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Abstract

Let G be a group. The autocentre, or absolute centre, of G is the subgroup of G of
all the elements fixed by every automorphism of G, while the autocommutator subgroup
of G is the subgroup of G generated by all the elements g~ 1g%, with ¢ € G and o €
Aut G. In the present article we introduce some homological tools to study the properties
of these subgroups and, by means of these, we extend several results for finite and infinite
groups. In particular, we show that the torsion subgroup of the autocentre of G lies almost
always inside the Frattini subgroup of GG and give polynomial bounds for the order of the
autocommutator subgroup of GG, improving those previously given by Hegarty.
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1 Introduction

Let G be a group. In 1994, P.V. Hegarty [ 2], following the same definition given in 1966
by A.P. Sapiro [25] for abelian groups, introduced the absolute centre or autocentre of G

as the set
L(G)={g € G|g* =g, € Aut(G)}

of all the elements of G which are fixed by every automorphism of G. In the same article,
Hegarty introduced the autocommutator subgroup of GG, namely the subgroup

G*={g7'g"|g € G,a € Aut(Q@)).
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The importance of these subgroups immediately stood out as a way, among other things, to
study the holomorph H of G, i.e. the semidirect product between Aut(G) and G via the
natural action of the former on the latter. In fact, it is immediate to see that L(G) equals
the centre of H and that G* is the commutator subgroup [G, H].

In recent years, numerous works have explored the properties of these subgroups and
the relations among them, often in connection with finiteness conditions, the isomorphism
problem, the study of Aut(G), and extended central series of groups. We briefly recall
a few examples. Concerning finitary conditions, in [12] and [13] the author considered
the case where the quotient G/L(G) is finite and examined its relation to the finiteness of
G*. A stronger result, removing the assumption on G/L(G), was later obtained in [6].
More generally, in [7] the authors investigated groups in which G/L(G) is locally finite.
Concerning the isomorphism problems, in [5] it has been proved that the isomorphism
class of G is totally determined by the isomorphism classes of L(G) and G/L(G), while
in [9] the authors found out that all cyclic groups can be the autocentre of some group.
We remark here that in the upcoming article [2], it will be proved in particular that every
finite abelian group can be the autocentre of a group. Following the study made in [8],
different authors studied under many aspects the subgroup of automorphisms of G acting
trivially on G/L(G), among which we find [18, 19, 22, 23] and [4]. Moreover, in [17] the
authors introduced the so-called autocentral series of a group, which in particular has been
investigated in greater detail and generality in [7] and in [3]. Finally, we want to mention
also that autocentres and autocommutators have recently been used in the context of abelian
groups (see [14]), of geometric group theory (see [10]) and of the study of homomorphisms
of groups (see [21]).

One of the aims of this work is to introduce some (co)homological tools which are
meant to be used to improve and extend results in the different areas described above. Here
we will in particular take care of the connection between the autocentre and the Frattini
subgroup in first place. In particular we will give the following generalisation to infinite
groups of the key theorem of [16], which shows that, essentially, the torsion subgroup of
the autocentre of a group lies almost always in the Frattini subgroup of the group.

Theorem A. Let G be a group, let A be the autocentre of G and let 7" be the torsion
subgroup of A. Then the following conditions are equivalent

(1) G = H x K, where H has order 2 and K contains no central subgroup of order 2;
(2) T is not contained in ®(G).

In second place, we will apply the tools developed to bound the order of G* as a func-
tion of the index |G : L(G)| of L(G) in G, provided that the index is finite. A first attempt
has already been done in [12], where the author found that, if |G : L(G)| = n, then
|G*| < p((n=1+1n/2))logs n| - Oyr proof makes use of the Lyndon-Hochschild-Serre
spectral sequence as well as some basic properties of the theory of group extensions and
shows that the order of |G*| is always less than or equal to n°.

Theorem B. Let G be a group, let A be the autocentre of G and let T" be the torsion
subgroup of A. If G/A is finite of order n, then T is finite and

(i) if T is contained in ®(G), then |T| < n? and |G*| < n3;

(i) if T is not contained in ®(G) and 2 1 |G* N T, then |T| < 2n? and |G*| < n3;
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(iii) if 7 is not contained in ®(G) and 2 | |G* N T, then |T'| < n?/2 and |G*| < n3/2.

