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Abstract. In the first part of the paper we derive a linear theory of thermoviscoelastic materials
with voids. Then, the propagation conditions and growth equations, which govern the propagation of
singular surfaces of order 1 are derived and discussed. The coupling between the discontinuities in
the mechanical and thermal fields are studied.
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1. Introduction

The theory of elastic materials with voids is a recent generalization of the classi-
cal theory of elasticity. The intended applications of the theory are to geological
materials and to manufactured porous materials. The nonlinear theory of elastic
materials with voids has been established by Nunziato and Cowin [1]. In this the-
ory, the bulk density is written as the product of two fields, the matrix material field
and the volume fraction field. This representation introduces an additional degree
of kinematic freedom. The linear theory of elastic materials with voids has been
established by Cowin and Nunziato [2]. Extensions of this theory to viscoelastic
materials and thermoelastic materials exist (cf. [3, 4]).

This paper is concerned with a linear theory of thermoviscoelastic materials
with voids. In the first part of the paper we use the results established by Day [5]
and Gurtin [6] to give the necessary and sufficient conditions that the infinitesimal
entropy production be invariant under time-reversal. We present a linear theory of
thermoviscoelastic materials with voids in which the heat flux is independent on the
present temperature gradient, but depends upon the past history of this gradient.
In the second part of the paper we study the propagation conditions and growth
equations which govern the propagation of singular surfaces of order 1 in the case
of linear homogeneous isotropic thermoviscoelastic materials with voids. In the
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isothermal case, the wave propagation in materials with voids has been studied in
various papers (see, e.g., [7–9]).

2. Preliminaries

We consider a body which at time t0 occupies the region B of Euclidean three-
dimensional space and is bounded by the piecewise smooth surface ∂B. The con-
figuration of the body at time t0 is taken as reference configuration. The motion of
the body is referred to the reference configuration and a fixed system of rectangular
Cartesian axes. We use vector and Cartesian tensor notation with Latin indices
having the value 1, 2, 3. Greek indices are confined to the range (1, 2). Letters
in boldface stand for tensors of an order p � 1, and if v has the order p, we
write vij...k (p subscripts) for the components of v in the underlying rectangular
Cartesian coordinate system. In all that follows, subscripts preceded by a comma
denote partial differentiation with respect to corresponding material coordinate.
Also, we use a superposed dot to denote differentiation with respect to t holding
the material coordinates fixed. The position of a typical particle of the body at
time t is x. The motion of continuum is described by the mappings

xi = xi(Xj , t), (Xj , t) ∈ B × I, (2.1)

where I is a time interval. The above functions are assumed to be sufficiently
smooth for the ensuing analysis to be valid. The concept of a distributed body
asserts that the mass density at time t has the decomposition

ρ = νγ, (2.2)

where γ is the density of the matrix material and ν is the volume fraction field. The
relation (2.2) also holds for the reference configuration, ρ0 = ν0γ0 where ρ0 is the
density at time t0 and ν0 is the volume fraction field for the reference configuration.

The law of balance of linear momentum leads to the equations

Tji,j + ρ0bi = ρ0ẍi , (2.3)

where Tji is the first Piola–Kirchhoff stress tensor and b is the body force per unit
mass. The local form of the law of balance of equilibrated forces can be written as

Hi,i + P + ρ0l = ρ0κν̈, (2.4)

where Hj is the equilibrated stress associated with surfaces in B which were orig-
inally coordinate planes perpendicular to the Xj -axes through the point X, mea-
sured per unit area of these planes, P is the intrinsic equilibrated body force per
unit mass, l is the extrinsic equilibrated body force per unit mass and κ is the
equilibrated inertia.

The equation of moment of momentum is

εijkxj,sTsk = 0, (2.5)

where εijk is the alternating symbol.
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Let e denote the internal energy per unit mass, and let s denote the external heat
supply per unit mass, per unit time. The balance of energy is given by

ρ0ė = Tkiẋi,k + Hiν̇,i − P ν̇ + ρ0s + Qi,i , (2.6)

where Q is the heat flux vector. Let η denote the entropy per unit mass, and let T

(> 0) denote the absolute temperature. The entropy production rate is defined by

γ = ρ0η̇ − 1

T
ρ0s −

(
1

T
Qi

)
,i

. (2.7)

In the remainder of this section we follow closely the definitions presented by
Gurtin [6]. Let U and W be two finite-dimensional inner product spaces. We write
L(U,W) for the space of all linear transformations from U into W . The transpose
of A ∈ L(U,W) is denoted by AT. We write A[u] for the action of A on u ∈ U .
Let R be the set of all reals. Let U0 be an open subset of U . A closed path in U0

starting from v ∈ U0 is a smooth function f : R → U0 such that f (t) = v
whenever t < −t0 or t > t0, for some t0 > 0. We write G(U0, v) for the set of all
closed paths in U0 starting from v ∈ U0. The history up to time t of a closed path
in U0 is the function f t : [0,∞) → U0 defined by f t (s) = f (t−s) for every s � 0.
We write 	(U0, v) for the set of all histories of paths belonging to G(U0, v). The
time-reversal of a closed path f ∈ G(U0, v) is the function f̄ : R → U0 defined
by f̄ (t) = f (−t), for every t ∈ R. Let F : 	(U0, v) → W , where v ∈ U0 is fixed.
The functional F is smooth in time if given any f ∈ G(U0, v) the function t →
F(f t ) is smooth. We say that F has a derivative δF at v if given any f ∈ G(U0, 0)

the limit

δF (f t ) = lim
α→0

1

α
[F(v + αf t ) − F(v)],

exists uniformly for t ∈ R and the function t → δF (f t ) is continuous. We
say that F has the relaxation property at v if given any f ∈ G(U0, v) we have
limt→∞ F(f t ) = F(v). Let V be the three-dimensional vector space. We use
the notations J = L(V, V ), J ∗ = {M ∈ V | M is symmetric} and J + =
{M ∈ J | det M > 0}. By a site we mean the ordered collection of functions
σ = {F, ν, G, T , g}, where F = (Fij ), G = (Gi), g = (gi), Fij = xi,j , Gi = ν,i ,
gi = T,i . Clearly, F ∈ J +, g,G ∈ V , T ∈ R

