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Abstract We study the complete Steenrod algebra </ for an odd prime p and its
relations with the generalized Dickson algebra on infinitely many generators, as a
Z[%]-graded algebra.
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1 Introduction

Let p be an odd prime number, and let .7 be the algebra of reduced power operations,
which is the quotient of the mod p Steenrod algebra with respect to the ideal gene-
rated by B, the Bockstein coboundary operator associated with the exact coefficient
sequence

0—>IFI,—>]sz—>IFP—>O.

It is the graded associative algebra generated by the elements P’ of degree 2i(p — 1),
subject to the Adem relations
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66 A. Ciampella

la/p]
Pan Z( 1)a+J ((p 1)(b_J) )Pa+b_ij
= a—pj

ifa < pb, and PY = 1. A monomial in .« can be written in the form Pt P2 ... pik,
where i1, ...,i; € N. We denote this monomial by P!, where I is the multiindex
(i1, ..., i1x). If iy = pigyy forany s = 1, ..., k — 1, the monomial P! will be called
admissible. The admissible monomials form a basis for A as an [F,-vector space [9].

The Steenrod algebra is an important tool in algebraic topology. Its action on poly-
nomials commutes with the action of the general linear group and this property has
revealed important in invariant theory [7]. Because of its connection with the sta-
ble homotopy groups of spheres, it would be nice to have a complete knowledge of
the cohomology of /. In [8] the author asks some questions about the interaction
between the map PV (the map induced in cohomology by the Frobenius on ./*) and
the multiplicative structure of Ext, (IF,, F,) and he points out that these questions
and conjectures can be reformulated in terms of the (dual) complete Steenrod algebra
,Qf This point of view rises the natural interest on the cohomology of </, which seems
easier to understand than ..

In this paper we study the complete Steenrod algebra and show that its dual is
isomorphic to the p-root closure of the Dickson algebra on infinitely many generators.
The case p = 2 is treated by Llerena and Hu’'ng [5]. In order to make this paper
self-contained, we recall all definitions we need, even if they are quite natural gene-
ralizations of those given for the mod 2 case.

2 The p-complete Steenrod algebra

We consider objects graded over Z[%].

Definition 1 A large Z[%]—graded algebra A is an algebra A C HneZ[%]A"’ whose
multiplication is defined by maps A,, ® A, — A4n, for m,n € Z[%]. If A =
EBneZ[l]An’ then A is called a Z[%]—graded algebra A.

p

A (large) Z[%]—graded Hopf algebra A is a Hopf algebra which is a (large) Z[%]-
graded algebra with respect to its multiplication; the comultiplication is defined by
maps A, &> A, @ Ay—p form,n € Z[%].

AZ[ 1] graded module M over a (large) Z[ 1] graded algebra A is an A-module
M= GBnEZ 1,M,, where the action of A on M i 1s given by maps A, ® M, — My;4p,

form,n € Z[p].

If M is a (large) Z[%]-graded object, we define p’ M as the (large) Z[%]-graded
object which is isomorphic to M as ungraded object and has (p' M), = M «for any
4

t € Z. For example, we can think of the Steenrod algebra <7 as a Z[%]—graded Hopf
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The complete Steenrod algebra at odd primes 67

algebra which is zero in negative and fractional degrees. The homomorphism

d:lg/—n;af
P

defined by d(P%) = P%/? if a = 0 modulo p, and d(P%) = 0 if a % 0 modulo p, is
a homomorphism of Hopf algebras which preserves the degree, while d’ : &/ — 7,
P% > P“/P is a map of Hopf algebras which divides degrees by p.

Definition 2 The complete Steenrod algebra is the inverse limit

~ 1 1
o =lim]. b — i gd ,
— pt—i-l pt

where d : -1/ — #JZ{ is the map of Hopf algebras which divides degrees by p.

[,t+1

The tensor product o ® o is defined as

R N 1 1
o @ o/ = lim (—d@ —M).
—A\P p
In a way similar to the case p = 2, & can be endowed with a structure of Z[-]-
graded Hopf algebra: the product and coproduct in 27 induce operations

1
p

1 1 1 1 1 1
p p p p p p

compatible with the homomorphism d, so it is possible to define a product and a
coproduct in 7 as

¢)=lim¢t:£f®@7—>£5, W=1<iLn1pt:,Q%A—>£f®£fA.

