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1 Introduction

The displacement discontinuity method is a rather standard approach to study cracks in elastic materials [1–3]. This is in
fact a certain technique to construct the system of Boundary Integral Equations (BIE), or equivalently, Boundary Element
Methods (BEM). In the static case this typically results in explicit expressions for the kernels of respective BIE, both in 2d
and 3d problems. Unfortunately, in dynamic problems the structure of respective kernels is expressed, as a rule, in terms of
some quadratures of very complex form. In the present work we give efficient representations for such kernels in explicit
form. They contain Hankel functions admitting efficient rational approximations.

It should be noted that fundamental properties of integral equations in problems for punches and cracks are established
in the works of I. I. Vorovich with co-authors [4, 5].

2 Basic relations for a single elementary crack

Let us consider a crack located in a linear isotropic homogeneous elastic medium. The dependence upon time is e−iωt,
where ω is the circular frequency. Equations of motion in the 2d case are






∂2ux

∂x2
+ c 2 ∂2ux

∂y2
+ (1 − c 2)

∂2uy

∂x∂y
+ k2

pux = 0 ,

∂2uy

∂y2
+ c 2 ∂2uy

∂x2
+ (1 − c 2)

∂2ux

∂x∂y
+ k2

puy = 0 ,

(2.1)

where

kp =
ω

cp
, ks =

ω

cs
, c2

p =
λ + 2µ

ρ
, c2

s =
µ

ρ
, c 2 =

c2
s

c2
p

=
k2

p

k2
s

< 1 , (2.2)

cp is the longitudinal wave speed, cs is the transverse wave speed, kp and ks are respective wave numbers,
{ux(x, y), uy(x, y)} denote the components of the displacement vector u. The components of the stress tensor are given as
follows

σxx

λ + 2µ
=

∂ux

∂x
+ (1 − 2c 2)

∂uy

∂y
,

σxy

µ
=

∂ux

∂y
+

∂uy

∂x
,

(2.3)
σyy

λ + 2µ
=

∂uy

∂y
+ (1 − 2c 2)

∂ux

∂x
.
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Then we study a small isolated (elementary) linear crack of length ε, so that the left tip of the crack is (−ε/2, 0) and
the right one is (ε/2, 0). Let us assume that the crack faces are subjected to some (uniform) normal and tangential stresses,
Tn and Tτ , and the relative displacement of the crack faces caused by this applied load, along x and y, is respectively,
gx(x) and gy(x), (|x| ≤ ε/2). Then analytical solution to the problem under consideration can be constructed by using the
Fourier transform along the x-axis. This reduces system (2.1) to a system of ordinary differential equations with constant
coefficients






c 2 U ′′
x +

(
k2

p − s2
)

Ux − is(1 − c 2)U ′
y = 0 ,

−is(1 − c 2)U ′
x + U ′′

y +
(
k2

p − s2c 2
)

Uy = 0 ,
(2.4)

where all derivatives are related to variable y and all Fourier transforms are denoted by respective capital letters.
Solution to this elementary crack problem constructed separately on the upper (y > 0) and the lower (y < 0) half-planes

as a general solution of system (2.4), with the use of the radiation condition, can be represented in the following form:
[
U±

x

U±
y

]
=A±

[
1

∓iβ/s

]
e∓βy+B±

[
1

∓is/γ

]
e∓γy, β(s)=

√
s2−k2

p , γ(s)=
√

s2−k2
s , (2.5)

where A± = A±(s) and B± = B±(s) are some unknown quantities. These four unknown constants should be defined
from respective boundary conditions. All upper signs are related to the upper half-plane y ≥ 0 and the lower ones - to the
lower half-plane y ≤ 0.

The boundary conditions over the line y = 0 are evident:

σ+
yy(x, 0) = σ−

yy(x, 0) , σ+
xy(x, 0) = σ−

xy(x, 0) , |x| < ∞ ,
(2.6)

(u+
x − u−

x )(x, 0) = gx(x) , (u+
y − u−

y )(x, 0) = gy(x) , |x| ≤ ∞ ,

and can be reduced to the following 4 × 4 system of linear algebraic equations for constants A+, B+, A−, B−:





ic 2

s
(2s2 − k2

s)A+ + 2isc 2B+ − ic 2

s
(2s2 − k2

s)A− − 2isc 2B− = 0,

2βA+ +
2s2 − k2

s

γ
B+ + 2βA− +

2s2 − k2
s

γ
B− = 0 ,

A+ + B+ − A− − B− = Gx ,

iβ

s
A+ +

is

γ
B+ +

iβ

s
A− +

is

γ
B− = −Gy .

