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Abstract

In the last decades, comparison results of Talenti type for Elliptic Problems with Dirichlet
boundary conditions have been widely investigated. In this paper, we generalize the results
obtained in Alvino et al. (Commun Pure Appl Math, to appear) to the case of p-Laplace
operator with Robin boundary conditions. The point-wise comparison, obtained in Alvino
et al. (to appear) only in the planar case, holds true in any dimension if p is sufficiently
small.
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1 Introduction

Let f§ be a positive parameter and let Q be a bounded open set of R”, n > 2, with Lipschitz
boundary.
Let f € L7 (Q) be a non-negative function. We consider the following problem
—div(|Vul’*Vu) = f inQ

|Vu|p_2? +BlulP2u=0 onoQ. @
v

A function u € W'?(Q) is a weak solution to (1) if
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/|W|ﬂ—2wv(pdx+ﬂ/ |u|p_2u(de”_l(x)=/f(pdx Vo e WP(Q). (2
Q 0Q Q

We want to establish a comparison principle with the solution to the following sym-
metrized problem

—div(|Vv]P?Vy) =4 inQ?
|Vv|1’—2? + VP2 = 0 on oQF, 3)
1%

where QF is the ball centered in the origin with the same measure of Q and f* is the
Schwarz rearrangement of f (see next section for its definition).

This kind of problems has been widely investigated in the last decades. The first step is
contained in [10], where Talenti proved a pointwise comparison result between u¥ and v in
the case of Dirichlet Laplacian. After this, several papers generalized the result of Talenti:
for instance, the one by Talenti himself [11], in which the operator is a generic non-linear
operator in divergence form, or the one by Alvino, Lions and Trombetti [2] in which the
authors deal with both elliptic and parabolic cases: in both papers, Dirichlet boundary con-
ditions are considered.

Different kinds of boundary conditions are considered by Alvino, Nitsch and Trombetti
in [3], where they establish a comparison between a suitable norm of u and v, respectively,

solution to
—Au=f inQ —Av=f%  inQf
ou ou

= + fu=0 onoQ. = + fu=0 onoQF.
ov ov

They found out that if fis a non-negative function in L?(Q), then

n
2n—2

n
||M”L2k,2(g) < ||V||L2k,2(m) VO <k < I —4

lalss @y < IMllzerery VO <k <

where |||« 1s the so-called Lorentz norm, whose definition can be found in next section.
Moreover, the authors in [3] were able to establish a comparison 4 la Talenti,

W) < v(x), Vxe QF

in the case f = 1and n = 2. This will be the starting point of our work: it will be clear that
our results coincide with the one in [3] in the case p = 2.

For completeness sake, we cite that this wasn’t the first result in this sense, indeed in [6]
the authors study a comparison result for the p-torsion, that is the case f = 1, with a com-
pletely different argument, obtaining

lall gy < IVl oy

Another work that is worth to be mentioned is [1], where the authors obtained similar
results to [3] in the case of mixed Dirichlet and Robin boundary conditions.

This paper is organized as follows. In the next section, we give some basic notions about
rearrangements of functions and Lorentz spaces. Moreover, we list some properties of the
solutions to problems (1) and (3). In Sect. 3, we prove the main results about comparison
of the two solutions in terms of the Lorentz norm.
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In particular, we prove

Theorem 1.1 Let u and v be the solutions to problem (1) and (3), respectively. Then, we
have

np—-1)

”M”Lk.l(g) < ”V”Lk.l(Qu) VO<k < m, (4)
np-1)

Nl oy SNVIgposy VO <k < G—2ptn 3)

We observe that from Theorem 1.1, we have that, if p > n

lulli@ < MWlley and  ullpq) < VIl s)-

Theorem 1.2 Assume that f = 1 and let u and v be the solutions to (1) and (3), respectively.

() Ifl <p < —"—then
n—1

u“(x) <v(x) X € Qﬁ, (6)

-1

" and 0<k < np— 1)

n—1 np—-1)-p
”””Lk»l(g) < ”V”Lk.l(gu)

@G ifp> , then

(N

Ml oy < IVl

Then, we explicitly observe that in the case f = 1 from Theorem 1.2, we have that
Nullpi@) S Mlley and  ull ) < VIl r forp > 1,

while we have the point-wise comparison only for p < ——.
n

In Sect. 4, using tools from Sect. 3, we give a new proof of the Faber—Krahn inequality
with Robin boundary conditions in the case p > n. This topic was already studied in the
papers by Bucur, Giacomini, Daners and Trebeschi, [4—6] and [7] where the authors proved
the Faber—Krahn inequality for the eigenvalues of the Laplacian, or of the p-Laplacian,
with Robin boundary conditions, for every p > 1. Actually, the results in [4] are more gen-
eral, since they hold for every p > 1, but they are obtained with completely different tools
than the ones contained in our paper.