Let us denote by P’/ "' the element of &/ represented by the sequence {PP"" €

%egzﬂn € N}, thatis, P"/7" is the sequence having P in L o/, hence P'P in %427,
p P p

.. PP in p,lwszf and so on. Since d(P'P) = P’, we have priv = pre/P™! The
operation P’/ "' has degree r/p'. Given a finite sequence I = (i1, .. ., i) of elements
in N[%], let us denote by P! the operation Pt P2 ... Pik,

The complete Steenrod algebra o is not of finite type: for example, for every
a=1,..., p— 1 the operations Pp};i"ﬁ PPL", n > 1, are of degree 1 and are linearly
independent: P% pr represents the sequence having P~ P% in p—l,,@/ .

The complete Steenrod algebra o is a large Z[%]-graded Hopf algebra, but not a
Z[%]-graded Hopf algebra: givena = 1,..., p — 1 the element 6, = >, .y PY/""

belongs to </, but it does not belong to @, 7L ],;zf (think of P%/7" as of the sequence
P
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68 A. Ciampella

. . . . kg
with P? in pi,,;z% ; then 6, is the sequence having > }_, P? “ in #;zf/ ). Further-

more, & # l'[nez[%];af:,. Infact, 0« = >, . P" & o, buta € Hnez[%].d;. A sum
Dles P! belongs to < if and only if, for each ¢ € Z, the number of sequences
I =(,...,iu) €. such that p’iq € Nforalliy,qg =1,...,mis finite.

We define the binomial coefficient (Z) fora,b e N[%] as the residue class modulo

N
p of (;; v3)» Where N is an integer such that pNa, pVb € Z. It is well defined since it
does notdepend on N. The following result gives the Adem relations and the coproduct
formula in 7.

Proposition 1 The Adem relations in o are

: —N(a,b,i
Pan — 2 ((p - 1)(b - l) _ P (@ l))Pa+bi Pi (])
a — pl
ieN[3] P

for0 <a < pb. Here 0 <i <a/pand N = N(a, b, i) is a big enough integer such
that pNa, pNb, pNi € Z.
The coproduct formula is

w(Pa) — Z Pi ® Pa—i
ieN[}]

foranya € N[%].

Proof Letusrecallthatif A =ao+aip+---+a,p"and B=>bo+bip+---+b,p"
are the p-adic expansions of A and B, respectively, then (g) =[1, (Zj) mod p [9].
This proves that the binomial coefficient does not depend on N. Since pA — 1 =
p(A—1)4+(p —1), we get

(" )= ("5 ) (=)

((p SRR p—<N+l>) _ (p(p —D(pNb - pVi) - 1)
a— pi B p(pNa — pN pi)
_((p—=DPVb—pNi) - 1) B ((p — Db —i) - p—N)
B pNa — pNpi B a— pi '

Hence,

Now let 7; : o — L o denote the projection. We prove that the images under 7;
of both sides are equal t%r any ¢ big enough, and this suffices to say that (1) holds. Take
t such that p'a, p'b € Z. We have w(P') = PPl if p'i € N and it is 0 otherwise.
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The complete Steenrod algebra at odd primes 69

Applying m; to both sides of the formula in (1), we have

. —t
PptuPprb: Z ((P—l)(b—l.)_l’ )Pp’aer’bp’iPp’i’
a — pi

0o<i<4
= =»

where the sum is taken over those indices i such that p’i € N. The previous sum is
finite. Taking a’ = p’a, b’ = p'b,i’ = p'i, we get the Adem relations in .o

(4]
’ / (p— 1)(b/—l/)— 1 N TN
Pa Pb — Z ( P(l +b'—i Pl ,

’ i
a — pi
i’=0 p

forany a’,b’,i’ € Nand 0 < a’ < pb’. A similar argument can be applied to prove
the coproduct formula. O

Givenasequence [ = (iy, ..., i,;) with elements in N[%], we say that the operation

P! is admissible if iy > pix4 forany k = 1,...,m — 1: for 7 big enough, its image
prippia... pplin by 7, is an admissible operation in #u@f/ . Then the admissibles

in o/ are linearly independent.

