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 a b s t r a c t

A methodology to reduce the computational cost of time domain computations of eddy currents 
problems is proposed. It is based on the modal decomposition of the current density. In particular, 
a convenient strategy to perform the modal decomposition even in presence of injected currents 
into the electrodes of a conducting domain is proposed and implemented in a parallel computing 
environment. Using a theta-method integration algorithm, the performances of the proposed ap-
proach are compared against those of a classical method based on the Cholesky factorization, for 
a case of interest in the framework of Eddy Current Nondestructive testing. For this large eddy 
current problem (number of unknowns greater than 100k, number of time steps of interest equal 
to 100k) the proposed solution method is shown to be much faster than those based on standard 
time integration schemes.

1.  Introduction

In a variety of applications, ranging from the design of magnets of fusion devices or accelerators to non-destructive testing, it 
is necessary to perform long time-domain eddy currents simulations over very large or densely discretized conducting domains. 
The computation of eddy currents in bulk conductors for assigned induced or applied voltages from external sources is a standard 
engineering problem, which can be addressed by the means of integral formulations and finite element techniques [1–5]. After 
the discretization to a finite element space, the problem is equivalent to that of solving a linear system of Ordinary Differential 
Equations, possibly with holonomic constraints. In this framework, this contribution describes a modal decomposition approach for 
the simulation of constrained eddy current problems, together with the conditions which make such approach convenient.

Non-destructive testing techniques, based on eddy currents, are very common and widespread, since they have been proven to be 
effective both for non-destructive evaluation [6,7] and for tomographic applications [8]. Generally, an eddy current system for non-
destructive evaluation consists of a set of coils able to induce eddy currents in the specimen under test and to measure the reaction 
magnetic field produced by the latter. One of the main advantages of this configuration is the possibility to perform contactless 
measurements and in-line/on-line inspections following the route designed by the paradigm of Industry 4.0 [9]. However, there are 
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\begin {equation}\label {operat} \OA :\mathbf {v} \in H_L(\Omega ,\partial \Omega ) \mapsto \frac {\mu _0}{4\pi }\int _\Omega \frac {\mathbf {v}(x^\prime ) }{\vert \vert x-x^\prime \vert \vert }\ \textrm {d}V(x')\in L^2(\Omega ;\R ^3),\end {equation}


\begin {equation}\label {eq:operatorcccelectrodes} \OP {I}: \mathbf {w} \in \hport \mapsto \left [ \begin {array}{c} \OP {I}_1 \mathbf {w} \\ \vdots \\ \OP {I}_{N_e} \mathbf {w} \\ \end {array} \right ] \in \mathbb {R}^{N_e}.\end {equation}


\begin {align}\label {eq:L_infinity} L^\infty _+(\Omega ) & :=\{\theta \in L^\infty (\Omega ) \ | \ \theta \geq c_0\ \mathrm {a.e.\ in} \ \Omega \ \mathrm {for}\ c_0>0\},\\ H_{\mathrm {div}}(\Omega ) & :=\{ {\bf v} \in L^2(\Omega ;\R ^3) \ |\ \mathrm {div} ({\bf v}) \in L^2(\Omega )\},\\ H_{\mathrm {curl}}(\Omega ) & :=\{ {\bf v} \in L^2(\Omega ;\R ^3) \ |\ \mathrm {curl} ({\bf v}) \in L^2(\Omega )\},\\ \hsol & :=\left \{ \mathbf {v}\in H_{\rm div}(\Omega )\ | \ \dive (\mathbf {v})=0\ \mathrm {in}\ \Omega ,\ \mathbf {v}\cdot \nn =0\ \mathrm {on}\ \partial \Omega \right \},\\ \label {eq:HL} \hport & :=\left \{ \mathbf {v}\in H_{\rm div}(\Omega )\ | \ \dive (\mathbf {v})=0\ \mathrm {in}\ \Omega ,\ \mathbf {v}\cdot \hat {\bf n}=0\ \mathrm {on}\ \partial \Omega \backslash \Sigma \right \},\end {align}
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\begin {equation*}\hsol = H_L(\Omega ,\emptyset ) \subset \hport \subset H_L(\Omega ,\partial \Omega ).\end {equation*}


$\hsol $


\begin {equation}\label {weakcccform} \left \langle \eta \JJ , \mathbf {w}\right \rangle + \langle \partial _{t} \OA \JJ ,\mathbf {w}\rangle =-\langle \partial _{t}\AAA _S, \mathbf {w}\rangle \quad \forall \mathbf {w}\in H_L(\Omega ),\end {equation}
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\begin {equation}\label {strongcccform} \eta \JJ + \partial _{t} \OA \JJ + \nabla \phi =\partial _{t}{\bf a}_S \quad \text { in } \ \Omega ,\end {equation}
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\begin {align}\label {weakccformccIkcca} \left \langle \eta \JJ , \mathbf {w}\right \rangle + \langle \partial _{t} \OA \JJ ,\mathbf {w}\rangle + \sum _{k=1}^{N_e-1} \phi _k \langle 1,\mathbf {w} \cdot \hat {\bf n} \rangle _{\Sigma _k} & = -\langle \partial _{t} \AAA _S, \mathbf {w}\rangle \quad \forall \mathbf {w}\in \hport \\ \label {weakccformccIkccb} \langle 1,\JJ \cdot \hat {\bf n} \rangle _{\Sigma _k} & = i_k^D \quad k=1,\ldots ,{N_e}-1,\end {align}
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\begin {equation}\OP {I}_k: \mathbf {w} \in \hport \mapsto - \langle 1,\mathbf {w} \cdot \hat {\bf n} \rangle _{\Sigma _k} = - \int _{\Sigma _k} \mathbf {w} \cdot \hat {\bf n} \dd S \in \mathbb {R} \label {Xeqn3-10}\end {equation}
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\begin {equation}\label {eq:directcccsum} \hport = H_0 \oplus H_D,\end {equation}


\begin {equation}H_0 = \left \{ \mathbf {u} \in \hport \, | \, \langle 1, \mathbf {u} \cdot \hat {\bf n} \rangle _{\Sigma _k} = 0, \ k=1,\ldots ,N_e \right \}, \label {Xeqn5-12}\end {equation}
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$\dim \left ( \im \left ( \OP {I} \right ) \right )=N_e-1$
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$\sum _{k=1}^{N_e} \OP {I}_k \mathbf {w} = \int _{\partial \Omega } \mathbf {w} \cdot \hat {\bf n} \dd S =0$
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\begin {equation}\mathbf {w}(x) = \sum _{k=1}^{N_e-1} w^D_k \mathbf {s}^D_k(x) + \mathbf {w}_0(x), \label {Xeqn7-14}\end {equation}


$\left \{ \mathbf {s}^D_1, \ldots , \mathbf {s}^D_{N-1} \right \}$
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\begin {equation}\label {jdec} \mathbf {\JJ }(x,t) = \mathbf {j}_D(x,t) + \mathbf {j}_0(x,t) = \sum _{k=1}^{N_e-1} \jd ^D_k(t) \mathbf {s}^D_k(x) + \mathbf {j}_0(x,t),\end {equation}


$\mathbf {j}_0 \in L^2(0,T;H_0)$


\begin {equation}\label {impocurr} \Amat {F} \, \Avec {\jd ^D}(t)=\Avec {i}_D(t)\end {equation}


$\JD ^D(t)=\left [ \jd ^D_1(t), \ldots , \jd ^D_{N_e-1}(t) \right ]^T$
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\begin {equation}\label {eq:definition_F} F_{kl}=\OP {I}_k \mathbf {s}^D_l = \langle 1, \mathbf {s}^D_l(x) \cdot \hat {\bf n} \rangle _{\Sigma _k}.\end {equation}
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\begin {equation}\label {alphaD} \Avec {\jd ^D}(t)= \Amat {F}^{-1} \Avec {i}_D(t).\end {equation}
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\begin {equation}\label {weakccformccJ0} \left \langle \eta \JJ _0, \mathbf {w}\right \rangle + \langle \partial _{t} \OA \JJ _0,\mathbf {w}\rangle = - \left \langle \eta \JJ _D, \mathbf {w}\right \rangle - \langle \partial _{t} \OA \JJ _D,\mathbf {w}\rangle -\langle \partial _{t} \AAA _S, \mathbf {w}\rangle \quad \forall \mathbf {w}\in H_0,\end {equation}
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\begin {align}\label {sourceccfreecca} \left \langle \eta \JJ , \mathbf {w}\right \rangle + \langle \partial _{t} \OA \JJ ,\mathbf {w}\rangle & = 0, \quad \forall \mathbf {w}\in H_L(\Omega )\\ \label {sourceccfreecccb} \left \langle \eta \JJ _0, \mathbf {w}\right \rangle + \langle \partial _{t} \OA \JJ _0,\mathbf {w}\rangle & = 0, \quad \forall \mathbf {w}\in H_0,\end {align}


$\JJ \in L^2(0,T;\hsol )$
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\begin {equation}\label {sum_f} \mathbf {j}_0\left (x,t\right ) =\sum _{n=1}^\infty i_n\left (t\right )\ {\bf j}_n (x)\quad \textrm {in}\ \Omega \times [0,T],\end {equation}


$i_n \in L^2\left (0,T\right )$
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\begin {equation}\label {eq:tp0} L^{2}\left (0,T; H_0 \right )=\overline {L^2\left (0,T\right )\otimes H_0}.\end {equation}
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\begin {equation}\label {eq:tpL} L^{2}\left (0,T; \hport \right )=\overline {L^2\left (0,T\right )\otimes \hport }.\end {equation}


$H_0$


\begin {equation}\label {eq:generalizedcceigenvalues} \left \langle \OA \JJ ,\mathbf {w}\right \rangle =\tau (\eta )\left \langle \eta \JJ , \mathbf {w}\right \rangle \quad \forall \ \mathbf {w}\in H_0.\end {equation}
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$\langle \mathbf {j}_n,\eta \mathbf {j}_{m}\rangle =0\quad \forall \ n\neq m$
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$\langle \mathbf {j}_n, \OA \mathbf {j}_m\rangle =0\quad \forall \ n\neq m$
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\begin {equation}\label {second_charac} \tau _{n}(\eta ) = \max _{ \dim \left ( U \right ) = n } \min _{ \mathbf {j} \in U} \frac {\langle \OA \mathbf {j}, \mathbf {j}\rangle }{\langle \eta \mathbf {j}, \mathbf {j}\rangle },\end {equation}
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\begin {equation*}\eta _{1} \leq \eta _{2} \ \textrm {a.e. in}\ \Omega \quad \Longrightarrow \quad \tau _{n}\left ( \eta _{1}\right ) \geq \tau _{n}\left ( \eta _{2}\right ) \ \forall n\in \mathbb {N},\end {equation*}
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\begin {equation}\label {odef2} l_n i_n' + r_n i_n=\mathcal {E}^D_n + \mathcal {E}^S_n \quad \forall n \in \mathbb {N}.\end {equation}


