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Abstract

In this article we establish a spatial decay estimate of Toupin type in the dynamic linear theory of
micropolar viscoelastic solids. # 1999 Elsevier Science Ltd. All rights reserved.

1. Introduction

The general theory of micromorphic materials with memory has been developed by Eringen
[1]. In Ref. [2], Eringen has established the theory of micropolar viscoelasticity. The
propagation conditions and growth equations, which govern the propagation of waves in
micropolar viscoelasticity, have been derived and discussed by McCarty and Eringen [3]. Some
general theorems in micropolar viscoelasticity have been established in Ref. [4]. In the
framework of the nonpolar viscoelasticity, various results concerning Saint-Venant's principle
have been established by Sternberg and Al-Khozaie [5], Neapolitan and Edelstein [6], Rionero
and ChiritaÁ [7] and ChiritaÁ [8]. In the present article we generalize the results from Refs. [6,8]
to the dynamic linear theory of micropolar viscoelastic bodies. In Section 2 we present the
basic equations of the linear theory of micropolar viscoelastic solids. Section 3 is devoted to
preliminary results. In Section 4 we establish a spatial decay estimate of Toupin type for
micropolar viscoelastic bodies.
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2. Basic equations

We consider a body that at time t0 occupies the regular region B of Euclidean three-
dimensional space and is bounded by the piecewise smooth surface @B. The motion of the body
is referred to a ®xed system of rectangular Cartesian axes Oxi(i=1, 2, 3). We designate by n
the outward unit normal of @B. Letters in boldface stand for tensors of an order pe1, and if v
has the order p, we write vij . . . s ( p subscripts) for the components of v in the Cartesian
coordinate system. We shall employ the usual summation and di�erentiation conventions:
Latin subscripts are understood to range over the integers (1, 2, 3), summation over repeated
subscripts is implied and subscripts preceded by a comma denote partial di�erentiation with
respect to the corresponding Cartesian coordinate. In all that follows, we use a superposed dot
to denote partial di�erentiation with respect to the time.
We consider the linear theory of micropolar viscoelastic bodies. In the absence of the body

loads, the equations of motion are given by [2]

tji,j � r �ui, �1a�

mji,j � Eirstrs � J �j i, �1b�
where tij is the stress tensor, mij is the couple stress tensor, u is the displacement vector, jj is
the micro-rotation vector, r is the reference mass density, Eijk is the alternating symbol and J is
a coe�cient of inertia. The local form of energy balance is [2]

r_E � tij _eij �mij _w ij, �2�
where E is the internal energy density and

eij � uj,i � Ejisjs, �3a�

wij � jj,i: �3b�
The constitutive equations of the linear theory of homogeneous micropolar viscoelastic bodies
are

tij�x,t� �
�t
ÿ1
�Aijpr�tÿ s� _epr�x,s� � Bijpr�tÿ s�_wpr�x,s�� ds, �4a�

mij�x,t� �
�t
ÿ1
�Bprij�tÿ s� _epr�x,s� � Cijrp�tÿ s�_w rp�x,s�� ds, �4b�

where the relaxation functions A, B and C are twice continuously di�erentiable on [0, 1) and
have the properties of symmetry

Aijrs � Arsij, �5a�

Cijrs � Crsij: �5b�
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Since a viscoelastic material remembers its past history, we must prescribe ui, ji, eij, wij, tij and
mij up to some instant t=0. The initial data consist of the functions (u �i , j �i , elij, w �ij, t �ij,
m �ij)= s �, de®ned on B�(ÿ1, 0), which satis®es the ®eld equations. Thus, we have the initial
history condition s (i )= s � where s (i )= (ur, jr, epq, wpq, tpq, mpq ) on B�(ÿ1, 0).
In what follows, we assume s �=(0, 0, . . . , 0) on B�(ÿ1, 0). In this case we have the initial

conditions

u�x,0� � 0, �6a�

Çu�x,0� � 0, �6b�

jjj�x,0� � 0, �6c�

_jjj�x,0� � 0, x 2 �B , �6d�
The constitutive equations can be written in the form

tij�t� � Aijrs�0�ers�t� � Bijrs�0�wrs�t� �
�t
0

� _Aijpq�tÿ s�epq�s� � _Bijpq�tÿ s�wpq�s�� ds, �7a�

mij�t� � Brsij�0�ers�t� � Cijpq�0�wpq�t� �
�t
0

� _Bpqij�tÿ s�epq�s� � _Cijpq�tÿ s�wpq�s� ds, �7b�

where, for convenience, we have suppressed the argument x.
Let f be a function of position and time de®ned on B�I, where I=[0, 1). We say that

f$CM,N if

@m

@xi@xj . . . @xp

�
@nf

@tn

�
,

exists and is continuous on B�I for m=0, 1, . . . , M, n=0 1, . . . , N, and m+nEmax (M,
N ). We introduce the notion of an admissible process s={ui, ji, eij, wij, tij, mij } by which we
mean an ordered array of functions ui, ji, eij, wij, tij and mij de®ned on B�I with the following
properties