3 Root algebras over o

For every .o/ -algebra M, it is possible to define the root closure of M so that it becomes
an .o/ -algebra.
Definition 3 A root algebra B is a Z[%]-graded commutative IF ,-algebra such that
the degree preserving homomorphism S pB — B defined by §(x) = x” is an
isomorphism.
Think of a root algebra B as an algebra where any element x € B has a unique p-th

root y = {/x, i.e. the element y with §(y) = x. In general, set 2/x = ¥/ " J/x.

Example I LetF,[xq, ..., x,]be the polynomial algebra over I, in n indeterminates
X1, ..., x, of fixed degree m and let
1 1
8 p[_lIFp[xl, X — FFp[xl, cees Xl

be defined by §(x;) = x,”. Then

1

R[x1,...,x;] =lim —t]F,,[xl,...,x,,]

— D
s

is the free root algebra generated by x1, ..., x,. This construction can be extended to
polynomial algebras with an infinite number of generators.
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70 A. Ciampella

Definition 4 (1) Given a Z-graded algebra M, the p-root closure of M is the Z[%]-
graded algebra

1
MY =1i_n;l <_tM)’
s \P

with respect to the homomorphism 6 : 1 —-M — WM given by §(x) = xP. Itis

a root algebra.
(2) Let f: M — N be a homomorphism of Z-graded algebras. Since f commutes
with the homomorphism §, it induces a homomorphism of algebras

Y MY - NV,

In particular, we have f ¥ (Ju) = {/ f¥ (), u e MY,

We start from a Z-graded .«7-algebra M and define an 7/-module structure on the
root closure M "

Proposition 2 [f6 is an operation in #sz and x is an element in #M, then 05x =
5(dox).

Proof Tt is enough to check the relation for # = P’, i a positive integer. Let x be any
element in M. Recall that M is graded commutative. Then, by an iterated use of the
Cartan formula for «7-modules, we obtain

Pl =2 (ml .].).mk)@"‘ ()™ - (P ()™, )

where the sum is taken over all p-partitions of i, i.e. i = Z];=l mjij,1 <k =< p,

i1, ..., Ik are pairwise distinct and le‘: | mj = p.ltmeans that m ; is the multiplicity
of i; as a summund of i (that is m; says how many times i; appears in the sum
i = Z]; 11;). Here (mlf mk) is the multinomial coefficient m It is always
divisible by p but the case m j, = p for some jo (hence m; = 0 for any j # jo). The
last case occurs iff i = 0 mod p. Thus, P/x? = 0if i # 0 mod p (every multinomial
coefficient in (%) is 0 mod p). When i = pi’, the sum (*) has just one term with non-
zero coefficient, namely (Pi,(x))/’. So, P”i/(x/’) = (Pi/(x))p. If i # 0 mod p, then
d(P") = 0and Psx = PixP =0.1fi = pi’, P/(x) = PP (xP) = (P (x))P =
S(d(PP)x). O

This shows that the action of .7 on M ¥~ , extending that of <7 on M, which we are
going to define, does not depend on the representative.

Definition 5 Let M be an .«7-algebra, & € o and u € MY Then & - u is the element
in M ¥ represented by (77;£) - x, where x € M is a representative of u.
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The complete Steenrod algebra at odd primes 71

In particular, for & € o, uec MY, we have YEu = d(&) &/u, where d : %@%A =
is the homomorphism which divides the degree by p.