Finally, in Sect. 5, we provide some examples and open problems, and we discuss the
optimality of our results.

2 Notions and preliminaries

Definition 2.1 Let u : Q — R be a measurable function, the distribution function of u is
the function y : [0, +oo[ — [0, +o0[ defined by
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1192 V. Amato et al.

@) =HxeQ : |u@)| > 1}

Here, and in the whole paper, |A| stands for the n-dimensional Lebesgue measure of the set
A.

Definition 2.2 Let u : Q — R be a measurable function, the decreasing rearrangement of
u, denoted by u*, is the distribution function of u.

The Schwarz rearrangement of u is the function u* whose level sets are balls with the
same measure as the level sets of «. The functions u* and u* are linked by the relation

W(x) = u* (w,|x]")
It is easily checked that u, u* e ut are equi-distributed, so it follows that
lull iy = 10 s, = 14l (o).

An important propriety of the decreasing rearrangement is the Hardy—Littlewood inequaliy,
that is

12|
/|h(x)g(x)|dx§/ h*(s)g" (s) ds.
Q 0

So, by choosing & = y{},1s)> One has

u(®)
/ || dx < / ¥ (s) ds.
|ul>t 0

Definition 2.3 Let 0 < p < 400 and 0 < g < +oco0. The Lorentz space [79(Q) is the space
of those functions such that the quantity:

1

1 & adr\¢
pe / u)yr — ) 0<g<oo
lellzpa = 0 t

sup (¢ u(1)) qg=0
>0
is finite.

Let us observe that for p = g, the Lorentz space coincides with the L space, as a conse-
quence of the well known Cavalieri’s Principle

+0o0
/ gl =p / (o) .
Q 0

See [12] for more details on Lorentz space.
Let us consider the functional

%(w)=1/|vW|”dx+£/ le”dH"“(x)—/fwdx
P Ja P Joo Q
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defined on W'»(Q). This functional is well defined and its Euler-Lagrange equation is

exactly (1). If we show that the functional admits a minimum, our problem will always
have a solution.

(1) Let us show that the functional is bounded from below, indeed using the parametric
Young inequality, we have

P ’
u) > — u + - u (X)) — — u - —
w2t [ varac+ L [ a1 - [upac- -5 [ ax
P Jo P Joo P Ja p'er Ja
P /
zl(/wwmﬂ/ |u|PdH"-‘<x>)—i/|u|de— ,1,/lf|”dx
P \Jo Q P Jo P'er Ja

Ay 4(Q) — P ,
z"ﬂ—/de— 1,/lfl”dx
p Q P'e’ Jo

In the last inequality, we used the Sobolev inequality with trace term

/IVuI”+ﬁ/ |u|1’zal,ﬁ<sz>/|u|l’.
Q 0Q Q

In general, the quantity 4, 4(€2) denotes the first eigenvalue of the p-Laplacian with
Robin boundary conditions, whose definition is given in (28), which can be also seen
as a trace constant of the set Q.

If € is small enough, then the quantity

A Q) — €
p

is non negative, and then

S > ——) / I
Q

p'er
SO

= inf —00.
m é&ll‘p%(u)> 00

(2) Compactness and lower semicontinuity.

Let {ui} be a minimizing sequence. We can assume that (u;) < m+ 1, Vi. Using
again the Young inequality, we have

m+121/|Vui|pdx+é/ |ui|”dH"—‘<x)—/fu,-dx
P Jo P Joa Q

21/|Vu,.|"dx+£/ |u,.|”dH"-1(x)—§/|ui|de— e ,/w”dx
PJo P Joo P Ja P'er Jo

Then
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1194 V. Amato et al.

m+1+ 1,/[f|”dx_ </|Vu|pdx+ﬁ/ |u|de”_()>——/|u|p
P'e’ Jo 2p
+i</|vui|f’dx+ﬁ/ |ui|de”‘1(x)>
2p\Ja 00
1 ) Ay p(Q) — 2e? / )
> 2p/g|w,.| dx+(—2p [ Jul s

Then, the minimizing sequence { ui} is bounded in W'?(Q), so there exists a subse-
quence {uik} weakly converging in W'(Q) and strongly in 17() to a function u. Let
us show that u is the minimum.

The function # is strictly convex for p > 1, so

’ -2
|uik| >|ul” + plul? u(uik—u) (8)

& |” >|Vul” + p|Vul”2Vu(Vu, — Vu) )

Putting (8) e (9) in %(uik), we obtain

/fuikdx+%(ul-k) > l/|V14|1’dx+/|Vu|p_2Vu(V1,tik—Vu)
Q Q Q

2 [ aretep | tute - o

Passing to the limit for k — oo, by the weak convergence of {uik} the integral over Q

on the right-hand side goes to 0. The integral over 0Q2 goes to 0 as well. Indeed, the
space W'P(Q) is compactly embedded in L7(9Q) (for more details, see [9] 2.5), and
u;, —u — 0in L(0Q). So, we obtain

m > &(u).