1. ui, uÇ i, uÈi, ji, jÇ i, �j i, eij, eÇ ij, wij and wÇ ij are continuous on B�I;
2. tij and mij are of class C 1,0 on B� (0, 1);
3. tij, tji,j, mij and mji,j are continuous on B�I.

By a viscoelastic process for B corresponding to null body loads we mean an admissible
process that satis®es the ®eld Eqs. (1), (3) and (7) on B� (0, 1).
The surface traction and surface couple at regular points of @B are given by

ti � tjinj, �8a�
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mi � mjinj: �8b�
In view of initial conditions (6) we have

eij�0� � 0, �9a�

wij�0� � 0 �9b�
on B.

3. Preliminaries

We introduce the notations

�eij�t1,t2� � eij�t1� ÿ eij�t2�, �10a�

�w ij�t1,t2� � wij�t1� ÿ wij�t2� �10b�
and

W�t1,t2,t3� � 1

2
Aijrs�t3� �eij�t1,t2� �ers�t1,t2� � Bijrs�t3� �eij�t1,t2��w rs�t1,t2�

� 1

2
Cijrs�t3��w ij�t1,t2��w rs�t1,t2�, �11a�

L�ti,t2,t3� � 1

2
_Aijrs�t3� �eij�t1,t2� �etrs�t1,t2� � _Bijrs�t3� �eij�t1,t2��w rs�t1,t2�

� 1

2
_Cijrs�t3��w ij�t1,t2��w rs�t1,t2�, �11b�

G�t1,t2,t3� � 1

2
�Aijrs�t3� �eij�t1,t2� �ers�t1,t2� � �Bijrs�t3� �eij�t1,t2��w rs�t1,t2�

� 1

2
�Cijrs�t3��w ij�t1,t2��w rs�t1,t2�: �11c�

Let us note that

�eij�t,0� � eij�t�,

�w ij�t,0� � wij�t�:

Theorem 3.1. Let s � fui, ji, eij, wij, tij, mij g be a viscoelastic process for B corresponding to null
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body loads. Then

�t
0

�tij _eij �mij _w ij � ds �W�t,0,t� ÿ
�t
0

L�t,0,t� dtÿ
�t
0

L�t,t,tÿ t�

dt� 1

2

�t
0

�t
0

G�r,s, j rÿ s j� dr ds:

�12�

Proof. Clearly, in view of Eqs. (7) and (9), we have

�t
0

tij _eij ds �
�t
0

�
d

ds
�tijeij � ÿ eij _t ij

�
ds � tijeij ÿ tij�0�eij�0� ÿ

�t
0

tijeij

ds � tijeij ÿ
�t
0

eij�s�fAijmn�0� _emn�s� � Bijmn�0�_wmn�s� � _Aijmn�0�emn�s� � _Bijmn�0�wmn�s�

�
�s
0

� �Aijmn�sÿ t�emn�t� � �Bijmn�sÿ t�wmn�t��

dtg ds:

�13�

If we take into account the identities [9]

fij�t�
�t
0

_Mijrs�tÿ t�grs�t� dt� grs�t�
�t
0

_Mijrs�tÿ t�fij�t� dt �
�t
0

_Mijrs�tÿ t�fij�t�grs�t�

dtÿ
�t
0

_Mijrs�tÿ t�� fij�t� ÿ fij�t���grs�t� ÿ grs�t�� dt� �Mijrs�t� ÿMijrs�0��fij�t�grs�t�,

2

�t
0

�s
0

M�sÿ t� ds dt �
�t
0

�t
0

M�j sÿ t j� ds dt,

2

�t
0

�r
0

�Mijmn�rÿ s�fij�r�fmn�s� dr ds �
�t
0

�t
0

�Mijmn�j rÿ s j�fij�r�fmn�s� dr

ds �
�t
0

�t
0

�Mijmn�j rÿ s j�fij�s�fmn�s� dr

dsÿ 1

2

�t
0

�t
0

�Mijmn�j rÿ s j�� fij�r� ÿ fij�s��� fmm�r� ÿ fmn�s�� dr ds,
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�t
0

�M�j sÿ t j� dt �
�s
0

�M�sÿ t� dt�
�t
s

�M�tÿ s� dt � _M�s� � _M�tÿ s� ÿ 2 _M�0�,

then from Eqs. (5), (7), (9), (11) and (13) we obtain the relation (12).

