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Abstract This paper is concerned with the strain gradient theory of porous thermoelastic solids. We study the
deformation of isotropic chiral cylinders subjected to a temperature field that is linear in the axial coordinate.
It is shown that the solution can be reduced to the study of two-dimensional problems. The results are used to
investigate the deformation of a circular cylinder subjected to a uniform temperature variation. In contrast to
the case of achiral materials, the thermal field in chiral cylinders produces torsional effects.

Keywords Strain gradient elasticity - Porous solids - Chiral materials - Thermal effects in beams - Circular
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1 Introduction

The behavior of chiral elastic bodies is a topic of current interest both from a theoretical and an experimental
point of view. The chiral elastic solid was used as model for various crystalline materials, carbon nanotubes,
bones, honeycomb structures, as well as composites with inclusions. Eringen [1] introduced the theory of
microstretch continua as a generalization of Cosserat theory. In this theory, the material particles undergo
a uniform microdilatation and a rigid microrotation. The intended applications of the theory are to porous
media filled with gas, composite materials reinforced with chopped elastic fibers, bones and other materials
with microstructure. In the case of a microstretch continuum, the change of microdeformation tensor, from
the constant value in the natural state, has the form ¢§;; + &;ix Yk, where ¢ is the microdilatation function,
Yy is the microrotation vector, §;; is the Kronecker delta and ¢ is the alternating symbol. In the absence
of microrotations, the equations of the linear theory of microstretch elastic solids coincide with the equations
of the elastic materials with voids introduced by Cowin and Nunziato [2] to study the deformation of porous
solids. In the theory of elastic materials with voids, the volume fraction field is a function strictly positive and
less than 1. Considering the multiple possibilities of using the solid microstretch model, in this paper we will
use the theory of microstretch continua to investigate the deformation of porous bodies. In what follows, the
subscripts preceded by a comma denote partial differentiation with respect to the corresponding coordinate.
The function ¢ is dimensionless, and the functions ¢ ; and u; ,; have the same dimensions. If the functions
¢ and ¢_; are considered as independent constituent variables, then the second-order partial derivatives of the
displacement vector have to be included in the set of independent constituent variables. Thus, the introduction
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of the microdilatation function requires a strain gradient theory. Toupin [3,4] and Mindlin [5] have introduced
the strain gradient theory of elasticity. Interest in the study of this theory is stimulated by the fact that it is
suitable to investigate problems related to the effects of size and nanotechnology. The deformation of chiral
elastic materials cannot be described within classical elasticity [6]. In various papers, the authors have studied
the behavior of chiral materials by using the linear theory of gradient elasticity (see, e.g., [7-9] and references
therein). The strain gradient elasticity has been used to investigate the behavior of carbon nanotubes (see, e.g.,
[10,11]).

This paper is concerned with a theory of thermoelasticity for isotropic microstretch continua, without
microrotations, where the second-order displacement gradient is added to the classical set of independent
constitutive variables. We have considered this theory since the chirality behavior in strain gradient theory is
controlled by a single material parameter, in contrast to the three additional material parameters required in
Cosserat theory. We study the equilibrium problem for a cylinder which, in the absence of body forces and
lateral loading, is subjected to prescribed surface tractions on bases and to a thermal field that is linear in the
axial coordinates. The origin of this problem goes back to the work of Boley and Weiner [12] that is devoted
to classical thermoelasticity. The deformation of achiral porous elastic solids has been investigated in various
papers (see, e.g., [2,13-18]). In this paper, we focus our attention to the case of homogeneous and isotropic
chiral porous elastic materials. Since the cancellous bone is considered as a porous body [19] as well as a chiral
material [20], it seems that the linear theory of gradient elasticity of porous solids is adequate to describe the
mechanical behavior of bones. This paper is concerned with uncoupled system in the sense that the temperature
field can be found by solving the heat flow problem associated with the heat conduction and energy equation.
We shall treat the temperature field as having already been determined [21]. The temperature is a prescribed
function that is independent of time.