+. We denote by T0 the constant ab-
solute temperature of the body in its reference state. The site σ0 = (I, ν0, 0, T0, 0},
where I = (δij ), is called the equilibrium site.

We introduce the displacement vector field u defined by ui = xi − Xi . We
define the temperature change ϑ by ϑ = T −T0, and the volume fraction change ϕ

by ϕ = ν − ν0. We say that u, ϕ and ϑ are infinitesimal if u = εu′, ϕ = εϕ′,
ϑ = εϑ ′, where ε is a constant small enough for squares and higher powers to be
neglected, and u′, ϕ′ and ϑ ′ are independent of ε. By an infinitesimal site we mean
the following collection ζ = {L, ϕ,G, ϑ,g}, L = (ui,j ), G = (ϕ,i), g = (ϑ, i),
where u, ϕ and ϑ are infinitesimal.
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We write Z for the set of all sites. A one-parameter family σ (t) = {F (t), ν(t),

G(t), T (t),g(t)} (−∞ < t < ∞) of sites is called a closed process if σ (·) is a
closed path in Z starting from σ0. Let Z∗ be the set of all infinitesimal sites. A one-
parameter family ζ(t) (−∞ < t < ∞) of infinitesimal sites is an infinitesimal
closed process if ζ(·) is a closed path in Z∗ starting from zero.

The infinitesimal strain tensor is given by

eij = 1

2
(ui,j + uj,i). (2.8)

3. Constitutive Equations

In the linearized theory of viscoelastic materials, Day [5] proved that the work
done in every closed strain path starting from zero is invariant under time-reversal
if and only if the stress relaxation function is symmetric. In [6], Gurtin derived an
extension of Day’s result within the context of thermodynamics of materials with
memory. Throughout this section we use the results of Gurtin [6] to establish condi-
tions that are both necessary and sufficient for the infinitesimal entropy production
to be invariant under time-reversal.

Let Sij be the second Piola–Kirchhoff stress tensor,

Tki = Skjxi,j . (3.1)

Equations (2.5) become

Sij = Sji, (3.2)

and the balance of energy can be written in the form

ρ0ė = Sij Ėij + Hiν̇,i − P ν̇ + ρ0s + Qi,i , (3.3)

where

Eij = 1

2
(xm,ixm,j − δij ). (3.4)

With the help of (3.3), the entropy production rate becomes

γ = ρ0η̇ − 1

T
ρ0ė + 1

T
(Sij Ėij + Hiν̇,i − P ν̇) + 1

T 2
QiT,i. (3.5)

In what follows we study materials defined by constitutive relations giving the
stresses Tij (t), Hi(t), the internal energy e(t), the intrinsic equilibrated body force
P(t), the entropy η(t), and the heat flux Qi(t) at time t when the site-history σ t is
known,

Tij (t) = T̂ij (σ
t ), Hi(t) = Ĥi(σ

t ), P (t) = P̂ (σ t),

e(t) = ê(σ t ), η(t) = η̂(σ t), Qi(t) = Q̂i(σ
t ).

(3.6)

The response functionals have 	(Z, σ0) as their common domain. We assume
that



SINGULAR SURFACES IN THERMOVISCOELASTIC MATERIALS 195

(i) the response functionals are smooth in time;
(ii) ê, T̂ij , Ĥi , P̂ and Q̂i have derivative δê, δT̂ij , δP̂ and δQ̂i at σ0;

(iii) ê and η̂ have the relaxation property at σ0;
(iv) T̂ (σ0) = 0, Ĥ (σ0) = 0, P̂ (σ0) = 0, Q̂(σ0) = 0.

Let σ (·) = {F (·), ν(·),G(·), T (·),g(·)} be a closed process. We define the
entropy production �{σ (·)} on σ (·) by

�{σ (·)} =
∫ ∞

−∞

{
ρ0η̇ − 1

T
ρ0ė + 1

T
(Sij Ėij + Hiν̇,i − P ν̇) + 1

T 2
QiT,i

}
dt.

(3.7)

Since σ (·) is a closed process, we conclude from (3.7) and (iii) that

�{σ (·)} =
∫ ∞

−∞
1

T

{
Sij Ėij + Hiν̇,i − P ν̇ − 1

T
ρ0Ṫ e + 1

T
QiT,i)

}
dt. (3.8)

Let ζ(·) = {L(·), ϕ(·),G(·), ϑ(·),g(·)} be an infinitesimal closed process, and let

e∗(t) = δê(ζ t ), tij (t) = δTij (ζ
t ), hi(t) = δHi(ζ

t ),

g(t) = δP̂ (ζ t ), qi(t) = δQ̂i(ζ
t ).

