ol + 263a2,). (5.29)
8

This has a nontrivial minimum in ay # 0 provided c; # 0
or ¢, <0, and the sign of ay depends on the sign of c;.
Note that these terms have a geometrical interpretation in
terms of field strength on 5%, leading to some protection
from quantum corrections [24].

The vacuum expectation values (VEV’s) of %f and %;’S
contain the expected degrees of freedom of the two Higgs
doublets ¢ as in (5.10), parametrizing one complex scalar.
This is as in the minimal supersymmetric standard model;
however, the two doublets are related to each other. They
become independent in the presence of the second fuzzy

sphere (5.22). The VEV of %f contains scalar degrees of
freedom which are in the adjoint of the electroweak SU(2),
with the same VEV. This is different from the standard
model and should have observable signatures. We therefore
obtain an interesting geometrical interpretation of these
scalar Higgs fields.

Now consider fluctuations around this vacuum. Again,
these include fluctuations of the two Higgs doublets ¢ as in
(5.10), and also fluctuations of %‘f which is in the adjoint of
the electroweak SU(2). More generally, fluctuations on the
fuzzy sphere can be interpreted as scalar (resp. gauge
fields) on S%.

Vector boson masses.—As explained in Sec. III B, the
vector bosons corresponding to the 4 X 4 leptonic block
will acquire particular mass terms in the presence of these
electroweak fuzzy spheres. For example, "f? will contrib-
ute a mass proportional to a2 to the W bosons.

Furthermore, note that f{/l‘ﬁ breaks SU(4) into SU(2) X
SU(2), which seems quite appealing; this suggests that a,
should have a higher scale than a; on the other hand, 3c'2¢3

lead to electroweak symmetry breaking, which is strange.
This suggests some interplay between the two spheres.
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VI. CONCLUSIONS AND OUTLOOK

In this paper we have shown how the matrix model
which gives rise to noncommutative spaces and emergent
gravity can also accommodate a gauge theory with the
features of the standard model. We have seen that a simple
solution with extra (nonpropagating) dimensions contains
all the necessary fundamental fermionic degrees of free-
dom, with a few extra particles which can be set to zero
without prejudice to the model. Also, the basic gauge
symmetries can be accommodated and, with the use of
extra dimensions, the pattern of symmetry breakings can
be substantially reproduced. The breaking happens in two
stages, first some sort of grand-unification breaking and
then the electroweak breaking. Both stages can be accom-
plished either with the presence of a simple (effective)
extra matrix dimension or with the use of fuzzy spheres.
The former mechanism can be considered an effective
version of the latter.

There are several gaps in the constructions, and several
lines of development which hopefully can fill the gaps.
The list of shortcomings includes the fact that there are
some extra U(1) symmetries, the lack of generations,
and the fact that couplings do not differentiate between
fermions and bosons. Clearly the solutions discussed
here are not phenomenologically viable, but we find it
rather inspiring that we have a semirealistic matrix
model from which gravity and gauge theories of a
realistic kind emerge naturally. Among the lines of devel-
opment there is the possibility to have a supersymmetric
version of the model. This type of matrix model is in
fact well suited for supersymmetric extensions, the most
notable example being the IKKT model [6]. Moreover,
the introduction of additional geometrical structures such
as intersecting branes and orbifolds [30] is likely to resolve
at least some of these problems, in particular, the issue
of chirality. Another line of development is a better
understanding of the connections among the extra dimen-
sions in the guise of fuzzy spheres and the results
obtained in string and brane theories. This supports the
hope that the framework of matrix models might be
suitable to approach the goal of a consistent quantum
theory of fundamental interactions including gravity.
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