The paper is structured as follows. First, we present the basic equations of chiral porous thermoelastic
solids and formulate the problem of deformation of the right cylinders. We have introduced mechanical loads
on the ends in order to compare the effects of thermal field with those produced by the resultants of the tractions
that act on the bases. Then, we investigate the generalized plane strain problem. In the following section, we
establish the solution of the problem when the temperature distribution is independent of the axial coordinate.
It is shown that this thermal field produces extension, bending and torsion. The next section deals with the
deformation of cylinders subjected to a temperature field that is linear in the axial coordinate. We present a
method to reduce the three-dimensional problem to the study of plane problems. The results are used to study
the deformation of a circular cylinder subjected to a uniform temperature variation. In contrast to the case of
centrosymmetric materials, the thermal field in chiral cylinders produces torsional effects.

2 Preliminaries

In this section, we present the equations of equilibrium in the context of the strain gradient theory of porous
thermoelastic materials. Mindlin [5] presented three forms of the linear theory of gradient elasticity. In what
follows, we use the strain measures introduced in the first form of the theory. We consider a body that in the
undeformed state occupies the bounded region B with Lispchitz boundary d B. The boundary d B consists of
the union of a finite number of smooth surfaces, smooth curves (edges) and points (corners). We denote by C
the union of the edges. Throughout this paper, a rectangular Cartesian coordinate system Ox;, (j = 1,2, 3),
is used. We shall employ the usual summation and differentiation conventions.

We assume that B is occupied by a homogeneous and isotropic chiral thermoelastic solid. Let u; be the
components of the displacement vector, and let ¢ be the microstretch function (microdilatation function). The
strain tensors are defined by

1
eij = 5 Wi+ uji)s Kijk = Uk.ij- ey
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In the case of chiral porous thermoelastic bodies, the constitutive equations are given by (see, e.g., [1,8,22])

Tij = Aepr8ij + 2peij + dedi; + f(€ikmK jkm + €jkmKikm) — bT 8ij,
1
MHijk = 5011(Krri5jk + 2641 8ij + Krrj0ik)

+ oz (KirrSjx + Kjrr8ir) + 203K0018i ) + B16ij @k + B2 (Bikp,j +8k9,i)
+ 204Kk + as(krji + kiij) + f(€iksejs + €jkseis)s
o = ,BlKrri + 2IBZKirr +appi, &= der + ~’§§0 - ,BT’ 2)

where 7;; is the stress tensor, u;jx is the dipolar stress tensor, o; is the microstretch stress vector, g is the
intrinsic body force, T is the temperature measured from the constant absolute temperature of reference state,
dij is Kronecker delta, ¢;ji is the alternating symbol, and A, u, a5(s = 1,2,...,5), B1, B2, B, b, d, ap, § and
[ are constitutive constants. In the case of achiral materials, the coefficient f is equal to zero. In what follows,
we assume that the elastic potential is a positive definite quadratic form in the variables e;;, «;jk, ¢ and ¢ .
The equations of equilibrium, in the absence of body loads, are given by

Tji,j — Mkjikj =0, oj; —g=0. 3)

The equilibrium theory of linear elastic heat conductors has been studied in various books (see., e.g., [13,22,
23]). We investigate the effects of temperature variation of the deformation of cylinders.
Toupin [3,4] introduced the functions P;, R; and Q; defined by

Py = (ki — tski,s)nk — Dj(nppurji) + nsnpspi (Dgng),
R = ppsinpng, Qi =< MUpjinphg > EjrgSyr ON 0B, 4)

where n ; are the components of the outward unit normal of 9 B, D; are the components of the surface gradient,
D; = (8jx — njng)d/dxg, s; are the components of the unit vector tangent to C and < g > denotes the
difference of limits of g from both sides of C.

In the case of traction problem, the boundary conditions are [1,24]

i

Pi=P,R =Ri,oinj=5 ondB\C,Q; = Q; onC, )

where E-, ﬁ,', o and é,- are prescribed functions.

We assume that the region B from here on refers to the interior of a right cylinder of length 4 with the
cross section X and the lateral boundary IT. Let I' be the boundary of . The coordinate system consists of
the orthonormal basis {e, €2, e3} and the origin O. We choose the system Ox; such that x3-axis is parallel
to the generator of the cylinder and the x; Ox, plane contains one of the terminal cross sections. We denote
by ¥ and X, respectively, the cross section located at x3 = 0 and x3 = h. Let 'y be the boundary of %,
(¢ = 1, 2). Throughout this paper, the Greek subscripts range over the integers (1, 2).