\begin {align}r_n & = \left \langle \eta {\bf j}_n, {\bf j}_n\right \rangle , l_n =\left \langle \OA {\bf j}_n,{\bf j}_n \right \rangle \\ \mathcal {E}^D_n & =- \left \langle \eta \JJ _D, {\bf j}_n \right \rangle - \langle \partial _{t}\OA \JJ _D,{\bf j}_n \rangle \\ \mathcal {E}^S_n & =-\langle \partial _{t} \AAA _S, {\bf j}_n \rangle .\end {align}
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\begin {equation}\label {eq:infinitecccsum} \mathbf {j}\left (x,t\right ) =\sum _{n=1}^\infty i_n (t) \, {\bf j}_n (x)\quad \textrm {in}\ \Omega \times [0,T],\end {equation}
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\begin {equation}\label {eq:discrete_sum} \mathbf {j}(x,t) = \sum _{k=1}^{N}{i_k(t) \mathbf {w}_k(x)} ,\end {equation}
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\begin {equation}\label {eq:finite_dimensional_vector_space} X = \mathrm {span}\{ \mathbf {w}_1, \ldots , \mathbf {w}_N\}\end {equation}


$H_L(\Omega ,\Sigma )$


\begin {equation}\label {eq:direct_sum_discrete} X = X_0 \oplus X_D ,\end {equation}
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\begin {equation}X_0 = \{ \mathbf {v}(x) \in X \, | \, \brakket {1}{\mathbf {v}(x) \cdot \nn }_{\Sigma _k}=0 \quad \forall k = 1,\ldots ,N_e\} , \label {Xeqn23-35}\end {equation}
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\begin {align}\label {eq:discretecccversioncc1a} \Amat {R} \Avec {i} + \Amat {L} \deriv {t} \Avec {i} + \Amat {E}^T \Avec {\phi } & = \Avec {v}^s \\ \label {eq:discretecccversioncc1b} \Amat {E} \Avec {i} & = \Avec {i}^D\end {align}
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\begin {align}R_{jk} & = \brakket {\eta \EulerVec {w}_j}{\EulerVec {w}_k} , j,\,k=1,\ldots ,N, \\ L_{jk} & = \brakket { \OA \EulerVec {w}_j}{\EulerVec {w}_k} , j,\,k=1,\ldots ,N. \\ \label {eq:reduced_incedence_matrix}\left (E \right )_{j,k} & = \mathcal {I}_j \mathbf {w}_k = - \brakket {1}{\mathbf {w}_k\cdot \mathbf {\hat {n}}}_{\Sigma _j} \quad \forall j = 1, \ldots , N_e-1 , \quad \forall k = 1, \ldots , N . \\ \label {eq:Vd_voltage} v^s_j & = \brakket {- \partial \EulerVec {a}_s / \partial t }{\EulerVec {w}_j}\end {align}
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\begin {equation}X_0 \equiv \ker {(\Amat {E})} . \label {Xeqn24-42}\end {equation}
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\begin {equation}X_D \equiv \im {(\Amat {E}^T)} . \label {Xeqn25-43}\end {equation}
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\begin {equation}\Avec {i} = \Amat {K} \Avec {i}_i + \Amat {E}^T \Avec {i}_e \label {Xeqn26-44}\end {equation}
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\begin {equation}\label {eq:currentccelectrodes} \Avec {i}_e = ( \Amat {E} \, \Amat {E}^T )^{-1} \Avec {i}^D \, \rightarrow \, \Avec {i} = \Amat {K} \Avec {i}_i + \Amat {E}^T ( \Amat {E} \, \Amat {E}^T )^{-1} \Avec {i}^D .\end {equation}
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\begin {equation}\label {eq:discretecccversioncc2} \Amat {R}_i \Avec {i}_i + \Amat {L}_i \deriv {t} \Avec {i}_i = - \Amat {R}_{ie} \Avec {I}_e - \Amat {L}_{ie} \deriv {t} \Avec {i}_e + \Avec {v}_{s,i} ,\end {equation}


\begin {align}\Amat {R}_i & = \Amat {K}^T \Amat {R} \Amat {K} \\ \Amat {L}_i & = \Amat {K}^T \Amat {L} \Amat {K} \\ \Amat {R}_{ie} & = \Amat {K}^T \Amat {R} \Amat {E}^T \\ \Amat {L}_{ie} & = \Amat {K}^T \Amat {L} \Amat {E}^T \\ \Avec {V}_{s,i} & = \Amat {K}^T \Avec {V_{S}}\end {align}
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\begin {equation}\label {eq:circuitccequationsccv2} \Amat {R}_i \Avec {i}_i + \Amat {L}_i \deriv {t} \Avec {i}_i = - \Amat {R}_{D} \Avec {i}^D - \Amat {L}_D \deriv {t} \Avec {i}^D + \Avec {v_{i}}^s ,\end {equation}


\begin {align}\Amat {R}_D =& \Amat {R}_{ie} \, \left ( \Amat {E} \Amat {E}^T \right )^{-1} , \\ \Amat {L}_D =& \Amat {L}_{ie} \, \left ( \Amat {E} \Amat {E}^T \right )^{-1} .\end {align}
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\begin {equation}\label {eq:generalizedcceigenvaluesccdiscrete} \Amat {L}_i \Avec {v} = \tau \Amat {R}_i \Avec {v}\end {equation}
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\begin {align}\mathbf {v}_{k}^T \, \Amat {L}_{i} \, \mathbf {v}_j = \Big \{ \begin {array}{@{}c@{\qquad }c@{}} 0 & \forall k \neq j \\ l_k & k=j \end {array},\\ \mathbf {v}_{k}^T \, \Amat {R}_{i} \, \mathbf {v}_j = \Big \{ \begin {array}{@{}c@{\qquad }c@{}} 0 & \forall k \neq j \\ r_k & k=j \end {array},\end {align}
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\begin {equation}\tau _n = \max _{\dim {U}=n} \min _{\mathbf {x}\in U}{\frac {\mathbf {x}^T \, \Amat {L}_{i} \, \mathbf {x}}{\mathbf {x}^T \, \Amat {R}_{i} \, \mathbf {x}}} \label {Xeqn32-60}\end {equation}
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\begin {equation}\label {eq:modalccdecompositionccdiscrete} l_n {\Aesigscalar {i}_n}' + r_n \Aesigscalar {i}_n = \Aesigscalar {e}_n , \forall n=1,{\ldots },N_0 .\end {equation}


$l_n = \Avec {v}_n^T \, \Amat {L}_{i} \, \Avec {v}_n$


$r_n = \Avec {v}_n^T \, \Amat {R}_{i} \, \Avec {v}_n$


$\Aeig {e}_n = - \Avec {v}_n^T ( \Amat {L}_D d{\Avec {i}^D}/dt + \Amat {R}_D \Avec {i}^D + \Avec {v}^s_i)$


$n$


$\tau _n = l_n / r_n$


$\Avec {I}_i(t) \in L^2(0,T;\mathbb {R}^{N_0})$


$\theta $


\begin {equation}\begin {aligned} \left ( \Amat {L}_i + \Delta t \, \theta \, \Amat {R}_i \right ) \, \delta \Avec {i}_i^{(k+1)} = & - \Delta t \Amat {R}_i \, \Avec {i}_i^{(k)} - \Delta t \Amat {R}_{D} \, \Avec {i}^{D,(k)} \\ & - \left ( \Amat {L}_{D} + \Delta t \, \theta \, \Amat {R}_{D} \right ) \, \delta \Avec {i}^{D,(k+1)} + \Delta t \left [ (1-\theta ) {\Avec {v}^s_{i}}^{(k)} + \theta {\Avec {v}^s_{i}}^{(k+1)}\right ] \end {aligned} \label {eq:timeccintegration}\end {equation}


\begin {equation}\begin {aligned} \delta \Avec {i}_i^{(k+1)} &= \left ( \Avec {i}^{(k+1)} - \Avec {i}^{(k)} \right ) , \\ \delta \Avec {i}_i^{D,(k+1)} &= \left ( \Avec {i}^{D,(k+1)} - \Avec {i}^{D,(k)} \right ) . \end {aligned} \label {Xeqn35-63}\end {equation}


$\theta $


$[0,1]$


$\theta = 1$


$\Amat {Z} = \left ( \Amat {L}_i + \Delta t \, \theta \Amat {R}_i \right )$


$\theta $


$\Delta t$


$\Amat {Z}$


$\Amat {Z} = \Amat {C} \, \Amat {C}^T$


$\Amat {C}$


$\Amat {C} \, \Avec {y} = \Avec {b}$


$\Amat {C}^T \, \delta \Avec {i}_i^{(k+1)} = \Avec {y}$


$\Avec {b}$


$\Avec {i}_i^{(k)}$


$\Amat {Z}$


$\Avec {i}_i^{(k)}$


$\Avec {I}_i(t)$


$t \in (0, T)$


$\theta $


$N_0$


\begin {equation}\label {eqn:disccprobccv} \left ( l_n + \Delta t \, \theta \, r_n \right ) \delta \Aesigscalar {i}_n = - \Delta t\, \textcolor {red}{r}_n \Aesigscalar {i}_n^{(k)} + \theta \Aesigscalar {e}_n^{(k+1)} + (1-\theta ) \Aesigscalar {e}_n^{(k)} ,\end {equation}


$\Aeig {e}_n$


$N$


$\Aesigscalar {e}_n$


$- \Avec {v}_n^T \Amat {L}_D$


$- \Avec {v}_n^T \Amat {R}_D$


$N_e\ll N_0$


$\JJ _S(x,t)$


$\JJ _S(x,t)=\alpha (t) \mathbf {u}_s(x)$


$\Avec {v}^s_i=\alpha (t)\widetilde {\Avec {v}}^s_i$


$\widetilde {\Avec {v}}_s^i$


$\alpha (t)$


$- \Avec {v}_n^T\widetilde {\Avec {v}}^s_i$


$\alpha (t)$


$\Delta t$


$168.28\,\text {mm}$


$3\,\text {mm}$


$1.5\,\text {m}$


$\eta =1.09\times 10^{-6}\,\Omega \cdot m$


\begin {equation}\label {eqn:exc} i(t)=\sum _{k=1}^{N_s}I_k\sin \left (2\pi f_k t+\phi _k\right ).\end {equation}


$N_s=30$


$I_k=4\,\text {A}$


$\{$


$\}$


$\phi _k$


$i(t)$


\begin {equation*}\phi _k=-\pi \frac {k(k-1)}{N_s},\end {equation*}


$i(t)$


$48\,\text {A}$


$-43\,\text {A}$


$N_p=301$


$3\,\text {mm}$


$750\,\text {mm}$


$\pi $


$e^{j\omega _k t}$


$\omega _k=2\pi f_k$


\begin {align}\Delta \mathbf {B}_k^{ci}(\varphi _h)&=\mathbf {B}_k^{ci}(\varphi _h)-\mathbf {B}_k^{bg}(\varphi _h) \label {eqn:diff1} \\ \Delta \mathbf {B}_k^{co}(\varphi _h)&=\mathbf {B}_k^{co}(\varphi _h)-\mathbf {B}_k^{bg}(\varphi _h), \label {eqn:diff2}\end {align}