Finally, we give some examples showing that our results are optimal in the sense that
their main hypotheses cannot be easily relaxed. However, one of the purposes of this article
is to show that the introduction of some homological tools can lead to relevant extensions
of classical results and to significant improvements to the bounds already obtained in the
particular case of a group with autocentre of finite index. As it is not difficult to show that
such a group has finite automorphism group, this article is also meant to be a further step
in the study of groups with finitely many automorphisms.

1.1 Notation

Aut(G) : The group of all automorphisms of G.
®(G) : the Frattini subgroup of G.
G’ the derived subgroup of G, i.e. the subgroup [G, G|.
Gap : the abelianization of G, ie. G/G'.
1 Gi : the direct product of the groups Gy, . .., Gy,.
(G) : the Schur Multiplier of G, i.e. the second homology group for trivial
group action Hy (G, Z).
M® : the set of elements of the Q-module M fixed by the action of the
group Q.
©* :the map from H?(Q1, A) to H?(Q, A) induced by p: Q — Q1.
@« :the map from H?(Q, A) to H?(Q, A;) induced by p: A — Aj.

We will employ the additive notation for the abelian groups. Moreover, functions will
always act on the right. The rest of the group-theoretical notation is standard and can be
found in [20], while for homological results we mainly refer to [24].

2 Tools and results

Here we recall a well-known lemma due to Stammbach (see [24, Proposition I1.4.3]) which
we will need in the following.

Lemma 2.1. Let E: A — G — Q and Ey: A1 — G1 — Q1 be extensions with abelian
kernels and let A and A1 be the respective cohomology classes. Then there exists a homo-
morphism v: G — G making the following diagram

commute if and only if
(i) «is a homomorphism of QQ-modules and
(ii) Ao, = A",

Notice that for central extensions, the first property is always satisfied. In the nota-
tion of this lemma, let £ = E;. If we now endow H?(Q, A) with the usual structure
of Aut(A) x Aut(Q)-module, it is immediate to rephrase the lemma when « and 3 are
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bijective maps: in this case the prescribed (automorphism) v of G exists if and only if
A(a, B) = (Aa,)(B71)* = A. This will be the way we are going to use the result.

Let £: A>—— G —» @ be a group extension and let A be its cohomology
class. We will say for brevity that A is surjective if there exists a 2-cocycle representative
of A which is a surjective map. It is clear that if A is surjective, then any representative of
A is surjective. Moreover, E will be called an autocentral extension if the image of A is
contained in the autocentre of G.

We will also use the results in [1] about automorphisms of direct products of groups.
This will be done without further reference.

Proposition 2.2. Let A —— G — @ be an autocentral extension with cohomol-
ogy class A, let C be a direct factor of A which is the direct product of periodic locally
cyclic subgroups and let € be the projection of A onto C. Then either Ac, is surjective or
C'is a direct factor of G of order at most 2.

Proof. Notice that if C is a direct factor of G, then it can admit only the identity auto-
morphism since it lies in the autocentre of G by hypothesis, and so it has order at most 2.
Hence we may assume that C'is not a direct factor of G, so that in particular it is not trivial.
Moreover, we may assume without loss of generality that C'is a locally cyclic p-group for a
prime p. Take into account the map ¢,.: H%(Q, A) — H?(Q, C) induced by € and assume
for a contradiction that a 2-cocycle §: @ x @@ — C representing Ae, is not surjective. Let
I be the image of d; we claim that [ is a subgroup of C'. Let z be any element of I and
let w and v be elements of @) such that (u,v)0 = z. Fix a positive integer n and define
Yo (2,y) €QXQ — (z,9)0+ (n—1)z € C, so that (u,v)7y,, = nz. As clearly v, —d is
a 2-coboundary, both ¢ and ~,, are representatives of Ae,, we have that the corresponding
group extensions are isomorphic, which leads to the existence of two elements u,, and v,
of @ such that (u,,v,)d = nz. So our claim is proved. Then, I is a proper subgroup of
C of order say p™ for a non-negative integer m. Since C' is abelian and I has order p™,
the mapping ¢: ¢ € C' — (1 + p™)c € C is a non-trivial automorphism of C' which acts
trivially on I. Let now write A = B x C and let «: (b,¢) € A — (b, cp) € A. Take into
account the long exact cohomology sequence associated to the short exact sequence of triv-
ial @-modules B —— A —» C. By naturality, we may find out what the induced
action of w on H2(Q, A) is, namely we have the following commuting diagram