We introduce the notation

T � �tij,mij �:
The magnitude of T is de®ned by

j T j� �tijtij �mijmij �1=2: �14�
Moreover, we introduce the notations

P�r,s� � 1

2
Aijpq�s�tij�r�tpq�r� � Bijpq�s�tij�r�mpq�r� � 1

2
Cijpq�s�mij�r�mpq�r�, �15a�

F�t� � 1

2
Aijrs�0�zij�t�zrs�t� � Bijrs�0�zij�t�yrs�t� � 1

2
Cijrs�0�yij�t�yrs�t�, �15b�

C�s,t� � 1

2
_Aijpq�sÿ t�aij�s,t�apq�s,t� � _Bijrs�sÿ t�aij�s,t�brs�s,t� �

1

2
_Cijpq�s

ÿ t�bij�s,t�bpq�s,t�, �15c�

where

zij � 1

a
tij ÿ aeij, �16a�

yij � 1

a
mij ÿ awij, �16b�

aij�s,t� � 1

a
tij�s� � aeij�t�, �16c�

bij�s,t� �
1

a
mij�s� � awij�s�, a > 0: �16d�

Theorem 3.2. Let s � fui, ji, eij, wij, tij, mij g be a viscoelastic process for B corresponding to null
body loads. Then
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�t
0

j T�t� j2 dt � 1

a2

�t
0

�2P�t,0� ÿP�t,t�� dt� a2
�t
0

�2W�t,0,0� ÿW�t,0,tÿ t��

dtÿ
�t
0

F�t� dt�
�t
0

�s
0

F�t,s� dt ds:

�17�

Proof. It follows from Eq. (7) that

�t
0

tijtij ds �
�t
0

�Aijpq�0�epq�s�tij�s� � Bijpq�0�wpq�s�tij�s��

ds�
�t
0

�s
0

� _Aijmn�sÿ t�emn�t�tij�s� � _Bijmn�sÿ t�wmn�t�tij�s�� ds dt:

�18�

If M and H have the symmetries

Mijrs �Mrsij,

Hijrs � Hrsij,

then, for any positive number a, we can write

Mijmn�t�fmn�r�gij�s� � 1

2a2
Mijpq�t�fpq�r�fij�r� � 1

2
a2Mijpq�t�gij�s�gpq�s�

ÿ 1

2
Mijpq�t�

�
1

a
fij�r� ÿ agij�s�

��
1

a
fpq�r� ÿ agpq�s�

�
,

�19a�

Hijpq�r,s�fpq�s�gij�r� � 1

2
Hijpq�r,s�

�
1

a
fpq�s� � agpq�r�

��
1

a
fij�s� � agij�r�

�

ÿ 1

2a2
Hijpq�r,s�fpq�s�fij�s� ÿ 1

2
a2Hijpq�r,s�gij�r�gpq�r�: �19b�

Clearly,

�s
0

_Fijpq�sÿ t�fij�s�gpq�s� dt � �Fijpq�s� ÿ Fijpq�0��fij�s�gpq�s�, �20a�
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�t
0

�s
0

Fijpq�sÿ t�fij�t�gpq�t� dt ds �
�t
0

�t
0

_Fijpq�sÿ t�fij�t�gpq�t� ds

dt �
�t
0

�Fijpq�tÿ t� ÿ Fijpq�0��fij�t�gpq�t� dt:

�20b�

In view of Eqs. (7), (14)±(16), (18)±(20) we obtain the relation (17).

Now we assume that

1. the quadratic form W is positive de®nite, that is, there exists a positive constant c1 so that

W�t1,t2,t3�rc1� �eij�t1,t2� �eij�t1,t2� � �w ij�t1,t2��w ij�t1,t2�� � c1 j F�t1,t2� j2 , �21�
for any F(t1, t2)=(eij (t1, t2), wij (t1, t2)),

2. there exists a positive constant c2 so that

WRc2 j F j2 ; �22�
3. the quadratic forms L and G have the properties

LR0, �23a�

Gr0: �23b�
These assumptions are consistent with the dissipation inequality for materials with memory.
Assumptions 1±3 have been used in classical viscoelasticity to obtain stability results.