(3.9)

We define the infinitesimal entropy production �{ζ(·)} on ζ(·) by (cf. [6])

�{ζ(·)} = 1

T 2
0

∫ ∞

−∞
{T0tij ėij + T0hiϕ̇,i − T0gϕ̇ − ρ0e

∗ϑ̇ + qiϑ,i} dt. (3.10)

We can prove that if the entropy production � is invariant under time-reversal, then
the infinitesimal entropy production � is invariant under time-reversal. Following
Gurtin [6] we call

� = (eij , ϕ,i, ϕ, ϑ)

the generalized infinitesimal strain, and

� = (T0tij , T0hi,−T0g,−ρ0e
∗)

the generalized infinitesimal stress. The quantities � and � are both elements of
W = J ∗ × V × R × R. If we introduce the notation

� · �̇ = T0(tij ėij + hiϕ̇,i − gϕ̇) − ρ0e
∗ϑ̇,

then relation (3.10) can be written in the form

�{ζ(·)} = 1

T 2
0

∫ ∞

−∞
(� · �̇ + q · g) dt. (3.11)

We assume that there exist the continuous functions M: [0,∞) → L(W,W),
Y : [0,∞) → L(V,W), Z: [0,∞) → L(W,V ), K: [0,∞) → L(V, V ), such
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that given any infinitesimal closed process ζ(·) = {L(·), ϕ(·),G(·), ϑ(·),g(·)} we
have

�(t) = δ�̂(ζ t ) =
∫ t

−∞

{
M(t − s)[�̇(s)] + Y (t − s)[g(s)]} ds,

q(t) = δQ̂(ζ t ) =
∫ t

−∞

{
Z(t − s)[�̇(s)] + K(t − s)[g(s)]} ds.

(3.12)

The dependence on L only through eij is a consequence of the principle of material
frame-indifference and (iv).

THEOREM 1. A necessary and sufficient condition that the infinitesimal entropy
production be invariant under time-reversal is that the following statements be true
for every s � 0:
(a) the function M is symmetric;
(b) the function K is symmetric;
(c) Y (s) = −ZT(s) + constant.

The proof of the theorem is identical to that of Theorem 3 from [6].
In what follows we assume that the infinitesimal entropy production is invariant

under time-reversal. Equations (3.12) can be expressed as

tij (t) =
∫ t

−∞

{
Gijmn(t − s)ėmn(s) + Dijm(t − s)ϕ̇,m(s)

+ Bij (t − s)ϕ̇(s) − bij (t − s)ϑ̇(s) − Lijm(t − s)ϑ,m(s)
}

ds,

hi(t) =
∫ t

−∞

{
D∗

imn(t − s)ėmn(s) + Aij (t − s)ϕ̇,j (s)

+ Di(t − s)ϕ̇(s) − di(t − s)ϑ̇(s) − Nij (t − s)ϑ,j (s)
}

ds,

g(t) =
∫ t

−∞

{
B∗

ij (t − s)ėij (s) + D∗
i (t − s)ϕ̇,i (s) − M(t − s)ϕ̇(s)

+ m(t − s)ϑ̇(s) − Mi(t − s)ϑ,j (s)
}

ds,

ρ0e
∗(t) =

∫ t

−∞

{
b∗

ij (t − s)ėij (s) + C∗
i (t − s)ϕ̇,i (s) + D(t − s)ϕ̇(s)

+ E(t − s)ϑ̇(s) + T0Ri(t − s)ϑ,i(s)
}

ds,

qi(t) =
∫ t

−∞

{
L∗

imn(t − s)ėmn(s) + F ∗
ij (t − s)ϕ̇,j (s) + M∗

i (t − s)ϕ̇(s)

+ R∗
i (t − s)ϑ̇(s) + Kij (t − s)ϑ,j (s)

}
ds.

(3.13)

Theorem 1 has the following immediate consequences.
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COROLLARY 1. For every s � 0,

Gijmn(s) = Gmnij (s), D∗
imn(s) = D∗

mni(s), Aij (s) = Aji(s),

B∗
ij (s) = −Bij (s), D∗

i (s) = −Di(s), b∗
ij (s) = T0bij (s),

C∗
i (s) = T0di(s), D(s) = T0m(s),

L∗
imn(s) = T0Lmni(s) + constant,

F ∗
ij (s) = T0Nji(s) + constant, M∗

i (s) = T0Mi(s) + constant,

R∗
i (s) = T0Ri(s) + constant, Kij (s) = Kji(s).

(3.14)

The equilibrium conductivity tensor

K∞ =
∫ ∞

0
K(s) ds,

if it exists, is symmetric. In what follows we assume that L∞, N∞, M∞, R∞, L∗∞,
F ∗∞, M∗∞ and R∗∞ are equal to zero. Then, following Gurtin [6], we can prove that

L∗
jmn(s) = T0Lmnj (s), F ∗

ij (s) = T0Nji(s),

M∗
i (s) = T0Mi(s), R∗

i (s) = T0Ri(s),
(3.15)

for every s � 0.
We assume that η̂ has a derivative at σ0. We can show that for every infinitesimal

process we have

ρ0η(t) = ρ0δη̂(ζ t )

=
∫ t

−∞

{
bij (t − s)ėij (s) + di(t − s)ϕ̇,i (s)

+ m(t − s)ϕ̇(s) + a(t − s)ϑ̇(s) + Ri(t − s)ϑ,i(s)
}

ds, (3.16)

for every t ∈ R, where T0a(s) = E(s), s � 0.
We conclude that, in the context of the linear theory, the constitutive equations

consist of (3.16) and

tij (t) =
∫ t

−∞

{
Gijmn(t − s)ėmn(s) + Dijm(t − s)ϕ̇,m(s)

