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A B S T R A C T

We use physics-informed neural networks (PINNs) to numerically solve the discrete-time nonlinear observer-
based state estimation problem. Integrated within a single-step exact observer linearization framework, the
proposed PINN approach aims at learning a nonlinear state transformation operator by solving a system of
functional equations. The performance of the proposed approach is assessed via two illustrative case studies,
for which the observer linearizing transformation operator can be derived analytically. We also perform an
uncertainty quantification analysis for the proposed scheme. The performance and numerical approximation
accuracy of the proposed scheme is compared with conventional power-series numerical implementation.
1. Introduction

In modern feedback control systems theory and practice, reliable
access to the dynamically evolving system states is needed at both
the implementation stage of advanced control algorithms and for pro-
cess/system condition and performance monitoring purposes [1–6].
Traditionally, an explicit use of an available dynamic model comple-
mented by sensor measurements (involving measurable physical and
chemical variables) represented a first option to respond to the above
need. However, in practice, key critical state variables are often not
available for direct on-line measurement due to inherent physical as
well as technical/economic limitations associated with the current state
of sensor technology [1–3]. In light of the above remarks, a better,
scientifically sound and practically insightful option is the design of a
state estimator (an observer).

An observer is an appropriately structured dynamical system itself
that utilizes all information provided by a system model as well as
available sensor measurements to accurately reconstruct the dynamic
profiles of all other unmeasurable state variables [1,2,4,5]. Such a
state observer is endowed with the requisite design degrees of freedom
to arbitrarily assign the rate of convergence of the state estimate it
generates to the actual state (equivalently, the dynamic modes of the
induced estimation error dynamics).

∗ Corresponding authors.
E-mail addresses: nikolas@wpi.edu (N. Kazantzis), constantinos.siettos@unina.it (C. Siettos).

Since digital and Artificial Intelligence (AI) technology are increas-
ingly integrated into advanced modern control and system perfor-
mance monitoring strategies, the design of state estimators/observers
with mathematical representations realized in the discrete-time domain
(known also as ‘‘software’’ or ‘‘soft’’ sensors) appears as an amply
motivated line of contemporary research activity. Even though the well-
known Kalman filter and its deterministic analogue, the Luenberger
observer, represent comprehensive solutions to the linear discrete-
time observer design problem [2,4], the nonlinear discrete-time one is
considerably more challenging and has attracted appreciable attention
in the pertinent literature. For nonlinear systems, the conventional
approaches have focused on the linearization of the dynamic equations
around: (i) either a reference equilibrium point and the subsequent
implementation of a standard linear Luenberger observer, or (ii) a
reference trajectory followed by a standard Kalman filter design method
(‘‘extended Kalman filter’’) [1,2,4,5]. However, both traditional ap-
proaches exhibit local validity within a small region in state space
around the steady state, and could therefore lead to unacceptable
observer performance since dominant system nonlinearities are con-
veniently ignored. Within the geometric system-theoretic framework,
systematic discrete-time nonlinear observer design methodologies have
been introduced [7–9] in an effort to rigorously develop discrete-time
analogues of the pioneering work by Krener and Isidori (1983) [10],
vailable online 9 July 2024
960-0779/© 2024 The Author(s). Published by Elsevier Ltd. This is an open access ar
c-nd/4.0/).

https://doi.org/10.1016/j.chaos.2024.115215
Received 21 February 2024; Received in revised form 19 June 2024; Accepted 26 J
ticle under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

une 2024

https://www.elsevier.com/locate/chaos
https://www.elsevier.com/locate/chaos
mailto:nikolas@wpi.edu
mailto:constantinos.siettos@unina.it
https://doi.org/10.1016/j.chaos.2024.115215
https://doi.org/10.1016/j.chaos.2024.115215
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2024.115215&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/


Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 186 (2024) 115215H. Vargas Alvarez et al.

n
a
l
s
s
a
h
i
o
c
a
t
K
d
l
m
w
f
w
t
m
I
r
a
r
w
e

s
m
b
F
n
o
(
r
h
t
i
o
i
a
o
p
o
a

c
V
r
t
e
(
m
t
o
t
d
a
p
i
s
p

𝑦

w
a
l
I
o
w
o
z
𝑥

0
d

A
a

w
E
𝑇
𝑥
i

f

𝑇

𝑇

t

previously developed in the continuous-time nonlinear observer design
problem. In all the aforementioned approaches, the authors seek for a
onlinear state transformation, an operator, to linearize the system up to
n additional output injection term, followed by a second step whereby a
inear Luenberger observer design method is applied to the transformed
ystem (known as exact observer linearization methods). However,
uch nonlinear observer design methods, while theoretically rigorous
nd insightful, rely on a set of rather restrictive conditions that can
ardly be met by physical or engineering systems [7–9]. Other interest-
ng approaches, presented in [11–14], propose nonlinear discrete-time
bserver design methods based on either restrictive global Lipshitz
onditions, on past values of certain output variables and/or become
pplicable to special classes of nonlinear systems with mild nonlineari-
ies. Within the exact observer linearization framework, Kazantzis and
ravaris (2001) [15] introduced a new nonlinear discrete-time observer
esign method through a single-step problem reformulation that no
onger requires the redundant linearization of the system’s output
ap, thus effectively overcoming the restrictive conditions associated
ith the aforementioned approaches. In particular, it was shown that

or linearly observable, real analytic nonlinear discrete-time systems
hose spectrum of the linear part lies wholly in the Poincaré domain,

he single-step nonlinear discrete-time observer design problem ad-
its a solution that is based on a fairly general set of assumptions.

n subsequent work by Xiao et al. (2003) [16] the above Poincaré
equirement on the spectrum of the system’s linear part was relaxed
nd replaced by an even milder assumption of the Siegel-type. Finally,
ecent important contributions further extended this approach to cases
here relaxed regularity assumptions imposed on the system dynamic
quations guarantee the existence of such an observer [17,18].

Recent theoretical and technological advances have reignited the
ystems and control community’s interest in the development of new
achine learning-based schemes by revisiting techniques developed

ack in the 90s [19–33] as well as introducing new ones [6,34–43].
urthermore, rigorous research studies aiming at integrating various
eural network architectures into the continuous-time single-step exact
bserver linearization framework introduced in Kazantzis and Kravaris
1998) [44] were presented in [45–49]. Recently, in another interesting
esearch study, an unsupervised deep learning neural network method
as been introduced in Peralez et al. (2021) [50], and integrated into
he discrete-time single-step exact observer linearization framework
ntroduced in Kazantzis and Kravaris (2001) [15]. It should be pointed
ut that deep learning neural network structures employed for learn-
ng nonlinear maps have been evaluated in the pertinent literature
s well [51]. Within a conceptually similar nonlinear discrete-time
bserver design context, in Peralez et al. (2022) [52], a new method is
roposed that leads to an enhancement of the numerical approximation
f the map and its extension in the transient phase with an ANN
rchitecture.

Motivated by previous work on the feedback linearization of dis-
rete time maps using Physics-Informed Neural Networks (PINNs) in
argas Alvarez et al. (2023) [39], PINNs are used in the present
esearch study to solve the nonlinear observer design problem in
he discrete-time domain within the single-step exact observer lin-
arization framework originally introduced by Kazantzis and Kravaris
2001) [15]. In particular, we use PINNs to learn the state transfor-
ation operator that linearizes the observer dynamic equations up

o an output injection map. The PINN-based discovery of the above
perator, that in the original single-step problem formulation has
o satisfy a system of first-order functional equations, enables the
esign of a discrete-time observer with linearizable error dynamics and
ssignable convergence rates under a set of rather mild assumptions. In
articular, for the training process, a step/greedy-wise training method
s employed in Vargas Alvarez et al. (2023) [39] to enhance the PINN
cheme’s ability to numerically approximate nonlinear maps in the
2

resence of steep gradients. s
The paper is organized as follows: in Section 2, we present a brief
overview and the necessary mathematical preliminaries associated with
the single-step exact observer linearization framework in the discrete-
time domain, followed by a description of the structure of the proposed
PINN scheme. In Section 3, the two benchmark case studies are intro-
duced. The numerical results derived from the proposed PINN-methods
are presented in Section 4, along with a discussion on a comparative
performance assessment against the classical power series expansion
method. Finally, concluding remarks are offered in Section 5.