This ensures us that u is the minimum of the functional.
The uniqueness of the minimum follows from the fact that &(u) is the sum of a
strictly convex part and a linear part.

We observe that the solutions # and v to (1) and (3), respectively, are both p-superhar-
monic and then, by the strong maximum principle in [13], it follows that they achieve
their minima on the boundary. Denoting by u,, and v,, the minimum of u and v, respec-
tively, thanks to the positiveness of f and the Robin boundary conditions, we have that
u,, >0 and v, > 0. Hence, u and v are strictly positive in the interior of Q. Moreover,
we can observe that

= mi < mi =
U, ngnu < H(lzlunv Vs (10)

in fact, if we consider
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/ frax=1 / fdx
Qf ﬂ Q
=/ u(xyP~ L dH" ()

oQ

> u’~'Per(Q) > |ul”"' Per(QF).

vfn_lPer<Qﬁ) = / v aHT (x) =
o

|~

A consequence of (10) that will be used in what follows is that

@ <P =1Q Vi<v,. (11)

2.1 Useful lemmas

Let u be the solution to (1). For ¢ > 0, we denote by
U={xeQ:ux)>t} oU™=0U,nQ, U™ =0U,noQ,
and by
u(@® = |U,| P,t)=Per(U)

where || is the Lebesgue measure on R” and Per(-) is the perimeter.
If v is the solution to (3), using the same notations, we set

V, = {x €t v > t}, o) = |V,|. P,0) = Per(V,).

Because of the invariance of the p-Laplacian and of the Schwarz rearrangement of f by
rotation, there exists a radial solution to (3) and, by uniqueness of solutions, this solution
isv.

Since v is radial, positive and decreasing along the radius, then for0 <¢<v,,V, = Q)
while for v,, < t < maxq: v, V, is a ball, concentric to Qf and strictly contained in it.

Lemma 2.1 (Gronwall) Let &(F) : [z, +oo[ = R be a continuous and differentiable func-
tion satisfying, for some non-negative constant C, the following differential inequality

()< (p-DErT)+C V> 75 > 0.

Then, we have

, c ¢
(i) &)< (f(%)"'m)(%) _pTl VT > 10
2

— P
i) &)< (%) <1> Ve > 7,

0 To

Proof Dividing both sides of the differential inequality by 77, we obtain
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(£9-p-n82) - (20 <
TP P

7Pl

Now, we integrate from 7, to 7 and we obtain

[ () aes [ S
7 Tpl

p—1
— &)< <:(fo)+i><1> -
p—1)\1 p—1

which gives (i).
In order to obtain (ii), we just take into account (i) in the differential inequality. O

Lemma 2.2 Let u and v be solutions to (1) and (3), respectively. Then for almost every
t > 0, we have

(@) =
yo(\'™ )ws< f*(S)dS> (—u’(r>+i, / lolH’l”(x)), (12)
0 ﬁl’j aU;extM

where y, = (na)rll/") =
And

) (1) =
e —( f*(S)dS> <—¢’(z)+# / ldH"‘l(x)) (13)
0 ﬁ"j aV’ex[ 1%

Proof Lett > 0e h > 0, we choose the test function

0 ifu<t
ex) = u—t ift<u<t+h
h ifu>t+h.

Then,

/ |VulP dx + ﬂh/ WV AH T () + p uP N — 1) dH" ()
U, \Ux+l1

t 1
oue, QUEN\IU,

=/ f(u—t)dx+h/ fdx.
U1\U/+h

1+h

Dividing by A, using coarea formula and letting & go to 0, we have that fora.e.r > 0

/ g(X)dH”_l(X)=/fdx,
au, U,

where
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() = [VulP™" ifx € oU™,
EVZ pwt it x e oUe,

So, using the isoperimetric inequality, for a. e. z > 0, we have

1 -1
na (') < o) = / a0 < ( / gdH"'%x))"( / #dH”“@))
au, au, W, g1
1 -1
n—1 ’ 1 n—1 1 1 n—1 !
= gdH"™ (x) — dH" () + — —dH" (%)
au, ouin [Vul pri Jous u

'

(0 ; 1 { =
< ( F5(s) ds> WO+ — / ~dH" () ¢ € [0, max u),
0 pri Jou U Q

Then (12) follows. We notice that if v is the solution to (3), than all the inequalities are
verified as equalities, so we have (13). O

Lemma 2.3 Forallt > v, we have

: [¢]
Moreover,
" R e
/0 " (/av,nam v(x) an (X)> = pB Jo RS (s)