+ Bij (t − s)ϕ̇(s) − bij (t − s)ϑ̇(s) − Lijm(t − s)ϑ,m(s)
}

ds,
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hi(t) =
∫ t

−∞

{
Dmni(t − s)ėmn(s) + Aij (t − s)ϕ̇,j (s) + Di(t − s)ϕ̇(s)

− di(t − s)ϑ̇(s) − Nij (t − s)ϑ,j (s)
}

ds,

g(t) = −
∫ t

−∞

{
Bij (t − s)ėij (s) + Di(t − s)ϕ̇,i (s) + M(t − s)ϕ̇(s)

− m(t − s)ϑ̇(s) + Mi(t − s)ϑ,j (s)
}

ds,

ρ0e
∗(t) = T0

∫ t

−∞

{
bij (t − s)ėij (s) + di(t − s)ϕ̇,i (s) + m(t − s)ϕ̇(s)

+ a(t − s)ϑ̇(s) + Ri(t − s)ϑ,i(s)
}

ds,

qi(t) =
∫ t

−∞

{
T0Lmni(t − s)ėmn(s) + T0Nji(t − s)ϕ̇,j (s)

+ T0Mi(t − s)ϕ̇(s) + T0Ri(t − s)ϑ̇(s) + Kij (t − s)ϑ,j (s)
}

ds.

(3.17)

We note that (3.2) and (3.14) imply

Gijmn(s) = Gjimn(s) = Gmnij (s), Dijm(s) = Djim(s),

bij (s) = bji(s), Lijm(s) = Ljim(s),

Aij (s) = Aji(s), Kij (s) = Kji(s),

(3.18)

for every s � 0.
In what follows we consider the initial history conditions

u(X, t) = 0, ϕ(X, t) = 0, ϑ(X, t) = 0, (X, t) ∈ B × (−∞, 0).

(3.19)

In the relations (3.17) the functions tij , hi , g and e∗ are independent of the
history of the temperature gradient if and only if the heat flux is independent of
the histories of eij , ϕ, ϕ,j and ϑ . In the case of centro-symmetric materials the
constitutive moduli Dijr , Lijm, Di , di , Mi and Ri are equal to zero. Coleman and
Gurtin [10] have shown that, under the assumption of fading memory, the equilib-
rium heat flux vanishes when the temperature gradient vanishes. In what follows
we consider constitutive equations which are consistent with this result and restrict
our attention to homogeneous and isotropic materials. Thus, we have

Gijrs(X, t) = λ(t)δij δrs + µ(t)(δirδjs + δisδjr ),

Bij (X, t) = b(t)δij , bij (X, t) = β(t)δij ,
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Dijr (X, t) = 0, Lijr (X, t) = 0, Di(X, t) = 0,

Nij (X, t) = 0, di(X, t) = 0, Mi(X, t) = 0,

Ri(X, t) = 0, Aij (X, t) = α(t)δij , Kij (X, t) = k(t)δij ,

(X, t) ∈ B × (−∞,∞),

(3.20)

where δij is the Kronecker delta. We assume that the relaxation functions λ, µ, β,
b, α and k are of class C2 on (−∞,∞). With the help of (3.19) the constitutive
equations become

tij (X, t) = Gijmn(0)emn(X, t) + Bij (0)ϕ(X, t) − bij (0)ϑ(X, t)

+
∫ t

0

{
Ġijmn(t − s)emn(X, s) + Ḃij (t − s)ϕ(X, s)

− ḃij (t − s)ϑ(X, s)
}

ds,

hi(X, t) = Aij (0)ϕ,j (X, t) +
∫ t

0
Ȧij (t − s)ϕ,j (X, s) ds,

g(X, t) = −Bij (0)eij (X, t) − M(0)ϕ(X, t) + m(0)ϑ(X, t)

+
∫ t

0

{
ṁ(t − s)ϑ(X, s) − Ḃij (t − s)eij (X, s)

− Ṁ(t − s)ϕ(X, s)
}

ds,

ρ0e
∗(X, t) = ρ0T0η(X, t)

= T0

{
bij (0)eij (X, t) + m(0)ϕ(X, t) + a(0)ϑ(X, t)

+
∫ t

0

[
ḃij (t − s)eij (X, s) + ṁ(t − s)ϕ(X, s)

+ ȧ(t − s)ϑ(X, s)
]

ds

}
,

qi(X, t) =
∫ t

0
Kij (t − s)ϑ,j (X, s) ds,

(3.21)

where the constitutive moduli have the form (3.20) and we have used the notation
Gijrs(0) = Gijrs(X, 0), etc.