2. Preliminaries and methodological framework

We consider nonlinear discrete-time autonomous dynamical systems
admitting the following state-space representation:

𝑥(𝑡 + 1) = 𝛷(𝑥(𝑡))

(𝑡) = ℎ(𝑥(𝑡)), (1)

here 𝑡 = 0, 1, 2,… is the discrete-time index, 𝑥(𝑡) ∈ R𝑛 is the state vari-
bles vector, and, here for the presentation of the methodology but not
imited to, 𝑦(𝑡) ∈ R represents the system’s measured output variable.
t is also assumed that 𝛷(𝑥) is a real analytic vector function defined
n R𝑛 and ℎ(𝑥) is a real analytic scalar function on R𝑛. Furthermore,
ithout loss of generality, let the origin 𝑥 = 0 be an equilibrium point
f (1): 𝛷(0) = 0 with ℎ(0) = 0. Please notice that in the case of a non-
ero equilibrium point 𝑥0: 𝛷(𝑥0) = 𝑥0, a simple state transformation:
̂ = 𝑥 − 𝑥0 leads to a transformed system of discrete-time dynamic
equations: 𝑥̂(𝑡+1) = 𝛷(𝑥̂(𝑡)+𝑥0)−𝑥0, with an equilibrium point located
at the origin: 𝑥̂ = 0 in the new coordinates. The following assumptions
are made:

Assumption 2.1. The Jacobian matrix 𝐹 of 𝛷(𝑥) evaluated at 𝑥 =
∶ 𝐹 = ( 𝜕𝛷𝜕𝑥 )(0) has eigenvalues 𝑘𝑖, 𝑖 ∈ N that all lie in the Poincaré

omain.

ssumption 2.2. Denoting by 𝐻 the 1 × 𝑛 matrix: 𝐻 = 𝜕ℎ
𝜕𝑥 (0), it is

ssumed that the following 𝑛 × 𝑛 matrix 𝑂:

𝑂 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐻
𝐻𝐹
⋮

𝐻𝐹 𝑛−1

⎤

⎥

⎥

⎥

⎥

⎦

(2)

has rank 𝑛. This assumption states that system in Eq. (1) is locally
observable around the origin 𝑥 = 0 [2,53].

A nonlinear discrete-time state observer driven by the available
measurements of the output variable 𝑦(𝑡) and being capable of recon-
structing the vector of state variables of system in Eq. (1) conforms to
the structure delineated in the definition below [1,15]:

Definition 2.1. A dynamical system

𝑧(𝑡 + 1) = 𝛹 (𝑧(𝑡), 𝑦(𝑡)) (3)

ith 𝑧 ∈ R𝑛; 𝑦 ∈ R; 𝛹 ∶ R𝑛 × R → R𝑛, is called a full-order observer for
q. (1), if there exists a locally invertible (around the origin) operator
(𝑥) with 𝑇 ∶ R𝑛 → R𝑛 and 𝑇 (0) = 0, such that if 𝑧(0) = 𝑇 (𝑥(0)) with
(0) near zero, then 𝑧(𝑡) = 𝑇 (𝑥(𝑡)), ∀𝑡 > 0. In particular, when 𝑇 is the
dentity operator, Eq. (3) is called the identity observer for Eq. (1).

Definition 2.1 implies that if 𝛹 and 𝑇 are related through the
ollowing system of functional equations:

(𝛷(𝑥)) = 𝛹 (𝑇 (𝑥), ℎ(𝑥))

(0) = 0, (4)

hen the 𝑦-driven dynamical system (3) represents an observer for

ystem (1), whenever the operator 𝑇 (𝑥) is invertible. It is important
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to note that the initial condition 𝑇 (0) = 0 that accompanies the system
f functional Eqs. (4) reflects the fact that equilibrium properties are
reserved under the proposed state transformation operator. Please also
otice that in the special case of an identity observer, condition (4)
educes to

(𝑥) = 𝛹 (𝑥, ℎ(𝑥)). (5)

ondition (5) expresses the well-known mathematical requirement that
he standard definition of a nonlinear observer entails [3,9,54]. Please
otice that the vector function 𝛹 (𝑧, 𝑦) in the observer dynamic Eqs. (3)
an be arbitrarily selected, as long as the system of functional Eqs. (4)
dmits an invertible solution 𝑇 (𝑥). Furthermore, any stability require-
ent can be imposed at the observer design stage, where 𝛹 will be
priori selected to ensure asymptotic stability of the observer (3). For

implicity reasons, it would be more practical to request linear observer
ynamics in the transformed states 𝑧 up to an output injection term by

choosing:

𝛹 (𝑧, 𝑦) = 𝐴𝑧 + 𝑏(𝑦), (6)

where 𝐴 is a constant matrix and 𝑏 a vector function defined on R
with appropriate dimensionalities. Please notice that the asymptotic
stability of the observer in Eq. (3) can now be enforced by appropriately
selecting the eigenvalues of the matrix 𝐴. Under such a requirement,
he operator 𝑇 (𝑥) of Definition 2.1 ought to satisfy the following system
f first-order non-homogeneous functional equations:

(𝛷(𝑥)) = 𝐴𝑇 (𝑥) + 𝑏(ℎ(𝑥))

(0) = 0, (7)

with 𝑇 ∶ R𝑛 ⟶ R𝑛 being the solution of (7). Within the above
single-step exact observer linearization method, the following Theorem
ensures the existence of a nonlinear discrete-time observer in the sense
of Definition 2.1 [15]:

Theorem 2.1. Suppose that Assumptions 2.1 and 2.2 hold true. Let
𝐵 = 𝜕𝑏

𝜕𝑦 (0) and assume that the pair of matrices {𝐴,𝐵} is chosen to be
ontrollable and the eigenvalues 𝑘𝑖, (𝑖 = 1,… , 𝑛) of matrix 𝐹 = 𝜕𝛷

𝜕𝑥 (0) are
not related to the eigenvalues 𝜆𝑖, (𝑖 = 1,… , 𝑛) of matrix 𝐴 through any
equation of the form:
𝑛
∏

𝑖=1
𝑘𝑚𝑖
𝑖 = 𝜆𝑗 (8)

(𝑗 = 1,… , 𝑛), where all the 𝑚𝑖’s are non-negative integers that satisfy the
ondition:
𝑛

𝑖=1
𝑚𝑖 > 0 (9)

hen, there exist a unique analytic and locally invertible solution 𝑇 (𝑥) to
he system of functional Eqs. (7) as well as a nonlinear map 𝑧 = 𝑇 (𝑥) that
ake the dynamical system:

(𝑡 + 1) = 𝐴𝑧(𝑡) + 𝑏(𝑦(𝑡)) (10)

n observer for system (1) in the sense of Definition 2.1.

Notice that the proposed nonlinear discrete-time state observer
xpressed in the original state variables attains the following form:

̂(𝑡 + 1) = 𝑇 −1[𝑇 (𝛷(𝑥̂(𝑡))) + 𝑏(𝑦(𝑡)) − 𝑏(ℎ(𝑥̂(𝑡)))
]

(11)

here 𝑥̂ ∈ R𝑛 is the state estimate and 𝑇 (𝑥), 𝑇 ∶ R𝑛 ⟶ R𝑛

s the operator that is constructed by the solution to the associated
ystem of functional Eqs. (7). The structure of the above observer is
athematically realized through the following two terms:

(i) 𝛷(𝑥̂) is a replica of the system dynamics (1), and
(ii) 𝑏(𝑦(𝑡)) − 𝑏(ℎ(𝑥̂(𝑡))) (which drives the observer dynamics in Eq.

11) is a feedback term that accounts for the mismatch between the
ctual sensor measurement 𝑦(𝑡) and its estimate ℎ(𝑥̂(𝑡)).
3

m

Furthermore, the proposed state observer in Eq. (10) induces lin-
ar estimation error dynamics with assignable dynamic modes in the
ransformed variables 𝑧 = 𝑇 (𝑥):

𝑧(𝑡 + 1) = 𝑧(𝑡 + 1) − 𝑧̂(𝑡 + 1) = 𝑇 (𝑥(𝑡 + 1)) − 𝑇 (𝑥̂(𝑡 + 1))

𝑇 (𝛷(𝑥(𝑡))) − 𝑇 (𝛷(𝑥̂(𝑡))) − 𝑏(𝑦(𝑡)) + 𝑏(ℎ(𝑥̂(𝑡)))

𝐴𝑇 (𝑥(𝑡)) + 𝑏(ℎ(𝑥(𝑡))) − 𝐴𝑇 (𝑥̂(𝑡)) − 𝑏(ℎ(𝑥̂(𝑡))) − 𝑏(𝑦(𝑡)) + 𝑏(ℎ(𝑥̂(𝑡)))

𝐴𝑇 (𝑥(𝑡)) − 𝐴𝑇 (𝑥̂(𝑡)) = 𝐴(𝑧(𝑡) − 𝑧̂(𝑡)) = 𝐴𝑒𝑧(𝑡) (12)

herefore, if the matrix 𝐴 is chosen with an eigenspectrum ensur-
ng stability, i.e. a set of eigenvalues located inside the unit disc on
he complex domain, the magnitude of these eigenvalues will also
irectly regulate the rate of decay of the estimation error to zero, or
quivalently the convergence rate of the state estimate to the actual
tate. Notice that the local invertibility of the transformation operator
(𝑥) would imply that the state estimate 𝑥̂ asymptotically approaches

he actual state 𝑥. It is worth noting, that the choice of the matrix-
air {𝐴,𝐵} reflects the design degrees of freedom with which the
roposed observer is inherently endowed. The controllability condition
s required to ensure the existence and uniqueness of the linearizing
ransformation operator 𝑇 (𝑥) whereas the eigenspectrum of matrix 𝐴
nables the assignment of the desirable rate of convergence of the state
stimate to the actual state or equivalently, the dynamic modes of the
bove estimation error dynamics as shown in [15].