(2.7)

The solution to this system is

A± = ± s2

k2
s

Gx − is(2s2 − k2
s)

2βk2
s

Gy , B± = ∓ 2s2 − k2
s

2k2
s

Gx +
isγ

k2
s

Gy . (2.8)

Taking into account that gx(x) = 0, gy(x) = 0, |x| > ε/2, one obtains:

ux(x, y) =
sgn(y)
2πk2

s

ε/2∫

−ε/2

gx(ξ)dξ
∞∫

−∞

[
s2ei(ξ−x)s−β|y| + (k2

s/2 − s2)ei(ξ−x)s−γ|y|
]
ds

+
1

2πk2
s

ε/2∫

−ε/2

gy(ξ)dξ
∞∫

−∞

is

[
k2

s/2 − s2

β
ei(ξ−x)s−β|y| + γei(ξ−x)s−γ|y|

]
ds

=
i

2k2
s

ε/2∫

−ε/2

Kxx(ξ − x, y) gx(ξ)dξ +
i

2k2
s

ε/2∫

−ε/2

Kxy(ξ − x, y) gy(ξ)dξ , (2.9a)
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uy(x, y) = − 1
2πk2

s

ε/2∫

−ε/2

gx(ξ)dξ
∞∫

−∞

is

[
βei(ξ−x)s−β|y| +

k2
s/2 − s2

γ
ei(ξ−x)s−γ|y|

]
ds

+
sgn(y)
2πk2

s

ε/2∫

−ε/2

gy(ξ)dξ
∞∫

−∞

[
(k2

s/2 − s2)ei(ξ−x)s−β|y| + s2ei(ξ−x)s−γ|y|
]
ds

=
i

2k2
s

ε/2∫

−ε/2

Kyx(ξ − x, y) gx(ξ)dξ +
i

2k2
s

ε/2∫

−ε/2

Kyy(ξ − x, y) gy(ξ)dξ . (2.9b)

The last tabulated integrals are expressed in terms of Hankel functions which possess a precise approximation by rational
functions [6]:

Kxx(x, y) = yNxx(x, y), Kxy(x, y) =
∂

∂x
Nxy(x, y),

(2.10a)

Kyx(x, y) = − ∂

∂x
Nyx(x, y), Kyy(x, y) = yNyy(x, y),

Nxx(x, y) =
k3

s

2

H(1)
1

(
ks

√
x2 + y2

)

√
x2 + y2

− M = − k2
s

π(x2 + y2)
+ Qs(x, y) − M,

Qs(x, y) =
k2

s

2



ks

H(1)
1

(
ks

√
x2 + y2

)

√
x2 + y2

+
2

π(x2 + y2)



 ,

(2.10b)

Nyy(x, y) =
kpk2

s

2

H(1)
1

(
kp

√
x2 + y2

)

√
x2 + y2

+ M = − k2
s

π(x2 + y2)
+ Qp(x, y) + M,

Qp(x, y) =
k2

s

2



kp

H(1)
1

(
kp

√
x2 + y2

)

√
x2 + y2

+
2

π(x2 + y2)



 ,

M = M(x, y) = kp
∂2

∂x2




H(1)

1

(
kp

√
x2 + y2

)

√
x2 + y2



− ks
∂2

∂x2




H(1)

1

(
ks

√
x2 + y2

)

√
x2 + y2



 ,

Nxy(x, y) =
(

k2
s

2
+

∂2

∂x2

)
H(1)

0

(
kp

√
x2 + y2

)
+

∂2

∂y2
H(1)

0

(
ks

√
x2 + y2

)
, (2.10c)

Nyx(x, y) =
∂2

∂y2
H(1)

0

(
kp

√
x2 + y2

)
+

(
k2

s

2
+

∂2

∂x2

)
H(1)

0

(
ks

√
x2 + y2

)
.