$\mathbf {B}_k(\varphi _h)$


$\varphi $


$f_k$


$\varphi _h$


$(bg)$


$ic$


$(oc)$


$\Delta \mathbf {B}_1^{ci}$


$\Delta \mathbf {B}_1^{co}$


$\Delta \mathbf {B}_{30}^{ci}$


$\Delta \mathbf {B}_{30}^{co}$


$\Delta \mathbf {B}_k$


$N_s$


$i(t)=I_k\sin (2\pi f_k t)$


$\omega _k=2\pi f_k$


$k-$


$N_s$


$N_s$


$30,000$


$f_{30} =$


$B_{\varphi }^{bg}(\varphi ,t)$


$B_{\varphi }^{ci}(\varphi ,t)$


$B_{\varphi }^{co}(\varphi ,t)$


$\varphi $


$B_{\varphi }$


$\varphi $


$\{\mathbf {B}^{bg}_k(\varphi _h)\}_{h,k}$


$\{\mathbf {B}^{ci}_k(\varphi _h)\}_{h,k}$


$\{\mathbf {B}^{co}_k(\varphi _h)\}_{h,k}$


$B_{\varphi }^{bg}(\varphi ,t)$


$B_{\varphi }^{ci}(\varphi ,t)$


$B_{\varphi }^{co}(\varphi ,t)$


$58332$


$52940$


$100676$


$\mathbf {L}_i + \Delta t\,\theta \, \mathbf {R}_i$


$N_s$


$\mathbf {L}_i + \Delta t\,\theta \, \mathbf {R}_i$


$N_s$


$\mathbf {L}_i + \Delta t\,\theta \, \mathbf {R}_i$


$H_L(\Omega ,\Sigma )$


$H_L(\Omega ,\Sigma )=H_0 \oplus H_D$


$H_0$


$\mathbf {u}$


$\left ( \langle 1, \mathbf {j} \cdot \hat {\bf n} \rangle _{\Sigma _k} = 0, \ k=1,\ldots ,N_e \right )$


$H_D$


$H_D$


$(N_e - 1)$


$N_e$


$\simeq 8$


$0.5$


$C_{CF} N^3$


$C_{GEP} N^3$


$C_{CF}$


$C_{GEP}$


$C_{TS} N$


$C_{BS} N^2$


$C_{TS}$


$C_{BS}$


$N$

https://orcid.org/0000-0002-8358-4544
https://orcid.org/0000-0002-2121-3166
https://orcid.org/0000-0003-0506-8955
https://orcid.org/0000-0003-2462-6350
mailto:andreagaetano.chiariello@unicampania.it
https://doi.org/10.1016/j.jcp.2025.114477
https://doi.org/10.1016/j.jcp.2025.114477
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcp.2025.114477&domain=pdf
http://creativecommons.org/licenses/by/4.0/


S. Ventre, V. Mottola, N. Isernia et al.

Table 1 
Notation adopted throughout the article.
 a  discrete vector (1D array)
𝐀  discrete matrix (2D array)
𝐚(x)  vector field in Euclidean three-dimensional space
⟨𝐴,𝐵⟩  Euclidean scalar product between scalar or vector fields in 𝐿2(Ω)
⟨𝐴,𝐵⟩Σ𝑘

 scalar product on Σ𝑘
  Linear operator 𝐻𝐿(Ω, 𝜕Ω) → 𝐿2(Ω,ℝ3) defined by (7)
  Linear operator 𝐻𝐿(Ω,Σ) → ℝ𝑁𝑒  defined by (14)

specific applications where variants of this contactless method provide a valuable option as, for instance, in the inspection of oil and 
gas pipelines.

In the case of long pipelines, a relatively new technique has been recently proposed [10,11]. This approach requires to directly 
inject alternating currents into the specimen under test (SUT) by means of proper conductors located at, potentially, long distances 
(of the order of kilometers) [12], and to measure the resulting magnetic flux density even relatively far away from the pipe (at most 
2m) [12]. The direct current injection gives, also, the possibility to operate on a wider range of frequency, from quasi direct currents 
to hundreds of kHz [11], and, hence, to detect both inner and outer defects in the pipe, being the eddy currents capable of fully 
penetrating the specimen.

The AC Current Potential Drop (ACPD) is another variant of the method, also widely employed in this scenario. It consists in a 
four points measurement, in which two electrodes are used to inject an alternating current into the specimen while the remaining 
two electrodes measure a voltage drop. The voltage drop can be related to the thickness, the electrical conductivity or to the presence 
of flaws in the specimen [13–15]. The ACPD has been successfully applied to monitor crack growth [16] and creep strain [17] in 
steel and to infer stress [18], showing better performances and reliability then other non-destructive techniques, in addition to the 
capability to be employed in-line inspections.

For both the two discussed methods, numerical simulations plays a fundamental role for different reasons. Indeed, (i) numerical 
simulations are the key tool in the design and development of inspection systems, allowing to optimize the design parameters to 
achieve better overall performances, (ii) numerical simulations are essential in the solution of the inverse problem, i.e. retrieving the 
unknown parameters of the specimen under test, since they represent a vital block for any iterative scheme [19], (iii) the possibility to 
numerically simulate the magnetic response in the presence of different flaws allows to build a database of signals for a large variety 
of different defect for shape, position and dimension that can be used in implementing metrics performance for non-destructive 
evaluation techniques [11]. However, numerical simulations in this context pose some challenges. Indeed, a proper inspection (see 
Section 4) may requires measurements at either (i) many different frequencies at the same time, or (ii) in the time domain for long 
transient. In other words, there is a need of fast electromagnetic solver specifically tailored for this kind of scenario.

Modal decomposition of eddy current problems has found applications both in the field of imaging and material characterization 
[8], and of the plasma-wall interaction studies in magnetic confinement fusion devices [20,21]. Those applications focus on the 
solution of specific problems after their approximation by proper finite element techniques and do not consider the possibility of 
having injected currents. Recently, in the absence of impressed currents, it was shown rigorously that a modal decomposition of 
the eddy current problem into an infinite countable set of eigenmodes is always possible for bounded domains [22]. The related 
eigenvalues can be ordered in descending order, providing useful indications on how to approximate the solution via a finite set of 
basis functions.

This paper proposes a theoretical contribution on the existence of a modal decomposition for eddy current problems in a general 
setting, which is then translated into a highly efficient numerical method for speeding up the associated numerical computations. 
First we show how some of the results presented in [22] can be extended to the case where injected currents into conductors are also 
present. This is relevant both for the inspection of pipes via some non-destructive-evaluation techniques and for the analysis of halo 
currents generated during disruptions of tokamak experiments. Hence, the attention is devoted to the possibility of representing the 
exact solution of the continuum eddy current problem as a linear combination of a countable set of eigenmodes, even in the presence 
of injected currents through electrodes placed on the boundary of the conducting domain. Those considerations are consequently 
translated to the discrete context, after the approximation of an integral formulation of the eddy current problem by means of an 
finite element technique. The modal approach is embedded in the numerical method with reference to problems where the required 
accuracy makes a direct solver mandatory. Indeed, in these cases, the computational cost to factorize the stiffness matrix (“classical” 
approach) and that for evaluating the modal decomposition are comparable (𝑁3∕3 vs. 11𝑁3∕3). This makes the modal decomposition 
a key numerical tool for reducing the computational cost in transients where a “large”  number of time-steps is required, as is 
the case for long transients and/or stiff problems, and/or driving signals with large bandwidth. Indeed, in these cases, the modal 
decomposition is more efficient than evaluating a backsubstitution at each time step (the classical approach). Dedicated examples 
from eddy current testing will allow us to provide indications on when and why it is convenient to perform a modal decomposition 
of the original problem in treating large constrained and unconstrained eddy current simulations, rather than resorting to classic 
numerical integration schemes.

The paper is organized as follows: in Section 2 the mathematical model is detailed and the modal decomposition for the eddy 
current problem in the presence of electrodes is derived, in Section 3 the numerical model is formulated, and in Section 4 a realistic 
numerical example for the non-destructive testing of a pipe is reported, where a transient problem is analyzed in the presence of 
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multi-frequency driving, comparing performances of the proposed method to the other existing numerical techniques. Finally, in 
Section 5, conclusions are drawn.

2.  Modal decomposition of the eddy current density

2.1.  Notations and functional spaces

Throughout this paper, Ω is the region occupied by the conducting material. We assume Ω ⊂ ℝ3 to be an open connected bounded 
domain, with a Lipschitz boundary and outer unit normal 𝐧̂. We denote by 𝑉  and 𝑆 the 3-dimensional and the bi-dimensional 
Hausdorff measure in ℝ3, respectively and by ⟨⋅, ⋅⟩ the usual 𝐿2-integral product on Ω. (Refer to List of symbols and conventions
in Table 1).

Hereafter we refer to the following functional spaces
𝐿∞
+ (Ω) ∶= {𝜃 ∈ 𝐿∞(Ω) | 𝜃 ≥ 𝑐0 a.e. in Ω for 𝑐0 > 0}, (1)

𝐻div(Ω) ∶= {𝐯 ∈ 𝐿2(Ω;ℝ3) | div(𝐯) ∈ 𝐿2(Ω)}, (2)

𝐻curl(Ω) ∶= {𝐯 ∈ 𝐿2(Ω;ℝ3) | curl(𝐯) ∈ 𝐿2(Ω)}, (3)

𝐻𝐿(Ω) ∶=
{

𝐯 ∈ 𝐻div(Ω) | div(𝐯) = 0 in Ω, 𝐯 ⋅ 𝐧̂ = 0 on ∂Ω
}

, (4)

𝐻𝐿(Ω,Σ) ∶=
{

𝐯 ∈ 𝐻div(Ω) | div(𝐯) = 0 in Ω, 𝐯 ⋅ 𝐧̂ = 0 on ∂Ω∖Σ
}

, (5)

and to the derived spaces 𝐿2(0, 𝑇 ;𝐻𝐿(Ω)), 𝐿2(0, 𝑇 ;𝐻𝐿(Ω,Σ)) and 𝐿2(0, 𝑇 ;𝐻curl(Ω)), for any 0 < 𝑇 < +∞.
It is worth noting that 𝐻𝐿(Ω) is required to account for vector fields that cannot enter/leave the domain Ω, whereas 𝐻𝐿(Ω, 𝜕Ω) is 

required to account for vector fields that can enter/leave the domain Ω through the entire 𝜕Ω. Finally, 𝐻𝐿(Ω,Σ) is required to account 
for vector fields that can leave the domain Ω only through surface Σ (see Fig. 1). Moreover,

𝐻𝐿(Ω) = 𝐻𝐿(Ω, ∅) ⊂ 𝐻𝐿(Ω,Σ) ⊂ 𝐻𝐿(Ω, 𝜕Ω).

We refer to [23,24] for 𝐻𝐿(Ω) and a general discussion on functional spaces related to Maxwell equations.