Proof If we integrate the quantity

p—1 1 dH!
! < /[,Utw () (x)>’

from 0 to +o0, by Fubini theorem, we obtain

oo 1 u(x) Tp_]
/ P! / — dH" () |dr = / < / — df> dH" (%)
0 oue UX) oo \Jo  u(x)

=1 / w1 aH (%)
P Joo

1 Q]
== *(s) ds,

B Jo Fs)ds

where the last equality follows from the fact that u solves (1).
Analogously

© o]
/ 71 < / €L dH"—‘(x)> dr = L F*(s) ds.
0 av.naqs V() PB Jo

Since u is positive, we obtain, V¢ > 0,
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. | B 1 1
o auen u(x) PB Jo

on the other hand, since dV, N Q! is empty fort > v,,, we have

. [of
/ 1 </ 1 dH”I(x)> dr = L fr(s)ds.
0 ov.nos V(X) ph Jo

and the proof of Lemma 2.3 is complete. O

Remark 2.1 1t can be observed that, since dV, N 0QF is empty for 1 > v,, and ¢(t) = |Q| for
t <v,, forall 6 > 0and for all ¢, we have

t
/ L () ( / L dH”_l(x)> dr
0 av.noae V(%)
= / " ey < / L dH"—‘(x)> dr
0 AV, NI v(x)

+o00 1 Iglé 1Q|
= / P p(r)° < / — dH"—l(x)> dr = — F*(s)ds.
0 av.naet V(X) pB Jo

m?

3 Main results

Now, we prove Theorems 1.1 and 1.2.

-1 -1
Proof of Theorem 1.1 Let0 < k < M, S06 = 1 u is positive.
p(n—1) k np-1)
Multiplying (12) by #~! u(¢)° and integrating from 0 to 7 > v,,, by the previous Lemma,

we obtain
1
T . T u(n) 1
/ AT OX dts/ (—u'(t))t”‘lu(t)‘s( f*(S)dS> dr
0 0 0

»
Ql° 12 p-1
+ | L, < f*(s)ds) .
ppr A0
l w L
-1
Setting F(l) = / ® (/ G ds> ’ dw, we can integrate by parts both sides of the last
0 0

inequality, getting

rp-1<< [ dr) + F(ﬂ(T))) <p-n [ ﬂ”(( YRS ds) + F(M(t))) ar
0 0 0

5/ rlal =i
+ lQL( f*(s)ds)
pprt A0

(16)
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T t . |Q|5 1 p%l
Setting &(r) =/ tp‘2</ IION ds+F(;4(t))> dr and C = > < () ds> ,
0 0 ppr1 \Jo
we are in the hypothesis of Lemma 2.1 (Gronwall), namely

€'(1) < (p = D) + C,

so, choosing 7, = v,,, we have

T 1 - p_z
Tp_z</ Yo(s)t ds+F(u(T))> < <%> (Vi) ’
| m m

Ev,) = / '"ﬂ’-2< / ynu<s>ids+F(u<r))> dr.
0 0

The previous inequality becomes an equality if we replace u(r) with ¢(#). Since
u(@) < P =|Q|, Vt<v,, and F(/) is monotone, we obtain

/ " rP-2< / (o)t dS+F(/4(t))> ar < / " ,,,_z< / yn¢<s>ids+F(¢<r>)> dr,
0 0 0 0

hence

where

/ you(s)t ds + F(u() < / 7, d(s)F ds + F((2)).
0 0

Passing to the limit as 7 — oo, we get

/w (ot dr < /m B dr,
0 0

and hence
nip-—1)
||u||Lk,1(Q) < ||V||Lk,l(gu) VO <k < ]%
To prove the inequality (5), it is enough to show that
/ 7 (o) dr < / 27 (0) dr. (17
0 0

Let us consider equation (16), let us integrate by parts the first term on the right-hand side
from O to = and then let us pass to the limit as 7 — oo, we have

o 1 ® 1Q° Q| o
/ Y ut)e de < (p - 1)/ P2F(u(r) d + — </ o) ds> )
0 0 pﬂ 0

-1

Therefore, if we show that
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/ P72F(u(n) d < / P2 F(¢p(1)) dt (18)
0 0
_=lp
we obtain the (17). To this aim, we multiply (12) by PVE(u@)u(r) =y and integrate.
First, we observe that, by the choice k < (nz—)— it follows that the function
— 1) n—
h(l) = F(OI™ </ b is non decreasing. Hence, we obtain