We assume that

λ(0) + 2µ(0) > 0, µ(0) > 0, α(0) > 0, k(0) > 0,

a(0) > 0, λ̇(0) + 2µ̇(0) < 0, µ̇(0) < 0, α̇(0) < 0.
(3.22)

The restrictions concerning λ, µ, λ̇, µ̇, a and k have been extensively studied in the
classical thermoviscoelasticity [11–14]. Let us show that the restrictions on α and
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α̇ are compatible with the second law of thermodynamics. In the linear theory, the
second law of thermodynamics may be written in the form∫ t

0

(
ρ0η̇ϑ + tij ėij + hiϕ̇,i − gϕ̇ + 1

T0
qiϑ,i

)
dτ � 0, (3.23)

for every t � 0. We restrict our attention only to porosity effect. In this case, the
relation (3.23) reduces to the following dissipation inequality

U(X, t) � 0, (X, t) ∈ B × [0,∞), (3.24)

where the function U is defined by

U(X, t) =
∫ t

0
[hi(X, τ )ϕ̇,i(X, τ ) − g(X, τ )ϕ̇(X, τ )] dτ,

(X, t) ∈ B × [0,∞). (3.25)

Clearly, we have

U(t) = hi(t)ϕ,i(t) − g(t)ϕ(t)

+
∫ t

0
[ġ(τ )ϕ(τ) − ḣi(τ )ϕ,i(τ )] dτ, t � 0, (3.26)

where, for convenience, we have suppressed the argument X. In view of the con-
stitutive equations (3.21) and the initial conditions, we find that

ḣi(t) = Aij (0)ϕ̇,j (t) + Ȧij (0)ϕ,j (t) +
∫ t

0
Äij (t − s)ϕ,j (s) ds,

ġ(t) = −M(0)ϕ̇(t) − Ṁ(0)ϕ(t) −
∫ t

0
M̈(t − s)ϕ(s) ds.

(3.27)

Thus, from (3.21), (3.27) and (3.26) we obtain

U(t) = 1

2
[Aij (0)ϕ,j (t)ϕ,i(t) + M(0)ϕ2(t)]

−
∫ t

0
[Ȧij (0)ϕ,j (s)ϕ,i(s) + Ṁ(0)ϕ2(s)] ds

+ϕ,i(t)

∫ t

0
Ȧij (t − s)ϕ,j (s) ds + ϕ(t)

∫ t

0
Ṁ(t − s)ϕ(s) ds

−
∫ t

0

{
ϕ,i(s)

∫ s

0
Äij (s − τ)ϕ,j (τ ) dτ

+ϕ(s)

∫ s

0
M̈(s − τ)ϕ(τ) dτ

}
ds, t � 0. (3.28)
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Now we use the following identities [15]

2ϕ(t)

∫ t

0
Ṁ(t − s)ϕ(s) ds

=
∫ t

0
Ṁ(t − s)ϕ2(s) ds

−
∫ t

0
Ṁ(t − s)[ϕ(t) − ϕ(s)]2 ds + [M(t) − M(0)]ϕ2(t),

2ϕ,i(t)

∫ t

0
Ȧij (t − s)ϕ,j (s) ds

=
∫ t

0
Ȧij (t − s)ϕ,i(s)ϕ,j (s) ds

−
∫ t

0
Ȧij (t − s)[ϕ,j (t) − ϕ,j (s)]

× [ϕ,i(t) − ϕ,i(s)] ds + [Aij (t) − Aij (0)]ϕ,j (t)ϕ,i(t),

2
∫ t

0

∫ s

0
Äij (s − τ)ϕ,i(s)ϕ,j (τ ) ds dτ

=
∫ t

0

∫ t

0
Äij (|s − τ |)ϕ,i(s)ϕ,j (τ ) ds dτ

=
∫ t

0

∫ t

0
Äij (|s − τ |)ϕ,i(s)ϕ,j (s) ds dτ

− 1

2

∫ t

0

∫ t

0
Äij (|s − τ |)[ϕ,i(s) − ϕ,i(τ )][ϕ,j (s) − ϕ,j (τ )] ds dτ,

2
∫ t

0

∫ s

0
M̈(s − τ)ϕ(s)ϕ(τ) ds dτ

=
∫ t

0

∫ t

0
M̈(|s − τ |)ϕ(s)ϕ(τ) ds dτ

=
∫ t

0

∫ t

0
M̈(|s − τ |)ϕ2(s) ds dτ

− 1

2

∫ t

0

∫ t

0
M̈(|s − τ |)[ϕ(s) − ϕ(τ)]2 ds dτ,

∫ t

0
M̈(|s − τ |) dτ = Ṁ(s) + Ṁ(t − s) − 2Ṁ(0).

(3.29)

It follows from (3.28) and (3.29) that

U(t) = 1

2
[Aij (t)ϕ,j (t)ϕ,i(t) + M(t)ϕ2(t)]
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− 1

2

∫ t

0
[Ȧij (s)ϕ,j (s)ϕ,i(s) + Ṁ(s)ϕ2(s)] ds

− 1

2

∫ t

0

{
Ȧij (t − s)[ϕ,i(t) − ϕ,i(s)][ϕ,j (t) − ϕ,j (s)]

+ Ṁ(t − s)[ϕ(t) − ϕ(s)]2} ds

+ 1

4

∫ t

0

∫ t

0

{
Äij (|s − τ |)[ϕ,i(s) − ϕ,i(τ )][ϕ,j (s) − ϕ,j (τ )]

+ M̈(|s − τ |)[ϕ(s) − ϕ(τ)]2
}

ds dτ, t � 0. (3.30)

In the case of isotropic bodies the relation (3.30) reduces to

U(t) = 1

2
[α(t)ϕ,i(t)ϕ,i(t) + M(t)ϕ2(t)]

− 1

2

∫ t

0
[α̇(s)ϕ,i(s)ϕ,i(s) + Ṁ(s)ϕ2(s)] ds

− 1

2

∫ t

0

{
α̇(t − s)[ϕ,i(t) − ϕ,i(s)][ϕ,i(t) − ϕ,i(s)]

+ Ṁ(t − s)[ϕ(t) − ϕ(s)]2} ds dτ

+ 1

4

∫ t

0

∫ t

0

{
α̈(|s − τ |)[ϕ,i(s) − ϕ,i(τ )][ϕ,i(s) − ϕ,i(τ )]

+ M̈(|s − τ |)[ϕ(s) − ϕ(τ)]2
}

ds dτ. (3.31)

From (3.31) we conclude that the dissipation inequality (3.24) is satisfied if α � 0,
M � 0, α̇ � 0, Ṁ � 0, α̈ � 0, M̈ � 0. Thus, our assumptions concerning
the relaxation function α are compatible with the second law of thermodynam-
ics. For convenience, in what follows we shall denote the material coordinates by
(x1, x2, x3).