— HQ(QaB) E— H2(Q7A) E— HQ(Q7C) —

|
'L.dB*J/ O : J/LP*
<

i — HQ(QaB) — HZ(Q7A) E— H2(ch) —

In fact, let o and 7 be the immersions of B and C into A, respectively. Since H 2 (@, —)
is an additive (covariant) functor, it preserves splitting sequences and hence H2(Q, A) =
Im o, @ Im 7,. From this, we may write A = Ay + Ay, with Ay € Imo, and Ay € Im 7.
However, we have already shown that the image of any representative of Ae,, which is A,
has order p™, s0 Ac, = (A1 + Ag)a, = Avidps + Do = A1+ (1 +p™) A = AL If
we now choose (3 to be the identity map on ), we immediately get that (A« )8* = A, so
that Lemma 2.1 gives an automorphism of GG acting non-trivially on C, a contradiction. [
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A first interesting corollary is the following

Corollary 2.3. Let G be a group and let T be the torsion subgroup of the autocentre A of
G. If T has cardinality X, then G /A has cardinality at least N.

We now give an example showing that the hypothesis on the torsion part of the auto-
centre of (G cannot be relaxed in the two previous results, even if we take into account an
infinite cyclic subgroups of the autocentre. In fact, one can construct a group G with an
infinite, countable autocentre A, such that G/A is finite.

Example 2.4. There exists a group whose autocentre is an infinite cyclic group which is
not contained in the Frattini subgroup of the group.

Proof. Let p be an odd prime and let ¢ be a prime such that p?|¢—1. Let  be the semidirect
product of a cyclic group of order p? acting faithfully on a cyclic group of order ¢. One can
easily prove by calculation or using Lemma 2.1 that Aut @ acts trivially on Q)4;. Let now
A be an infinite cyclic group, let A be an element of order p of

Ext(Qap, 4) ~ A/p*A

and let G be the central extension of A by @) determined by A. As Aut @ acts trivially on
Qab, it also centralizes A, while the only non-trivial automorphism of A does not fix A.
Hence, Lemma 2.1 shows that A coincides with the autocentre of G. On the other hand,
if welet 7 : Q — G be a transversal function, by the definition of A we get that (Q7)
contains pA and not A, so that it is a maximal subgroup of GG. This shows in particular that
A is not contained in the Frattini subgroup of G. O

Next example shows that one cannot dismiss the locally cyclic assumption in Proposi-
tion 2.2. The group in question will be constructed with the aid of a well-known example
due to Priifer of an infinite reduced abelian group which is not the direct sum of cyclic
groups.

Example 2.5. There exists a periodic autocentral extension A —— G —» ) of
cohomology class A, such that A is not surjective.

Proof. Let p be a prime number and let A be the group generated by the elements
ag,ai, - ..,0an, . ..and subject to the defining relations

pag =0, pla; = ag and a; + a; = a; + a; forevery ¢,j € N.

For every i > 1, put b; = a; — pa;+1 and let B be the subgroup generated by all the b;.
Then B is a basic subgroup of A and A/ B is isomorphic to a Priifer p-group. We now use
Dirichlet’s theorem on arithmetic progressions to find, for every positive integer ¢ and for
j € {1,2}, a couple of primes 7 ¢; such that 71;p* =7¢; — 1 for a positive integer //; and that
mq; ="q; if and only if i = j and m = n. Let’/Q; be the semidirect product of a cyclic
group (“z;) of order p’ acting faithfully on a cyclic group (“y;) of order /¢; for j € {1,2}
and a positive integer 7, let Q; ='1Q; x2Q;, let Q be the direct product of all the (; and let
P be the subgroup generated by all the 7 ;.
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Let M (Q) be the Schur Multiplier of (). We want to show that M (Q) is a p-group,
which is equivalent to require that its /¢;-component is trivial for any positive integer i
and j € {1,2}. To this aim, put r =7¢;, R =7Q; and let M, be the r-component of
M(Q). Since R’ is a normal Sylow r-subgroup of @, it follows that M,. is isomorphic to
the Q-stable subgroup M (R')? of M (R'), i.e. the subgroup of M (R’) consisting of every
element which is fixed by the map induced by conjugation of @ on M (R'). However, since
the action of @ on R’ is exactly that of R on it, we have that M (R')? = M(R')® and
this is the trivial group because of the fixed-point-free action of R on R’. This shows that
M(Q) is a p-group. If we now let H,, = Dr"_; Q; and let P,, = P N H,,, which clearly is
a Sylow p-subgroup of H,, it follows from a well-known result by Swan for finite groups
(see for instance [15, Theorem 4.3.5]), that M (H,,), ~ M (Nu, (P,))p = M(P,),, and
s0, since homology commutes with direct limits, we have that

M(Q) = M(Q)p = M(P)p = M(P).