1

f*(s) ds) "~ dr

w0

/ Yut ™ F(u(r) dr < / (—u’(t))ﬂ’“u(t)_mF(ﬂ(t))(
0 0 0
(n—lp

Q| o-v 1] . /!I%l
+ Fep ( f(s)ds) .
pﬂp—l 0

If we integrate by parts both sides of the last expression and set

pn=1)

|Q| - Q| . pl%l
C= F(IQI)—< f (S)dS> )
ppr \Jo

we obtain

T / Tyntp_2F(u(t))dt+TH”(T)$ / ' / P72 F (u(r)) drdt + / TH”(t)dt+C (19)
0 0 0 0

where

u(®)

+oo pn=1) ;%
H, () = - / tp‘zﬂ(t)_"(@-”F(M(t))< £ ds) au(o).
T 0

Setting

&(r) = / / Y2 F(u(r)) dr + / H, (1) dr
0 0 0

&' (r) < &(1)+ C.

then (19) becomes

So lemma 2.1, with 7, = v,,, gives

. - 1)/ “F(u()dt+H,(v,)+ C p2
[ a0 < <v1>
0 m

Of course, the inequality holds as an equality if we replace u(¢) with ¢(¢), so we get, keep-
ing in mind that u(7) < ¢(t) = |Q|fort <v,,

/ 7?2 (u(t) dt + H (1) < / 7, F((0)) dt + H,y(7)
0 0
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Letting 7 — oo, one has

[ < [T e Ego,

0 0

as H,(z), Hy(t) — 0. This proves (18), and hence (5).
The fact that both H, and H,, go to 0 as 7 goes to infinity can be easily deduced distin-
guishing the cases.

o Ifp>2

2
W%(r):/ tp_zdxs/ w2 dx < |lull?? ()
u>t u>t

+c0 pne) ()
> |mo) = [ e raou ww( £ dS>(—/4'(t))dt
T 0
[9]] > +o0 2_pb g I—>400
S( f*(S)dS> llull7, / F(u@)u(t)r o0 (= (1)) dt—— 0.
0 T

e Ifp<?2

pln=1)

+o0 u()
|| = / 2 F(u()u(t) ( f*(S)S>(—u’(t)) di
T 0

oo pin=1)
<ot [ Fomo 5

and analogously for H,, which concludes the proof. a

H(0)

£5(s) S)(—//(t)) dt—2 0,
0

u(®)
Proof of Theorem 1.2 (i) Firstly, we observe that fH(s)ds = u(z), so (12) becomes
0

_i_1\ e
ranoU' ) < S+ / L an ). 20)
ﬁ”j 0U’Cx\ u
Let us multiply both sides by #~! u(f)?, where § = —(1 - i — i)p’%l We point out that

§>0forp < :”1 Hence, integrating from 0 to 7 > v,,, we have

/ 1t S/ t”_lu(t)‘s(—ﬂ’(t))dwL1 t”‘lu(t)‘s/ L a1
0 0 oU

ﬂ’j 0 ext U

T |Q|6+1
< [ e a2
0 pﬂpTl

2y

Taking into account Remark 2.1, if we replace u(f) with ¢(¢) the previous inequality holds
as equality.
Hence, we get

/ ’ P ()’ (4 (1) dt > / ' L0’ (=9’ (1)) dt.

0 0
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1202 V. Amato et al.

Then, an integration by parts gives

e 1#(7) +(p l)/ - 2/4(1)(erl dr > —7P~ 1¢( )5+1 +(p— 1)/ tp—2¢(t)6+l d.

6+1
T S+l _ 5+1
Finally, using Gronwall’s Lemma with the function &(z7) = / sP2 <%> ds
0
we obtain
Tp—Z ﬂ5+l(,L_) _ ¢5+](T) 1) 5+l(s) ¢5+1(S) ds
5+1 s+l )

The quantity on the right-hand side is non-positive, thanks to (10), so
u@) < p(r) Vr>v,.
and, remembering that,
u(r) < Pp(r) = Q] Vr<v,,

we get the point-wise inequality of the functions.

(i) Now, we want to show that
lill s oy < MVl oy

so it is enough to show

+0o0 1 +o0 !
/ u()idr < / () dr (22)
0 0

P

1
We multiply (20) by t”‘l,u(t);_(l_rﬂf’Tl and integrate from O to 7 >v,,. Then using
Lemma 2.3 and Remark 2.1, we obtain

l_(l_l_l)L_H
T . 1 T ) l_(l_l_l)L |Q|k nop)p-1
/ Yul’ " (D) dt < / Pu@ N e (= () dE o+ ————— (23)
0 0 Br1
p
and equality holds if we replace u with ¢. In order to be shorter, we set

Qr]+1
k n p)p-1 ph

We point out that (23) follows by (21) if # > 0, namely

0<k<ﬂ
Tnp-1)-p

With these notations and keeping in mind that y is a non increasing function, we have from
(23) taht
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/ 7,,t”’1u(t)i dr < / ="~ ()" du(r) + C (24)
0 0