Theorem 3.3 Assume that the hypotheses 1±3 hold. Let u � fui, ji, eij, wij, tij, mij g be a
viscoelastic process for B corresponding to null body loads. Then�t

0

j T�t� j2 dtR16c22c
ÿ1
1

�t
0

�s
0

�tij�t� _eij�t� �mij�t�_w ij�t�� dt ds: �24�

Proof. By Theorem 3.2 and hypotheses 1±3, we obtain�t
0

j T�t� j2 dtR 2

a2
c2

�t
0

j T�t� j2 dt� 2a2c2

�t
0

j E�t� j2 dt:

If we choose a � 2
����
c2
p

, then we obtain�t
0

j T�t� j2 dtR16c22

�t
0

j E�t� j2 dt: �25�
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From Theorem 3.1 we get�t
0

�tij�t� _eij�t� �mij�t�_w ij�t�� dtrc1 j E�t� j2 : �26�

Clearly, the inequalities (25) and (26) imply that the relation (24) holds.

4. A decay estimate

In what follows, we assume that region B refers to the interior of a region whose boundary
includes a plane portion D0 (cf. Ref. [10]). We choose the rectangular system of coordinates
such that D0 lies in the x1Ox2Ðplane, and that B lies in the region x3>0. We denote by D(z )
the intersection of B with the plane x3= z. We consider the boundary conditions

tjinj � 0 �27a�

mjinj � 0 �27b�
on �@BnD0� � �0,1�:

We assume that on D0 the boundary data are di�erent from zero. We denote by B(z ) the
region {x$B:x3>z }. Let L be the maximum value of x3 on B.

Theorem 4.1. Assume that the hypotheses 1±3 hold. Let K denote the set of viscoelastic processes
for B that satisfy the initial conditions (6) and the boundary conditions (27), and for each t $ I
and z $[0, L] de®ne the functional E( � , z, t) on K by

E� p,z,t� �
�t
0

�
B�z�

�
1

2
�r _ui�s� _ui�s� � J _j i�s� _j i�s�� �

�s
0

�tij�t� _eij�t� �mij�t�_w ij�t�� dt
�

dv

ds

�28�

for any p � fui, ji, eij, wij, tij, mij g 2 K: Then

E� p,z,t�RE� p,0,t� exp

�
ÿ z

lt

�
, �29�

for any p $K, z $[0, L] and t$ I, where

l � 2c2

������������������
2�J� r�
rc1J

s
: �30�

Proof. It follows from Eqs. (1), (3) and the divergence theorem that
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�
B�z�
�tij _eij �mij _w ij � dn �

�
D�z�
�ti _ui �mi _j i � daÿ 1

2

d

dt

�
B�z�
�r _ui _ui � J _j i _j i � dv: �31�

By the initial conditions (6), the boundary conditions (27), the relations (28) and (31), we have

E� p,z,t� �
�t
0

�s
0

�
D�z�
�ti�t� _ui�t� �mi�t� _j i�t�� da dt ds: �32�

With the help of the arithmetic±geometric mean inequality we obtain

E� p,z,t�R1

2
t

�t
0

�
D�z�

�
1

b
_ui _ui � 1

g
_j i _j i � btijtij � gmijmij

�
da dt, �33�

when b and g are arbitrary positive constants. If we take g=br/J, then from inequality (33)
we obtain

E� p,z,t�R1

2
t

�t
0

�
D�z�

�
1

br
�r _ui _ui � J _j i _j i � � b

�
1� r

J

�
T 2�t�

�
da dt: �34�

In view of inequalities (24) and (34) we get

E� p,z,t�R1

2
t

�t
0

�
D�z�

(
1

br
�r _ui�s� _ui�s� � J _j i�s� _j i�s��

�16bc
2
2�J� r�
c1r

�s
0

�tij�t� _e ij�t� �mij�t�_w ij�t�� dt

)
da ds:

�35�

We choose

b � 1

2c2

���������������������
c1J

2r�J� r�

s
:

Then, relation (35) becomes
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E� p,z,t�Rlt
�t
0

�
D�z�

�
1

2
�r _ui�s� _ui�s� � J _j i�s� _j i�s�� �

�s
0

�tij�t� _eij�t� �mij�t�_w ij�t�� dt
�

da

ds,

�36�

where l is given by the equality (30).

With the help of relation (28) we obtain

dE� p,z,t�
dz

� ÿ
�t
0

�
D�z�

�
1

2
�r _ui�t� _ui�t� � J _j i�s� _j i�s�� �

�s
0

�tij�t� _eij�t� �mij�t�_w ij�t��dt
�

da ds:

�37�

It follows from relations (36) and (37) that

lt
dE� p,z,t�

dz
� E� p,z,t,�r0:

This inequality leads to (29).

For an extensive review of the literature on Saint-Venant's principle the reader is referred to
the works of Horgan [11,12].
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