We are now going to define a bilinear map from the direct product P x P to,A. To

this aim, take two elements of P, x = lx; 1 2gy %1 lpy %225, ¥2  lg "Un2p “tn gpd
1 2 1 2 1 2

y = tag V1 2p vt tpy V225702 lg "0n 2y "vnoand let f: P x P — A be the map

defined by

(z,y)f = Z(lui v — 2wy 'uy)b;.
i=1

It is easy to check that f is bilinear and hence it can be extended to a bilinear homomor-
phism f: P ® P — A. On the other hand, it is clear that the subgroup (z ® = |z € P) of
P ® P lies in the kernel of ? so that it induces a non-zero homomorphism ¢ : PAP — A,
where P A P is the so-called exterior square of P. As P A P ~ M(P) ~ M(Q), re-
garding A as a trivial Q-module we may find an element A of H?(Q, A) corresponding
to ¢. Hence, let G be the central extension of A by @ relative to A. Let ¢ be the identity
automorphism of A and let d be a representative of Ae, = A. Since no element of A\ B
is in the image of 4, § is not surjective. We only need to show that (the image of) A is
indeed the autocentre of G. Assume that A < G. Since, for each positive integer ¢ and
j € {1,2}, (7y;) is characteristic in @ and (“z;)(7y;) is the centre of Q/(’y;), it follows
that every 7 Q; is characteristic in (). On the other hand, Aut(?Q;) acts trivially on (Y Q;) s,
so that Aut(Q) centralizes M (Q) and hence also Hom (M (@), A). From Lemma 2.1 it fol-
lows that the only isomorphisms of A which extend to G must induce automorphisms of
H 2(Q, A) centralizing A. Let « be one of these. Then, by the definition of A, « has to
centralize the whole B. However, if  moves any a;, it has to move some element of B by
the construction of the latter, so o can only be the trivial automorphism and this shows that
A is the autocentre of G. O

Proposition 2.2 already allows us to give an independent proof of the key Theorem
of [16]. However, we give here the following generalised version of that result. For the
essential properties of the Frattini subgroup we refer to [20], while for the properties of
pure subgroups and basic subgroups of abelian groups we refer to [11].

Proof of Theorem A. Assume first that G satisfies (1). Then K is maximal in G, so that
H is not contained in ®(G). On the other hand, since K contains no central subgroup of
order 2, H is a characteristic subgroup of H x Z(K) = Z(G), so that it is characteristic in
G. From this and from the fact that H has only two elements, it follows that H is contained
inT.
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Assume now that G does not satisfy (1) and let A be the cohomology class of
Ar— G — Q =G/A.

If a subgroup H of A is a direct factor of G, then it can admit only the identity automor-
phism because it lies in the autocentre of GG, and so it has order at most 2. If H had order
2, then, by hypothesis, we would find a subgroup of K of order 2 which is also central
in GG, and hence H would not be contained in the autocentre of G. Then no non-trivial
subgroup of A is a direct factor of G. Let now B be a basic subgroup of 7" and let C' = (c)
be a cyclic direct factor of B. As C'is pure in B and purity is a transitive relation, C' is
a pure subgroup of A and hence it is even a direct factor of A. Let ¢ be the projection of
A onto C and let 0 be a representative of Ae,. It follows from Proposition 2.2, that ¢ is
surjective, so that, by the definition of a 2-cocycle, we can find two non-trivial elements x
and y of @ such that (z,y)d = c. Hence, for a transversal function 7: Q — G, we get that
c = ((wy)T)"127y". Let now X be a subgroup of G such that G = (¢, X). Since A is
central in G, we may assume that (zy)”, 7 and y” belong to X, so that c itself belongs to
X and we have that G = X. This shows that ¢ is a non-generator of G and hence C' = {(c)
is a subgroup of ®(G). By the generality of C, we have that the whole B, which is a direct
product of cyclic subgroups, is contained in ®(G). Since, in general, every divisible sub-
group of a group is always contained in the Frattini subgroup of the same group, we have
that the divisible group 7'/ B is contained in the Frattini subgroup of G/B and this implies
that T < &(G). O

On the other hand, Example 2.4 shows that non-periodic subgroups of the autocentre
behave quite badly regarding the embedding into the Frattini subgroup.