¢ i+l
Let us set G(¢) = / whdw = T let us integrate by parts both sides of (24) in order to

0 n
obtain
v, / u(0)F di + 77 G(u(o))
R . . (25)
<@p-1 [/ yntp_z/ u(r)x drdt+/ P2G(u(0)) dt] +C
0 0 0

Setting

&) = / ' (m’—Z / u(n)i dr> dr + / TtP*ZG(H(t))dt
0 0 0

(25) reads as follows

g’ (1) < (p- DD +C

Hence, using Gronwall’s Lemma 2.1 with 7, = v,,, we get

T 1 — p_2
y, 2 / p(@0) dt + P 2G(u(r)) < (%) <l>
0

m Vm

where

£,) = / "y / u(P) drde+ / " PG (ut)) di
0 0 0

Again, if we replace y with ¢, the previous inequality holds as an equality and £(v,,) is less
or equal than the same quantity obtained by replacing y with ¢, as (10) holds. Keeping in
mind (11), we have

rp—2<yn / u(t)ldr+G(u(r))> sﬂ—2<yn / ¢(r)idr+G(¢(r>)>
0 0

Passing to the limit as 7 — +o0, we get

+oo | +o0 |
/ ,u(t)?dtS/ 1)+ dt
0 0
namely (22).

To conclude the proof, we have to show that

nip-1)
np-1)-p

lleell eoy < WVl ooty VO<k<

that is to say
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+0oo . +o0 .
/ P u@)r dr < / P 0k dr.
0 0

We consider (24), pass to the limit as 7 — 400 and integrate by parts the first term on the
right-hand side

+oo +o0
/ Y, ) dr < (p — 1)/ P2G(u()) dt + C.
0 0
Hence, it is enough to show that
+00 +oo
/ P2G(u(n)dt < / P2G(0)) dr.
0 0
1 1
To this aim, we multiply (20) by #~! G(,u(t))u(t)_(l_;_; ) 1 and integrate from O to = > v,,,

/ P Gl e < / GGy U

0 0
1 i p—1 _<1_l_1)L 1 n—1
+— PTG(u@)u(r) nop)p-l - dH dr
ﬂ”j 0 U u
. nip—-1) . . _(1_1_1)L
Since k < (p—l)’ using Lemma 2.3 and the fact that the function G(£)¢ 7 p )
np-1)-p
is non-decreasing, we obtain
’ . . _(1_1_1>L
Y.' T Gu@®)dr < FG(u)u@) N v/t du) + C (26)
0 0

with

¢ =—L_qqapie (i)
ppr!

If we replace u with ¢ the previous inequality holds as an equality, thanks to (2.1). Now, let
us integrate by parts both sides of (26), obtaining

T / Y P 2G(u(0) dt + tH(r) < / / ¥ P2 G(u(r)) drds + / H,()di+C (27)
0 0 0 0
where
too _<1_l_l>L
H,(7)=- / PG )T dp(r)
Setting

E(r) = / ' / YutP 2 G(u(r)) drdt + / THﬂ(t)dt
0 0 0

the (27) reads as follows
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7'(1) < &)+ C
Again, using Gronwall’s Lemma 2.1, we get
T (P = DEW)+C\ [\
G dt+H, (o) < | ———— || —
0 Vi Vm

with

Ew,) = / / 7, 2G(u(r)) drdt + / " H, (1) dr.
0 0 0

Keeping in mind that for ¢ the previous inequalities hold as equality and the fact that G is
not decreasing, £(v,,) is less or equal to the same quantity obtained by replacing y with ¢.
Hence, we obtain

/ Yl 2G(u(0) di + H (1) < / Y 2G((1)) df + H,(7)

0 0

and passing to the limit as 7 — 400, we finally get

+00 +oo
/ P2G(u(n) dr < / P2G(g(t)) dt
0 0

indeed, as in the proof of Theorem 1.1, H,,(r) and H,(7) go to 0 as 7 — co.
That concludes the proof. O

Corollary 3.1 Let u and v be the solutions to (1) and (3), respectively. Then, if p > n, we
have

lullpi@ S Mlley and  ullpq) < VIl @r)-
Moreover, in the case f = 1, Theorem 1.2 gives
lulli@) < Wllpge and  lullp@) < Wilp@y — Yp>1
and the point-wise comparison for p < nnTl

Proof 1If p > n the upper bounds of k, in both cases (4) e (5), are greater than 1 and so we
can choose k = 1. The assertion follows from the fact that

||'||uw(g) = ”‘”U(Q)‘

Analogously if f = 1. a

4 Faber-Krahn inequality

We recall that the first eigenvalue of p-Laplace operator with Robin boundary conditions is
obtained as the minimum of the Rayleigh quotients, i.e.,
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|Vco|”dx+ﬁ/ lw|? dH"(x)
Q 0Q

/IIJ,(Q) = min

w € WP(Q) / ol dx
w#0 Q

(28)

We can observe that if u achieves the minimum of Rayleigh quotients, so does |u|. From
this we have that « in non-negative. Furthermore, we have if i > 0, as a consequence of
Harnack inequality, u; > 0.