We say that an .«/-module M verifies the condition of finiteness (f.c. for short) if
Pi(x) = 0 for all but a finite number of integers i. A similar definition holds for
o/ -modules M, where i € N[%]. If the f.c. holds for M, then so it does for M ¥

If an .«7-module . is an algebra, satisfies the f.c. and

Plxy) = D P"x)PH(y)

h+k=l

forl, h, k € N[%] and for every x, y € ., then we sat that .# is an cng—algebra. Itis

easy to prove that if M is an .«7- algebra satisfying the f.c., then M ¥ is an P2 -algebra
and P( 1{/?) = ’«”/P(u) for any x € MY andt e Z, having set P = ZieN[l] P! to
P

mean the total power in o (i.e. the total power in every #,Qf ). We observe that the
action of P on a module .# makes sense if the f.c. holds for .# . The root closure of
o -algebras defines an exact functor which can be applied in particular to the coho-

mology of topological spaces, since their unstability as .o/-algebras ensure that the
f.c. holds.

Remark 1 Suppose inthe mod p Steenrod algebra we do not disregard the Bockstein .
We could think of .o/ as a bigraded algebra by assigning 8¢ P’ bidegree (2i (p — 1), €).
Then (#,sa/)(l’e) = A1/p.e)- We could define d : #% — o/ by letting d(B¢ P') =
BEPI/P if i = 0 mod p and zero otherwise, and take </ as the inverse limit with
respect to d.

Now, let M be the cohomology ring with coefficients in F, of L, = S*°/(Z/ pZ).
Then M = E[x] ® Fp[y], where x and y are cohomolgy classes of degree 1 and 2,
respectively, and B(x) = y. If we want to define the root closure of M, we have to
declare what 8(x) is. Since x> = 0, the isomorphism & should act as the identity on
x. This means that the root closure of M could be thought of as the tensor product of
E[x] with the root closure of the polynomial part I, [ y]:

§(x)=x, 8(y)=y".

According to the previous proposition, 8z = §(d6z), where 6 € ﬁyf and z €
#M. For 6 = P!, we have P'§(xy*) = Pi(xyk?) = x P! (y*?) and 8d P! (xy*) =
SPi/”(xyk) = x((Pi/”(yk))” : they are equal in any case. When 8 = §, then 8§(x) =
B(x) =y, while 8dB(x) = 6B (x) =é(y) = yP.

This shows that the Bockstein 8 in the mod p Steenrod algebra is an obstruction
to the extension of the .«7-action on M to an .«7-action on M ¥ . It depends on the
following fact: the polynomial part of H*(L")) is closed under the action of those
operations in .27, involving the powers P! only; further the action of the P’s on the
external part of H* (L’I’)) is zero. The Bockstein g acts as zero on the polynomial part of
H*(L’[’,), but the external part is not closed under its action: B(x;) = y;, i = 1,...,n.
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72 A. Ciampella

For these reasons we confine the attention to .o -algebras M which are trivial in
odd degrees (for example, the cohomology rings of C W-complexes with no cells in
odd dimensions).

Remark 2 Let us consider the Z-graded algebra M = F>[x]/ (x2). Its root closure is
simply [F, for the universal property of direct limits. Hence, in general, a Z-graded
algebra M does not canonically embed into its root closure (a mistake in part (2) of
Remark 2.4., p. 276, [Llerena-Hung]). M embeds into its root closure if it does not
contain nilpotent elements (if there was a nilpotent element x of height k, then x%
would annihilate for every i such that 2 > k; by the property of direct limits, there
could not be roots for x). We can say that the quotient of any Z-graded algebra M by
its p-torsion part can be embedded into its root closure.

4 The Root closure of the Dickson algebra

Let GL, = GL(n,IF)) be the general linear group acting on the polynomial algebra
P, =Fply1, ..., ys] on generators yq, ..., y, of degree 2. The Dickson algebra D,

is the algebra of invariants PnGL”. It is a polynomial algebra on n generators

Dn = IE‘p[Qn,O’ Qn,h e Qn,nfl],

where Q,, , is the Dickson invariant of degree 2(p" — p*). They are inductively defined
by the following formula

—1
Qn,s = Qn—l,SVnp + Qi—],s—l’

where O, , = 1,0, =0ifs <Oors >n,V, = HAier()\lyl 4ot A Vet +
Yn)-

We call D,,E[ the generalized Dickson algebra over I ,, according to the name given
by Arnon to the root closure of D, for p = 2. Observe that § : #P,, — ﬁP,, isa
G L,-homomorphism:

8- PO, -.sy) =@ -pO1, -y
=g- (PO, )P
=g-8(pOy1, ..., yn)),

since (a+b)? = a” +b? in anF ,-algebra. This means that § brings invariant elements
to invariant elements, hence

GL,
DY = (PG ¥ = (PO

In [1] Arnon observed that the root closure of the subalgebra D, C P, of invariants
is the same as the invariants of the root closure of P,, for the p = 2 case, using
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The complete Steenrod algebra at odd primes 73

particular elements rw, defined by Peterson. Dealing with odd primes we can define
the corresponding elements to the yw),’s only for k = 1 and k = 2, namely

—1\n Y
1onp—1y = (07 )" =2} € Dl‘[

forn € N[—];

1
p

5
2Wn(p—1) = Z 7'z 2eD2 ,

S1+s2=n

where z; = y/ "', i = 1,2,n € N[1l,5; = p"k and k = 0,1

example,

,...,p— 1. For

J+l p—/'
20,2 I_ZZ = 020,

=Y = 0
j=0

We just recall that

p—1 p—1
V1 Y2 —1_p—1 (p—1 i(p—1 “Di(p—1—i
Q0=|p H =¥ E(—l)’( . )yf(p VySpmhe=t=D,
Yo »n 20 J

Now, (P;l)p = lifkiseven and itis equal to —1 = p — 1 if k is odd (it follows from
the relation 0 = (f{’)p = (p;l)p + (fj)p). Then

p—1
i
Qro=z122 Y zjzh 7.
j=0
The other Dickson invariant is
Y1 2
PP p+l _ _p+l p
1 Y2 _Z —Z i p—i
2 1 Jop=J
021 = = = Zzlzz .
yiroo» 22— 21 0
p p J=
Y1 »n

The most natural way to generalise what has already been done for n = 2 would
be defining elements ;w,,n = 0 modulo p — 1, in such a way that Q, ; = ,@n_
Looking at the recursive formula defining the Dickson invariants, we deduce that they
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are polynomials in z1, z2, ..., Zi, ..., Where z; = yf_l. The degree of Q, s with
respect to the z;’s is pp:f =p +ptl4. 4 pr L
Let us recall that

Vi Y2 Y
)4 )4 . P
Ly=10.1,....n—11=| 1 72 o
n—1 n—1 n—1
ywooo R

L,s=1[0,1,...,5,...,n], 0<s<n,
Qn,s = Ln,s/Ln’ Vi = Ln/Lnfl,

in particular

[1,2,...,n] [0,1,...,n—1]7 p—1
Ono=Lno/Ln = = =L, .
b n0/Ln [0,1,...,n—1]1 " [0,1,...,n—1] !
The explicit expression for 0, ¢ is
—1
1 1 1 p
21 22 Zn
1+p 1+p I+p
On0 =2122"""2n 7 2 Zn ;
I pttp™™2 1 ptep2 1+ p+-p" 2
LA LA L

itis the (p — 1)th power of a sum of n! terms. When we explicitly compute this power,
multinomial coefficients (alff}anv)’ ar+-- 4oy =p—1,0 <a; < p—1appearand
they are not always equal to 1 as it occurs in the p = 2 case. Thus the generalization
of the rwj,’s to the odd primes case is not clear. What we can do is defining elements

rw, such that ka)ff = (wpn, only for particular integers n, namely

k—i
kwpi 1 ="/ Qkk—i-

Its degree is deg(ka)p,;l) = 2(pi — 1), which does not depend on k. We get Oy s =

k(l)pkip.v .

Proposition 3 D,,C[ is the free root algebra generated by {, i _1}/_,.

h S
Proof Forevery h € Z, Qh s = (na)pn,ps)l’h = (nwpn-s_1)? " Conversely, for any

k k—n+i k—n-+i
ke Z, (nwp;,])p = (na)pnfpn—i)p

n—i k
= QSY,,,,' =( vV Qn,n—i)p . O

@ Springer



The complete Steenrod algebra at odd primes 75

Definition 6 Let i, : D,,E[ — DY be the degree preserving monomorphism of

n+l1
algebras given by in (3@, _1) = n41@,i_, for I <i < n. Then we define

P
J
pY =1imDY and w,_, =lim yo,_,.
. P J—y 14
n n

Do}‘:[ is the free root algebra generated by {a)[,,-_l};?il with deg(a)[,,-_l) =2(p' = 1).