2.2.  Mathematical model for the eddy current problem

The eddy current problem, corresponding to Maxwell’s equation in the Magneto-Quasi-Stationary limit (see [25]), can be cast 
in several different manners. Among them, an interesting formulation is that proposed by A. Bossavit (see [24]) consisting in the 
following integral formulation in the weak form:

⟨𝜂𝐣,𝐰⟩ + ⟨𝜕𝑡𝐣,𝐰⟩ = −⟨𝜕𝑡𝐚𝑆 ,𝐰⟩ ∀𝐰 ∈ 𝐻𝐿(Ω), (6)

where 𝜂 ∈ 𝐿∞
+ (Ω), 𝐣 ∈ 𝐿2(0, 𝑇 ;𝐻𝐿(Ω)) is the unknown induced current density, Ω is the region occupied by the conducting material, 

 is the compact, self-adjoint, positive definite operator:

 ∶ 𝐯 ∈ 𝐻𝐿(Ω, 𝜕Ω) ↦
𝜇0
4𝜋 ∫Ω

𝐯(𝑥′)
||𝑥 − 𝑥′||

d𝑉 (𝑥′) ∈ 𝐿2(Ω;ℝ3), (7)

𝜂 ∈ 𝐿∞
+ (Ω) is the electrical resistivity, 𝜇0 is the free space magnetic permeability, 𝐚𝑆 ∈ 𝐿2(0, 𝑇 ;𝐻curl(Ω)) is the vector potential pro-

duced by the prescribed source current 𝐣𝑆 ∈ 𝐿2(0, 𝑇 ;𝐻𝐿(Ω𝑆 )), Ω𝑆 is a bounded open set with Lipschitz boundary that is electrically 
insulated from Ω.

Fig. 1. Example of possible electrical current densities flowing in Ω.
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Fig. 2. Possible geometries for surface Σ𝑘 (a) simply connected, (b) different simply connected components, (c) single connected component that is 
not simply connected, (d) different connected components that may be simply connected or not.

Remark 2.1. The integral formulation of (6) can be easily understood by combining (i) the constitutive relationship 𝐞 = 𝜂𝐣, (ii) the 
electric field expressed in terms of vector and scalar potential as 𝐞 = −𝜕𝑡𝐚 − 𝜕𝑡𝐚𝑆 − ∇𝜙, being 𝐚 the vector potential due to the induced 
current density 𝐣 and 𝜙 the total scalar potential, and (iii) the vector potential due to the eddy current density expressed as 𝐚 = 𝐣:

𝜂𝐣 + 𝜕𝑡𝐣 + ∇𝜙 = 𝜕𝑡𝐚𝑆  in Ω, (8)

The vector potential in (7) is selected according the Coulomb’s gauge. The Magneto-Quasi-Stationary approximation dictates the 
choice of the functional space (𝐻𝐿(Ω)) and causes propagation to be neglected in the kernel of the operator .

It is worth noting that (6) models the physical situation when 𝜕Ω, the boundary of the conducting domain, is in contact with an 
electrical insulator, indeed 𝐣 ⋅ ̂̂𝐧 = 0 on 𝜕Ω since 𝐣 ∈ 𝐻𝐿(Ω). A situation of relevant interest, which is the main focus of this contribu-
tion, is when electrical currents can flow through 𝜕Ω via a set of 𝑁𝑒 boundary electrodes. Let Σ𝑘 ⊂ 𝜕Ω, 𝑘 = 1,… , 𝑁𝑒 be the surface 
representing the 𝑘−th electrode. The Surface Σ𝑘 is assumed to consist of a finite number of connected components, each connected 
component may be either simply connected or multiply connected, and the boundary of each connected component is Lipschitz (see 
Fig. 2). The electric current density 𝐣 is an element of 𝐿2(0, 𝑇 ;𝐻𝐿(Ω,Σ)) where Σ =

⋃𝑁𝑒
𝑘=1 Σ𝑘. If, in addition, (i) the electrodes are made 

by a perfect conducting material and (ii) the net current through each electrode is imposed and equal to 𝑖𝑘(𝑡), the equivalent of (6), 
obtained from (8) written in the weak form, is

⟨𝜂𝐣,𝐰⟩ + ⟨𝜕𝑡𝐣,𝐰⟩ +
𝑁𝑒−1
∑

𝑘=1
𝜙𝑘⟨1,𝐰 ⋅ 𝐧̂⟩Σ𝑘 = −⟨𝜕𝑡𝐚𝑆 ,𝐰⟩ ∀𝐰 ∈ 𝐻𝐿(Ω,Σ) (9)

⟨1, 𝐣 ⋅ 𝐧̂⟩Σ𝑘 = 𝑖𝐷𝑘 𝑘 = 1,… , 𝑁𝑒 − 1, (10)

being 𝐣 ∈ 𝐿2(0, 𝑇 ;𝐻𝐿(Ω,Σ)). In (9) it has been exploited that (i) implies the scalar potential to be constant on each electrode, whereas 
(ii) implies the constraint (10). In (9) and (10), we assumed the 𝑁𝑒−th electrode to be grounded, i.e. 𝜙𝑁𝑒

= 0. It is worth noting that 
the 𝜙𝑘’s are unknown functions of the time and 𝑖𝐷𝑁𝑒

= −𝑖𝐷1 −…− 𝑖𝐷𝑁𝑒−1
 because Ω is connected.

Remark 2.2. The linear functional:
𝑘 ∶ 𝐰 ∈ 𝐻𝐿(Ω,Σ) ↦ −⟨1,𝐰 ⋅ 𝐧̂⟩Σ𝑘 = −∫Σ𝑘

𝐰 ⋅ 𝐧̂d𝑆 ∈ ℝ (11)
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gives the net electrical current entering Ω through the 𝑘−th electrode Σ𝑘 and due to 𝐰.

An effective approach to pose problem (9), (10) consists in decomposing 𝐻𝐿(Ω,Σ) in terms of an orthogonal direct sum:

𝐻𝐿(Ω,Σ) = 𝐻0 ⊕𝐻𝐷, (12)

where

𝐻0 =
{

𝐮 ∈ 𝐻𝐿(Ω,Σ) | ⟨1,𝐮 ⋅ 𝐧̂⟩Σ𝑘 = 0, 𝑘 = 1,… , 𝑁𝑒

}

, (13)

and 𝐻𝐷 = 𝐻⊥
0 . We notice that, ∀𝐮 ∈ 𝐻𝐷 two or more terms of the type ⟨1,𝐮 ⋅ 𝐧̂⟩Σ𝑘  are non vanishing.

Remark 2.3. It is worth noting that 𝐻0 represents solenoidal vector fields which do not correspond to a net circulation of electrical 
currents among the electrodes placed on the boundary of Ω. Similarly, 𝐻𝐷 represents solenoidal vector fields corresponding to a net 
circulation of electrical currents among the electrodes.

It results that dim (

𝐻𝐷
)

= 𝑁𝑒 − 1, as from the following proposition.

Proposition 2.4. If Ω is a domain and on its boundary 𝜕Ω there are 𝑁𝑒 electrodes/ports Σ1,… ,Σ𝑁𝑒
, then dim (

𝐻𝐷
)

= 𝑁𝑒 − 1.

Proof.  First, we notice that 𝐻0 = ker(), where  is the operator giving the net electrical current entering the electrodes/ports 
Σ1,… ,Σ𝑁𝑒

 ∶ 𝐰 ∈ 𝐻𝐿(Ω,Σ) ↦
⎡

⎢

⎢

⎣

1𝐰
⋮

𝑁𝑒
𝐰

⎤

⎥

⎥

⎦

∈ ℝ𝑁𝑒 . (14)

Then, we notice that dim (im()) = 𝑁𝑒 − 1. Indeed, since Ω is assumed to be a domain (a non-empty connected open set), it results 
that ∑𝑁𝑒

𝑘=1 𝑘𝐰 = ∫𝜕Ω 𝐰 ⋅ 𝐧̂d𝑆 = 0, via a divergence Theorem. This proves that the dimension of the preimage of im() under  is equal 
to 𝑁𝑒 − 1.

The conclusions follows by recognizing that the latter, the preimage of im() under , coincides with 𝐻𝐷. ∎
From (12) and Proposition 2.4 it follows that an arbitrary element of 𝐻𝐿(Ω,Σ) can be decomposed as:

𝐰(𝑥) =
𝑁𝑒−1
∑

𝑘=1
𝑤𝐷

𝑘 𝐬
𝐷
𝑘 (𝑥) + 𝐰0(𝑥), (15)

where {𝐬𝐷1 ,… , 𝐬𝐷𝑁−1
} forms a basis of 𝐻𝐷 and 𝐰0 ∈ 𝐻0.

This decomposition induces a similar one on 𝐿2(0, 𝑇 ;𝐻𝐿(Ω,Σ)), that gives the unknown 𝐣 to be represented as

𝐣(𝑥, 𝑡) = 𝐣𝐷(𝑥, 𝑡) + 𝐣0(𝑥, 𝑡) =
𝑁𝑒−1
∑

𝑘=1
𝛼𝐷𝑘 (𝑡)𝐬

𝐷
𝑘 (𝑥) + 𝐣0(𝑥, 𝑡), (16)

being 𝐣0 ∈ 𝐿2(0, 𝑇 ;𝐻0).
Decomposition (16) allows to solve constraint (10) easily. Indeed, when plugging (16) in (10) one has

𝐅𝛂𝐃(𝑡) = 𝐢𝐷(𝑡) (17)

where 𝛂𝐷(𝑡) =
[

𝛼𝐷1 (𝑡),… , 𝛼𝐷𝑁𝑒−1
(𝑡)
]𝑇
, 𝐢𝐷(𝑡) =

[

𝑖𝐷1 (𝑡),… , 𝑖𝐷𝑁𝑒−1
(𝑡)
]𝑇

 and the matrix 𝐅 ∈ ℝ(𝑁𝑒−1)×(𝑁𝑒−1) is defined as:

𝐹𝑘𝑙 = 𝑘𝐬𝐷𝑙 = ⟨1, 𝐬𝐷𝑙 (𝑥) ⋅ 𝐧̂⟩Σ𝑘 . (18)

Since 𝐅 is a full rank matrix, the solution of (17) is:

𝛂𝐃(𝑡) = 𝐅−1𝐢𝐷(𝑡). (19)

At this stage, 𝐣𝐷 is known and constraint (10) is satisfied. The equation for 𝐣0 comes by imposing (9) in 𝐻0 rather than in 𝐻𝐿(Ω,Σ). 
By doing this, it turns out that

⟨𝜂𝐣0,𝐰⟩ + ⟨𝜕𝑡𝐣0,𝐰⟩ = −⟨𝜂𝐣𝐷,𝐰⟩ − ⟨𝜕𝑡𝐣𝐷,𝐰⟩ − ⟨𝜕𝑡𝐚𝑆 ,𝐰⟩ ∀𝐰 ∈ 𝐻0, (20)

where 𝐣0 ∈ 𝐿2(0, 𝑇 ;𝐻0). Eq. (20), together with (19), is the governing equation for this contribution.