Another important thing is that the eigenvalue is simple. Indeed, as shown in [8], if Q is

smooth enough and u and v are to eigenfunctions referred to the first eigenvalue, we can
. ul =P,
choose as test function ¢, = ——in
=

/qulp_ZVuV(pldx+ﬂ/ W o, dH"-l(x)=/zu,uP—1(pldx
Q oQ Q
wW—ul .
and @, = vp—_lln
/|Vv|p_2VvV(p2dx+ﬁ vp_lq)de"_l(x):/ﬂl’ﬂvp_l(pzdx.
Q oQ Q
Summing the two equations, we have
p P
o:/{1+(p—1)(ﬁ) }|vu|P+{1+(p—1)(ﬂ) }|Vv|p
Q u v
p-1 p—1
—/p<z> |Vu|”_2Vqu+p<z> [Vv|P2VvVu
Q u v
= / W’ —V")(|Vlogul? — |Vlogv|P)
Q
—/pvplvlogulp_2|V10gu|(Vlogv—Vlogu)
Q

—/pup|V1ogv|p_2|Vlogvl(Vlogu—Vlogv)
Q

Now, using the well known inequalities, which hold true for each w, and w, € R”",

_ P
|w2|P > |w]|17 +p|w1|l’—2wl . (w2 —w,) + % if p>2
2
|W2|p > |w, |p +p|w, |p72wl : (W2 —wl) + C(p) 2 =] — if 1<p<2
(|wi] +[wa]) g

if we consider the case p > 2, we choose w, = Vlogu and w;, = V logv, we obtain

1 1o .
—2[7_1_1/Q<\;+J)|vVu—qu| —0.

Hence, we obtain that vWu = uVv a.e. in Q, and so there exists a constant K for which
u = Kv. This means that 4, 4 is simple.
For the proof of (29), we refer to [8].
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The following corollary of Theorem 1.1 holds true, that is Faber—Krahn inequality.

Corollary 4.1 Let u and v be the solutions to (1) and (3), respectively. Then , if p > n, we
have

7 (@) > Ay ().

Proof Let u an eigenfunction referred to the first eigenvalue of (1), then it solves

—Au =4 ,(Q)|u’u  inQ
|Vu|”_2? + Bl 2u=0 onoQ.
\2

Now, let z be a solution to the following problem

—A,z= Ay 5 Q) |ufP~2uf in QF
|VZ|P—2§—Z + Bl 22 =0 on a0t
\%

In that case, Corollary 3.1 gives

/|u|de=/ |u”(pdxs/ 2P d,
Q Qf ot

and hence, by Holder inequality

p-1 1
p-2 R P

/ (M) uﬁzdxg</ 'uﬁr’dx)' (/ dex)' s/ 2 dx.

Qt ot Of ot

Therefore, observing that we can write the eigenvalue 4, 4(€2) in the following way, we
obtain

/ IVzl”dx+ﬁ/ 2 dH" (%)
o 0Q¢
£\
/m (u ) u'zdx

/ [Vz|P dx + B 2 dH" ()
Qf Q¢

>
/ Zp dx
ot

A p(Q) =

> 45 (9F):

5 Conclusions

We have been able to extend the results obtained for the Laplacian to the p-Laplacian.
Many problems remain open, such as
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Open Problem In the assumptions of Theorem 1.2, does the point-wise comparison
hold also for p > ﬁ?

We have already observed in the Corollary 3.1 that if p > n we have an estimate on the
L” norms of u and v. Can we generalize this estimate also for g # p? We know for sure that
for ¢ = oo this can’t be done, as it can be seen in the following example.

Example 5.1 Let Q C R” be the union OE two disjoint balls, B, and B, with radii 1 and r,
e

n- with p # n, and we fix f = lon B, and f =0 on

p—

B,. Both u and v can be explicitly computed. We have ||u||, — ||[V|l, = Cr" + o(r"), where

C is a positive constant.

respectively. We choose f <

Proof We want an explicit expression of u and v, respectively.
Starting from u, it is a solution to

{ —div(|Vul’Vu) = f inQ

Va2 2% 4 Bl =0 on 0Q.
ov
with f|z = land f|z =0.