In what follows, we assume that the thermal field is linear in the axial coordinate,

T = To(x1, x2) + x3T1(x1, x2), (6)

where the functions 7y and 77 are prescribed. We suppose that the lateral surface is smooth. This assumption
implies that the functions Q; are equal to zero on I1. The cylinder is supposed to be free of lateral loading
and subjected to appropriate stress resultants over its ends. On the lateral surface of the cylinder, we have the
conditions

P,‘ =0, R,‘ =0,aana=0 on IT. (7)
Let F = (Fy, Fp, F3) and M = (M|, M, M3) be prescribed vectors representing the resultant force and

resultant moment about O of the tractions acting on ;. On X, there are tractions applied so as to satisfy
the equilibrium conditions of the cylinder. We have introduced the mechanical loads F and M in order to
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compare the effects of thermal field with those produced by the resultants F and M. On the end X1, we have
the boundary conditions

/ Pyda + Quds = Fy, (8)

> I

/ Pzda + Q3ds = F3, )
PN I

/ (xo P3 + Ry)da +/ X Q3ds = ega3Mag, (10)
2 I

/ eap3Xq Pgda +/ £ap3Xa Qpds = M3. (11)
2 Iy

From (4), we find that

P = —13; + 2a3i0 + 1333, Ri = n33; on Xy,
Qi = —2ug3ing onI'y, (12)

where (n1, nyp, 0) are the direction cosines of the exterior normal to IT.

The problem consists in finding the functions u; and ¢ satisfying the equations (1)—(3) on B, the conditions
(7) on IT and the conditions (8)—(11) on the ends, when the temperature 7', the constitutive coefficients and
the constants F; and M are prescribed.

3 Two-dimensional problems

In what follows, we will reduce the problem formulated in Sect. 2 to the study of some two-dimensional prob-
lems. In this section, we present some results concerning the generalized plane strain of a chiral thermoelastic
cylinder. We assume now that a body force .%; and a microstretch force density / are prescribed on B. Let us

suppose that .7}, [, E, ﬁi and ¢ are independent of the axial coordinate x3. We define the state of generalized
plane strain of the cylinder B to be that state in which the displacement vector, the microdilatation function
and the temperature are independent of the axial coordinate,

uj=u;(xy, x2), ¢ =@xy,x2), T =T (x1,x2), (x1,x2) € Xy. (13)

From (1), we obtain e33 = 0, j3; = 0 and

1
eqp = E(ua,ﬂ +uga)s 2eq3 = U3 o, Kapj = Ujop- (14)
The constitutive equations (2) reduce to

Tap = Aeppdap + 2heqp + dpdap + f(Eap3kpp3 + €pp3kap3) — DT dup,
Te3 = 2/leq3 + fgpﬂBKot,o,B,

1
Hapy = Eal(Kppa‘SﬂV + 2Ky ppBap + Kpppday) + a2 (Kappdpy + Kpppday)

+ 203K ppy Sap + 204Kapy + a5(Kypa + Kyap) + B18ap @,y
+ 2ﬁ2(8ay(p,ﬂ +py0.0) + f(gayfie/% + £gy3€q3),
Map3 = 203K pp38ap + 20akqp3 + f(Epasepp + Epp3eap),
0o = Bikppa + 2B2kapp + a0P.a, & =depp +E¢ — BT, (15)
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and
733 = kepp + d(ﬂ —bT,
1
U3ap = 50[1/(/;,038aﬂ + askpas + feppzeap,

1
33 = 51K ppa + a2kapp + fEpazesp + Brg.a,

W33 = A1Kapp + 203Kppa + B19,a + 2 f€3ap€3p,
333 = (01 + 203)Kpp3, 03 = P1Kpp3. (16)

The equations of equilibrium in the presence of body loads can be written as
Tai,a — MHapiap T Fi =0, Oq,a0 — 8 +[1=0 on Xj. (17)

It follows from (4) that in the plane problems the functions P; and R; have the following form on the lateral
surface

Py = (tgi — Wppi,p)np — Dp(npitppi) + npngipai (Dpny),
Ri = painpng. (18)

The conditions on the surface IT become

P, =P, R = R;,04ny =& onTy. (19)
The two-dimensional problem of thermoelasticity consists in finding the functions u; and ¢ satisfying the
Egs. (14), (15) and (17) on X, and the boundary conditions (19) on I';. We denote by (5#) the problem

characterized by the Eqs. (14), (15), (17) and the boundary conditions (19). Using the results established by
Hlavacek and Hlavacek [25], we can easily deduce the following proposition.