Remark 2.5. In the weak formulation (9) or its equivalent (20), it is convenient to split the source vector potentials in two terms: 
a first term 𝐚𝐷 devoted to the direct driving of electrical currents in the conducting domain Ω and another term 𝐚𝐸 accounting for 
external electrical currents densities that are not entering into Ω, i.e. 𝐚𝑆 = 𝐚𝐷 + 𝐚𝐸 (see Fig. 3).
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Fig. 3. Example of electrical currents external to Ω, either applied through the boundary electrodes (𝑖1, 𝑖2, 𝑖3
) or circulating in the external region 

Ω𝐸 . Notice that 𝑖1 + 𝑖2 + 𝑖3 = 0 and that 𝐣𝐸 produces the vector potential 𝐚𝐸 .

2.3.  Modal decomposition

The modal decomposition for eddy current problems has been introduced and developed in [22] for problem (6).
The modal decomposition follows from space/time separation of variables applied to the source free problem. This is a key point 

to extend the results in [22] related to the modal decomposition for (6) (absence of boundary electrodes), to the eddy current problem 
in the presence of injected electrical current via a set of boundary electrodes, as described in (20) and (19). Indeed, by zeroing all
source terms, problems (6) and (20) become

⟨𝜂𝐣,𝐰⟩ + ⟨𝜕𝑡𝐣,𝐰⟩ = 0, ∀𝐰 ∈ 𝐻𝐿(Ω) (21)

⟨𝜂𝐣0,𝐰⟩ + ⟨𝜕𝑡𝐣0,𝐰⟩ = 0, ∀𝐰 ∈ 𝐻0, (22)

where 𝐣 ∈ 𝐿2(0, 𝑇 ;𝐻𝐿(Ω)) and 𝐣0 ∈ 𝐿2(0, 𝑇 ;𝐻0). It is clear that the problems giving rise to the modal decomposition in the absence 
of boundary electrodes (see (21)) or in the presence of boundary electrodes (see (22)) are similar and, indeed, they differ only for 
the underlying functional space that is 𝐿2(0, 𝑇 ;𝐻𝐿(Ω)) and 𝐿2(0, 𝑇 ;𝐻0), respectively. Luckily, the change of functional space has a 
minor impact and it is possible to prove that all the results developed for modal decomposition for problem (21) (see [22]) can be 
extended to the problem (22). Here, for the sake of completeness, we briefly summarize the key findings.

Modal Decomposition
The solution of problem (20) can be expanded in terms of a Fourier series as

𝐣0(𝑥, 𝑡) =
∞
∑

𝑛=1
𝑖𝑛(𝑡) 𝐣𝑛(𝑥) in Ω × [0, 𝑇 ], (23)

where 𝑖𝑛 ∈ 𝐿2(0, 𝑇 ) and {𝐣𝑛
}+∞
𝑛=1 is the set of modes. In other terms, we have the following fundamental decomposition

𝐿2(0, 𝑇 ;𝐻0
)

= 𝐿2(0, 𝑇 )⊗𝐻0. (24)

By combining (24), that {𝐬𝐷1 ,… , 𝐬𝐷𝑁−1
} forms a basis of 𝐻𝐷 and (12), it results that

𝐿2(0, 𝑇 ;𝐻𝐿(Ω,Σ)
)

= 𝐿2(0, 𝑇 )⊗𝐻𝐿(Ω,Σ). (25)

A Generalized Eigenvalue Problem
The modes, and the related eigenvalues, are the solutions in 𝐻0 of the following generalized eigenvalue problem:

⟨𝐣,𝐰⟩ = 𝜏(𝜂)⟨𝜂𝐣,𝐰⟩ ∀ 𝐰 ∈ 𝐻0. (26)

Properties of the modes and eigenvalues

1. the generalized eigenvalues and eigenvectors form countable sets: {𝜏𝑛(𝜂)
}

𝑛∈ℕ and 
{

𝐣𝑛
}

𝑛∈ℕ;
2. the set of eigenvectors {𝐣𝑛}𝑛∈ℕ forms a complete basis in 𝐻0;
3. The elements 𝐣𝑛 are orthogonal with respect to 𝜂, i.e. ⟨𝐣𝑛, 𝜂𝐣𝑚⟩ = 0 ∀ 𝑛 ≠ 𝑚;
4. The elements 𝐣𝑛 are orthogonal with respect to , i.e. ⟨𝐣𝑛,𝐣𝑚⟩ = 0 ∀ 𝑛 ≠ 𝑚;
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5. the eigenvalues can be ordered such that 𝜏𝑛(𝜂) ≥ 𝜏𝑛+1(𝜂);
6. 𝜏𝑛(𝜂) > 0 and lim𝑛→+∞ 𝜏𝑛(𝜂) = 0;
7. the following max-min variational characterization of 𝜏𝑛(𝜂) holds:

𝜏𝑛(𝜂) = max
dim (𝑈 )=𝑛

min
𝐣∈𝑈

⟨𝐣, 𝐣⟩
⟨𝜂𝐣, 𝐣⟩

, (27)

where 𝑈 is a linear subspace of 𝐻0;
8. the eigenvalues satisfies a Monotonicity Principle w.r.t. the electrical resistivity 𝜂:

𝜂1 ≤ 𝜂2 a.e. in Ω ⟹ 𝜏𝑛
(

𝜂1
)

≥ 𝜏𝑛
(

𝜂2
)

∀𝑛 ∈ ℕ,

where 𝜂1, 𝜂2 ∈ 𝐿∞
+ (Ω), 𝜏𝑛

(

𝜂1
) and 𝜏𝑛

(

𝜂2
) are the 𝑛−th eigenvalues related to 𝜂1 and 𝜂2, respectively;

Decoupling the Eddy Current Problem
Once the modes {𝐣𝑛

}

𝑛∈ℕ have been computed for a given electrical resistivity 𝜂, the eddy current density is determined from the 
𝑖𝑛s. The evolution of these functions of the time is determined by the following first order linear ODE:

𝑙𝑛𝑖
′
𝑛 + 𝑟𝑛𝑖𝑛 = 𝐷

𝑛 + 𝑆
𝑛 ∀𝑛 ∈ ℕ. (28)

In (28)
𝑟𝑛 = ⟨𝜂𝐣𝑛, 𝐣𝑛⟩, 𝑙𝑛 = ⟨𝐣𝑛, 𝐣𝑛⟩ (29)

𝐷
𝑛 = −⟨𝜂𝐣𝐷, 𝐣𝑛⟩ − ⟨𝜕𝑡𝐣𝐷, 𝐣𝑛⟩ (30)

𝑆
𝑛 = −⟨𝜕𝑡𝐚𝑆 , 𝐣𝑛⟩. (31)

Hereafter we assume the unit of 𝑖𝑛 to be that of an electrical current (A), in the International System of Units (SI). The unit of j𝑛
is, therefore, the inverse of an area (m−2), the unit of 𝑟𝑛 is electrical resistance (Ω), the unit of 𝑙𝑛 is henry (H), and the unit of 𝐷

𝑛  and 
𝑆
𝑛  is volt (V).
Eq. (28) is the key to fast solution of eddy current problems: once the modes {𝐣𝑛

}

𝑛∈ℕ are available, the computation of the 𝑖𝑛s is 
modeled by decoupled ODEs. Their solution can be computed (i) separately, (ii) with different integration methods, (iii) in a parallel 
environment, and (iv) in a selective manner.

It is worth noticing that, due to property 6 of the modes and eigenvalues, Eq. (28) is stable.

3.  Modal decomposition in the discrete setting

This Section is devoted to the translation of the results and properties discussed in previous Section for the continuum model, to 
a discrete context where an approximate solution is sought in a finite-dimensional subspace of 𝐻𝐿(Ω,Σ). First the approximation of 
the problem to a finite-dimensional version is discussed in Section 3.1. The implications of the properties of modes and eigenvalues 
discussed in the continuum framework on the finite approximation are then specified in Section 3.2.

3.1.  Discrete model

Eq. (25) reveals that the solution of the constrained eddy current problem (9)–(10) can be regarded as an infinite sum of factorized 
terms:

𝐣(𝑥, 𝑡) =
∞
∑

𝑛=1
𝑖𝑛(𝑡) 𝐣𝑛(𝑥) in Ω × [0, 𝑇 ], (32)

where 𝑖𝑛(𝑡) ∈ 𝐿2(0, 𝑇 ) and 𝐣𝑛(𝑥) ∈ 𝐻𝐿(Ω,Σ) for each 𝑛 ∈ ℕ+. This allows to interpret the standard Galerkin approximation of problem 
(9)–(10) in terms of a truncation of the series (32):

𝐣(𝑥, 𝑡) =
𝑁
∑

𝑘=1
𝑖𝑘(𝑡)𝐰𝑘(𝑥), (33)

where {𝐰𝑘(𝑥) ∈ 𝐻𝐿(Ω,Σ), 𝑘 = 1,… , 𝑁} is a discrete set of basis functions and the 𝑖𝑘s are the related degrees of Freedom.
Clearly

𝑋 = span{𝐰1,… ,𝐰𝑁} (34)

is a vector subspace of 𝐻𝐿(Ω,Σ) of finite dimension, which shall be constructed conveniently, e.g. introducing a discretization and a 
finite element approximation of the problem.

Exactly as in the continuum model, it is convenient to introduce an orthogonal decomposition to distinguish between currents 
internal to the conducting domain and currents associated to net fluxes through electrodes. In different words, we are looking for the 
discrete analog of decomposition (12), i.e.

𝑋 = 𝑋0 ⊕𝑋𝐷, (35)
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where 𝑋0 is the discrete approximation of 𝐻0, i.e.
𝑋0 = {𝐯(𝑥) ∈ 𝑋 | ⟨1, 𝐯(𝑥) ⋅ 𝐧̂⟩Σ𝑘 = 0 ∀𝑘 = 1,… , 𝑁𝑒}, (36)

and 𝑋𝐷 = 𝑋⊥
0 . In doing this, it must be guaranteed that the 𝐰𝑘s are such that the dimension of the linear space 𝑋𝐷 is equal to 𝑁𝑒−1, 

i.e. that it is possible to represent all the possible configurations with net electrical currents entering the domain Ω through the 
electrodes.

A convenient way of introducing a finite set of basis functions in 𝐻𝐿(Ω,Σ) is to discretize the conducting domain Ω with polyhe-
dra and then introduce basis functions associated to mesh edges [1]. A tree-cotree decomposition reveals immediately which basis 
functions are linearly independent and which can be excluded due to the constraint 𝐰𝑘 ⋅ 𝐧̂ = 0 on 𝜕Ω∖Σ.