Remark 3 i, is not a homomorphism of o -algebras. Indeed, P! - Q,i7 o = 0 by the
Cartan formula and the relations P! - Ono=0, pPL. On+1.1 = On+1.0 i,,(Qfl)’O) =

: P p
ln(nw[,n_l) = ntlWpn_| = n+1@pntl_p = On+1,1- Hence

P! iy(0F ) = Quit0 #0 = in(PT- QF ).

There is a relation between the Dickson invariants and the dual of the complete
Steenrod algebra. o7 is not of finite type, so we first need to make precise what we
mean by its dual <7
Definition 7 Let d*: Lo/, —> —L_o/, be the dual of the homomorphism

P pt+1

d: p,—lﬂﬂ - #ﬂ sending PP“ to P®. The graded dual of <7 is the direct limit

5 1
oy = lim (—tﬂf*)
= \p

where o7 is the graded dual of the finite type algebra 7.
Lemma 1 If¢ € <, then

(E, Py ifI=pJ
0 otherwise

€”, Py = [

Proof We have (67, P') = (y*( ® ---® &), P!) = (6 ® --- ® &), y" "1 (P))
= <s® : ®€:7 211+~..]p:] Pll ® ° '®Plp> = Z[1+...[p=](év Pll) T <‘5;:3 Plp)'The
terms in this summation cancel mod p, unless Iy = ... = [, = J when I = pJ.
Now (£, P’) € ¥, therefore (£, P7yP = (&, P’). The lemma follows. O

Theorem 1 <, and Doeof are isomorphic as Z[%]-graded algebras.
Proof The dual <7 of the Steenrod algebra is isomorphic to [F plé1. &2, .. ], where §;

is dual to P”ifl ... PP P! with respect to the basis of admissible monomials in .¢7. Its
degree is 2(p' — 1). Now we prove that d*(&;) = Eip for any i € N. According to the
definition of d,

P if 1 =pJ
0  otherwise

dph :l
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76 A. Ciampella

In particular,

i—

d(Pr'...pr°pry=pr .. .prpl,

Passing to the dual,
d* (&) = d*(ppi_l ...pppl)* — (PPi ...ppzpp)*'
By the previous Lemma,
£ = (pp[ ...szpp)* — d*(&).

Now, by the Milnor isomorphism,

N 1 1
2+ \P - \P

d* d*

On the other hand, Dfo[ is also a free root algebra generated by the elements w i _; of

degree 2(p' — 1). Therefore the correspondence &; +> i _; establishes the following

p
isomorphism of Z[%]-graded algebras

RIE &, ... 1 =F,l&1.6....1Y =Y.
]

Letus consider the algebra I, = ]F,,[Qrﬂ), On1s .-+ Qnn—1l, the Dickson algebra

with the Euler class inverted. The action of 2/ on D,, can be extended in a natural
way to I, through the Cartan formula applied to 1 = Q- BQn,0~ For example, when

p = 2, we have in T that S¢*(Q2.0) = Q2,002 fori =4 —2/,0 <t <2, and
vanishes otherwise (see [3] and the extension [4] to the case of odd primes). Then we
get the following recursive formula for 0, (1):

Sq°(050) = Q50 S4'(050) = 0215¢"2(Q50) + Q2.05¢"(Q5¢). i > 0.

Let I, be the subalgebra of I', generated by the elements Q- B Oni, 1 <i <n.
Again, by the Cartan formula and the action of ¥ on D,, [3], we get, for example in
_ +1
Iy =F2[05. 02,11,

S4'(05,002.1) = 0315¢' 7 (Q5) + 02.08¢' " (Q50) + 02.154' (Q37).
It turns out that the action of S¢2, S¢> and S¢° on QZ%) Q2.1 is zero and
$q"'(Q50021) = 1. Sq*(05(02.1) = Q20.

so that I, is not an .¢/-submodule of T'),.