It’s clear that M|B,_ = 0 and u(x) = u(|x|) it’s radial on B,.
So, the equation (1) becomes

s”_lApu(s) = %(s”_l |u'(s)|p_2u'(s)>

and then

%(sn—llul(s)lp—zu/(s)> — Sn_lAp’/l(s) — _Sn—l

n—11], .1 p=2 7 s"
ST ()W () = —= +c.
n
We set ¢ = 0, in order to have a Cl-solution.

1
sr-l 1

|u’(s)|p_2u'(s) =3 = V)= -— a=—,.
n = p—1
nr
If we integrate, we obtain
-1 =
u(s) = P st 4+ A.
n*p

The Robin boundary conditions become
|/ (D (D) + puy™ =0 (@2 0),

now we can compute the value of A
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1 p—1 po 1
—— —_ 4+ A =0 = A=
”+ﬁ< nep " > (np)*
So
_p=lo 1
u(s) = ey (1 s )+ G

As u is decreasing, we have

-1
AL
wp " (p)r

llullo = u(0) =

p—1

nep

Now, let us compute v(s). We will do this firstly for s € (0, 1), then for s € (1,7) where

¥ = (1 + r")nis determined by the condition |Q| = |QF|.
Lets< 1

(P VE) = -5

ds
s
V@IV == = Vi = -2
n n*
-1 =
v(s) = _P sn’-l + B.
np

Now, we can’t determine B as before, as v is not identically O in the anulus B;\B,.

Lets>land p#n
%(s"_] |v'(s)|p_2v'(s)> =0

[V'(s) |p_2v'(s) =

Sn—l
by imposing the continuity of the derivative for s = 1, we obtain that C = —1/n
_nml
’ _ s
v (S) - - ne )
()= ——LL s 1D
V(s) = ————sr- ,
n“(p —n)

and by Robin conditions

VP @ + ey =0,

-7
n n*(p —n)
p= L i, =l =
(np)e n“(p —n)

By imposing the continuity of v for s = 1, we have

—n—1 _ - (-1
_r + ﬂ( p—1 _le +D> =
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-1 -1 -1 _pon
B=P f e 14 <rﬁ-l—l>
np  (nf)*  n*(p—n)
that is to say
)+ —— (71 = 1)+ 2= (7 —1) ifs<1
— (np)* n*(p—n)
v(s) = = sl (=P pon . _
p—1 -1 — gp-1
o + e (rr' sP ) ifl<s<r

For convenience’s sake, we set h =

So, we have
Vllzo 0ty = Vll=s,) = llutll o) + = u(0) + A
By using Taylor expansion of the function (1 + 7")%, we get

_<_ 1L n-t 1
\ penp-1)  nett

)r" + o(r"),

1\t
so, if we choose f < (%) , we get

||v||Lm(Qu) = ||ull ) — Cr" + o(r") where C > 0.
Next example 5.2 is a counterexample to the Corollary 3.1 in the case n > p.

Example 5.2 Let Q C R”, p < n be the union ofltwo disjoint balls B, and B, with radii 1 and
—
n—p
and we fix f =1on B, and f =0 on B,.
pp—1) ‘
Both u and v can be explicitly computed. We have ||u||£ - ||v||§ = Cr" + o(r"), where Cis a
positive constant.

r, respectively. We choose f < <

Proof Let us consider the Taylor expansion of (1 + y)”, we get
p — — P p—1 n
0 i = [ B = W+l 07)
1

Moreover,
[ = o)
(BAB))  (np)ep

asifl <s<T7r

L -5 = S =
- SO S G gl )

thus

v(s) = + 03"

1
(np)
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and by integration we obtain the value of the norm in L”(B;\B,).

So,
p P p n
0 gy = I, I = Wl g+ el 4 ﬂ)ap P+ o)
and recalling that
1 n—1 1
h= (- + "+ o(r"
( Py n(p— 1) nert )r o
we get
1 n—1 1 w,
P p— _ n
A I [pn I, )< TR ) + (nﬂ)ap]r + 0"
‘We have to understand whether
1 n—1 1 w
- —— +— ]+ ——<0.
P (i = ) * G0
1\ 1 n-1 1
If we choose f < (Z_ 1> , we have _(nﬁ)“ n(I;— D + ) < 0. In order to have

(30), we need

w, n(p — Hn*p*
[|u HU’ 1(3) (np)w [p(n - —ppe(p — 1)]

w, np—-1)
[|u HU 1(3) (np)*@-1 [p(n— 1) —pp*(p - 1)]

If we show that

nip-1)
[p(n =D =php- 1)] =! Gl
then
1 @,
u(s) > Tk = |lu ||p -1B) W

We just have to verify (31)

np—1)
pn—1)—pp*(p—1)

]51 = np-1)<pli—1)—pfp—1)

= p—-n<-plp-1)p*<0 (ifandonlyifp <n!)

<:>ﬁ<< noP )p_l
“\pp-1
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