Recall here that a class § of groups is called a formation if it is closed under homo-
morphic images and if, for each group G and normal subgroups H and K of G, from
G/H € §and G/K € §itfollows that G/HNK € §. A formation is said to be saturated
if G/®(G) € § implies G € § for any group G.

Next result about saturated formations is also an improvement of the analogous result
for finite groups in [16].

Corollary 2.6. Let § be a saturated formation containing a cyclic group of order 2. Let G
be a group and let T be the torsion subgroup of the autocentre of G. Then G is in § if and
only if G/T isin §.

Proof. Since a formation is closed under taking homomorphic images, we have only to
prove the sufficiency part. To this aim, assume that G/T belongs to §. Clearly, if T is
contained in ®(G), then G € F, because § is saturated, so we may suppose this is not the
case, so that, by Theorem A we have that G = H x K where H has order 2 and K contains
no central subgroup of order 2. In particular, the torsion subgroup of the autocentre of K,
which is 7'M K, is contained in ®(K’) again by Theorem A. Since K /T N K is isomorphic
to G/T and the latter belongs to §, we have that K/®(K) € §. This implies that the
saturated formation § contains K, so that also G/H ~ K is in §. On the other hand,
G/K ~ H € § by hypothesis and hence G itself belongs to §. O

Just as in [16], we remark here that the consideration of the saturated formation of all
finite groups of odd order makes it impossible for us to get rid of the hypothesis about the
cyclic group of order 2.



8 Ars Math. Contemp.

As one last application of Proposition 2.2, we now improve the bound given in [ 2] for
the autocommutator subgroup of a group with autocentre of finite index.

Proof of Theorem B. First, since A is abelian, it is well-known that the transfer homomor-
phism from G to A is given by the mapping 7: g € G — g™ € A. If v is any automorphism
of G and g is any element of G, we have that (g~ 1¢g%)" = (¢~ 1g*)" = (¢7"(¢™)%) = 1,
so that G* has finite exponent dividing n. Moreover, this shows that G* N A is contained
in T and that, in particular, a bound for |G*| will derive from a bound on 7.

Let Q = G/A and let A be the cohomology class of the autocentral extension

Ar— G —> Q.

Let C be any locally cyclic direct factor of T'. It follows from Proposition 2.2 that there
is a surjective function from @ x @ to C, so that C' cannot be infinite. In particular,
T has no non-trivial divisible direct factor and hence is reduced. Moreover, again from
Propostion 2.2 we have that T is finite, because otherwise it would contain infinitely many
cyclic direct factors (see for instance [ 1 1]). Therefore, T is a direct factor of A and we may
take into account the canonical projection € of A onto 7.

Assume now that 7' is contained in the Frattini subgroup of G, so that G has no cyclic
direct factor of order 2 by Proposition 2.2. Then, a further application of Proposition 2.2
yields that Ae, is surjective and hence we get that |T'| < n?. Since we clearly have that
|G*/G* N T| < |Q| = n, we obtain that |G*| < n?.

Assume now that 7' is not contained in ®(G). Then, Proposition 2.2 gives that G =
H x K, where |[H| = 2 and K contains no central subgroup of order 2. Let L be the torsion
subgroup of K N A, which is easily seen to be the autocentre of K (see for instance [1]). If
H is not contained in G*, then G* = K* and hence, by the first part of the proof applied on
K, we have that |G*| < n3. To complete the proof, we assume that H is a subgroup of G*,
which is equivalent to assuming the existence of a subgroup R of @ of index 2. Consider
now the following extension

R——Q—» S=Q/R

and take into account the Lyndon-Hochschild-Serre spectral sequence for cohomology as-
sociated with the above extension and the trivial module L. Now, since L contains no
elements of order 2, we have Eg R - 2(S7 L) = 0 and, for the same reason, we also get
that
Ey' ~ HY(S,H (R, L)) ~ Hom(S, Hom(R, L)) = 0.

This shows that H2(Q, L) is isomorphic to H?(R,L) ~ H?(R, L)%, so that any repre-
sentative of Ae, can be thought of as a (surjective) function from R x R to L. Since
|T| = 2|L|, we finally get that |T'| < 2(n/2)? = n?/2 and also that |G*| < n?/2. O
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