@ Springer



The complete Steenrod algebra at odd primes 77

Let i, be the homomorphism of Definition 4.2. We have:

. . pi pi pi+1 \/7
in(Qn,i) = ln(l’lwpn—iil) = @, = { ”+]wp”+1*("+1)—l = On+1,i+1,

p

then

in(Qy 0 Qni) = Y Qniriv1 /Y Quri 1,

and it does not make sense in any object we are dealing with (D, I',, I, and their
root closure); in particular i, (I';)) £ ') 4.
Let j, be the following morphism:

Jn( na)piq) = n+1Wpitl_1-

It does not preserve the degree and j,(Q,,;) = On+1,i; indeed,

) ) o o
Jn(Qni) = ]n(nwpnfi)_l) = n+lwpn+1—i)_1 = On+1,i-
Hence,
(-1 ~1
Jn(Q,L()Qn,i) = Qn_,_],an-ﬁ—l,i,

so the restriction j,, of j, to T is well defined and preserves the degree. Since I, is
not an .27-module, there is no point in checking if j,, is an 7-module homomorphism.
Let us denote by I' ™ the direct limit

I' =limI";

—_—

= n
J

with respect to fn, and by n; the element

N
ni = im Qn,()Qn,i
j n

of degree 2(1 — p'). Then

'/(M* ;]Fp[nl7 7727--']1

i.e.Fp[n1, m2, ... ]is another invariant theoretic description of o, and its root closure
R[n1, 12, ...]is another invariant theoretic description of .<7.
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78 A. Ciampella

5 The complete iterated total power operation

Let X be a CW-complex with no cells in odd dimensions and let H*(X) be the
cohomology ring with coefficients in IF ,. For every integer m > 1 we have the iterated
total power operation

Ty s H*(X) — H*((Z/pZy™)En @ H*(X),

where ﬁ_,,: is the subgroup of all non-singular matrices M such that
(detM)P—D/2 = 1.

Mui gave an expression of 7, in terms of the Milnor bases, showing how the
elements of this basis can be derived from the Dickson invariants. Because of our
assumption on X, Mui’s expression reduces to the following:

Tn(2) = u(@)"Ln* D (=1 ® 00 jort -0l @ S5tk (),
R

where z € HY(X), R = (ri,....Fm), 1o = —r1 — -+ — 1y, SR = (&' 7%,
r(Ry=r1+2rn+---mry.
In [2] the normalized version S, of T, for odd primes is studied (see [6] for p = 2):

Sp : H¥(X) — ®%Ln @ H*(X),
where ®,, is the localization of the polynomial part of H*(B(Z/p)™) out of its Euler

class.
It has been proved that

Sw@) =D (=1)y®Qn on o @ StR(2),
R

or
le n Qmm m R
Sn(z) =D (=1)® (— =) @ stR).
" ; Qm,O Qm,O
Further,
Om.k _
Q’" => wl = (=D,
m,0 7
where J is a multiindex of the form (0,...,0, p*=', ..., p,0,...,1,0,...) with

m — k zeros inserted. See [2], Definition 5, for the map §,, : &* — A, = CD,?,’”.

Here CID,IZ’” is the subalgebra of invariants under the action of the Borel subgroup B,
of GL(n,Fp).
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Definition 8 Let ./ be an «7-module which the f.c. holds for. Let us define
Sl — oY @M
as A (u) = ZieN[%] yl_i ® Pi(u), u € 4. The we define inductively
I mu) = (S -1 (W)).

By the Cartan formula, .#, is an </ -module homomorphism. By the definition of
the action of <7 on H ¥ (X), it is not difficult to prove the following result:

Proposition 4 Given a topological space X,

S HY (X) - (@5t ¥ @ HV (X)
is an algebra homomorphism which coincides with S,,f[ and, for everyu €: HV (X),

—(ri+rm)  pri P R
() = Z m® pm_ " Mm@y m@p " ® St (u),
R=(r1,....tm)

where i € N[%].

This shows how the operations in the complete Steenrod algebra o/ can be derived
from the root closure of I';, = Fp[Qi}), Onis--or Qnn—tl.

n,
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