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Abstract

This paper is concerned with the plane strain problem of the equilibrium theory of microstretch elastic

bodies. First, we study the problem of stress concentration in the neighbourhood of a circular hole located
in a plane subjected to the action of constant loads at a great distance from the hole. Then, the problem of a

rigid inclusion in an infinite body is studied.

� 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

There has been very much written in recent years on the subject of the theory of continua in
which the deformation is described not only by the usual displacement vector field, but by other
vector or tensor fields as well. The theory of microstretch continua was introduced by Eringen [1–
3] in order to study micromorphic materials whose microelements can undergo expansions and
contractions. The material points of the microstretch bodies can stretch and contract indepen-
dently of their translations and rotations. A microstretch body can model composite materials
and various porous bodies (cf. [2]). The linear theory of microstretch elastic bodies was introduced
in [1,2]. The theory of microstretch elastic solids is a generalization of the micropolar theory [4].

In this paper we study the problem of stress concentration in microstretch elastic bodies. This
problem is of great practical and technological importance and in the context of classical elas-
tostatics the problem has been a subject of intensive study (see e.g. [5,6]). In the framework of the
theory of micropolar elasticity the problem of stress concentration around holes was studied in
various papers (see e.g. [4,7–9]). In Section 2 we present the basic equations of the equilibrium
theory of microstretch elastic bodies and derive the equations of the plane strain problem for
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homogeneous and isotropic bodies. Section 3 is concerned with the problem of a cylindrical cavity
in an infinite solid subjected to the action of constant loads at a great distance from the hole. The
representation used in solving of the problem refers to displacement vector, microrotation vector
and microstretch function. The solution is presented in a closed form. In Section 4 we study the
problem of a cylindrical rigid inclusion in an infinite body which is uniformly stretched along one
axis.

2. Basic equations

We consider the theory of microstretch elastic solids established by Eringen [1,2]. We assume
that the body occupies at some instant the regular region B of three-dimensional Euclidean space.
We let B denote the closure of B, call oB the boundary of B, and designate by n the outward unit
normal of oB. Letters in boldface stand for tensors of an order pP 1, and if v has the order p, we
write vij���s (p subscripts) for the components of v in the Cartesian coordinate system Oxi
ði ¼ 1; 2; 3Þ. We shall employ the usual summation and differentiation conventions: Greek sub-
scripts are understood to range over the integers ð1; 2Þ, whereas Latin subscripts––unless other-
wise specified––to the range ð1; 2; 3Þ; summation over repeated subscripts is implied and subscripts
preceded by a comma denote partial differentiation with respect to the corresponding Cartesian
coordinate.

We confine our attention to the equilibrium theory of linearly microstretch elastic materials.
The basic equations of the equilibrium theory of homogeneous and isotropic microstretch elastic
solids, in the absence of the body loads, consist of the equations of equilibrium

tji;j ¼ 0; mji;j þ eirstrs ¼ 0; hi;i � s ¼ 0; ð2:1Þ

the constitutive equations

tij ¼ kekkdij þ ðl þ jÞeij þ leji þ rwdij;

mij ¼ ajkkdij þ bjji þ cjij þ b0esjiw;s;

hi ¼ nu;i þ b0eijsjsj;

s ¼ rerr þ bw;

ð2:2Þ

and the geometrical equations

eij ¼ uj;i þ ejikuk; jij ¼ uj;i: ð2:3Þ

Here, tij is the stress tensor, mij is the couple stress tensor, hk is the microstress vector, s is the net
pressure involved in dilatation, eij and jij are strain measures, ui is the displacement vector, ui is
the microrotation vector, w is the microstretch function, eirs is the alternating symbol, dij is the
Kronecker�s delta and k, l, j, a, b, c, r, n, b and b0 are constitutive constants.