Note that for kernels Nxx, Nyy the leading asymptotic term for small argument is extracted, so Qs, Qp may be accepted
constant on the short interval (−ε/2, ε/2).
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The components of the stress tensor can be found by analogy:

σxx

λ + 2µ
=

i

2k2
s

ε/2∫

−ε/2

Lxx
x (ξ − x, y) gx(ξ)dξ +

i

2k2
s

ε/2∫

−ε/2

Lxx
y (ξ − x, y) gy(ξ)dξ ,

σxy

µ
=

i

2k2
s

ε/2∫

−ε/2

Lxy
x (ξ − x, y) gx(ξ)dξ +

i

2k2
s

ε/2∫

−ε/2

Lxy
y (ξ − x, y) gy(ξ)dξ , (2.11)

σyy

λ + 2µ
=

i

2k2
s

ε/2∫

−ε/2

Lyy
x (ξ − x, y) gx(ξ)dξ +

i

2k2
s

ε/2∫

−ε/2

Lyy
y (ξ − x, y) gy(ξ)dξ ,

where

Lxx
x (ξ − x, y) =

∂

∂x
Kxx(ξ − x, y) + (1 − 2c2)

∂

∂y
Kyx(ξ − x, y) ,

(2.12a)

Lxx
y (ξ − x, y) =

∂

∂x
Kxy(ξ − x, y) + (1 − 2c2)

∂

∂y
Kyy(ξ − x, y) ,

Lxy
x (ξ − x, y) =

∂

∂y
Kxx(ξ − x, y) +

∂

∂x
Kyx(ξ − x, y) ,

(2.12b)

Lxy
y (ξ − x, y) =

∂

∂y
Kxy(ξ − x, y) +

∂

∂x
Kyy(ξ − x, y) ,

Lyy
x (ξ − x, y) =

∂

∂y
Kyx(ξ − x, y) + (1 − 2c2)

∂

∂x
Kxx(ξ − x, y) ,

(2.12c)

Lyy
y (ξ − x, y) =

∂

∂y
Kyy(ξ − x, y) + (1 − 2c2)

∂

∂x
Kxy(ξ − x, y) .

3 Boundary Element Method for arbitrary crack

Let us consider an arbitrary crack or system of cracks located in the elastic medium. This can be considered as a superpo-
sition of N elementary linear cracks of small length ε, which for the sake of brevity we put equal for all cracks. For j-th
crack, (j = 1, . . . , N ), the contribution of elementary quantities gx

j , gy
j to the displacements and stresses at any point can

be calculated as above. Then full contribution of all elementary cracks is a superposition of these calculated elementary
contributions.

By calculating integrals in (2.11), we may consider the quantities gx
j , gy

j to be approximately constant over the small
interval (−ε/2, ε/2). Since ∂/∂x = −∂/∂ξ in relations (2.12), it is clear that

ε/2∫

−ε/2

Lxx
x (ξ − x, y) dξ = R xx

x

( ε

2
− x, y

)
− R xx

x

(
− ε

2
− x, y

)
, (3.1a)

ε/2∫

−ε/2

Lxx
y (ξ − x, y)dξ =

ε(1 − 2c2)
2

∂

∂y

{
y
[
Qp

( ε

2
− x, y

)
+ Qp

(
− ε

2
− x, y

)]}

+R xx
y

( ε

2
− x, y

)
− R xx

y

(
− ε

2
− x, y

)
, (3.1b)
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ε/2∫

−ε/2

Lxy
x (ξ − x, y) dξ =

ε

2
∂

∂y

{
y
[
Qs

( ε

2
− x, y

)
+ Qs

(
− ε

2
− x, y

)]}

+R xy
x

( ε

2
− x, y

)
− R xy

x

(
− ε

2
− x, y

)
, (3.1c)

ε/2∫

−ε/2

Lxy
y (ξ − x, y) dξ = R xy

y

( ε

2
− x, y

)
− R xy

y

(
− ε

2
− x, y

)
, (3.1d)

ε/2∫

−ε/2

Lyy
x (ξ − x, y) dξ = R yy

x

( ε

2
− x, y

)
− R yy

x

(
− ε

2
− x, y

)
, (3.1e)

ε/2∫

−ε/2

Lyy
y (ξ − x, y)dξ =

ε

2
∂

∂y

{
y
[
Qp

( ε

2
− x, y

)
+ Qp

(
− ε

2
− x, y

)]}

+R yy
y

( ε

2
− x, y

)
− R yy

y

(
− ε

2
− x, y

)
, (3.1f)

where

R xx
x (x, y) = −Kxx(x, y) − (1 − 2c 2)

∂

∂y
Nyx(x, y), (3.2a)

R xx
y (x, y) = −Kxy(x, y) + (1 − 2c 2)

{
k2

s x

π(x2 + y2)