Theorem 1 The necessary and sufficient conditions for the existence of a solution to the problem () are
given by

Z;da +/ Pids =0,
> I
/ €30pXa-Fpda + / €305 (Xo Pg + 1o Rg)ds = 0. (20)
P Iy

In view of (14) and (15), the equations of equilibrium can be written in the form

WAUg + (A + pupg o — 2(a3 + o) AAug — 2(aq + o2 + as5)Aug o
+2feqp3Auz g +de o — (B1 +2B2) A0y —bT o + Fo =0,
wAuz —2(az + ag) AAuz + 2 fep3Au, , + F3 =0,
(B1+2B2)Aup p +aoAg —duy , —E@ + BT +1=0. 21

The functions 133, [L3a8, M3a3, M33as 1333 and o3 can be calculated after the determination of displacements
and microdilatation.

4 Plane temperature field
In this section, we present the solution of the problem under the following assumptions

T =To(x1,x2), F=Fze3, M= Mje;. (22)
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It is known that in the classical thermoelasticity, a uniform thermal field produces bending, extension and a
plane deformation. We try to solve the problem by combining a solution of Saint-Venant’s type with a solution
of the plane problem. We seek the solution in the form

4
1
Ug = _anxg + €3paA4XpX3 + Z“k“ék) + we (x1, x2),
k=1

uz = (a1x1 + axxz +az)x3 + Zaku + w3 (x1, x2),
k=1

4
o= ap® +y, (23)

k=1

where 145 )
We denote by A(k) (k = 1,2,3,4), the isothermal (T = 0) plane strain problems characterized by the

displacement vector u§ )

, <p(k) w; and v are unknown functions which are independent of x3, and a; are unknown constants.

and microdilatation function ¢, The body loads and the boundary data associated
with the problems A® will be precised in what follows. We introduce the notations

1
® ® 1 u®) 268 = 4 ® (B =P
Cop = 5 Uap F g o) 2603 = Uz g Kapgj = Hjap- @4

It follows from (15) that the constitutive equations imply

k k k
(ﬁ) = Ae(k)éaﬂ + Z/w( |+ dp®s,p + f(8a03Kf(3p)3 + Eﬂpg"aw)

k
10(13) = 2Me + f8/353Kotp,B’

1
(k) k k (k)
Hapy = al("xgp)aaﬂV + 26358 + K pppBay)

k
+ ocz(/cg;)p%y +if Bay) + 203k %) S

(k)

+2a4/< +Ol5(l(yﬁa yaﬂ) ~+ B164 ﬁ‘/)y

afy
S S (k) (k)
+ Ba( oty(/) ,3 + By¥P.a )+ f(gay3elg3 + 8/3)/330,3)

(k) (k))

Kopz = 2a3/cpp35 s+ 2a4/<aﬁ3 + f(spa3e/3p + &pp3€y
o = Bl + 28+ agp®, g© =de) +£o®. (25)

‘We shall use the notations

k k L%
1:3(3) = Ae(k) + dgo(k), ,uga)ﬁ = Eozlic/()pééaﬂ + Ol5K/3a3 + fe,gp3eg;),

w _ 1, ® 0

H3q3 = D) 1K ppa T Q2K g0 + f‘gplx?:e + ﬁZ(/)(k)
M§, L = a1k), + 203k X, + B1o®) + 2 fesapel.

k k k
nisy = (a1 +203)k s o8 = Bl (26)

We denote by (7') the plane thermoelastic problem which corresponds to the temperature 7 and is characterized
by the displacement vector w; and the microdilatation . Thus, the constitutive equations in the problem (7')
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are
lap = Mppdap + 2unap + AV dup + f(€0p38803 + €p38wp3) — bT08ugp,
a3 = 2UNa3 + f€pp3&apps
1
Magy = Eal(éppa‘sﬂy + 28y 0p08ap + Epppday) + @2(8appdpy + EpppSay)
+ 2a3éppy5aﬂ + 2“450{,8)/ + aS(éyﬁa + Eyozﬂ) + ,Bl(saﬂw,y»
+ 2/32(8ayw,/3 + 8,3)/ 1,/f,oz) + f(gay377/33 + 8,3)/3’]0(3)1
Mup3 = 2053%_,0,03501,3 + 20{450(/33 + f(g,oa377ﬂp + 5,0/33770(,0),
o = B1éppa + 2B280pp + a0V o, ¥ = dnpp + v — BT, 27
where
1
Nap = E(wa,ﬂ + W), 2Na3 = W34, Eapj = W) ap- (28)