Throughout this paper we assume that the internal energy density is a positive definite qua-
dratic form. Thus, the constitutive coefficients satisfy the conditions [2]
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bð3k þ 2l þ jÞ � 3r2 > 0; 2l þ j > 0; j > 0; n > 0; b > 0;

3a þ b þ c > 0; c þ b > 0; c � b > 0: ð2:4Þ

The components of surface traction t, the component of the surface moment m and the mi-
crotraction h at regular points of oB are defined by

ti ¼ tjinj; mi ¼ mjinj; h ¼ hjnj; ð2:5Þ

respectively.
We assume that the region B refers to a right cylinder with the open cross section R and the

smooth lateral boundary P. The rectangular Cartesian coordinate frame is supposed to be chosen
in such a way that the x3-axis is parallel to the generators of B. We denote by L the boundary of R.
The state of plane strain of the cylinder B, parallel to the plane x1Ox2, is characterized by

ua ¼ uaðx1; x2Þ; u3 ¼ 0; ua ¼ 0; u3 ¼ uðx1; x2Þ; w ¼ wðx1; x2Þ; ðx1; x2Þ 2 R: ð2:6Þ

The above restrictions, in conjunction with the geometrical equations (2.3) and the constitutive
equations (2.2), imply that eij, jij, tij, mij, hi and s are all independent of x3. It follows from (2.3)
and (2.6) that the non-zero strain measures are given by

eab ¼ ub;a þ eba3u; jb3 ¼ ub;a; ja3 ¼ u;a: ð2:7Þ

The constitutive equations show that the non-zero components of the stress tensor, couple stress
tensor and microstress vector are tab, ma3, t33, m3a and ha. Further,

tab ¼ keqqdab þ ðl þ jÞeab þ leba þ rwdab;

m13 ¼ cj13 þ b0w;2; m23 ¼ cj23 � b0w;1;

h1 ¼ nw;1 � b0j23; h2 ¼ nw;2 þ b0j13; s ¼ reqq þ bw:

ð2:8Þ

The equations of equilibrium (2.1) reduce to

tba;b ¼ 0;

mq3;q þ e3abtab ¼ 0;

ha;a � s ¼ 0

ð2:9Þ

on R. We assume that on the boundary of the body there are prescribed the surface loads. Given
the surface traction ~tt, the surface moment emm and the surface microtraction ~hh on P, with ~tt, emm and ~hh
independent of x3 and ~tt3 ¼ 0, emma ¼ 0, the boundary conditions on the lateral surface become

tbanb ¼ ~tta; ma3na ¼ emm3; hana ¼ ~hh on L; ð2:10Þ

where ~tta, emm3 and ~hh are prescribed functions.
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In what follows we are interested in a plane strain problem with the displacement vector, the
microrotation vector and the microstretch function being specified in cylindrical coordinates
ðr; h; zÞ as follows:

ur ¼ uðr; hÞ; uh ¼ vðr; hÞ; uz ¼ 0;

ur ¼ 0; uh ¼ 0; uz ¼ uðr; hÞ; w ¼ wðr; hÞ; ðr; hÞ 2 H:
ð2:11Þ

The axis Oz of the cylindrical coordinate system is taken along the axis of the cylinder. The
geometrical equations (2.7) become

err ¼
ou
or

; ehh ¼
1

r
ov
oh

�
þ u

�
; erh ¼

ov
or

� u;

ehr ¼
1

r
ou
oh

�
� v

�
þ u; jrz ¼

ou
or

; jhz ¼
1

r
ou
oh

:

ð2:12Þ

The equilibrium equations (2.9) take the form

otrr
or

þ 1

r
othr
oh

þ 1

r
ðtrr � thhÞ ¼ 0;

otrh
or

þ 1

r
othh

oh
þ 1

r
ðtrh þ thrÞ ¼ 0;

omrz

or
þ 1

r
omhz

oh
þ 1

r
mrz þ trh � thr ¼ 0;

1

r
o

or
ðrhrÞ þ

1

r
ohh

oh
� s ¼ 0:

ð2:13Þ

The constitutive equations can be written in the form

trr ¼ ðk þ 2l þ jÞerr þ kehh þ rw;

thh ¼ kerr þ ðk þ 2l þ jÞehh þ rw;

trh ¼ ðl þ jÞerh þ lehr; thr ¼ ðl þ jÞehr þ lerh;

mrz ¼ cjrz þ b0
1

r
ow
oh

; mhz ¼ cjhz � b0
ow
or

;

hr ¼ n
ow
or

� b0jhz; hh ¼
1

r
n
ow
oh

þ b0jrz;

s ¼ r
1

r
o

or
ðruÞ

�
þ 1

r
ov
oh

�
þ bw:

ð2:14Þ

The plane strain problem consists in the finding of the functions u, v, u and w on R which satisfy
the Eqs. (2.12)–(2.14) on R and the boundary conditions.
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3. Stress concentration around a circular hole

In this section we study the problem of a cylindrical cavity in an infinite solid. We assume that
the region B is defined by fðx1; x2; x3Þ 2 R3 : x21 þ x22 > a2g, where a > 0 is a given constant. The
body is in equilibrium in the absence of body loads. We suppose that the surface of the cavity is
free of surface loads and that the body is subject to a field of simple tension at infinity. Let P be
the constant tension field at a plane x1 ¼ constant at infinity. We assume that the surface moment
and the surface microtraction vanish at infinity. The body is in a state of plane strain, parallel to
the plane x1Ox2. In this case the domain R is given by fðx1; x2; x3Þ 2 R3 : x21 þ x22 > a2; x3 ¼ 0g.

The boundary conditions on the surface of the cavity can be expressed as

trr ¼ 0; trh ¼ 0; mrz ¼ 0; hr ¼ 0 for r ¼ a: ð3:1Þ

The conditions at infinity require that the stress distribution must reduce to that of a body
without cavity. Thus we have the following conditions at infinity:

trr ¼ 1
2
P ð1þ cos 2hÞ; thh ¼ 1

2
P ð1� cos 2hÞ;

trh ¼ thr ¼ �1
2
P sin 2h; mrz ¼ mhz ¼ 0;

hr ¼ 0; hh ¼ 0;

ð3:2Þ

where P is a given constant.
The problem consists in the finding of the functions u, v, u and w on R which satisfy the Eqs.

(2.12)–(2.14) on R and the conditions (3.1) and (3.2). We seek the solution of the problem in the
form

u ¼ F ðrÞ þ UðrÞ cos 2h; v ¼ V ðrÞ sin 2h;
u ¼ W ðrÞ sin 2h; w ¼ GðrÞ þ UðrÞ cos 2h;

ð3:3Þ

where F , G, U , V , W and U are functions only on r. It follows from (2.12), (3.3) and (2.14) that

trr ¼ ðk þ 2l þ jÞdF
dr

þ 1

r
kF þ rG

þ ðk
�

þ 2l þ jÞ dU
dr

þ 1

r
kðU þ 2V Þ þ rU

�
cos 2h;

thh ¼ k
dF
dr

þ 1

r
ðk þ 2l þ jÞF þ rG

þ k
dU
dr

�
þ 1

r
ðk þ 2l þ jÞðU þ 2V Þ þ rU

�
cos 2h;

trh ¼ ðl
�

þ jÞdV
dr

� jW � 1

r
lð2U þ V Þ

�
sin 2h;

thr ¼ l
dV
dr

�
þ jW � 1

r
ðl þ jÞð2U þ V Þ

�
sin 2h;
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mrz ¼ c
dW
dr

�
� 2

r
b0U

�
sin 2h;

mhz ¼
2

r
cW

�
� b0

dU
dr

�
cos 2h � b0

dG
dr

;

hr ¼ n
dG
dr

�
þ dU

dr
cos 2h

�
� 2

r
b0W cos 2h;

hh ¼
�
� 2

r
nU þ b0

dW
dr

�
sin 2h;

s ¼ r
dF
dr

�
þ 1

r
F
�
þ bG

þ r
dU
dr

��
þ 1

r
ðU þ 2V Þ

�
þ bU

�
cos 2h:

ð3:4Þ

If we substitute (3.4) into the equilibrium equations (2.13), then we obtain the following equa-
tions:

ðk þ 2l þ jÞ d

dr
1

r
d

dr
ðrF Þ

� �
þ r

dG
dr

¼ 0;

n
d2G
dr2

�
þ 1

r
dG
dr

� b
n
G
�
� 1

r
r
d

dr
ðrF Þ ¼ 0;