Finally, it should be pointed out, that the above exact observer lin-
arization approach is fundamentally different from the ones presented
n other studies (see e.g., in [7–9]) where as a first step, a nonlinear
oordinate transformation that transforms the original system (1) into
linear one (up to an output injection term) with a linear output map

s sought:

(𝑡 + 1) = 𝐴𝑧(𝑡) + 𝑏(𝑦(𝑡))

(𝑡) = 𝑐𝑧(𝑡) (13)

he design of the observer in [7–9] is then completed in a second
tep where a standard linear Luenberger observer is used for the
ransformed system (13):

̂(𝑡 + 1) = 𝐴𝑧̂(𝑡) − 𝐿(𝑦 − 𝑐𝑧̂(𝑡)) + 𝑏(𝑦(𝑡)), (14)

ith 𝐿 being the Luenberger observer gain and 𝑧̂ the state estimate in
he transformed coordinates. The estimate 𝑥̂ of the original state vector
is then recovered, through the inverse transformation employed in the

irst step of the design procedure. Please notice that the requirement
f a linear output map in the transformed system (13) introduced in
he above two-step approach, represents the main mathematical reason
or the emergence of quite restrictive conditions in [7–9]. Within the
roposed exact observer linearization framework however, the state
bserver is a dynamical system that is driven by the measured output
ariable and designed through an appropriate coordinate transforma-
ion in a single step without the redundant requirement of linearity of
he output map imposed on the transformed linear system (13).

A practical implementation of the proposed nonlinear discrete-
ime observer design method requires the development of a solution
cheme for the nonlinear functional Eqs. (7). As mentioned earlier,
he functions 𝛷(𝑥), ℎ(𝑥), as well as the transformation operator 𝑇 (𝑥)
re all locally analytic. Therefore, as suggested in [15], a solution
ethod could be based on a multivariate Taylor series expansion of
(𝑥), ℎ(𝑥) and 𝑇 (𝑥), followed by a procedure that equates same-order
aylor coefficients of both sides of functional Eqs. (7). As a result,
ecursive algebraic formulas can be generated that are linear with
espect to the Taylor coefficients of the unknown solution. Indeed,
ne can calculate the 𝑁th order Taylor coefficients of 𝑇 (𝑥) given the
aylor coefficient values up to the order 𝑁 − 1 already calculated in
revious recursive steps. The above linear recursive formulas admit a
ompact mathematical representation if tensorial notation is used (for

ore details, see [15,39,55]).
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The linearization of Eq. (1) around the equilibrium (0, 0) gives:

𝑑𝑥(𝑡 + 1) = 𝜕𝛷
𝜕𝑥

(0)𝑑𝑥(𝑡); (15)

n the other hand, since 𝛷(𝑥(𝑡)) = 𝑥(𝑡 + 1), the linearization of the
transformed system (7) around the equilibrium reads:

𝜕𝑇
𝜕𝑥

(0)𝑑𝑥(𝑡 + 1) =
(

𝐴𝜕𝑇
𝜕𝑥

(0) + 𝑏 𝜕𝑇
𝜕𝑥

(ℎ(0))
𝜕𝑦
𝜕𝑥

(0)
)

𝑑𝑥(𝑡). (16)

Multiplying both sides of Eq. (15) by 𝜕𝑇
𝜕𝑥 (0), the following is obtained:

𝜕𝑇
𝜕𝑥

(0)𝑑𝑥(𝑡 + 1) =
(

𝜕𝑇
𝜕𝑥

(0) 𝜕𝛷
𝜕𝑥

(0)
)

𝑑𝑥(𝑡). (17)

Consequently, from Eqs. (16),(17), it can be deduced that the nonlinear
transformation centered on the equilibrium point (𝑥0) must meet the
following (phase) condition:
𝜕𝑇
𝜕𝑥

(0) 𝜕𝛷
𝜕𝑥

(0) = 𝐴𝜕𝑇
𝜕𝑥

(0) + 𝑏 𝜕𝑇
𝜕𝑥

(ℎ(0))
𝜕𝑦
𝜕𝑥

(0). (18)

Notice that the elements of the Jacobian matrix 𝜕𝑇
𝜕𝑥 (0) can be

computed, by solving the system of Eqs. (18), if 𝛷 and ℎ are explicitly
available.

2.1. Physics-informed neural networks approach

Inspired by the work in Lagaris et al. [21], physics-informed neural
networks (PINNs) as introduced in Raissi & Karniadakis et al. [56,57]
(for a review see also [58]), have the capability of integrating knowl-
edge of the underlying physical laws into the learning process, thus
facilitating the solution and development of models against incomplete
or noisy datasets. Consider a partial differential equation (PDE) of the
form:

(𝑢(𝑥, 𝑡)) = 𝑓 (𝑢(𝑥, 𝑡), 𝑥, 𝑡), (19)

subject to boundary conditions on the spatial domain 𝛺 and initial
conditions at time 𝑡 = 0:

(𝑥, 𝑡) = 𝑔(𝑥) for 𝑥 ∈ 𝜕𝛺, (20)

(𝑥, 0) = ℎ(𝑥). (21)

is a (differential) operator, 𝑢(𝑥, 𝑡) is the unknown solution,
(𝑢(𝑥, 𝑡), 𝑥, 𝑡) is a given functional, 𝑥 is the spatial variable, 𝑡 is the time
ariable.

PINNs approximate the solution 𝑢(𝑥, 𝑡) using a neural network
̂𝜃(𝑥, 𝑡), where 𝜃 represents the network parameters. For a feedforward
eural network with 𝐿 hidden layers, the structure can be written as:

̂𝜃(𝑥) = 𝑊 (𝐿)𝑇𝑆(𝐿)
(

𝑊 (𝐿−1)𝑇𝑆(𝐿−1)
(

…𝑆(2)
(

𝑊 (2)𝑇𝑆(1)

(

𝑊 (1)𝑇 𝑧 + 𝛽(1)
)

+ 𝛽(2)
)

+⋯
)

+ 𝛽(𝐿)
)

+ 𝛽(0),

here: 𝑧 is the input, in this context 𝑧 = (𝐱, 𝑡), 𝑊 (1),𝑊 (2),… ,𝑊 (𝐿),𝑊 (0)

are the weight matrices, 𝛽(1), 𝛽(2),… , 𝛽(𝐿), 𝛽(0) are the bias vectors,
𝑆(1), 𝑆(2),… , 𝑆(𝐿) are vector-valued functions associated with the acti-
vation functions, say 𝜎(𝓁), 𝓁 = 1,…𝐿 (e.g., ReLU, tanh, sigma).

Using a set of 𝑀 collocation points for 𝑥 in 𝛺, 𝐾 points in 𝜕𝛺 and
collocation points for 𝑡, the total loss function is defined as

(𝜃) =
𝑀
∑

𝑖=1

𝑁
∑

𝑗=1

(

𝑖𝑗 (𝑢̂𝜃(𝑥𝑖, 𝑡𝑗 ), 𝑥𝑖, 𝑡𝑗 )
)2 +

𝐾
∑

𝑘=1

(

𝑢̂𝜃(𝑥𝑘) − 𝑔(𝑥𝑘)
)2

, (22)

where

𝑖𝑗 (𝑢̂𝜃(𝑥𝑖, 𝑡𝑗 ), 𝑥𝑖, 𝑡𝑗 ) = (𝑢̂𝜃(𝑥𝑖, 𝑡𝑗 )) − 𝑓 (𝑢̂𝜃(𝑥𝑖, 𝑡𝑗 ), 𝑥𝑖, 𝑡𝑗 ). (23)

The optimization problem is to find the network parameters 𝜃 that
minimize the total loss function:

𝜃∗ = argmin(𝜃). (24)
4

𝜃
w

It is worth noting that PINNs can be used to solve both the for-
ward [57,59–65] and inverse problems [57,66–74] as well as, inspired
by the work of Chen & Chen in [24], for learning nonlinear functional
operators [39,75–77].

Here, exploiting the properties of universal approximation [24], we
use a PINN to learn an approximation 𝑇̂ (𝑥; 𝜃) of the transformation
operator 𝑇 (𝑥) in Eq. (7). The proposed PINN architecture consists of one
feedforward neural network two hidden layers, namely a feedforward
neural network with say, 𝑁1, 𝑁2 neurons for the first and second hid-
den layers respectively, along with a linear output (regression) layer.
In our context, the unknown operator 𝑇̂ (𝑥; 𝜃) can be approximated as:

𝑇̂ (𝑥; 𝜃) = 𝑊 (0)𝑇𝑆(2)(𝑊 (2)𝑇𝑆(1)(𝑊 (1)𝑇 𝑥 + 𝛽(1)) + 𝛽(2)) + 𝛽(0),

𝑇̂ ∶ R𝑛 ⟶ R𝑛, (25)

where 𝑊 (0) is a 𝑁2×𝑛 matrix that encompasses the weights 𝑤(0)
𝑗𝑖 linking

the second hidden layer to the linear output layer. The multivariate
vector-valued functions 𝑆(1) ∶ R𝑁1 → R𝑁1 and 𝑆(2) ∶ R𝑁2 → R𝑁2

are associated with the activation functions 𝜎(1) and 𝜎(2) in the first
nd second hidden layers, respectively. 𝑊 (1) is a 𝑛 × 𝑁1 matrix that
ncompasses the weights connecting the input to the first hidden layer,
hile 𝑊 (2) is a 𝑁1 ×𝑁2 matrix whose elements are the weights linking

he first hidden layer to the second hidden layer. The biases of the
odes in the first and second layers are denoted by 𝛽(1) ∈ R𝑁1 and
(2) ∈ R𝑁2 , respectively; 𝛽(0) ∈ R𝑛 encapsulates the bias(es) of the

output node(s).
To learn 𝑇̂ (𝑥; 𝜃), we considered a certain domain 𝐷 ⊂ R𝑛 around

he equilibrium point (0, 0) discretized in a grid of 𝑀 points 𝑥𝑖 with
= 1,… ,𝑀 . Hence, finding 𝑇̂ (𝑥; 𝜃) reduces to the task of minimizing
given loss function. Such a function must contain physics-related

onstraints which enforce the network (25) to converge to the unknown
olution. Particularly the PINN in Eq. (25) must satisfy system (7), thus
e add to the loss function the difference between the left-hand side
nd the right-hand side of the system (7), i.e.