‘We shall use the notations
133 = Anpp +dyr — bTy,

1
M3qp = Ealgp/ﬁaaﬂ + asépaz + fEpp3Naps

1
m3g3 = Ealéppa + a28app + fEpa3nzp + B2V ,as

m33e = A1€app + 2038 ppa + B1¥.o + 2 f 3001305
m333 = (o1 + 203)€pp380p3, T3 = P1&pp3. (29)

From (1) and (23), we obtain

4
1
k
€up = Nap + Zakeéﬁ), eq3 = 583ﬁaxﬁa4
k=1

4
k
a3 + Zakeégv €33 = ajxy +axxa +as,
k=1

4 4
. Kk
Kapy = Eapy + Zak"éﬁ)y’ Kaps = Eap3 + Zak’(éﬂé’
k=1 k=1
KB3a = E3pads, Ka33 = —K33q = a4, k333 = 0. (30)

In view of (2) and (29), we find that the functions 7;;, u;jx, o; and g are given by

4
Top = [(a1x1 + azx2 + az) — 2 faalbap + Zakfo(,? + tap,
k=1

4
k
Ta3 = Ha4€3paXp + 2 feup3ap + Zakfa(g,) + ta3,
k=1

4
k
733 = (A + 2 (@x1 +axxa +a3) +4fas+ 133+ Y artiy
k=1

4
k
i = 2(ax — az)a; + Zam(”)] + mi,
k=1
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4
k
222 = 2(ax — a3)az + E ak,uéz)z + ma2,
k=1

4
k
u21 = (a1 — 2a3)a; — fasx) + E akﬂéz)l + m1,
k=1

4
k
w2 = (o — 2a3)az — fasxy + Zaku(”)z + myi2,
k=1
4

1 1 .
mi21 = = Q2az —az)az + = fasxz + Zakugz)l + mia,
2 2 P
1 1 4
k
mi122 = = oz —ap)ay + < faax) + Zakuiz)z + mi,
2 2 k=1

1 1 LW
Ha33 = 5(2062 — a1 +4os)as — Efa4xa + Zakﬂa33 + my33,
k=1

4
k
133e = (a1 — 203 — 2004 4 205)ag + fasxy + Zakuég)a + m33q,

k=1
Ma3p = €3ap f(a1x1 + azxa + a3) + 308 (2o — a5)ay

4
k
+ Zakﬂgg)ﬂ + ma3g,
k=1

4 4
k k
Hap3 = Zakuéﬂ)3 + mep3, 4333 = Zakuég)g + m333,

k=1 k=1
4 4
0a = 2B2 — P1)aa + Zak%(lk) + 7y, 03 = Zakas.(k) + 73,
k=1 k=1
4
g =d(a1x1 + axx2 + a3) +Zakg(k) + . 31)
k=1

Here we have used the relations (25)—(27).

Let us impose that the equations of equilibrium (3) and the boundary conditions (7) be satisfied by the
functions (31). If we require that the coefficients of the constants a; that appear in the equilibrium equations
be equal to zero, then we find that the functions ro([l;), ué’?l., cro([k) and g(k) (k =1, 2, 3, 4) satisfy the following
equations

k k k
To(zj,)ot - 'U“iéﬂ)j,aﬁ + y/( )= 0, Uo(z{?e - g(K) + 1 =0 on X1, (32)
where we have used the notations
ﬁ;’” =x8j,. FV =0, 7 =0, 19 =—dx,, 1¥=-d 1Y =0 (33)
The equilibrium equations (3) reduce to
Tai,o — MaBia = 0, Ty —V = 0 on . (34)

Let us introduce the functions

k k k k k
PO = () — ul, g — Dp(npiely) + npnapl (Dpnp).