ðk þ 2l þ jÞ r2
d2U
dr2

�
þ r

dU
dr

�
þ 2ðk þ lÞr dV

dr
þ rr2

dU
dr

� ðk þ 6l þ 5jÞU � 2ðk þ 3l þ 2jÞV þ 2jrW ¼ 0;

ðl þ jÞ r2
d2V
dr2

�
þ r

dV
dr

�
� 2ðk þ lÞr dU

dr
� jr2

dW
dr

� 2ðk þ 3l þ 2jÞU � ð4k þ 9l þ 5jÞV � 2rrU ¼ 0;

c r2
d2W
dr2

�
þ r

dW
dr

� 4W
�
þ jr2

dV
dr

þ jrð2U þ V Þ � 2jr2W ¼ 0;

n r2
d2U
dr2

�
þ r

dU
dr

� 4U � b
n
r2U

�
� rr2

dU
dr

� rrðU þ 2V Þ ¼ 0:

ð3:5Þ

The first equation of (3.5) implies that

1

r
d

dr
ðrF Þ þ r

k þ 2l þ j
G ¼ C1; ð3:6Þ

where C1 is an arbitrary constant. In view of (3.6), the second equation of (3.5) can be written in
the form
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d2G
dr2

þ 1

r
dG
dr

� f2G ¼ r
n
C1; ð3:7Þ

where

f2 ¼ 1

n
b

�
� r2

k þ 2l þ j

�
: ð3:8Þ

It follows from (2.4) that f2 > 0. The solution of Eq. (3.7) is

G ¼ A1K0ðfrÞ þ A

1I0ðfrÞ �

r

nf2
C1;

where In and Kn are the modified Bessel functions of order n, and A1 and A

1 are arbitrary con-

stants. Since the function G must be finite at infinity we have A

1 ¼ 0. Thus, we get

G ¼ A1K0ðfrÞ �
r

nf2
C1: ð3:9Þ

It follows from (3.6) and (3.9) that

F ¼ b

2nf2
C1r þ

1

r
C2 þ

rA1

fðk þ 2l þ jÞK1ðfrÞ; ð3:10Þ

where C2 is an arbitrary constant.
Now we introduce the independent variable t through the relation

t ¼ ln r; ð3:11Þ

and denote

D ¼ d

dt
:

Then, Eq. (3.5, parts 3 and 4) can be written in the form

½D2 � ð1þ 4c1Þ�U þ 2½ð1� c1ÞD� ð1þ c1Þ�V ¼ �etðc2DU þ 2c3W Þ;
½ð1� c1ÞDþ ð1þ c1Þ�U þ ½c1D2 � ð4þ c1Þ�V ¼ etð2c2U þ c3DW Þ;

ð3:12Þ

where

c1 ¼
l þ j

k þ 2l þ j
; c2 ¼

r
k þ 2l þ j

; c3 ¼
j

k þ 2l þ j
; c4 ¼

j
c
: ð3:13Þ

S. De Cicco / International Journal of Engineering Science 41 (2003) 187–199 193



The general solution of the homogeneous system (3.12) which corresponds to a finite stress field
at infinity is given by

U0 ¼ b1e�t þ B2e
�3t þ B3e

t;

V0 ¼ �c1B1e
�t þ B2e

�3t � B3e
t;

ð3:14Þ

where B1, B2 and B3 are arbitrary constants. Particular solution of the system (3.12) can be seen to
be

U 
 ¼ � 1

2
c2ðetS1 þ e�3tS2Þ �

1

2c1
c3ðetR1 � e�3tR2Þ;

V 
 ¼ 1

2
c2ðetS1 � e�3tS2Þ þ

1

2c1
c3ðetR1 þ e�3tR2Þ;

ð3:15Þ

where

S1ðtÞ ¼
Z t

UðsÞds; S2ðtÞ ¼
Z t

e4sUðsÞds;