4. Singular Surfaces

We consider an arbitrary open region � in the continuum, bounded by a surface
∂�, at time t , and we suppose that ω is the corresponding region in the domain
occupied by the undeformed body. We note that in the framework of the linear
theory the materials with voids behaves according to the global balance law of
linear momentum

d

dt

∫
ω

ρ0vi dv =
∫

ω

ρ0bi dv +
∫

∂ω

tjinj da, (4.1)

the law of balance of equilibrated force

d

dt

∫
ω

ρ0κϕ̇ dv =
∫

ω

(ρ0l + g) dv +
∫

∂ω

hini da, (4.2)
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and the law of balance energy

d

dt

∫
ω

ρ0e
∗ dv =

∫
ω

ρ0s dv +
∫

∂ω

qini da. (4.3)

Here n is the outward unit normal to ∂ω and vi = u̇i .
Let S be a moving surface defined by the equations

xi = xi(θ
1, θ2, t),

where θ1, θ2 are curvilinear coordinates on the surface. We suppose that the above
functions are continuously differentiable with respect to their arguments, and that
S is smooth in the sense that the matrix (∂xi/∂θα) has rank two. The metric tensor
of the surface is denoted by aαβ . In what follows we denote by ni the unit normal
to S. We note that [16]

nini = 1, nixi;α = 0, xi;αβ = bαβni,

ni;α = −aλρbραxi;λ,
(4.4)

where indices followed by a semicolon represent covariant partial differentiation
based on the metric of S, bαβ is the second fundamental form of the surface and
aαβ are the elements of the inverse of matrix (aαβ ). We have

aαβxi;αxj ;β = δij − ninj , H = 1

2
aαβbαβ, (4.5)

where H is the mean curvature of the surface.
Let f be a function on B × (−∞,∞). We assume that f is a continuously

differentiable function on each side of the moving surface S. We denote by [f ]
the jump of the function f across S. The discontinuities in the first and second
derivative of f satisfy the relations [17]:

[f,i] = aαβA;αxi;β + Bni, [ḟ ] = δA

δt
− V B,

[f,ij ] = aαβ(B;α + aλρbαλA;ρ)(nixj ;β + njxi;β)

+ aαβaνρ(A;αν − bανB)xi;βxj ;ρ + Cninj ,

[ḟ,i] = aαβ

(
δA

δt
− V B

)
;α

xj ;β +
(

δB

δt
+ aαβA;αV;β − CV

)
ni,

[f̈ ] = δ

δt

(
δA

δt
− V B

)
− V

(
δB

δt
+ aαβA;αV;β − CV

)
,

(4.6)

where

δ

δt
= ∂

∂t
+ V ni

∂

∂xi
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is the convected derivative for an observer moving with the surface, V is the speed
of propagation of the surface, and

A = [f ], B = [f,ini], C = [f,ij ninj ]. (4.7)

In what follows we assume that the body loads bi , l and s are continuous on
B × (−∞,∞). Following [18], by a wave of order 1 we mean a solution (ui, ϕ, θ)

of equations (4.1)–(4.3), (3.21), (2.8), with the properties: (1) the functions ui ,
ϕ and θ are continuous on B × (−∞,∞); (2) the first order derivative of the
five-dimensional vector (ui, ϕ, θ) have jump discontinuities across S, but are con-
tinuous elsewhere. We say also that S is a singular surface of order 1 and we shall
refer to it as a wave surface of order 1. The balance laws (4.1)–(4.3) have the form

d

dt

∫
ω

ρ0F dv =
∫

ω

Q dv +
∫

∂ω

Gini da,

which, at singular surface S, is equivalent to the condition [17]

−V [ρ0F ] = [Gi]ni. (4.8)

If we apply (4.8) to the global balance laws (4.1)–(4.3) then we obtain

ρ0V [u̇i] + [tj i]nj = 0, ρ0κV [ϕ̇] + [hi]ni = 0,

ρ0V [e∗] + [qi]ni = 0.
(4.9)

It follows from (4.6) that

[ui,j ] = ξinj , [ϕ,i] = ζni, [ϑ,i] = γ ni,

[u̇i] = −V ξi, [ϕ̇] = −V ζ, [ϑ̇] = −V γ,
(4.10)

where

ξi =
[
∂ui

∂n

]
, ζ =

[
∂ϕ

∂n

]
, γ =

[
∂ϑ

∂n

]
. (4.11)

We denote by n the distance measured along the normal to the wave surface. In
what follows we shall use the following result established by Fisher and Gurtin [13].