(k) (k)
Ri = Mpainpna’
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P = (tpi —mppi,p)ng — Dp(npgmppi) +ngnampei(Dpnyp),
R =mpqinpng, on Ty, (35)

We require that the boundary conditions (7) be satisfied for any constants a;. Thus, we find that the functions

OE];), ,ugzl and o ® have to satisfy the following boundary conditions

PO — B0 g0 _ g0 5

cro(( ng =o® on Ty, (36)

where

~

1
P( 2 = —Axiny + (o — 2a2)83av(nln2) vio,

1 1
P( b= —dxima + - (a1 — 202)&30p (1 — 13) a1, P( = 2fny,

~(1) =203 —aj + (a1 — 2a2)n?, R( ) = (a1 — 2a2)n 102,
1
( '=0,50 = <ﬂ1 —2By)n1,

52
Pl( = —hon + —(Oll — 2a2)&300 (1 — 13) o1,

2
52 52
P( ) = —hxony + (@1 — 202)300 (M1712) w11, P3( )= —2fn,
R(z) (a1 — 20p)nny, R( ) — =2a3 —a; + (o] — 2a2)n%,

2 ~
R; ' =0,5% = (1 — 2622,
BO = iy, BY = 0,89 0.5 =0,

1
P = S T5m + Di(xam) + Da(xany = 2xim) = 2(xomina — x1n3)(Dpn,)l,

1
P = 5 £15m2 + Di(xiny = 2xm1) + Daxiny) = 2xining —xan)(Dpnp))

~

P( ) — = UE3BXVNE, R @ f(xlnz — Xpniny),
R = fxan? — xining), R = 0,59 =o0. (37)

We conclude that the problem A® consists in finding the functions ut i ) and 9™ satisfying the Eqgs. (24), (25)
and (32) on X1, and the boundary conditions (36). The necessary and sufficient conditions for the existence
of the solution are satisfied for each problem A®). The solutions of these problems depend only on the cross
section ¥ and the constitutive constants. The boundary conditions (7) reduce to

P*=0, R =0, mgny =0 onT}y. (38)

The problem (7') consists in finding the functions w; and ¥ which satisfy the Eqs. (27), (28) and (34) on X1,
and the boundary conditions (38) on I';.

Let us determine now the constants a;, (j = 1, 2, 3, 4). By using the divergence theorem and the relations
(3), (5) and (12), we obtain

/ Pyda+ | Quds = — | (xaP5 + ngR3)ds

P I I
[xo(733,3 — 1333,33) + 210a33,3 — U33¢,3]ds,

P

/ P3da + QO3ds = — [ (133 — u333,33)da,
2 I 21

(xo P3 + Ry)da + / XqQ3ds = — | [xa(133 — 1333,3) + 2a33 — M33e]da,

N I P

/ gap3Xe Ppds + / cap3Xa Qpds = | [eap3xa (33,3 — T3p) — 28ap31a3plda. (39)
> I 2
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In view of (7) and (31), we find from (39) that
/ P,da + Qqds = 0.
i Iy

Thus, the conditions (8), with F,, = 0, are identically satisfied. It follows from (31) and (39) that the conditions
(9)—(11) reduce to the following system, for the constants aj

4
> Darar = 308 (Mg + M),
k=1

4
Y Dy = —F; — Fj,
k=1

4
Z Dyrap = —M3 — M; (40)
k=1

In (40), we have used the notations
Das = [ (S + 288, = N3 da,
1
Dy = /E s¥da, Dy = /E £3ap (Xa Sy + 2N 5g)da,
1 1
F5 = /z t33da, M, = 830,,3/2 (xgt33 + 2mp3z — m33g)da,
1 1
M3 :/2 83ap (Xat3p + 2my3p)da, 41
1

where

S = (2%, + T3 S = A+ 2 + Ty,

4 4

S33 = 4f + 133 835 = 2feaps + 1,5,
G _ _03) @ @)

S3o¢ =Ty3> S3a = HE3BaXp + To3

. 1 . .
Ny3s = 5 Qe — a1+ doa)dia + 1. (0 = 1,2.3),

1 .
4 4
Ngth = =5 FXa + iy, Nisy = (e — 23 — 204 + )8
()] 4) 4) () (2]
+ 133y Nazg = [Xa + U334, Nos3g = €308 Xp + Iy3p.