Hence, in this discrete context, the solution is given by the vector field 𝐣(𝑥, 𝑡) ∈ 𝐿2(0, 𝑇 )⊗𝑋 which satisfies (9)–(10) for any 
𝐰(𝑥) ∈ 𝑋. Finally the problem takes the form

𝐑𝐢 + 𝐋 d
d𝑡
𝐢 + 𝐄𝑇𝛟 = 𝐯𝑠 (37)

𝐄𝐢 = 𝐢𝐷 (38)

Here we introduced the resistance matrix 𝐑, the inductance matrix 𝐋 and the electrodes-currents reduced incidence matrix 𝐄, besides 
the vectors of induced voltages due to external sources 𝐯𝑠, which are defined as follows,

𝑅𝑗𝑘 = ⟨𝜂𝐰𝑗 ,𝐰𝑘⟩, 𝑗, 𝑘 = 1,… , 𝑁, (39)

𝐿𝑗𝑘 = ⟨𝐰𝑗 ,𝐰𝑘⟩, 𝑗, 𝑘 = 1,… , 𝑁. (40)

(𝐸)𝑗,𝑘 = 𝑗𝐰𝑘 = −⟨1,𝐰𝑘 ⋅ 𝐧̂⟩Σ𝑗 ∀𝑗 = 1,… , 𝑁𝑒 − 1, ∀𝑘 = 1,… , 𝑁. (41)

𝑣𝑠𝑗 = ⟨−𝜕𝐚𝑠∕𝜕𝑡,𝐰𝑗⟩ (42)

By definition the above matrices 𝐑 and 𝐋 are symmetric and positive definite. In particular the matrix 𝐑 is positive definite if and 
only if the resistivity 𝜂 is strictly positive, circumstance which we assume valid here. In the light of Remark 2.2, comparison of 
Eq. (38) with Eq. (10) suggests the interpretation of the matrix 𝐄 as the reduced incidence matrix at the equipotential electrodes, 
hence constraining the unknown currents to the impressed ones 𝐢𝐷.

Notice that the reduced incidence matrix 𝐄 is the discrete version of the operator  introduced in Eq. (14). In particular in the 
kernel of 𝐄 we will have all those vectors of 𝑋 which do not determine current fluxes through the electrodes, i.e.

𝑋0 ≡ ker (𝐄). (43)

Clearly 𝑋0 has dimension 𝑁0 = 𝑁 − (𝑁𝑒 − 1). We collect the basis vectors for the null space of 𝐄 as columns of the matrix 𝐊 ∈
ℝ𝑁 ×ℝ𝑁0 . By simple linear algebra arguments, the orthogonal subspace 𝑋𝐷 is generated by the image of 𝐄𝑇 :

𝑋𝐷 ≡ im(𝐄𝑇 ). (44)

which has dimension 𝑁𝑒 − 1. Since 𝑋𝐷 has the same dimensions as 𝐻𝐷, and linear combinations of vectors in 𝑋𝐷 are sufficient to 
describe any admissible current flow across the electrodes Σ𝑘, it is clear that 𝑋𝐷 ≡ 𝐻𝐷. The columns of 𝐄𝑇  provide then a suitable 
set of basis vectors for 𝐻𝐷, as represented in the basis {𝐰𝐤, 𝑘 = 1,… , 𝑁} of 𝑋. The discrete equivalent for the representation (16) is 
here given by

𝐢 = 𝐊𝐢𝑖 + 𝐄𝑇 𝐢𝑒 (45)

The vector 𝐈𝑖 ∈ 𝐿2(0, 𝑇 ;ℝ𝑁0 ) represents the internal currents not crossing any electrode, while the vector 𝐈𝑒 ∈ 𝐿2(0, 𝑇 ,ℝ𝑁𝑒−1) accounts 
for the current distributions impressed via the electrodes. Eq. (38) immediately reveals, since 𝐄 is a full-rank matrix:

𝐢𝑒 = (𝐄𝐄𝑇 )−1𝐢𝐷 → 𝐢 = 𝐊𝐢𝑖 + 𝐄𝑇 (𝐄𝐄𝑇 )−1𝐢𝐷. (46)

Projecting Eq. (37) to the subspace 𝑋0, which corresponds to left multiplication by 𝐊𝑇 , we find

𝐑𝑖𝐢𝑖 + 𝐋𝑖
d
d𝑡
𝐢𝑖 = −𝐑𝑖𝑒𝐈𝑒 − 𝐋𝑖𝑒

d
d𝑡
𝐢𝑒 + 𝐯𝑠,𝑖, (47)

where

𝐑𝑖 = 𝐊𝑇𝐑𝐊 (48)

𝐋𝑖 = 𝐊𝑇𝐋𝐊 (49)

𝐑𝑖𝑒 = 𝐊𝑇𝐑𝐄𝑇 (50)

𝐋𝑖𝑒 = 𝐊𝑇𝐋𝐄𝑇 (51)

𝐕𝑠,𝑖 = 𝐊𝑇𝐕𝐒 (52)

The problem of finding 𝐢 ∈ 𝐿2(0, 𝑇 ;ℝ𝑁 ) satisfying Eqs. (37)–(38) has been reduced to the problem of finding 𝐢𝑖 ∈ 𝐿2(0, 𝑇 ,ℝ𝑁0 ) sat-
isfying Eq. (47) following the same ideas and the same strategy which lead us to reduce the problem of finding 𝐣(𝑥, 𝑡) ∈ 𝐻𝐿(Ω,Σ)
satisfying Eqs. (9)–(10) to the problem of finding 𝐣0(𝑥, 𝑡) ∈ 𝐻0 satisfying Eq. (20) in the exact framework.

The dynamical properties of the system are completely described by the resistance matrix 𝐑𝑖 and the inductance matrix 𝐋𝑖, which 
are both symmetric and positive definite. The matrices 𝐋𝑖𝑒 and 𝐑𝑖𝑒 account for the inductive and resistive coupling of the electrode-
to-electrode currents 𝐢𝑒 with the internal currents 𝐢𝑖.
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Remark 3.1. It is possible to plug Eq. (46) into the circuit Eq. (47) to make the current sources appear explicitly,

𝐑𝑖𝐢𝑖 + 𝐋𝑖
d
d𝑡
𝐢𝑖 = −𝐑𝐷𝐢𝐷 − 𝐋𝐷

d
d𝑡
𝐢𝐷 + 𝐯𝐢𝑠, (53)

where we defined

𝐑𝐷 =𝐑𝑖𝑒
(

𝐄𝐄𝑇 )−1, (54)

𝐋𝐷 =𝐋𝑖𝑒
(

𝐄𝐄𝑇 )−1. (55)

3.2.  Modal decomposition

In this subsection, we introduce the discrete analog of the generalized eigenvalue problem (26). The next Section is devoted to 
illustrate how to use generalized eigenvalues and eigenvectors to accelerate time-domain eddy currents simulations.

Zeroing all the source terms in Eq. (53), we are left with the homogeneous problem

𝐋𝑖
d
d𝑡
𝐢𝑖 + 𝐑𝑖𝐢𝑖 = 𝟎. (56)

The problem of finding 𝐈𝑖(𝑡) ∈ 𝐿2(0, 𝑇 ;ℝ𝑁0 ) which satisfies (56) is the discrete analog of the problem of finding 𝐣𝟎 ∈ 𝐿2(0, 𝑇 ;𝐻0) which 
satisfies (22).

Both the inductance matrix 𝐋 and 𝐑 are real, symmetric and positive-definite. Indeed, 𝐋 is the discrete equivalent of the symmetric 
and positive definite operator , whereas 𝐑 is the discrete equivalent of the multiplication operator 𝜂, being an element of 𝐿∞

+ (Ω). 
These properties hold also for 𝐋𝑖 = 𝐊𝑇𝐋𝐊 and 𝐑𝑖 = 𝐊𝑇𝐑𝐊, because 𝐊 is a full rank matrix.

Since both 𝐋𝑖 and 𝐑𝑖 are real, symmetric matrices and positive-definite matrices, the generalized eigenvalue problem [26]

𝐋𝑖𝐯 = 𝜏𝐑𝑖𝐯 (57)

admits a basis {𝐯1,…, 𝐯𝑁0
} of generalized eigenvectors and associated real positive eigenvalues {𝜏1,… , 𝜏𝑁0

}. The eigenvectors are 
orthogonal with respect to the scalar products induced both by the inductance and the resistance matrix, i.e.

𝐯𝑇𝑘 𝐋𝑖 𝐯𝑗 =
{0 ∀𝑘 ≠ 𝑗
𝑙𝑘 𝑘 = 𝑗

, (58)

𝐯𝑇𝑘 𝐑𝑖 𝐯𝑗 =
{ 0 ∀𝑘 ≠ 𝑗
𝑟𝑘 𝑘 = 𝑗

, (59)

where 𝜏𝑖 = 𝑙𝑖∕𝑟𝑖. The monotonicity principle [22] still holds in the discrete finite context. In addition, re-scaling the resistance matrix 
𝐑 by some multiplicative factor 𝑘 the eigenvectors are preserved and the eigenvalues are re-scaled by a factor 𝑘−1. Further, it is 
possible to order the eigenvalues, corresponding to the time constants of the different eigenmodes, in decreasing order. Given this 
choice, and thanks to the properties of modes and eigenvalues introduced in the continuum context in previous Section, it follows 
that the smallest eigenvalue approaches asymptotically zero. In practice we have to construct a finite approximation of 𝐻𝐿(Ω,Σ)
such that the smallest time constant is sufficiently lower than time scale of the fastest dynamics we are interested in. Moreover the 
following characterization of the eigenvalues holds [27]:

𝜏𝑛 = max
dim𝑈=𝑛

min
𝐱∈𝑈

𝐱𝑇 𝐋𝑖 𝐱
𝐱𝑇 𝐑𝑖 𝐱

(60)

The original coupled system of first-order Ordinary Differential Eq. (53) is decoupled into 𝑁0 non-interacting ODEs when moving to 
the basis of generalized eigenvectors:

𝑙𝑛𝑖
′
𝑛 + 𝑟𝑛𝑖𝑛 = 𝑒𝑛,∀𝑛 = 1,…, 𝑁0. (61)

In Eq. (61) 𝑙𝑛 = 𝐯𝑇𝑛 𝐋𝑖 𝐯𝑛, 𝑟𝑛 = 𝐯𝑇𝑛 𝐑𝑖 𝐯𝑛 and the forcing term is 𝐞̃𝑛 = −𝐯𝑇𝑛 (𝐋𝐷𝑑𝐢𝐷∕𝑑𝑡 + 𝐑𝐷𝐢𝐷 + 𝐯𝑠𝑖 ). The time constant associated to the 
𝑛th eigenmode is clearly given by the associated eigenvalue 𝜏𝑛 = 𝑙𝑛∕𝑟𝑛. We can advance separately in time each eigenmode of the 
dynamical system, providing the engineer with several possible exact or approximate methods for the fast time integration of the 
system.