(1)
𝑖𝑗

(

𝑥𝑖, 𝑇̂ (𝑥𝑖; 𝜃)
)

= 𝑇̂𝑗 (𝛷(𝑥𝑖)) −
(

𝛼𝑗
𝑇 𝑇̂ (𝑥𝑖) + 𝑏𝑗 (ℎ(𝑥𝑖))

)

,

𝑖 = 1,… ,𝑀, 𝑗 = 1, 2,… , 𝑛, (26)

here 𝛼𝑗 𝑇 is the 𝑗th row of the matrix 𝐴, 𝑇̂𝑗 is the 𝑗th component of 𝑇̂ ,
nd 𝑏𝑗 (ℎ(𝑥𝑖)) is the 𝑗th component of 𝑏(ℎ(𝑥𝑖)). Moreover, solution (25)
ust satisfy the condition in (7) 𝑇̂ (0) = 0, to render the equilibrium of

he system invariant under the transformation 𝑇̂ (𝑥). The second term
f the loss function reads:

(2)
𝑗

(

𝑇̂ (0; 𝜃)) = 𝑇̂𝑗 (0; 𝜃)
)

, 𝑗 = 1, 2,… , 𝑛. (27)

inally, the third term of the loss function is defined as follows:

(3)
𝑗𝑘

(

𝑥𝑘,
𝜕𝑇̂𝑗
𝜕𝑥𝑘

(0; 𝜃)
)

=
𝜕𝑇̂𝑗
𝜕𝑥𝑘

(0; 𝜃) −
𝜕𝑇𝑗
𝜕𝑥𝑘

(0), 𝑗, 𝑘 = 1, 2,… , 𝑛, (28)

where 𝜕𝑇̂𝑗
𝜕𝑥𝑘

(0; 𝜃) is the (𝑗, 𝑘)-th element of the Jacobian matrix of 𝑇̂ (𝑥; 𝜃)

omputed at the equilibrium and obtained by solving the system of
quations in (18). This third term ensures that the derivatives of the
etwork solution match those of the true solution at the equilibrium
oint. The sum of (26), (27), (28) is the loss function,

(𝜃) =
𝑀
∑

𝑖=1

𝑛
∑

𝑗=1

(

𝑟(1)𝑖𝑗

(

𝑥𝑖, 𝑇̂ (𝑥𝑖; 𝜃)
)

)2

+
𝑛
∑

𝑗=1

(

𝑟(2)𝑗

(

𝑇̂𝑗 (0; 𝜃)
)

)2

+
𝑛
∑

𝑗=1

𝑛
∑

𝑘=1

(

𝑟(3)𝑗𝑘

(

𝑥𝑘,
𝜕𝑇̂𝑗
𝜕𝑥𝑘

(0; 𝜃)
)

)2

, (29)

to be minimized with respect to the unknown parameters
𝜃 =

(

𝑊 (0),𝑊 (2),𝑊 (1), 𝛽(0), 𝛽(2), 𝛽(1)
)

of the FNN given by (25). It is
orth noting that in the illustrative examples we consider below, we
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assign equal weights to each of the three terms in the loss function
expression. Furthermore, it is notable that the second and third terms
bear a special role in the minimization process, functioning as pinning
conditions. To train the network, we used a greedy zero-th order
continuation approach presented in [39], in order to deal with steep
gradients resembling singularities in the domain 𝐷 of interest. In
particular, the PINN structure is exploited to solve the system of Eq. (4)
progressively using a nested family of 𝑛 subdomains:

1 ⊂ 𝐷2 ⊂ ⋯ ⊂ 𝐷𝑘 ⊂ ⋯ ⊂ 𝐷𝑛 = 𝐷. (30)

he subdomain sizes are chosen to provide a level of sufficient accu-
acy.

.2. Inverse of the nonlinear transformation

As stated in Theorem 2.1, the nonlinear transformation 𝑇 ∶ R𝑛 →
𝑛, is locally invertible and the inverse function, denoted 𝑇 −1(𝑧) ∶ R𝑛 →

R𝑛, has the property that 𝑇 −1(𝑇 (𝑥)) = 𝑥 for all 𝑥 in the neighborhood
of the equilibrium point 𝑥0. In order to reconstruct the trajectories
of the system in the phase space, after learning an approximation of
the operator 𝑇 (𝑥) through the PINN approach, a second step is taken
aiming at finding the inverse operator 𝑇 −1. In the next paragraph, we
show how to compute the inverse operator using Newton iterations.
Within the proposed framework, simulations are conducted for both the
discrete system (1) and the corresponding state observer (10) dynamics
since the observer dynamic equations are driven by the measurable
states (‘‘sensor measurements’’) of the discrete system over a specific
time horizon. Within such a context, to determine the state estimate
in the original coordinates 𝑥(𝑡) through the inverse transformation,
given the simulated current value of the observer state vector in the
transformed coordinates 𝑧(𝑡) at each time step, a standard Newton’s
method is employed by numerically solving w.r.t. 𝑥(𝑡) the following
equations:

𝐺(𝑥) = 𝑇 (𝑥(𝑡)) − 𝑧(𝑡) = 0, (31)

where 𝑇 (𝑥) is the approximation of the operator calculated through the
proposed PINN scheme. The objective is to compute the state vector
𝑥 which satisfies Eqs. (31) at each time step of the simulation of the
system’s (1) and observer’s (10) discrete-time dynamic equations. The
iterative update formula for Newton’s method in the multivariate case
is given by:

𝑥𝑛+1 = 𝑥𝑛 −
( 𝜕𝐺
𝜕𝑥

)−1
𝐺(𝑥𝑛)

Here, 𝑥𝑛 is the current estimate of the root, 𝜕𝐺
𝜕𝑥 is the Jacobian matrix

f 𝐺 with respect to 𝑥, and
(

𝜕𝐺
𝜕𝑥

)−1
is its inverse matrix. Clearly, the

olution 𝑥 obtained through this process provides a numerical approx-
mation of the inverse function 𝑇 −1(𝑧), allowing the reconstruction
f the dynamic trajectories/profiles of the system’s (1) unmeasurable
tates. For our computations, we have set the relative and absolute
olerance to be 1E−06.

. Illustrative benchmark problems

The performance of the proposed method is evaluated in the follow-
ng two benchmark case studies [15,16].

.1. Benchmark problem 1

The following nonlinear discrete-time system is considered with a
tate space representation:

1(𝑡 + 1) = 𝑒𝑥𝑝
(

0.2
𝑥2(𝑡)

1 + 𝑥2(𝑡)

)

√

(1 + 𝑥1(𝑡) + 𝑥2(𝑡)) − 1 − 0.4𝑥2(𝑡)
5

−0.5 ln(1 + 𝑥1(𝑡) + 𝑥2(𝑡))
𝑥2(𝑡 + 1) = 0.5 ln(1 + 𝑥1(𝑡) + 𝑥2(𝑡)) + 0.4𝑥2(𝑡)

𝑦(𝑡) = 𝑥2(𝑡), (32)

where the measured output variable 𝑦 coincides with the second state
ariable 𝑥2. Notice that (𝑥1, 𝑥2) = (0, 0) is an equilibrium point of (32)

and 1 + 𝑥1 + 𝑥2 > 0, ∀𝑥1, 𝑥2 ∈ R (for well-defined right-hand side
functions in the above system of difference equations). In addition, the
Jacobian matrix 𝐹 of (32) evaluated at the equilibrium point is:

𝐹 =
[

0.0 − 0.2
0.5 0.9

]

(33)

The eigenvalues of 𝐹 are: 𝜆1 = 0.1298 and 𝜆2 = 0.7702. Consider now
the following choice for matrix 𝐴:

𝐴 =
[

0.5 0.3
0.5 0.4

]

, (34)

with eigenvalues: 𝜇1 = 0.8405 and 𝜇2 = 0.05915. Moreover, the
following output injection map was chosen:

𝑏(𝑦) = 𝑏(𝑥2) =

[

0.2
( 𝑥2
1+𝑥2

)

− 0.3𝑥2
0.0

]

(35)

such that the pair (𝐴,𝐵) is controllable. Under the above choice for 𝐴,
all other assumptions of Theorem 2.1 are satisfied. Consequently, the
associated system of functional Eqs. (7) takes the following form:

𝑇1
(

𝑢1, 𝑢2
)

= 0.5𝑇1 + 0.3𝑇2 + 0.2
( 𝑥2
1 + 𝑥2

)

− 0.3𝑥2

𝑇2
(

𝑢1, 𝑢2
)

= 0.5𝑇1 + 0.4𝑇2
𝑇1(0, 0) = 0

𝑇2(0, 0) = 0, (36)

where 𝑢1 = 𝑒𝑥𝑝
(

0.2 𝑥2
1+𝑥2

)√

(1 + 𝑥1 + 𝑥2) − 1 − 0.4𝑥2 − 0.5 ln(1 + 𝑥1 + 𝑥2)
and 𝑢2 = 0.5 ln(1 + 𝑥1 + 𝑥2) + 0.4𝑥2; in addition (7) admits a unique real
analytic and locally (around the equilibrium point of interest) invertible
solution. In particular, the solution can be analytically derived and
expressed in closed-form as shown below:

𝑇1(𝑥1, 𝑥2) = ln(1 + 𝑥1 + 𝑥2), 𝑇2(𝑥1, 𝑥2) = 𝑥2. (37)

ince:
𝜕𝑇
𝜕𝑥

(0, 0) =
[

1 1
0 1

]

, (38)

and 𝑑𝑒𝑡[𝑇 ] ≠ 0, the above solution 𝑇 (𝑥) is indeed locally invertible
around the equilibrium point (𝑥1, 𝑥2) = (0, 0). According to Theo-
rem 2.1, the proposed discrete-time observer expressed in the trans-
formed state variables 𝑧 is given by:

̂1(𝑡 + 1) = 0.5𝑧̂1(𝑡) + 0.3𝑧̂2(𝑡) + 0.2
𝑦(𝑡)

1 + 𝑦(𝑡)
− 0.3𝑦(𝑡)

̂2(𝑡 + 1) = 0.5𝑧̂1(𝑡) + 0.4𝑧̂2(𝑡) (39)

herefore, through the inverse transformation, the state estimates ex-
ressed in the original state variables are given by the following
quations:

̄1(𝑡) = 𝑒𝑥𝑝(𝑧̂1(𝑡)) − 𝑧̂2(𝑡) − 1

̄2(𝑡) = 𝑧̂2(𝑡) (40)

lease notice that the nonlinear operator in the first benchmark ex-
mple exhibits singularities when 𝑥1 + 𝑥2 = −1 in the system’s state
pace. The primary objective is to learn an approximation of the
ransformation operator in the domain [𝑥𝐿, 0] × [𝑥𝐿, 0] = [−0.495, 0] ×
−0.495, 0].

Fig. 1 depicts the analytical solutions 𝑇1(𝑥1, 𝑥2), 𝑇2(𝑥1, 𝑥2), of the
associated system of functional Eqs. (36). We note that it encom-
passes the solution domain which has been deliberately chosen to
be 𝑥1, 𝑥2 ∈ [−0.495, 0] since 𝑇1(𝑥1, 𝑥2) exhibits a singular point at

(𝑥1, 𝑥2) = (−0.5,−0.5). Therefore, the first reasonable step would be to
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Fig. 1. Analytical solution of the NFEs (36) in [−0.495, 0] × [−0.495, 0]. (a) 𝑇1(𝑥1 , 𝑥2) = ln(1 + 𝑥1 + 𝑥2). A steep-gradient at (−0.495,−0.495) is due to the presence of a singular point
at (𝑥1 , 𝑥2) = (−0.5,−0.5). (b) 𝑇2(𝑥1 , 𝑥2) = 𝑥2.
𝑧

𝑧

𝑥

𝑥

comparatively evaluate the numerical approximation accuracy of the
proposed PINN scheme in this region against the existing analytical so-
lution and assess its impact on the performance profile of the resulting
discrete-time observer.

3.2. Benchmark problem 2

Consider also the following nonlinear discrete-time dynamical sys-
tem [16]:

𝑥1(𝑡 + 1) =
0.5 𝑥1(𝑡)

1+𝑥1(𝑡)
− 0.9𝑥2(𝑡)

1 − 0.5 𝑥1(𝑡)
1+𝑥1(𝑡)

+ 0.9𝑥2(𝑡)

𝑥2(𝑡 + 1) = 𝑥2(𝑡)

𝑦(𝑡) = 𝑥1(𝑡) (41)

where 𝑥2 represents an unidentified constant parameter or disturbance
term which needs to be estimated and 𝑥1 the measured state variable.
Please notice that (𝑥1, 𝑥2) = (0, 0) is an equilibrium point of the above
system and the Jacobian matrix 𝐹 evaluated at this point is:

𝐹 =
[

0.5 − 0.9
0.0 1

]

. (42)

The eigenvalues of 𝐹 are: 𝜆1 = 0.5 and 𝜆2 = 1, and therefore,
the original nonlinear discrete-time observer design method presented
in [15] cannot be applied since the second eigenvalue is not located
within the Poincaré domain; instead it lies on the unit circle. However,
under the following choice for the matrix 𝐴

𝐴 =
[

0.0 0.0
0.0 0.1

]

(43)

with eigenvalues: 𝜇1 = 0 and 𝜇2 = 0.1, and an output injection map:

𝑏(𝑦) = 𝑏(𝑥1) =

[

0.5
( 𝑥1
1+𝑥1

)

( 𝑥1
1+𝑥1

)

]

(44)

all assumptions in the method’s extension presented in [16] (where the
Poincaré domain assumption was relaxed and replaced by a more gen-
eral one of the Siegel-type) are met, and therefore, the proposed nonlin-
ear discrete-time observer exists and can be similarly designed. Indeed,
the associated system of functional equations takes the following form:

𝑇1

( 0.5 𝑥1
1+𝑥1

− 0.9𝑥2

1 − 0.5 𝑥1
1+𝑥1

+ 0.9𝑥2
, 𝑥2

)

= 0.5
𝑥1

1 + 𝑥1

𝑇2

( 0.5 𝑥1
1+𝑥1

− 0.9𝑥2

1 − 0.5 𝑥1
1+𝑥1

+ 0.9𝑥2
, 𝑥2

)

= 0.1𝑇2 +
𝑥1

1 + 𝑥1

𝑇1(0, 0) = 0

𝑇2(0, 0) = 0, (45)
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The above system of functional Eqs. (45) admits a unique analytically
derived closed-form solution shown below:

𝑇1(𝑥1, 𝑥2) =
𝑥1

1 + 𝑥1
+ 0.9𝑥2

𝑇2(𝑥1, 𝑥2) =
5
2

(

𝑥1
1 + 𝑥1

+ 𝑥2

)

. (46)

Since:
𝜕𝑇
𝜕𝑥

(0, 0) =
[

1 0.9
2.5 2.5

]

, (47)

and 𝑑𝑒𝑡[𝑇 ] ≠ 0, the above solution 𝑇 (𝑥) is locally invertible around
the origin. The proposed discrete-time observer is then given by the
following dynamic equations:

̂1(𝑡 + 1) = 0.5
𝑦(𝑡)

1 + 𝑦(𝑡)

̂2(𝑡 + 1) = 0.1𝑧̂2(𝑡) +
𝑦(𝑡)

1 + 𝑦(𝑡)
. (48)

Therefore, using the inverse transformation map, the state estimates
expressed in the original state variables are given by the following
equations:

̄1(𝑡) =
10𝑧̂1(𝑡) − 3.6𝑧̂2(𝑡)

1 − 10𝑧̂1(𝑡) + 3.6𝑧̂2(𝑡)

̄2(𝑡) = 4𝑧̂2(𝑡) − 10𝑧̂1(𝑡). (49)

In this second benchmark problem, the nonlinear transformation oper-
ator exhibits a singularity when 𝑥1 = −1. Here, we aim to learn this
map in the domain [𝑥𝐿, 0] × [𝑥𝐿, 0] = [−0.91, 0] × [−0.91, 0].

Fig. 2 depicts the analytical solutions 𝑇1(𝑥1, 𝑥2), 𝑇2(𝑥1, 𝑥2), of the
associated system of functional Eqs. (45). Please notice that it includes
the solution domain, which in this case is (𝑥1, 𝑥2), ∈ [−0.91, 0] because
𝑇1(𝑥1, 𝑥2) displays a singular point at (𝑥1, 𝑥2) = (−1,−1). As in the
previous benchmark example, the focus is placed on the evaluation of
the impact of the proposed PINN scheme on the performance profile
of the resulting nonlinear observer by comparing the identified trans-
formation operator to the analytical one and hence, demonstrating the
enhanced numerical approximation accuracy in this domain attained
by PINN.

4. Numerical results

We utilized the Matlab deep-learning toolbox, with the aid of
which a custom code was developed to implement the Physics-Informed
Neural Network (PINN) strategy. In this process, we employed the
Levenberg–Marquardt (LM) algorithm to optimize the learnable pa-
rameters. The scheme utilizes finite differences for computing the
required derivatives. However, it is worth noting that these derivatives
can also be computed analytically, numerically or through Automatic
Differentiation (AD), as demonstrated in [39]. The simulation results
obtained when the PINN was trained in the entire domain without the
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Fig. 2. Analytical solution of the functional Eqs. (45). (a) 𝑇1(𝑥1 , 𝑥2) =
𝑥1 (𝑡)

1+𝑥1 (𝑡)
+ 0.9𝑥2. (b) 𝑇2(𝑥1 , 𝑥2) =

5
2

(

𝑥1 (𝑡)
1+𝑥1 (𝑡)

+ 𝑥2

)

. A steep-gradient at (−0.91,−0.91) is due to the presence of a

singular point at 𝑥1 = −1.
greedy approach are also presented in order to evaluate the efficacy of
the proposed greedy strategy. For training, we used 15 × 15 equispaced
distributed points in the interval [𝑎, 𝑏]: 𝑎 = −0.495, 𝑏 = 0, for the
model (32), and 𝑎 = −0.91, 𝑏 = 0, for the model (41). For the test set,
we employed Chebyshev-Lobatto nodes, specifically selecting the roots
of the (second kind) Chebyshev-Lobatto polynomial of degree 𝑘, i.e.