+kp
∂2

∂x∂y




yH(1)

1

(
kp

√
x2 + y2

)

√
x2 + y2



− ks
∂2

∂x∂y




yH(1)

1

(
ks

√
x2 + y2

)

√
x2 + y2









, (3.2b)

R xy
x (x, y) = −Kyx(x, y) +

{
k2

s x

π(x2 + y2)

+ks
∂2

∂x∂y




yH(1)

1

(
ks

√
x2 + y2

)

√
x2 + y2



− kp
∂2

∂x∂y




yH(1)

1

(
kp

√
x2 + y2

)

√
x2 + y2









, (3.2c)

R xy
y (x, y) = −Kyy(x, y) +

∂

∂y
Nxy(x, y), (3.2d)

R yy
x (x, y) = −(1 − 2c 2)Kxx(x, y) − ∂

∂y
Nyx(x, y), (3.2e)

R yy
y (x, y) = −(1 − 2c 2)Kxy(x, y) +

{
k2

s x

π(x2 + y2)

+kp
∂2

∂x∂y




yH(1)

1

(
kp

√
x2 + y2

)

√
x2 + y2



− ks
∂2

∂x∂y




yH(1)

1

(
ks

√
x2 + y2

)

√
x2 + y2









. (3.2f)

In development of these formulas we took into account that integration of the rational function in (2.10) can be performed
explicitly:

∫
(∂/∂y)[y/(x2 + y2)]dx = −x/(x2 + y2). Besides, in integration of approximately constant functions Qp and
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Qs over small interval of length ε, instead of to take the value of respective integrand at the central point ξ = 0 multiplied
by ε, we apply an arithmetic average of the integrand at the end-points. Such a treatment can guarantee that the arising
expressions take no singular values which may occur in the case x = 0, y = 0.

Now, by collecting together all developed formulas, one can deduce that

σxx

λ + 2µ
=

igx
j

2k2
s

[
R xx

x

( ε

2
− x, y

)
− R xx

x

(
− ε

2
− x, y

)]
+

igy
j

2k2
s

〈
ε(1 − 2c2)

2
∂

∂y

×
{
y
[
Qp

( ε

2
− x, y

)
+ Qp

(
− ε

2
− x, y

)]}
+ R xx

y

( ε

2
− x, y

)
− R xx

y

(
− ε

2
− x, y

)〉
, (3.3a)

σxy

µ
=

igx
j

2k2
s

〈
ε

2
∂

∂y

{
y
[
Qs

( ε

2
− x, y

)
+ Qs

(
− ε

2
− x, y

)]}

+ R xy
x

( ε

2
− x, y

)
− R xy

x

(
− ε

2
− x, y

)〉
+

igy
j

2k2
s

[
R xy

y

( ε

2
− x, y

)
− R xy

y

(
− ε

2
− x, y

)]
, (3.3b)

σyy

λ + 2µ
=

igx
j

2k2
s

[
R yy

x

( ε

2
− x, y

)
− R yy

x

(
− ε

2
− x, y

)]
+

igy
j

2k2
s

〈
ε

2
∂

∂y

×
{
y
[
Qp

( ε

2
− x, y

)
+ Qp

(
− ε

2
− x, y

)]}
+ R yy

y

( ε

2
− x, y

)
− R yy

y

(
− ε

2
− x, y

)〉
, (3.3c)

representations valid for arbitrary observation point (x, y).
In the problem for full cracks we have 2N unknown quantities gx

j , gy
j , j = 1, . . . , N . In order to construct the basic

system for BEM, let us recall that for any elementary area with the normal n̄ and tangent τ̄ unit vectors the normal and
tangential stress over this area is

Tn = σxxn2
x + 2σxynxny + σyyn2

y , Tτ = σxxnxτx + σxy(nxτy + nyτx) + σyynyτy . (3.4)

Passing from the local to a global coordinate system, one may treat the unknown quantities gx
j , gy

j as tangential and
normal ones, respectively. Then the substitution of expressions (3.3) into (3.4) allows one to write out the complete contri-
bution of all elementary cracks to T n

k (xk, yk), T τ
k (xk, yk) as a superposition of elementary expressions (3.4). This can be

written symbolically as

T n
k (xk, yk) =

N∑

j=1

ann
kj gn

j +
N∑

j=1

anτ
kj gτ

j , T τ
k (xk, yk) =

N∑

j=1

aτn
kj gn

j +
N∑

j=1

aττ
kj gτ

j , (3.5)

for all elements k = 1, . . . , N , where N is the total number of elementary cracks. Now, by using the boundary conditions
for the known normal and tangential stresses over the faces of the crack, one comes to a linear algebraic system, in frames
of the Displacement Discontinuity Method, like in the standard static case [1]. Note that all kernels are expressed explicitly,
and no additional integration is required.