3.3.  Time integration scheme

The modal decomposition of the dynamical system opens a new range of opportunities for the time integration of the dynamical 
system, since analytical solutions to polynomial input signals become now easily manageable. We postpone the exploration of ana-
lytical and semi-analytical techniques to future work on the subject, while here we explore the computational advantages obtained 
via modal decomposition even in the framework of the same time integration technique.
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3.3.1.  Cholesky decomposition
The standard approach to find the solution 𝐈𝑖(𝑡) ∈ 𝐿2(0, 𝑇 ;ℝ𝑁0 ) of the discrete eddy current problem (53) is to use a 𝜃-method, so 

to allow eventually for larger time steps:
(

𝐋𝑖 + Δ𝑡 𝜃𝐑𝑖
)

𝛿𝐢(𝑘+1)𝑖 = − Δ𝑡𝐑𝑖 𝐢
(𝑘)
𝑖 − Δ𝑡𝐑𝐷 𝐢𝐷,(𝑘)

−
(

𝐋𝐷 + Δ𝑡 𝜃𝐑𝐷
)

𝛿𝐢𝐷,(𝑘+1) + Δ𝑡
[

(1 − 𝜃)𝐯𝑠𝑖
(𝑘) + 𝜃𝐯𝑠𝑖

(𝑘+1)
] (62)

where
𝛿𝐢(𝑘+1)𝑖 =

(

𝐢(𝑘+1) − 𝐢(𝑘)
)

,

𝛿𝐢𝐷,(𝑘+1)
𝑖 =

(

𝐢𝐷,(𝑘+1) − 𝐢𝐷,(𝑘)).
(63)

Here 𝜃 is a numerical parameter to choose in the interval [0, 1], the implicit Euler scheme corresponding to the case 𝜃 = 1. Since the 
matrix 𝐙 =

(

𝐋𝑖 + Δ𝑡 𝜃𝐑𝑖
) is symmetric and positive definite, a convenient method to solve (62) is based on the Cholesky decomposition. 

For fixed time integration scheme (i.e. fixed 𝜃 parameter), and for fixed time step Δ𝑡, we can compute the Cholesky decomposition of 
𝐙 once for all, i.e. 𝐙 = 𝐂𝐂𝑇 , where 𝐂 is a real lower triangular matrix. At each time step we just need to solve the lower triangular 
problem 𝐂𝐲 = 𝐛 (forward substitution) and the upper triangular problem 𝐂𝑇 𝛿𝐢(𝑘+1)𝑖 = 𝐲 (backward substitution). We defined with the 
symbol 𝐛 the right hand side of the linear algebraic system, depending solely by the currents at the previous time step 𝐢(𝑘)𝑖  and by the 
forcing terms.

The overall computational cost of a simulation will be proportional to the cost of computing the Cholesky decomposition for the 
dynamic matrix 𝐙, plus the cost of the backward and forward substitutions at each time step.

Once the discrete samples 𝐢(𝑘)𝑖 s of the solution have been evaluated, consecutive values can be linearly interpolated to find the 
solution 𝐈𝑖(𝑡) for any 𝑡 ∈ (0, 𝑇 ).

3.3.2.  Modal decomposition
Applying the 𝜃-method described in previous section to the set of 𝑁0 linearly independent Eq. (61), we find

(

𝑙𝑛 + Δ𝑡 𝜃 𝑟𝑛
)

𝛿𝑖𝑛 = −Δ𝑡 𝑟𝑛𝑖(𝑘)𝑛 + 𝜃𝑒(𝑘+1)𝑛 + (1 − 𝜃)𝑒(𝑘)𝑛 , (64)

which is immediate to invert. The overall computational cost of a simulation will be proportional to the cost of computing the 
generalized eigenvalues and eigenvectors, performing necessary projections (see definition of 𝐞̃𝑛 below Eq. (61)), plus the cost of 
solving 𝑁 independent linear scalar equations at each time step.

With respect to the forcing term 𝑒𝑛 defined in (61), it should be noted that it can be computed in a very efficient way. Indeed, the 
multiplications −𝐯𝑇𝑛 𝐋𝐷 and −𝐯𝑇𝑛 𝐑𝐷 can be computed once for all, and, since 𝑁𝑒 ≪ 𝑁0, the computational cost of this multiplication 
is almost linear in the number of unknowns. Furthermore, in practical applications, the geometry of the source currents is fixed. This 
is the case, for example, of a coil generating a magnetic field coupling with the conductors. This guarantees that the source current 
density 𝐣𝑆 (𝑥, 𝑡) admits a factorization of the form 𝐣𝑆 (𝑥, 𝑡) = 𝛼(𝑡)𝐮𝑠(𝑥) and, as a consequence, 𝐯𝑠𝑖 = 𝛼(𝑡)𝐯𝑠𝑖 , where ̃𝐯𝑖𝑠 depends only on the 
geometry of the excitation, while 𝛼(𝑡) accounts for the time-behavior of the source current density. Thus, also in this case, the product 
−𝐯𝑇𝑛 𝐯

𝑠
𝑖  has to be computed once for all. In other words, the updating in (64) requires only the multiplication for 𝛼(𝑡).

Moreover, thanks to the decoupling between the equations, it is also possible to choose the time step Δ𝑡 and/or the integration 
scheme independently for each equation, thus improving the overall computational costs.

4.  Results

In this last section, the performances of the proposed method are evaluated on a practical problem in the framework of Nonde-
structive Testing (NdT) based on eddy currents.

Eddy currents can be effectively exploited to detect and retrieve useful information about defects in metallic samples. Indeed, the 
presence of flaws produces a perturbation in the eddy current circulation, resulting in a peculiar reaction magnetic flux density. In 
this context, numerical simulations play a paramount role, being an essential tool in designing and optimizing the equipment required 
in the overall inspection process.

However, the computational time required by such kind of numerical simulations is very relevant and, hence, there is a strong 
demand of new numerical techniques able to accelerate the process. In Section 4.7, it is shown that the proposed method is able to 
drastically reduce the computational time with respect to the already available methods.

4.1.  The NdT problem

The NdT problem of interest is the inspection of metallic pipelines for the transportation of oil and natural gas (see Section 1 and 
ref.[11]), from the exterior of the pipe (NoPig methods). Although the use of pigs, i.e. proper probes inserted in the interior of the 
pipe, is a well-established method for monitoring the state of the walls of pipelines, there is a strong demand for methodologies that 
do not require their use. Indeed, there are multiple cases where it is not possible to access to the interior of the pipe or there is the 
need of measuring relatively far from the tube [12].

In NoPig methods, the excitation is given by alternating currents directly injected into the pipeline walls and magnetic sensors 
are employed to measure the magnetic field around the tube [11,15]. Generally, measurements at multiple frequencies are required 
for the detection of flaws at different depths, in a range from some Hz to hundreds of kHz.
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Fig. 4. (a) Geometry of the sample, in red the position of the analyzed cracks. (b) Longitudinal cross-section of the tube. The driving current is 
injected throughout two pairs of electrodes (marked in yellow). (c) Transverse cross-section of the tube. (For interpretation of the references to 
colour in this figure legend, the reader is referred to the web version of this article.)

In order to reduce the measurement time, multi-sine signals are employed [28], which give the opportunity to collect the data 
from all the frequency of interest simultaneously. On the other hand, the numerical simulation of this problem, given this kind of 
driving current, can be particularly challenging, since both small time steps and long time simulations are required.

In this paper, the sample under test is a commercial cylindrical tube with an outer diameter of 168.28mm, a thickness of 3mm
and a length of 1.5m. The excitation is given by alternating currents injected through two diametrically opposite pairs of conductive 
legs at the ends of the tube (see Fig. 4). The electrical resistivity is 𝜂 = 1.09 × 10−6 Ω ⋅ 𝑚, which is the one of a particular aluminum 
alloy (Inconel 600), a material widely used in a range of applications.

In the following, it is shown that the present numerical methodology can be successfully applied to compute accurately and 
efficiently the magnetic response from different flaws. This is a mandatory step in almost every method for the solution of the inverse 
problem, i.e. to retrieve the presence, position and size of the flaws, starting from the measured data.

First, the response of a defect-free sample, in terms of magnetic flux density, is simulated and used as reference. Subsequently, the 
responses from configurations with different representative defects are compared with the reference (defect-free sample) at several 
driving frequencies. For a detailed description of the data processing see Section 4.5.

4.2.  Defects definition

Three different configurations are analyzed: a defect-free configuration used as reference (background signal), a tube with a surface 
breaking crack situated in the outermost position and a configuration with a buried crack located in the innermost tube position. 
Fig. 5 shows the details of the two cracks.
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Fig. 5. Geometry of the simulated cracks.

The different location of the cracks is required to assess the performances of the eddy-currents testing system across the range of 
selected frequencies. Indeed, by a physical standpoint, the inner cracks react only to lower frequencies, due to the penetration depth 
of the magnetic field, while surface cracks can be revealed by both lower and higher frequencies, but with different kinds of magnetic 
response.
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Fig. 6. Waveform of the driving current. The current has a quite constant envelope, with a maximum value of about 48A and a minimum value of 
about −43A.

4.3.  Driving current

In order to retrieve data from the cracks at different frequencies, a multi-sine waveform is adopted as driving current

𝑖(𝑡) =
𝑁𝑠
∑

𝑘=1
𝐼𝑘 sin

(

2𝜋𝑓𝑘𝑡 + 𝜙𝑘
)

. (65)

Such signals are commonly used in eddy current testing, since they can significantly reduce measurement time in practical appli-
cations, giving the opportunity to collect information from various frequencies in only one measurement step [28]. On the other 
hand, this driving current poses serious challenges from a computational point of view. Indeed, a proper time-domain simulation of 
the sample response requires long simulation times (due to tones at lower frequencies) and small time steps (due to tones at higher 
frequencies).

For the case of interest, 𝑁𝑠 = 30 tones with equal amplitude 𝐼𝑘 = 4A are adopted. The tone frequencies are {1, 50, 100, 150, 250, 
300, 400, 600, 700, 800, 900, 1000, 1500, 2000, 2500, 3000, 3500, 4000, 4500, 5000, 5500, 6000, 6500, 7000, 7500, 8000, 8500, 
9000, 9500, 10000} Hz and they are selected such that the penetration depth varies in a range compatible with the thickness of the 
tube. The phases 𝜙𝑘 are chosen in order to avoid a large peak to the RMS ratio of 𝑖(𝑡). As described in [28], an optimal choice is

𝜙𝑘 = −𝜋
𝑘(𝑘 − 1)

𝑁𝑠
,

which ensures that 𝑖(𝑡) has a quite constant envelope, a fundamental requirement to optimize the range of the analog to digital 
converter in acquisition. The obtained driving signal is depicted in Fig. 6.

4.4.  Sensing points

In order to characterize the response of the two analyzed cracks, the values of the magnetic flux density are collected from 
𝑁𝑝 = 301 points placed around the tube, simulating the measurements made by an array of magnetic sensors. Specifically, the points 
are distributed at a fixed distance of 3mm from the tube, a fixed height of 750mm from the bottom of the tube and they span 𝜋
radians around the defect (see Fig. 7).

4.5.  Crack signature

The data collected from the sensing points are subsequently processed to obtain useful information about the cracks. The purpose 
is to characterize the different cracks through an appropriate figure of merit capable of providing a representation of the peculiar 
characteristics of each. Such figure is the so-called crack signature, and allows to evaluate the distinctive response of a given crack 
with respect to the measurement points, at a prescribed driving frequency. Assuming the 𝑒𝑗𝜔𝑘𝑡 time behaviour, with 𝜔𝑘 = 2𝜋𝑓𝑘, the 
crack signature, for the two crack analyzed, is defined as

Δ𝐁𝑐𝑖
𝑘 (𝜑ℎ) = 𝐁𝑐𝑖

𝑘 (𝜑ℎ) − 𝐁𝑏𝑔
𝑘 (𝜑ℎ) (66)
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Fig. 7. (a) position of sensing points. (b) zoom of the current density perturbation due to the crack.