𝑥𝑛 =
1
2
(𝑎 + 𝑏) − 1

2
(𝑎 − 𝑏)𝑐𝑜𝑠

( 2𝑛 − 1
2𝑛

𝜋
)

𝑛 = 1,… , 𝑘 (50)

Power-series solution. In accordance with the theoretical framework
outlined in Ref. [15], we also used the power series solution method de-
lineated in Section 2, to find the nonlinear transformation. In particular,
we used sixth-order multivariate Taylor polynomial approximations.
The method produces a system of linear algebraic equations involv-
ing the unknown Taylor coefficients of the nonlinear transformation
𝑇 (𝑥1, 𝑥2). The solution to this system can be computed using MATLAB’s
symbolic toolbox, as explained in Section 2. We opt for a sixth-order
multivariate Taylor polynomial expansion for two reasons: firstly, the
number of coefficients aligns well with the number of unknowns in
our PINN, facilitating a fair comparison between the two schemes.
Secondly, solving the system for an expansion of this order is already
computationally challenging, highlighting the underlying issues of this
traditional methodological approach usually employed to solve this
type of problems for high order series expansions.

PINN-based solution. We have used feedfordward network (FNNs) with
two hidden layers, with each layer containing five neurons. We have
used sigmoid activation functions 𝜎(𝑥). In the training process, we
computed the derivatives for the optimization process using finite dif-
ferences for the LM algorithm and we have set the maximum function
evaluations to 500,000 while the maximum iteration parameter was set
to 50,000. the finite difference step was set to 1𝑒−05 and the step size
tolerance was set to 1𝑒−12. This realization prompted the exploration
of alternative strategies to enhance the training process. Subsequently,
the adoption of a greedy-wise procedure emerged as a pivotal step
in refining the PINN’s convergence behavior. By incorporating this
approach, the greedy-wise procedure effectively addressed challenges
related to convergence of the PINN close to the singular points.

Greedy-wise procedure. We initiated training within the region
[−0.1, 0] × [−0.1, 0]. Subsequently, we systematically expanded the grid
size in the domain, with a varying step size in the grid depending
on the specific benchmark problem at hand. In the first benchmark
problem, we employed a grid step size of −0.1 in both directions,
until reaching a domain size of [−0.4, 0] × [−0.4, 0], then the step size
is decreased to a value of −0.01 until reaching [−0.49, 0] × [−0.49, 0].
Finally, the step size is decreased again to a value of −0.001 until
reaching the domain of interest, i.e. [−0.495, 0] × [−0.495, 0], while for
the second benchmark problem, we initiated training within the region
[−0.1, 0] × [−0.1, 0] and we adopted a step of −0.1 until reaching a
grid of [−0.8, 0] × [−0.8, 0]. After that we selected a step size of −0.01
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until reaching the domain of interest [−0.91, 0] × [−0.91, 0]. In both
instances, following the completion of training within each subdomain,
we utilized the learnable parameters specifically, the weights and biases
obtained from the preceding subdomain as the initial guess for the
optimization algorithm in the subsequent subdomain.

4.1. Benchmark problem 1

Fig. 3 depicts the numerical approximation accuracy, measured
as the difference between computed and analytical solutions for the
training set, which is built using a grid of 15 × 15 nodes uniformly
distributed. The results using the 6th-order power series expansion of
both the nonlinear transformation and the right-hand side of the dis-
crete model are displayed in subplots Fig. 3(a) and (b), respectively. As
expected, the power series expansion yields zero error for the 𝑇2(𝑥1, 𝑥2)
component and demonstrates good approximation accuracy for the
𝑇1(𝑥1, 𝑥2) component, but primarily in the vicinity of the linearization-
relevant point at [0, 0]. Beyond this point, the numerical approximation
deteriorates significantly, reaching the order of 100 at the grid edge,
particularly close to the singular point. This situation could poten-
tially undermine the precision with which the observer estimates the
unmeasured state.

Fig. 3(c),(d) depict the approximation accuracy of the PINN, when
trained in the entire domain (without the greedy approach). As ob-
served, the approximation accuracy of the PINN remains rather poor,
of the order of 1 in the vicinity of the singularity. Fig. 3(e),(f) illustrate
the approximation error using PINN with the greedy-wise training
approach. As shown, the performance of the PINN is significantly
better compared to the one involving training across the entire domain.
Furthermore, Fig. 4 showcases the performance of the schemes for
the test set, which consist of a grid of 20 × 20 Chebyshev-Lobatto
distributed nodes. Please notice that these results are similar to those
observed in the training set.

Table 1 presents a comparison of 𝐿1, 𝐿2, 𝐿∞ error norms between
the analytical and numerical solutions on the test set. Specifically,
it summarizes the results obtained with the 6th order power series
expansions of 𝑇1(𝑥1, 𝑥2) and 𝑇2(𝑥1, 𝑥2), and also with PINN solution ap-
proximations both trained in the entire domain at once using the greedy
approach. The reported errors include the median, 5th percentile, and
95th percentile over 100 runs.

Table 2, on the other hand, reports the results of uncertainty quan-
tification carried out to investigate the convergence of the PINN scheme
in approximating the nonlinear transformation operator 𝑇1(𝑥1, 𝑥2) and
𝑇2(𝑥1, 𝑥2) on a test set involving the use of a grid of 20 × 20 Chebyshev-
Lobatto distributed points. The investigation encompassed 100, 200,
300, and 400 independent runs, providing a thorough evaluation of the
resulting solution’s variability.

Furthermore, Fig. 5 depicts the error characteristics between the an-
alytical solution and the outcome generated by the PINN for 𝑇 (𝑥 , 𝑥 ).
1 1 2
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Fig. 3. Benchmark problem 1. Training sets (grids of 15 × 15 equispaced distributed points). Numerical approximation accuracy (difference between the computed and analytical
solution) of 𝑇1(𝑥1 , 𝑥2) (left column) and 𝑇2(𝑥1 , 𝑥2) (right column) using the various schemes. (a),(b) 6th order power-series expansion of 𝑇1(𝑥1 , 𝑥2) and 𝑇2(𝑥1 , 𝑥2) and the right-hand
side of the model (36) in [−0.495, 0] × [−0.495, 0]. (c),(d) PINN trained in the entire domain [−0.495, 0] × [−0.495, 0]. (e),(f) PINN trained via the greedy-wise approach.
Table 1
Benchmark problem 1. Test set using 20 × 20 Chebyshev-Lobatto distributed points 𝐿1, 𝐿2, 𝐿∞ error norms (median, 5th-
95th percentiles) between the analytical and computed solutions of 𝑇1(𝑥1 , 𝑥2) and 𝑇2(𝑥1 , 𝑥2) of the various schemes trained in
the entire domain and with the greedy approach, over 100 runs.
𝑇 (𝑥1 , 𝑥2) Error Power-series PINN entire domain PINN greedy

norm 6th order Median Median
– (5th, 95th) (5th, 95th)

‖ ⋅ ‖1 6.89E+01 1.186E+01,(1.048E+01, 1.372E+01) 6.051E−01,(6.94E−02, 6.00E+00)
𝑇1(𝑥1 , 𝑥2) ‖ ⋅ ‖2 4.55E+00 1.062E+01,(9.94E+00, 1.243E+01) 1.528E−01,(1.62E−02, 1.33E+00)

‖ ⋅ ‖∞ 2.88E+00 8.28E+00,(7.00E+00, 9.63E+00) 9.15E−02,(7.80E−03, 5.87E−01)

‖ ⋅ ‖1 0 2.44E+00,(7.40E−01, 4.00E+00) 3.595E−01,(4.39E−02, 2.90E+00)
𝑇2(𝑥1 , 𝑥2) ‖ ⋅ ‖2 0 2.34E+00,(6.68E−01, 3.75E+00) 6.31E−02,(1.02E−02, 4.988E−01)

‖ ⋅ ‖∞ 0 1.65E+00,(4.55E−01, 2.68E+00) 2.94E−02,(3.90E−03, 1.85E−01)
In this benchmark problem, the transformation operator is quite im-
portant as it encompasses the singular point and relates to the state
assumed to be unmeasurable. In Fig. 5(a), we juxtapose the solution
approximations obtained through training across the entire domain and
in a greedy-wise manner. The 𝐿1 norm for both PINN approximations is
presented; the blue line signifies the median of the 𝐿1 error evaluated at
specific points in the domain. Additionally, the green band represents
a confidence interval spanning from the 5th to the 95th percentile,
reflecting a PINN trained in a greedy-wise fashion. On the other hand,
the black line depicts the median of the 𝐿1 error when the network is
trained across the entire domain at once, and the green band denotes
a confidence interval ranging from the 5th to the 95th percentile.
Fig. 5(b), depicts the 𝐿 norm; the blue line depicts the median of the
8

2

𝐿2 error with a confidence interval ranging from the 5th to the 95th
percentile represented by the green band; the black line shows again the
median of the 𝐿2 error when the network is trained across the entire
domain at once, considering the blue band as a confidence interval in
the same sense as before. Fig. 5(c) displays results for the 𝐿∞ norm. It
can be inferred that the greedy-wise training significantly outperforms
the one obtained when training the network across the entire domain
in a single step. The numerical approximation from the single training
exhibits a poorer performance, particularly in regions proximate to the
singular point, as is also evident in Fig. 4.