3 3 4 4
NG = esap f + 11535 Novg = E30pQ0ta — ) + 1155 (42)

The constants D,,,, (m,n = 1, 2, 3, 4) can be calculated after the solving of the problems A® k=1,2,3,4).
As in classical elasticity, the positive definiteness of the potential energy implies that [17,26].

det(Dyy) # 0. (43)
Thus, the constants a; are determined by the system (40). By using the reciprocal theorem, we find that
Dy = Dy

The functions #3; and m ;33 that appear in F5" and M3 depend on the temperature 7p. We conclude that a plane
temperature field produces axial extension, bending and torsion.
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5 Deformation due to a temperature that is linear in the axial coordinate

This section is concerned with the deformation of the beam subjected to the following external data
T=x3Tl(xlax2)9 FzFaeou M=07

where T} and F,, are prescribed.
We try to solve the problem assuming that
1

2 1,3 L2
Uy = —ECaX:; — gbaX3 + E3Ba (cax3 + §b4x3)xﬁ

4
+ Z(ck + brx3)ul) + x3Uq + Vo,
k=1

1
uz = (c1x1 + c2x2 + ¢3)x3 + E(blxl + baxa + b3)x3

4
+ Z(Ck + ka3)u§k) + x3U3 + v3,
k=1

4
0= (ck +bex3)p® +x39 + x,
k=1

(44)

(45)

where (u;k), (p(k)) is the solution of problem A® (k=1,2,3,4),U;, ®, v; and x are unknown functions of x;
and xp, and ¢ (k = 1, 2, 3, 4) are unknown constants. Let us consider a plane strain in which the components
of the displacement vector are v; and the microdilatation function is x. The strain measures in this problem

are defined by

1
Yap = E(Ua,ﬁ +V8.a)s 2Ya3 = V3,0, $afj = Vj,af-

(46)

We denote by E,; and Kg; the strain measures in the plane strain problem associated with the displacement

vector U; and microdilatation &,

1
Eaﬂ = E(Ua,ﬂ + U,B,ot)’ 2Eq3 = U3,ou Kotﬁj = UjaB-

In view of (1) and (45)—(47), we obtain

4
k
eap = »_(ck + bix3)ely + x3Eap + Vap.
k=1

_ b ; bexa)e®
Ca3 = 2 E3pa (ca + baxz)xp + Z(Ck + brxs)eys + Vo3 + x3Eq3
k=1

4
1 o 1
+ E kg_l bku(g) + EUou

4
e33 = C1x1 +caxy + ¢3 + (bixy + boxy + b3) + Y b + Us,
k=1

4
k
Kapy = Z(Ck + kaS)K;ﬂ)V + Capy + X3Kupy,
k=1
4
k
Kap3 = Z(Ck + ka3)Kéﬁ)3 + Cap3 + x3Kap3,
k=1

47
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4
Kg3a = €38a(C4 + bax3) + Zbkuékig + Uq, g,
k=1

4
1 @ 1
K33 = Cq + bgx3 + 5 ];bke&x + EEO!3’

K33q = —Ck — boX3 + €3pabaxpg, k333 = b1x1 4 baxy + bs. (48)
Let us introduce the notations
Sap = AVppSap + 210Vap + f(€ap38pp3 + €8038ap3) + dxdup,
Sa3 = 21¥Ve3 + [€pp38ap3, 533 = AVpp +dX,
Vapy = %“l@ppafsﬂy + 280080 + Coppday) + @2(Lappdpy + Epopday)

+ 20‘3;,0,0)/80{,3 + 20[4%5/3)/ + a5(§yﬁa + {yaﬁ) + f(gay3yﬂ3 + 8/3)/33/013)
+ B1dapX.y + 2B28ey X.p + 8y X.a)s
Vap3 = 20{3;,0,0380(/3 + 2a4§aﬁ3 + f(g,oot3y,3,o + €pp3Vap)s

1
V3ap = zalippﬁaﬁ + a58pa3 + fE8p3Vaps

1
V33 = Ealé_ppot + @28upp + f‘gpa3y3p + BoX,as

V33¢ = X1 8app T 20[3{,0,00: + 2f83apy3p + ﬁlX,O{s
V333 = (001 + 203)8pp3, ha = B18ppa + 2B28app + A0 X >
h3 Zﬂlg,op%P = dep +é&x. (49)
Clearly, s;; is the stress tensor, v; i is the dipolar stress tensor, 7; is the microstretch stress vector and p
is the intrinsic body force in an isothermal plane problem corresponding to the strain measures y;; and ;.
We now consider a thermoelastic plane problem associated with the thermal field 77, displacement vector

U; and microdilatation function ®. In this problem, we denote the stress tensor, the dipolar stress tensor, the
microstretch stress vector and the intrinsic body force by T;;, M;x, Hy and L, respectively. Thus, we have

Top = MEppdap + zﬂEa,B + qu(Sa/g + f(golp?)Kﬂp?) + epp3Kap3) — bT Saﬁa
Tos = 2uEqs + fepp3Kapp,