4 Application to wave diffraction in the US echo-scanning

Let us assume that an Ultrasonic sensor is placed in a far zone to register longitudinal far-field wave signals scattered by the
considered crack. Typically, the recording of the longitudinal waves by the US transducer is equivalent to a registration of
radial component of the displacement vector. In frames of very standard “echo-method” the far-field pressure is measured
just in the same direction α from which the incident wave arrives.

Relations (3.5) contain 2N unknown quantities gn
j , gτ

j , j = 1, . . . , N . In the considered problem of US incident wave
the boundary condition leads to the closed-form 2N × 2N linear algebraic system regarding these unknown quantities:






N∑

j=1

ann
kj gn

j +
N∑

j=1

anτ
kj gτ

j = −[σinc
xx n2

x + 2σinc
xy nxny + σinc

yy n2
y]k, k = 1, . . .N,

N∑

j=1

aτn
kj gn

j +
N∑

j=1

aττ
kj gτ

j = −[σinc
xx nxτx + σinc

xy (nxτy + nyτx) + σinc
yy nyτy]k, k = 1, . . .N.

(4.1)
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If j-th elementary crack (xj , yj) is again defined by its unit normal and tangential vectors, n̄j = {njx, njy}, τ̄j =
{τjx, τjy}, then the far-field (R → ∞) scattering pattern, which is registered by a sensor of longitudinal waves, can be
written in the following discrete form as a superposition of elementary contributions:

A(α) =
√

R |uR(α)| ∼

∣∣∣∣∣∣

N∑

j=1

εj

{
−

[
(τjx cosα + τjy sinα)(njx cosα + njy sinα)

]
gτ

j

+
[(

τjx cosα + τjy sinα
)2 − 1

2c2

]
gn

j

}
e−ikp(xj cos α+yj sin α)

∣∣∣∣ , (4.2)

where the following far-field representation has been used:

eikpr = exp
[
ikp

√
(xi − xj)2 + (yi − yj)2

]

= exp
[
ikp

√
R 2 − 2R (xj cosα + yj sinα) + x2

j + y2
j

]
∼ eikpR e−ikp(xj cos α+yj sin α). (4.3)

Fig. 1 Geometry of the crack (left) and far-field back-scattered amplitude (right): – · – · – N = 10; - - - - N = 40;
—— N = 120.

As an example we consider a crack whose geometry is shown in Fig. 1, left. The right half of the same figure demon-
strates the far-field back-scattered amplitude versus incident angle. A good convergence of the proposed method can clearly
be observed from this figure. It should be noted that the algorithm, applied to solve the arising system of integral equations,
from the numerical point of view is similar to a classical collocation technique [7].

Acknowledgements The authors are grateful to Italian Ministry of University. The work is supported by Russian Foundation for Basic
Research (RFBR), Project 10-01-00557.

References

[1] S. L. Crouch and A. M. Starfield, Boundary Element Methods in Solid Mechanics (George Allen & Unwin, London, 1983).
[2] H. P. Yin and A. Ehrlacher, Variational approach of displacement discontinuity method and application to crack problems, Int. J.

Fract. 63, 135–153 (1993).
[3] H. Li, C. L. Liu, Y. Mizuta, and M. A. Kayupov, Crack edge element of three-dimensional displacement discontinuity method with

boundary division into triangular leaf elements, Commun. Numer. Methods Eng. 17, 365–378 2001.
[4] I. I. Vorovich, V. M. Alexandrov, and V. A. Babeshko, Nonclassical Mixed Boundary-Value Problems of Elasticity, in Russian

(Nauka, Moscow, 1974).
[5] I. I. Vorovich and V. A. Babeshko, Dynamic Mixed Problems of Elasticity for Nonclassical Regions, in Russian (Nauka, Moscow,

1979).
[6] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions, 5th edition (Dover, New York, 1968).
[7] P. K. Banerjee and R. Butterfield, Boundary Element Methods in Engineering Science (McGraw Hill, London, 1981).

c© 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.zamm-journal.org