LEMMA 1. Let u and v be functions on B × (−∞,∞) with the following proper-
ties: (1) u is continuous; (2) v is continuous everywhere except for a possible jump
discontinuity across S; (3) v is bounded on every compact subset of B×(−∞,∞).
Then the function

w(x, t) =
∫ t

0
u(x, t − s)v(x, s) ds,

is continuous on B × (−∞,∞).
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In view of Lemma 1, from (3.21), (2.8) and (4.10) we obtain

[tij ] = Gijrs(0)ξrns, [hi] = Aij (0)ζnj ,

[g] = −Bij (0)ξinj , [ρ0e
∗] = T0bij (0)ξinj , [qi] = 0.

(4.12)

With the help of (4.10) and (4.12), conditions (4.9) become

(Gijrs(0)nsnj − ρ0V
2δir )ξr = 0, (4.13)

(Aij (0)ninj − ρ0κV 2)ζ = 0, (4.14)

β(0)ξini = 0. (4.15)

The jumps ξi , ζ and γ cannot all be zero. If β(0) = 0 then equation (4.15) is
identical satisfied. Equations (4.13) admit a non trivial solution for ξi if and only if

det(Gijrs(0)njns − ρ0V
2δir ) = 0.

Taking into account (3.20) this equation reduces to

(c2
1 − V 2)(c2

2 − V 2)2 = 0,

where

c1 =
[
λ(0) + 2µ(0)

ρ0

]1/2

, c2 =
[
µ(0)

ρ0

]1/2

. (4.16)

If V = c1 the wave is longitudinal (ξi = ξni). When V = c2 we obtain transverse
waves (ξini = 0).

If ζ �= 0, the wave is a wave of compaction (or distension). The possible speed
of propagation of this wave is V = c3 where

c3 =
[

α(0)

(ρ0κ)

]1/2

. (4.17)

We now assume that β(0) �= 0. Then from (4.15) we obtain ξini = 0 so that
in this case there are two type of singular surfaces of order 1: transverse waves
and waves of compaction. We remark that the transverse mechanical waves are not
coupled with compaction waves or thermal waves.

5. The Growth of Waves

The local forms of the balance laws (4.1)–(4.3) are

tj i,j + ρ0bi = ρüi, (5.1)

hi,i + g + ρ0l = ρ0κϕ̈, (5.2)

qi,i + ρ0s = ρ0ė
∗, (5.3)
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respectively. Using the fact that V is constant for all waves, from (4.6) we have

[us,ij ] = aαβξs;α(nixj ;β + njxi;β) − aαβaνρbανξsxi;βxj ;ρ + µsninj ,

[u̇i,j ] =
(

−V µi + δξi

δt

)
nj − V aαβξi;αxj ;β, (5.4)

[üi] = V 2µi − 2V
δξi

δt
,

where µi = [ui,rsnrns]. It follows from (5.1) that

[tj i,j ] = ρ0[üi]. (5.5)

From (4.6) we get

V [tj i,j ] = V [tri,j nj ]nr + V aαβ [tj i];αxj ;β

= −[ṫj i]nj + nj

δ

δt
[tj i] + V aαβ [tj i];αxj ;β. (5.6)

When the constitutive relations for tij is differentiated with respect to t and jumps
are taken across S, we obtain

[ṫj i] = −V Gijrs(0)µrns − V Bij (0)ζ + V γ bij (0)

+ Gijrs(0)ns

δξr

δt
− V Gijrs(0)aαβξr;αxs;β + G

(1)
ijrs(0)ξrns. (5.7)

Here we have used the notation G(1) = Ġ.
With the aid of equations (5.4), (5.6) and (5.7), equation (5.5) may be written as

V
{
Gijrs(0)njnr − ρ0V

2δis

}
µs + V Bij (0)njζ − V γ bij (0)nj

− Gijrs (0)nsnj

δξr

δt
+ Gijrs (0)nj

δ

δt
(ξrns) + 2ρ0V

2 δξi

δt

+ V Gijrs (0)aαβ(ξrns);αxj ;β + V Gijrs(0)nja
αβξr;αxs;β

− G
(1)
ijrs (0)ξrnsnj = 0. (5.8)

We note that

aαβξi;αxi;β = aαβ(xi;βξi);α − 2Hniξi,
δni

δt
= 0. (5.9)

With the help of (3.20), (4.4), (4.5) and (5.9), equations (5.8) reduce to

V
{[λ(0) + µ(0)]ninr + µ(0)δir − ρ0V

2δir

}
µr + 2ρ0V

2 δξi

δt

+ V b(0)niζ − Vβ(0)niγ + V [λ(0) + µ(0)]{aαβni(xr;βξr);α
+ aαβ(ξrnr);αxi;β − 2Hξrnrni

} − 2HV µ(0)ξi

− [λ(1)(0) + µ(1)(0)]ξrnrni − µ(1)(0)ξi = 0. (5.10)
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We denote ξ = ξini . If we multiply (5.10) by ni and sum on i, we obtain

V
{
λ(0) + 2µ(0) − ρ0V

2
}
µsns + V ζb(0) + V γβ(0) + 2ρ0V

2 δξ

δt

+ V [λ(0) + µ(0)]aαβ(xr;βξr);α − 2V [λ(0) + 2µ(0)]Hξ

− [λ(1)(0) + 2µ(1)(0)]ξ = 0. (5.11)

In the case of longitudinal waves, (5.11) yields the growth equation

1

c1

δξ

δt
= dξ

dn
= ξ(H − J1), (5.12)

where we have used the notation

J1 = −[λ(1)(0) + 2µ(1)(0)](2ρ0c
3
1)

−1. (5.13)

If, at some instant t = t0, the mean and Gaussian curvatures of surfaces are H0

and K0, respectively, then at a subsequent time t ,

H = H0 − nK0

1 − 2nH0 + n2K0
, (5.14)

and (5.12) may be integrated to give

ξ = ξ0(1 − 2nH0 + n2K0)
−1/2 exp(−nJ1), (5.15)

where ξ0 is the strength of the wave at time t = t0.
The speed of propagation of irrotational waves is c2 and for these waves we

have ξini = 0. In this case, assuming that c2 �= c3, equation (5.11) reduces to

[λ(0) + µ(0)][aαβ(xr;βξr);α + µsns] + β(0)γ = 0.