Δ𝐁𝑐𝑜
𝑘 (𝜑ℎ) = 𝐁𝑐𝑜

𝑘 (𝜑ℎ) − 𝐁𝑏𝑔
𝑘 (𝜑ℎ), (67)

where 𝐁𝑘(𝜑ℎ) is the phasor related to the 𝜑-component of the magnetic flux density at the frequency 𝑓𝑘 and in the measurement 
point described by the angular coordinate 𝜑ℎ. The superscripts refer to the background configuration (𝑏𝑔), to the configuration with 
the inner crack (𝑖𝑐) and to the configuration with the outer crack (𝑜𝑐), respectively.

From the crack signature, it is possible to infer some useful information about cracks shape and position. For example, the signals 
produced by the surface crack have an higher amplitude for higher frequencies even if it can be detected by means of lower frequencies 
also. On the other hand, useful information on the inner crack can be obtained by using lower frequencies only, due to the penetration 
depth. For the cracks analyzed in this paper, similar considerations can be drawn from Fig. 8, where the behaviour of Δ𝐁𝑐𝑖

1 , Δ𝐁𝑐𝑜
1  and 

Δ𝐁𝑐𝑖
30, Δ𝐁𝑐𝑜

30 with respect to the sensing points is depicted in the complex plane.
As a final remark, we highlight that the analysis of the crack signature, is a standard tool in Eddy Current Testing. For example, 

in [29–31] are described some methods able to retrieve information about the length of defects as well as their orientation, starting 
from the crack signature. In addition, in [30], the central role of numerical simulations is highlighted, where numerical data are 
exploited to build a database of crack signature related to prescribed crack geometries. In turn, this database can be exploited as a 
component in inversion method.

4.6.  Numerical approaches

As underlined in the previous section, the outcome of the computation is the magnetic flux density Δ𝐁𝑘, evaluated at the 𝑁𝑠
frequencies of interest.

From a numerical point of view, the crack signature can be evaluated by two different approaches:

• methods in the frequency domain (FD);
• methods in the time domain (TD).

In frequency-domain approaches, problem (9), (10) is solved repeatedly at each individual harmonic driving current 𝑖(𝑡) =
𝐼𝑘 sin(2𝜋𝑓𝑘𝑡), where 𝜔𝑘 = 2𝜋𝑓𝑘 is the 𝑘−th angular frequency. In this case the solution of 𝑁𝑠 different problems is needed. If a 
direct method is used to solve such problems, then this techniques requires 𝑁𝑠 factorizations of dense matrices.

In time-domain approaches, the solver computes the solution of problem (9), (10) for the input current of (65). For the case 
of interest, a sampling rate of 30, 000 samples per second is chosen (𝑓30 = 10 kHz). Then, the phasors of interest can be computed 
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Fig. 8. Characterization of the defect response. Top: outer defect, bottom: inner defect.

via a Fast Fourier Transform. The outcome of the numerical simulations are 𝐵𝑏𝑔
𝜑 (𝜑, 𝑡), 𝐵𝑐𝑖

𝜑 (𝜑, 𝑡) and 𝐵𝑐𝑜
𝜑 (𝜑, 𝑡), where 𝜑 is the angular 

coordinate in the standard cylindrical coordinates, 𝐵𝜑 stands for the 𝜑-component of the magnetic flux density field. These data are 
processed as follows
1. Compute the phasors {𝐁𝑏𝑔

𝑘 (𝜑ℎ)}ℎ,𝑘, {𝐁𝑐𝑖
𝑘 (𝜑ℎ)}ℎ,𝑘, {𝐁𝑐𝑜

𝑘 (𝜑ℎ)}ℎ,𝑘 related to 𝐵𝑏𝑔
𝜑 (𝜑, 𝑡), 𝐵𝑐𝑖

𝜑 (𝜑, 𝑡) and 𝐵𝑐𝑜
𝜑 (𝜑, 𝑡), via Fast Fourier Transform.

2. Compute the crack signatures as defined in (66), (67).
In the time-domain framework, two different techniques are investigated

• the proposed method based on mode expansion of the field (TD1).
• traditional integration scheme based on Cholesky factorization (TD2);
The numerical examples are carried out by means of in-house software implementing the three methods considered in the com-

parison. The software is based on the Finite Elements Method and implements parallel computing. Linear algebra computations are 
based on the usage of SCALAPACK library and, in particular, PDSYGVX for the solution of the generalized eigenvalue problem (TD1 
approach), PDPOTRF is used for the factorization of real matrices (TD2 approach), and PZGETRF for the factorization of complex 
matrices (FD approach).

The mesh employed in domain’s discretization has 58332 nodes and 52940 hexahedral elements, with a total of 100676 degrees of 
freedom (see Fig. 9).

4.7.  Computational cost

The computations described in the previous sections are executed twice in the time-domain, with the proposed approach and with 
a standard integration scheme based on Cholesky factorization, and in the frequency domain also. The resulting simulation times are 
reported in Table 2.
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Fig. 9. Finite element discretization used in the numerical model.

Table 2 
Computational time comparison between the proposed 
approach (TD1), a traditional integration scheme (TD2) 
and the solution in the frequency domain (FD).
 Method  Setup Time (h)  Processing (h)  Total (h)
 TD1 ∼ 8 ∼ 12 ∼ 20
 TD2  0.5 ∼ 70 ∼ 71
 FD ∼ 40 ∼ 0.04 ∼ 40

The computational time has been divided into Setup and Processing, according to the following classification
• Setup Time

– Proposed approach (TD1): solution of the generalized eigenvalue problem (57).
– Traditional integration scheme (TD2): computation of the Cholesky decomposition of 𝐋𝑖 + Δ𝑡 𝜃𝐑𝑖.
– Solution in the frequency domain (FD): computation of 𝑁𝑠 factorizations, one for each frequency.

• Processing Time
– Proposed approach (TD1): solution of (64) at each time step, given the generalized eigenvalues/ eigenvectors.
– Traditional integration scheme (TD2): solution of (62) via backward and forward substitutions at each time step, given the 
factorization of 𝐋𝑖 + Δ𝑡 𝜃𝐑𝑖.

– Solution in the frequency domain (FD): solution of the resulting 𝑁𝑠 linear systems via backward and forward substitution.
The time spent in assembling the matrix 𝐋𝑖 + Δ𝑡 𝜃𝐑𝑖 or the equivalent matrices for frequency-domain approach has been neglected 
since much lower of the factorization time.

The results presented in Table 2 are achieved utilizing 49 MPI processes on a shared-memory machine. This machine is equipped 
with dual AMD Epyc 32-Core 7452 processors and boasts 1TB of RAM.

As it can be seen, the proposed approach allows to obtain a relevant gain (about 3.5x) on the total computational time, reducing 
it from 3 days to 20h roughly, with respect to the traditional integration scheme in the time domain. The gain is achieved by a 
significant decrease of the time needed for the solution of the transient problem, even if the setup time required is much higher with 
respect to the Cholesky decomposition. Furthermore, the method performs well with respect to the solution in the frequency domain, 
where the gain is roughly of 2x.

Summing up, the proposed approach outperforms traditional methods when the simulation for a large number of time steps 
is required, or the simulation for a large number of different frequencies is required. Moreover, the longer set-up time is largely 
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compensated when several time domain simulations with the same geometry but different driving terms, and/or different time steps, 
are required.

5.  Conclusions

In this contribution we illustrated the use of a modal decomposition approach for the simulation of large time-domain eddy 
current problems, in presence of injected currents in the conductors through equipotential electrodes. In this respect, we illustrated 
how to apply the approach of [22], where the modal decomposition was introduced for the eddy current problem in the absence of 
boundary electrodes, to the case where impressed currents are present. The key ingredient to get the modal decomposition for this 
more general case is the identification of two orthogonal subspaces generating 𝐻𝐿(Ω,Σ) as a direct sum. In particular it can be proved 
that 𝐻𝐿(Ω,Σ) = 𝐻0 ⊕𝐻𝐷, where 𝐻0 contains current densities 𝐮 related to vanishing net electrical currents through each electrode 
(

⟨1, 𝐣 ⋅ 𝐧̂⟩Σ𝑘 = 0, 𝑘 = 1,… , 𝑁𝑒

)

 whereas 𝐻𝐷 represent current densities with net electrical currents entering two or more electrodes. 
Moreover, we proved that 𝐻𝐷 is (𝑁𝑒 − 1)-dimensional, where 𝑁𝑒 is the number of boundary electrodes.

The numerical method following the modal decomposition has been designed to be very effective in the context of direct methods, 
where the linear system of interest is solved by means of a direct method. Using direct methods is feasible as long as the size of the 
stiffness matrix of the underlying eddy current problem does not exceed a threshold value depending on the computer hardware. In 
these cases, the computation of the complete set of modes requires a computational cost in the range of that of direct methods. For 
larger problems, iterative methods are mandatory and, moreover, the computation of the complete set is expensive, and strategies 
for selecting and computing only the dominant modes are essential.

The efficiency of the proposed approach was clearly demonstrated for a Non-destructive-Testing application. In particular we 
considered an Inconel 600 pipe, and simulated the crack signature of two possible pipe defects both via the proposed modal de-
composition and via the usual Cholesky factorization. In terms of pre-computation, the evaluation of the generalized eigenvectors 
and eigenvalues requires more time than that for the Cholesky factorization of the dynamical matrix (≃ 8 h and 0.5 h, respectively). 
Nevertheless, both computational times scale with the same law: 𝐶𝐶𝐹𝑁3 for the Cholesky factorization and 𝐶𝐺𝐸𝑃𝑁3 for computing 
the Generalized Eigenvalue Problem, where 𝐶𝐶𝐹  and 𝐶𝐺𝐸𝑃  are proper constants. On the other hand, the computational cost required 
at each individual time step scales as 𝐶𝑇𝑆𝑁 for the modal decomposition, and as 𝐶𝐵𝑆𝑁2 for the backsubstitutions following the 
Cholesky factorization of the dynamical matrix. Both 𝐶𝑇𝑆 and 𝐶𝐵𝑆 are proper constants.

In our NDT test case, a driving multisine signal made by the superposition of sinusoidal tones from a wide frequency range was 
necessary to identify the crack features. Hence, it was necessary to set up a relatively long simulation interval, resulting in a large 
number of time steps. This circumstance determined an overall advantage in using the modal decomposition approach compared to 
the standard one. NDT physicists and engineers which need to perform long eddy currents time-domain simulations with a relatively 
small time step, can definitely benefit of the modal decomposition approach proposed in this contribution. This advantage is even 
more evident when different simulations of the same geometry at different time steps need to be performed: the generalized eigenmode 
analysis is independent from the chosen time step, and the inversion of a diagonal matrix requires only 𝑁 operations. On the other 
hand the matrices resulting from the Cholesky factorization depend on the time step, and the factorization has to be repeated any 
time one wants to change the time step of the simulation.
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