Finally, Fig. 5(d) depicts the difference between the analytical in-
verse operator 𝑇 −1

1 (𝑥1, 𝑥2) (49) of the observed variable (48) and the
numerical approximation of the inverse 𝑇̂ −1(𝑥 , 𝑥 ) as computed by
1 1 2
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Fig. 4. Benchmark problem 1. Test sets (grids of 20 × 20 Chebyshev-distributed points). Numerical approximation accuracy (difference between the computed and analytical
solution) of 𝑇1(𝑥1 , 𝑥2) (left column) and 𝑇2(𝑥1 , 𝑥2) (right column) using the various schemes. (a),(b) 6th order power-series expansion of 𝑇1(𝑥1 , 𝑥2) and 𝑇2(𝑥1 , 𝑥2) and the right-hand
side of the model (36) in [−0.495, 0] × [−0.495, 0]. (c),(d) PINN trained in the entire domain [−0.495, 0] × [−0.495, 0]. (e),(f) PINN trained via the greedy-wise approach.
Table 2
Benchmark problem 1. Uncertainty quantification systematically conducted on a test set employing a grid of 20 × 20 Chebyshev-Lobatto
distributed points to investigate the convergence behavior of the Physics-Informed Neural Networks (PINN). The study involves performing 100,
200, 300, and 400 independent runs to thoroughly assess the variability in the results. The analysis focused on capturing the central tendency
by calculating the median and examining the dispersion of outcomes through the 5th and 95th percentile confidence intervals.
𝑇 (𝑥1 , 𝑥2) Error 100 runs 200 runs 300 runs 400 runs

norm Median Median Median Median
(5th, 95th) (5th, 95th) (5th, 95th) (5th, 95th)

‖ ⋅ ‖1 6.051E−01, 6.34E−01, 6.27E−01, 6.12E−01,
(6.94E−02, 6.00E+00) (6.20E−02, 5.60E+00) (6.188E−02, 5.45E+00) (6.12E−02, 5.32E+00)

𝑇1(𝑥1 , 𝑥2) ‖ ⋅ ‖2 1.528E−01, 1.77E−01, 1.72E−01, 1.705E−01,
(1.62E−02, 1.33E+00) (1.95E−02, 1.23E+00) (1.88E−02, 1.21E+00) (1.76E−02, 1.18E+00)

‖ ⋅ ‖∞ 9.15E−02, 8.87E−02, 8.75E−02, 8.66E−02,
(7.80E−03, 5.87E−01) (6.58E−03, 5.12E−01) (6.55E−03, 5.10E−01) (6.502E−03, 5.108E−01)

‖ ⋅ ‖1 3.595E−01, 3.90E−01, 3.84E−01, 3.78E−01,
(4.39E−02, 2.90E+00) (4.98E−02, 3.25E+00) (4.85E−02, 3.21E+00) (4.78E−02, 3.16E+00)

𝑇2(𝑥1 , 𝑥2) ‖ ⋅ ‖2 6.31E−02, 6.21E−02, 6.19E−02, 6.15E−02,
(1.02E−02, 4.988E−01) (1.80E−02, 6.01E−01) (1.75E−02, 6.00E−01) (1.69E−02, 5.98E−01)

‖ ⋅ ‖∞ 2.94E−02, 2.81E−02, 2.75E−02, 2.701E−02,
(3.90E−03, 1.85E−01) (3.28E−03, 2.10E−01) (3.22E−03, 2.03E−01) (3.19E−03, 1,98E−01)
Newton’s method (presented in Section 2). As shown, the difference
between the true state and the inverse transformation value generated
by the PINN converges to zero. For this particular simulation, we have
initialized the 𝑧-states as follows: 𝑧1(1) = 0 and 𝑧2(1) = 0, and we have
used as initial guess for Newton’s method the following values for the
9

𝑥-states: 𝑥0 = [0.1, 0.1]. Moreover, we have initialized the analytical
inverse expression using: 𝑥̂1(1) = 0 and 𝑥̂2(1) = 0; the actual states were:
𝑥1 = −0.495 and 𝑥2 = 0.35. Regarding the Newton’s method, we have
set the relative and absolute tolerances at: 𝑡𝑜𝑙 < 1𝐸-06 (the scheme
converged in 5 iterations).
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Fig. 5. Benchmark problem 1: (a)–(c) Panels involve a comprehensive comparison between the performance of Physics-Informed Neural Networks (PINN) trained using two distinct
approaches: one trained on the entire domain at once (Black line) and another trained using a greedy approach (blue line). The evaluation is conducted on a test set comprising
20 × 20 Chebyshev nodes of the second type. The reported performance metrics include the 𝐿1, 𝐿2, and 𝐿∞ error norms, presented in terms of the median and the 5th to 95th
percentiles. The evaluation is performed over 100 independent runs for the transformation 𝑇1(𝑥1 , 𝑥2). Panel (d) depicts a comparison between observation errors. The red line
represents the difference between the analytical inverse 𝑥̄1 of the transformation 𝑇1(𝑥1 , 𝑥2) and the real state 𝑥1, whereas the blue line depicts the difference between the true state
𝑥1 and its approximation obtained through Newton’s method, denoted as 𝑥̂1. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
4.2. Benchmark problem 2

This particular benchmark problem introduces the challenge of
unavailability of the state 𝑥2, with only the state 𝑥1 being measurable.
Consequently, the focus of this problem is on the reconstruction of the
second state. As highlighted earlier, the unmeasured state 𝑥2 is viewed
as either an unidentified system parameter or unknown disturbance,
thus adding complexity to the estimation task. As a consequence and in
alignment with the methodology outlined so far, the task is to address
the set of functional Eqs. (45) utilizing the established PINN scheme.
Fig. 6 depicts the numerical approximation accuracy, as the difference
between computed and analytical solutions (46), obtained by various
schemes for the training set. This particular benchmark problem is more
challenging as the gradients it contains (see Fig. 2) are notably bigger
compared to the previous one.

Fig. 6(a),(b) demonstrate the results achieved with a 6th-order
truncation in the power series expansion of the nonlinear transforma-
tion and the right-hand side of the discrete model. In this particular
problem, the steep gradient emanating from the singular point at 𝑥1 =
−1 poses a significant challenge as mentioned before. The numerical
approximation provided by the series expansion method is notably poor
across the domain, particularly of the order of 101 at the grid’s edge,
as mentioned previously, near the singular point.

Furthermore, Fig. 6(c),(d) depict the outcomes obtained with the
PINN approach to learn the transformation operator (46) across the
entire domain without the greedy approach. The approximation accu-
racy of this scheme is relatively modest, especially in the vicinity of the
singularity, approximately of the order of 100 for 𝑇1(𝑥1, 𝑥2) and of the
order of 101 for 𝑇2(𝑥1, 𝑥2). Nevertheless, it outperforms the conventional
Taylor series expansion method in terms of numerical error accuracy
across the entire domain in general.

Fig. 6(e),(f) present the results obtained from the PINN imple-
mentation with the greedy approach. Notably, the adoption of the
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greedy-wise training method substantially enhances the numerical ap-
proximation accuracy when compared to PINN schemes trained across
the entire domain in a single training step. Here, the numerical ap-
proximation error is of the order of 10−2 in the region close to the
edge point (−0.91,−0.91). Additionally, Fig. 7 portrays the performance
of the schemes when tested on a Chebyshev-Lobatto grid, with similar
results observed for both the training and test sets.

Table 3 allows a comparison of the approximation errors between
the analytical and numerical solutions. Specifically, the 6th order
power series expansions of 𝑇1(𝑥1, 𝑥2) and 𝑇2(𝑥1, 𝑥2) with the two PINN
solution approximations (with and without the greedy approach) are
compared. To test the convergence of the schemes, we used a
Chebyshev-Lobatto grid with 20 × 20 points. The reported errors
include the median, 5th percentile, and 95th percentile aggregated over
100 runs.

Table 4, illustrates the results of uncertainty quantification per-
formed to investigate the convergence of the PINN scheme in approxi-
mating the nonlinear transformation maps 𝑇1(𝑥1, 𝑥2) and 𝑇2(𝑥1, 𝑥2) on a
test set (a grid of 20 × 20 Chebyshev-Lobatto distributed points). In our
computations, we considered 100, 200, 300, and 400 runs. As shown,
the medians and variances, are for any practical means of the same
order, thus indicating convergence of the training process.