T1ðtÞ ¼
Z t

W ðsÞds; R2ðtÞ ¼
Z t

e4sW ðsÞds:
ð3:16Þ

With the help of (3.11), (3.14) and (3.15) we obtain

U ¼ B1r�1 þ B2r�3 þ B3r

� 1

2
c2 r

Z r

x�1UðxÞdx
�

þ r�3

Z r

x3UðxÞdx
�

� 1

2c1
c3 r

Z r

x�1W ðxÞdx
�

� r�3

Z r

x3W ðxÞdx
�
;

V ¼ � c1B1r�1 þ B2r�3 � B3r

þ 1

2
c2 r

Z r

x�1UðxÞdx
�

� r�3

Z r

x3UðxÞdx
�

þ 1

2c1
c3 r

Z r

x�1W ðxÞdx
�

þ r�3

Z r

x3W ðxÞdx
�
:

ð3:17Þ

If we substitute U and V from (3.17) into (3.5, parts 5 and 6) we obtain the equations

r2
d2W
dr2

þ r
dW
dr

� ð4þ d2r2ÞW ¼ �2c4B1;

r2
d2U
dr2

þ r
dU
dr

� ð4þ f2r2ÞU ¼ � 2c1r
n

B1;

ð3:18Þ
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where

d2 ¼ jð2l þ jÞ
cðl þ jÞ : ð3:19Þ

The solutions of Eqs. (3.18) which generate finite stresses for r ! 1 are given by

W ¼ A2K2ðdrÞ þ
2

d2
c4B1r�2;

U ¼ A3K2ðfrÞ þ
2

nf2
c1rB1r�2;

ð3:20Þ

where A2 and A3 are arbitrary constants. If we substitute (3.20) into relations (3.17) we obtain

U ¼ 1

r
d1B1 þ

1

r3
B2 þ B3r �

1

2dc1
c3A2½K3ðdrÞ � K1ðdrÞ�

þ 1

2f
c2A3½K3ðfrÞ þ K1ðfrÞ�;

V ¼ � 1

r
c2d2B1 þ

1

r3
B2 � B3r �

1

2dc1
c3A2½K3ðdrÞ þ K1ðdrÞ�

þ 1

2f
c2A3½K3ðfrÞ � K1ðfrÞ�;

ð3:21Þ

where

d1 ¼ 1þ c3c4
c1d

2
; d2 ¼ 1þ c2r

nf2
: ð3:22Þ

We introduce the notations

q1 ¼ d1 � 2c1d2; q2 ¼ 2d1 � c1d2;

Q1 ¼
1

2l þ j

�
� ð2l þ jÞd1 � 2kc1d2 þ

2c1r2

nf2

�
;

Q2 ¼
1

2l þ j
ðk

�
þ 2l þ jÞq1 � kd1 þ

2c1r2

nf2

�
;

Q3 ¼
1

2l þ j
ðl

�
þ jÞc1d2 � q2l � 2jc4

d2

�
;

Q4 ¼
1

2l þ j
lc1d2

�
� ðl þ jÞq2 þ

2jc4
d2

�
;

k ¼ ð2k þ 2l þ jÞb� r2:

ð3:23Þ
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It follows from (3.4), (3.9), (3.10) and (3.20)–(3.23) that

trr ¼
k

2nf2
C1 � ð2l þ jÞr�2C2 �

ð2l þ jÞ
f

c4A1r�1K1ðfrÞ

þ ð2l þ jÞ Q1r�2B1

�
� 3r�4B2 þ B3 þ

1

2dc1
c3A2r�1½K1ðdrÞ þ 3K3ðdrÞ�

� 1

4f
c2A3½6r�1K3ðfrÞ � fK2ðfrÞ þ fK0ðfrÞ�

�
cos 2h;

thh ¼
k

2nf2
C1 þ ð2l þ jÞr�2C2 þ ð2l þ jÞc2A1 K0ðfrÞ

�
þ 1

fr
K1ðfrÞ

�

þ ð2l þ jÞ Q2r�2B1

�
þ 3r�4B2 � B3 �

1

2dc1
c3A2r�1½K1ðdrÞ þ 3K3ðdrÞ�

þ 1

4f
c2A3½3fK2ðfrÞ þ fK0ðfrÞ � 6r�1K3ðfrÞ�

�
cos 2h;