Thus, from (5.10) we obtain

1

c2

δξi

δt
= δξi

dn
= (H − J2)ξi, (5.16)

where

J2 = −µ(1)(0)(2ρ0c
3
2)

−1. (5.17)

As before, we obtain

ξi = ξ 0
i (1 − 2nH0 + n2K0)

−1/2 exp(−nJ2), (5.18)

where ξ 0
i = ξi(t0).

In the case of a wave of compaction we have V = c3. If we assume that c3 �= c1

also c3 �= c2 then from (5.10) we obtain{[λ(0) + µ(0)]nins + µ(0)δis − ρ0s
2
3δis

}
µs = −b(0)niζ + β(0)niγ . (5.19)
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This relation implies that

ρ0(c
2
1 − c2

3)µsns = −b(0)ζ + β(0)γ . (5.20)

By using (5.20) in (5.19) we obtain

µi = −[b(0)ζ − β(0)γ ]ni[ρ0(c
2
1 − c2

3)]−1. (5.21)

We see that a thermal wave or a wave of compaction induces a longitudinal me-
chanical acceleration discontinuity.

It follows from (5.2) that

[hi,i] + [g] = ρ0κ

(
V 2τ − 2V

δζ

δt

)
, (5.22)

where τ = [ϕ,ij ninj ]. With the help of relations

V [hi,i] = −[ḣi]ni + ni

δ

δt
[hi] + V aαβ [hj ];αxj ;β,

[ḣi] = α(0)

{(
δζ

δt
− V τ

)
ni − V aαβζ;αxi;β

}
+ α(1)(0)ζni, (5.23)

[hi] = α(0)ζni, [g] = −b(0)ξini,

from (5.22) we find

[α(0) − ρ0κV 2]V τ − 2HV α(0)ζ − α(1)(0)ζ − V b(0)ξ

+ 2ρ0κV 2 δζ

δt
= 0. (5.24)

We assume now that V = c3 with c3 �= c1 and c3 �= c2. Then (5.24) reduces to

1

c3

δζ

δt
= (H − J3)ζ, (5.25)

where

J3 = −α(1)(0)(2ρ0κc3
3)

−1. (5.26)

It follows from (5.25) that

ζ = ζ 0(1 − 2nH0 + n2K0)
−1/2 exp(−nJ3), (5.27)

where ζ 0 = ζ(t0). If V = c1 �= c3 then (5.24) reduces to

[α(0) − ρ0κc2
1]τ = b(0)ξ, (5.28)

so that a longitudinal wave induces an acceleration discontinuity in the waves of
compaction.

Let us consider now equation (5.3). This equation implies that

[qi,i ] = [ρ0ė
∗]. (5.29)
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In the view of relations

[qi] = 0, V [qi,i ] = −[q̇i]ni, [q̇i] = k(0)γ ni,

[ρ0ė
∗] = T0

{
β(0)

(
ni

δξi

δt
− V µini − V aαβξi;αxi;β

)
− V ζm(0)

− V γ a(0) + β(1)(0)ξrnr

}
,

(5.30)

from (5.29) we get

[k(0) − T0a(0)V 2]γ = T0V

{
β(0)

[
V µini + V aαβξi;αxi;β − ni

δξi

δt

]

+ V ζm(0) − β(1)(0)ξjnj

}
. (5.31)

Let us assume that V �= c1, V �= c2, V �= c3. Then from (5.11) we obtain

ρ0(c
2
1 − V 2)µini = −β(0)γ .

If β(0) = 0 then we find that µini = 0 and (5.31) reduces to

(c2
4 − V 2)γ = 0,

where

c4 =
[

k(0)

T0a(0)

]1/2

. (5.32)

In this case we see that the possible speed of propagation of thermal waves is
V = c4. If β(0) �= 0, then from (4.15) we obtain ξini = 0 so that V = c2 or
V = c3. For V = c2 �= c3 equation (5.11) reduces to

ρ0(c
2
1 − c2

2)(a
αβxr;βξr;α + µsns) = −β(0)γ .

Thus, equation (5.31) can be written in the form

Rγ = 0,

where

R = a(0)ρ0(c
2
1 − c2

2)(c
2
4 − c2

2) + β2(0)c2
2.

If R �= 0, then γ = 0, so that the wave is purely mechanical.
For V = c3 ( �= c2) equations (5.15) and (5.31) imply that

�γ = c2
3[ρ0m(0)(c2

1 − c2
3) − b(0)β(0)],

where

� = ρ0a(0)(c2
1 − c2

3)(c
2
4 − c2

3) + c2
3β

2(0).
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Thus, in general, a compaction wave induces a thermal wave. We note that the
eigenvalue problems from Section 4 govern also the propagation of thermoelastic
waves studied in [3]. However, in the present paper, the amplitudes of waves con-
tain new attenuation factors related to the relaxation functions (see (5.13), (5.15);
(5.17), (5.18) and (5.26), (5.27)).
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