Fig. 8 depicts the approximation error behavior between the an-
alytical solution and the one produced by PINN for 𝑇1(𝑥1, 𝑥2) and
𝑇2(𝑥1, 𝑥2). Please notice that 𝑇2(𝑥1, 𝑥2) is the transformation map of
interest in this problem because it is related to the state we seek to
observe as mentioned earlier. The approximation accuracy of the PINN
trained both across the entire domain and in a greedy-wise manner
is assessed. Fig. 8(a) shows the 𝐿1 norm of the transformation map
𝑇1(𝑥1, 𝑥2). The blue line signifies the median, and the green band
represents a confidence interval spanning the 5th to the 95th percentile
range for the PINN model trained in a greedy-wise fashion. The black
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Fig. 6. Training sets (grids of 15 × 15 equispaced distributed points). Numerical approximation accuracy (difference between the computed and analytical solution) of 𝑇1(𝑥1 , 𝑥2)
(left column) and 𝑇2(𝑥1 , 𝑥2) (right column) using the various schemes. (a),(b) 6th order power-series expansion of 𝑇1(𝑥1 , 𝑥2) and 𝑇2(𝑥1 , 𝑥2) and the right-hand side of the model (45)
in [−0.91, 0] × [−0.91, 0]. (c),(d) PINN trained over the entire domain [−0.91, 0] × [−0.91, 0]. (e),(f) PINN trained via the greedy-wise approach.
Table 3
Test sets consist of grids with dimensions of 20 × 20 Chebyshev-distributed points. Error norms, including 𝐿1, 𝐿2, and
𝐿∞, quantify the disparities between the analytical and computed solutions of 𝑇1(𝑥1 , 𝑥2) and 𝑇2(𝑥1 , 𝑥2) using various
training schemes. These schemes encompass training both with a greedy-wise approach and across the entire domain
[−0.91, 0] × [−0.91, 0]. The analysis of error norms includes statistics such as the median and 95th percentiles, aggregated
over 400 runs, for each norm corresponding to both 𝑇1(𝑥1 , 𝑥2) and 𝑇2(𝑥1 , 𝑥2).
𝑇 (𝑥1 , 𝑥2) Error Power-series PINN entire domain PINN greedy

norm 6th order Median(5th, 95th) Median(5th, 95th)

‖ ⋅ ‖1 5.19E+02 7.03E+01,(5.75E+01, 8.31E+01) 2.17E+00,(3.43E−01, 2.60E+01)
𝑇1(𝑥1 , 𝑥2) ‖ ⋅ ‖2 4.13E+01 2.16E+01,(1.73E+01, 2.62E+01) 3.55E−01,(4.52E−02, 3.48E+00)

‖ ⋅ ‖∞ 1.71E+01 9.39E+00,(7.32E+00, 1.16E+01) 3.37E−01,(1.78E−02, 1.058E+00)

‖ ⋅ ‖1 5.87E+01 2.14E+02,(1.82E+02, 2.15E+02) 1.72E+01,(8.25E−01, 7.50E+01)
𝑇2(𝑥1 , 𝑥2) ‖ ⋅ ‖2 5.30E+01 6.92E+01,(5.84E+01, 8.04E+01) 2.02E+00,(1.11E−01, 1.92E+01)

‖ ⋅ ‖∞ 4.40E+01 3.40E+01,(2.89E+01, 4.02E+01) 1.90E+00,(5.36E−02, 3.99E+00)
line and the blue band corresponds to the PINN model trained across
the entire domain without the greedy approach. Fig. 8(b) depicts the
corresponding 𝐿2 error norms, and Fig. 8(c) depicts the corresponding
𝐿∞ error norms. Fig. 8(d–f) depict similar results for 𝑇2(𝑥1, 𝑥2).

It is evident, that the greedy-wise training procedure outperforms
the single training one for the approximation of 𝑇2(𝑥1, 𝑥2). Finally,
Fig. 9 depicts the error between the trajectories computed by applying
the analytically derived inverse 𝑇 −1(𝑥1, 𝑥2) (49) to the observer (48)
and the numerical approximation of the inverse 𝑇̂ −1(𝑥1, 𝑥2) computed
by Newton’s method. For this task, we have initialized the 𝑧-states as:
𝑧 (1) = 0 and 𝑧 (1) = 0, and we have used as an initial guess the values
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𝑥0 = [0.1, 0.1]. The analytical inverse expression was initialized using
the values: 𝑥̂1(1) = 1 and 𝑥̂2(1) = −0.4. Moreover, as mentioned earlier,
the tolerance level for Newton’s method was set at 𝑡𝑜𝑙 <1E−06.

5. Conclusions

In the present research study, a novel Physics-Informed Machine
Learning (PINN) methodological and simulation framework is intro-
duced to solve the nonlinear state observation problem in the discrete-
time domain. This procedure stands in contrast to conventional method-
ologies [1,78], as it is executed in a single step. The proposed PINN



Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 186 (2024) 115215H. Vargas Alvarez et al.
Fig. 7. Test sets (grids of 20 × 20 Chebyshev-Lobatto distributed points). Numerical approximation accuracy (difference between the computed and analytical solution) of 𝑇1(𝑥1 , 𝑥2)
(left column) and 𝑇2(𝑥1 , 𝑥2) (right column) using the various schemes. (a),(b) 6th order power-series expansion of 𝑇1(𝑥1 , 𝑥2) and 𝑇2(𝑥1 , 𝑥2) and the right-hand side of the model (45)
in [−0.91, 0] × [−0.91, 0]. (c),(d) PINN trained over the entire domain [−0.91, 0] × [−0.91, 0]. (e),(f) PINN trained via the greedy-wise approach.
Table 4
Benchmark problem 1. Uncertainty quantification systematically conducted on a test set employing a grid of 20 × 20 Chebyshev-Lobatto
distributed points to investigate the convergence behavior of the Physics-Informed Neural Networks (PINN). The study involves performing 100,
200, 300, and 400 independent runs to thoroughly assess the variability in the results. The analysis focused on capturing the central tendency
by calculating the median and examining the dispersion of outcomes through the 5th and 95th percentile confidence intervals.
𝑇 (𝑥1 , 𝑥2) Error 100 runs 200 runs 300 runs 400 runs

norm Median Median Median Median
(5th, 95th) (5th, 95th) (5th, 95th) (5th, 95th)

‖ ⋅ ‖1 2.17E+00, 2.88E+00, 2.83E+00, 2.72E+00,
(3.43E−01, 2.60E+01) (3.97E−01, 2.81E+01) (3.86E−01, 2.721E+01) (3.81E−01, 2.715E+01)

𝑇1(𝑥1 , 𝑥2) ‖ ⋅ ‖2 3.55E−01, 4.23E−01, 4.01E−01, 3.98E−01,
(4.52E−02, 3.48E+00) (5.12E−02, 3.93E+00) (5.076E−02, 3.66E+00) (4.93E−02, 3.563E+00)

‖ ⋅ ‖∞ 3.37E−01, 3.90E−01, 3.84E−01, 3.81E−01,
(1.78E−02, 1.0581E+00) (1.69E−02, 1.210E+00) (1.03E−02, 7.01E−01) (1.00E−02, 6.91E−01)

‖ ⋅ ‖1 1.72E+01, 1.95E+01, 1.49E+01, 1.20E+01,
(8.25E−01, 7.50E+01) (8.76E−01, 7.85E+01) (8.39E−01, 6.55E+01) (8.32E−01, 6.13E+01)

𝑇2(𝑥1 , 𝑥2) ‖ ⋅ ‖2 2.02E+00, 2.32E+00, 1.787E+00, 1.59E+00,
(1.11E−01, 1.92E+01) (1.52E−01, 2.05E+01) (1.23E−01, 1.786E+01) (1.09E−01, 1.778E+01)

‖ ⋅ ‖∞ 1.90E+00, 1.92E+00, 1.72E+00, 1.49E+00,
(5.36E−02, 3.99E+00) (5.37E−02, 4.00E+00) (5.64E−02, 3.21E+00) (5.35E−02, 3.20E+00)
approach facilitates the learning of a nonlinear transformation oper-
ator, effectively reconstructing the dynamics of the nonlinear system
through linearization up to an additional output injection term in the
transformed system. This transformation map is required to satisfy a
12
system of first-order functional equations. The principal advantages
of this approach lie in its robustness in reconstructing system states,
given a reasonably plausible set of assumptions. Regarding practical
applications, it is worth noting that such transformation maps may
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Fig. 8. Benchmark problem 2. (a)–(c) Panels involve a comprehensive comparison between the performance of Physics-Informed Neural Networks (PINN) trained using two distinct
approaches: one trained on the entire domain at once (Black line) and another trained using a greedy approach (blue line). The evaluation is conducted on a test set comprising
20 × 20 Chebyshev nodes of the second type. The reported performance metrics include the 𝐿1, 𝐿2, and 𝐿∞ error norms, presented in terms of the median and the 5th to 95th
percentiles. The evaluation is performed over 100 independent runs for the transformation 𝑇1(𝑥1 , 𝑥2). Furthermore Panels (d)–(f) depicts the same error norms with the same
configuration for the transformation 𝑇2(𝑥1 , 𝑥2). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 9. Comparison between observation errors. The red line represents the difference
between the analytical inverse 𝑥̄2 of the transformation 𝑇2(𝑥1 , 𝑥2) and the real state
𝑥2, whereas the blue line depicts the difference between the true state 𝑥2 and its
approximation obtained through Newton’s method, denoted as 𝑥̂2. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version
of this article.)

exhibit abrupt gradients due to inherent singularities. Consequently,
a greedy-wise training procedure has been implemented to refine
our Physics-Informed Machine Learning (PINN) scheme’s convergence
characteristics. In this context, we employ a rudimentary zeroth-order
continuation method to furnish improved initial estimations for the
unknown PINN scheme parameters in proximity to singular regions.
The incorporation of continuation techniques bears significant potential
in simplifying computational experimentation, advancing the compre-
hension of these singularities, and possibly suggesting strategies for
their characterization and alleviation. Moreover, it has been demon-
strated that the proposed PINN scheme exhibits enhanced numerical
precision capabilities, outperforming established numerical solutions
such as power-series expansion.
13
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