trh ¼ ð2l þ jÞ Q3B1r�2

�
� 3r�4B2 � B3 þ

1

4dc1
c3A2½6r�1K3ðdrÞ þ dK0ðdrÞ � dK2ðdrÞ�

� 1

2f
c2A3r�1½3K3ðfrÞ þ K1ðfrÞ�

�
sin 2h;

thr ¼ ð2l þ jÞ Q4B1r�2

�
� 3r�4B2 � B3 þ

1

4dc1
c3A2½6r�1K3ðdrÞ þ 3dK2ðdrÞ þ dK0ðdrÞ�

� 1

2f
c2A3r�1½3K3ðfrÞ þ K1ðfrÞ�

�
sin 2h;

mrz ¼ � cA2½dK1ðdrÞ
�

þ 2r�1K2ðdrÞ� þ 2b0r�1A3K2ðfrÞ þ 4B1r�3 cc4
d2

�
þ b0c1r

nf2

��
sin 2h;

mhz ¼ 2cA2r�1K2ðdrÞ
�

þ b0A3½fK1ðfrÞ þ 2r�1K2ðfrÞ� þ 4B1r�3 cc4
d2

�
þ b0c1r

nf2

��
cos 2h

þ b0fA1K1ðfrÞ;

hr ¼ �nfA1K1ðfrÞ � nA3½fK1ðfrÞ
�

þ 2r�1K2ðfrÞ�

þ 2b0A2r�1K2ðdrÞ þ 4B1r�3 c1r

f2

�
þ b0c4

d2

��
cos 2h;

hh ¼ � 2nr�1A3K2ðfrÞ
�

þ b0A2½dK1ðdrÞ þ 2r�1K2ðdrÞ� þ 4B1r�3 c1r

f2

�
þ c4b0

d2

��
sin 2h:

ð3:24Þ
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On the basis of (3.24), the conditions at infinity (3.2) reduce to

B3 ¼
1

2ð2l þ jÞ P ; C1 ¼
nf2

k
P : ð3:25Þ

We note that the restrictions (2.4) imply that k > 0.
We introduce the notations

Kðz; pÞ ¼ 6z�1K3ðpzÞ � pK2ðpzÞ þ pK0ðpzÞ;

Cðz; pÞ ¼ pK1ðpzÞ þ
2

p
K2ðpzÞ; EðzÞ ¼ K1ðzÞ þ 3K3ðzÞ;

‘1 ¼ 4a�3ðcc4r�2 þ c1rb0n
�1f�2Þ;

‘2 ¼ 4a�3ðc1rf�2 þ b0c4d
�2Þ;

J ¼ cnCða; dÞCða; fÞ � 4b20a
�2K2ðfaÞK2ðdaÞ;

T1 ¼ n‘1Cða; fÞ � 2b0‘2a�1K2ðfaÞ;
T2 ¼ c‘2Cða; dÞ � 2‘1b0a�1K2ðdaÞ:

ð3:26Þ

The boundary conditions (3.1) reduce to

C2 ¼
Pa2

2ð2l þ jÞ ; A1 ¼ 0; A2 ¼ � 1

J
T1B1; A3 ¼ � 1

J
T2B1;

H1B1 � 3a�4B2 ¼ � P
2ð2l þ jÞ ; H2B1 � 3a�4B2 ¼

P
2ð2l þ jÞ ;

ð3:27Þ

where

H1 ¼ Q1a�2 � 1

2Jadc1
c3T1EðdaÞ þ

1

4fJ
c2T2Kða; fÞ;

H2 ¼ Q3a�2 � 1

4dc1J
c3T1Kða; dÞ þ 1

2faJ
c2T2EðfaÞ:

ð3:28Þ

From (3.27) we find that

B1 ¼
P

ð2l þ jÞðH2 � H1Þ
; B2 ¼

P ðH1 þ H2Þa4
6ð2l þ jÞðH2 � H1Þ

; ð3:29Þ

so that all constants Ca, Ai and Bi are determined. Substituting (3.29), (3.27) and (3.25) into (3.9),
(3.10), (3.20), (3.21) and (3.3) we obtain ur, uh, uz and w. The stresses are determined from (3.24).
The value of thh at the periphery of the cavity is given by

thh ¼ P 1

�
þ 2

1þ f
cos 2h

�
; ð3:30Þ

S. De Cicco / International Journal of Engineering Science 41 (2003) 187–199 197



where

f ¼ N�1½8Jdc1afðH2 � H1Þ � N �;
N ¼ 4Jdc1fa�1Q2 þ 4Jdc1afH1 þ 2c3T1fEðdaÞ

� c1c2adT2½3fK2ðfaÞ þ fK0ðfaÞ � 6a�1K3ðfaÞ�:
ð3:31Þ

4. The problem of a rigid inclusion

In this section we study the problem of a rigid cylindrical inclusion in an infinite body which is
uniformly stretched along the axis Ox1. We assume that the elastic body occupies the region
B ¼ fðx1; x2; x3Þ 2 R3 : x21 þ x22 > a2g, where a is a positive constant. We assume that the region
fðx1; x2; x3Þ 2 R3 : x21 þ x22 < a2g is occupied by a rigid body. We consider the following boundary
conditions:

ur ¼ 0; uh ¼ 0; uz ¼ 0; w ¼ 0 on r ¼ a; ð4:1Þ

and the conditions (3.2) at infinity. The body B is in a state of plane strain parallel to the plane
x1Ox2 in the absence of body loads. We seek the solution in the form (3.3). It follows from (3.24)
that the conditions at infinity (3.2) reduce to (3.25). With the help of (3.9), (3.10), (3.20) and (3.21)
we find that the conditions (4.1) can be written in the form

A1 ¼
r
k
P ½K0ðfaÞ��1

; C2 ¼ � ba2

2k
P � c2a

f
A1K1ðfaÞ;

A2 ¼ � 2

d2a2
c4B1½K2ðdaÞ��1

;

A3 ¼ � 2

nf2a2
c1rB1½K2ðfaÞ��1

;

d1a2
�

þ c3c4a

c1d
3
LðdaÞ � c1c2ra

nf3
LðfaÞ

�
B1 þ B2 ¼ � Pa4

2ð2l þ jÞ ;�
� c2d2a2 þ

c3c4a

c1d
3
LðdaÞ � c1c2ra

nf3
LðfaÞ

�
B1 þ B2 ¼

Pa4

2ð2l þ jÞ ;

ð4:2Þ

where

LðzÞ ¼ ½K3ðzÞ þ K1ðzÞ�½K2ðzÞ��1
: ð4:3Þ

From (4.2) we obtain

B1 ¼ � Pa2

ð2l þ jÞðd1 þ c2d2Þ
;

B2 ¼
Pa2

2ð2l þ jÞðd1 þ c2d2Þ
ðd1

�
� c2d2Þa2 þ

2c3c4a

c1d
3

LðdaÞ � 2c1c2ra

nf3
LðfaÞ

�
:

ð4:4Þ
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The solution of the problem has the form (3.3) where the constants Ai, Bi and Ca are given by
(3.25), (4.2) and (4.4). The stress tensor, the couple stress tensor and the microstress vector can be
determined from the relations (3.24). In particular, the values of trr and trh on the boundary of the
inclusion have the form

trr ¼
1

2
P þ 1

2k
ð2l þ jÞbP 1

�
þ 2r

fab
ðc2 � c4Þ

K1ðfaÞ
K0ðfaÞ

�

� Pa2

d1 þ c2d2
ðQ1

�
þ d1 � 2c2d2Þa�2 þ 2c3c4

c1d
3a3

K1ðdaÞ
K2ðdaÞ

� 4c1c2r

nf3a3
K1ðfaÞ
K2ðfaÞ

�
cos 2h;

trh ¼ � Pa2

d1 þ c2d2
Q3

��
þ 1

2
d1 �

5

2
c2d2

�
a�2 � 2c1c2r

nf2a3
K1ðfaÞ
K2ðfaÞ

þ 4c3c4
c1a3d

3

K1ðdaÞ
K2ðdaÞ

�
sin 2h:

As in [10], we can study the behaviour of an infinite microstretch elastic body with a spherical
cavity.
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