1
Mgy = Eal(Kppa‘SﬁV + 2Ky ppdap + Kpppday)

+ a2 (Kapplpy + Kpppday) + 203K ppySap + 204Kapy + as(Kyge + Kyap)
+ ﬂl‘saﬂ@,y + 2/32(501}/(1),/3 + 8ﬂyq>,ot) + f(gay?aEﬂ?: + elBy3Ea3),
Mygs = 20{3K,op35a/3 + 2054Ko¢/33 + f(spa3Eﬂp + 5,0,33E0t3)9
Hy, = .Ble,oa + 21321(01,0,0 + aOcD,a, H3 = ﬁlep&
L=dE,, +&®— BT, T33 = LE,, +d® — b1,

1
M3ep = EOllep38aﬁ + as5Kga3 + fepp3Eaps
1
M3y3 = zalepa + 052Kozpp + fepa3E3p + ﬂZCD,oz
M33q = a1 Kopp + 203K o0 + B1P o +2fE30pE3p, M333 = (1 + 203) K pp3. (50)
From the constitutive equations (2) and the relations (48)—(50), we find that the stress tensor t;; is given by

Tap = Sap + X314 + {Alc1x1 + c2x2 + 3 + (b1x1 + baxz + b3)x3]

4
—2f(cs + baxs)}Sap + ) (ck + bex3)Tyg + Gap,
k=1
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Ta3 = Sa3 + X313 + 2 fegp3(cp + bpx3) + pnesga(ca + baxz)xg

4
+ 3 ek + brx3) ) + Gas,
k=1
133 = 833 +x3133 + (A + 2)[c1x1 + caxz2 4+ ¢3 + (b1x1 + baxa + b3)x3]
4
+4f(ca + baxz) + Z(Ck + ka3)T3(§) + Gis,
k=1

where

4
k
Gaﬂ = f[83anp,ﬁ + &3pp Up,at + Zbk(83pau§,,)ﬁ + 83,0/3“,(0]?1)]7
k=1

4 4
k
Goz = n(Uy + E bru®) + feap3(Us,p + § bkuéj,) — [baxq,
k=1 =1

4 4
Gz = (A +2W)(WUs+ Y b)) + 2 fesapUap + Y il ).
k=1 k=1

The functions u;j, oj and g can be expressed as

4
i = vinn +x3Mypn + 2(a — a3)(cr + bix3) + Z(Ck + bkx3),u§k1)1 + Jut,
k=1
4
M222 = V222 + x3M220 + 2(a2 — a3)(c2 + box3) + Z(Ck + bkm)u(zkz)z + J222,
k=1

w221 = va21 + x3Mao1 + (a1 — 2a3)(c1 + b1x3) — f(ca + baxz)x;

4
+ Z(Ck + bkx3)//«g§)1 + Joa1,

k=1
H112 = vi2 +x3M112 + (@1 — 203) (¢ + bax3) — fca + bax3)xa
4
k
+ Z(Ck + ka3)M(11)2 + Ji2,
k=1

1 1

w121 = vi21 + x3Mi1 + 5(2062 —ap)(c2 + brx3) + Ef(C4 + b4x3)x2

4
k
+ Z(Ck + ka3)M(12)1 + Jio1,
k=1

1 1

w122 = vio2 + x3Min + 5(2062 —oay)(c1 + bix3) + Ef(C4 + bax3)x1

4

k
+ Z(Ck + ka3)M(12)2 + J122,
k=1

1
Mp33 = Vp33 + x3Mp33 + 5(20!2 — oy +4ag)(cp, + bpx3)

4
1 k
— 5 f(ca+bax3)x, + > (ex + kaS)M,(Dg)g + Jp33,
k=1
M33p = V33p + X3M33, + (@1 — 203 — 204 + 205) (¢ + bpx3)

G

(52)
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4
+ f(ca + bax3)x, + Z(Ck + ka3)ngkg)p + J33p,
k=1
Ma3p = Va3p + X3Ma3p + (2oq — as)(cs + bax3)eqps
+ fleixy + c2xa + ¢3 + (b1x1 + baxa + b3)x3]eqp3

4

k

+ Z(Ck + bkm)ufgﬂ + Ju3ps
k=1
4
k
Mops = Vap3 + X3Maps + Y _(ci + kaS)foﬂg + Jap3,
k=1

4
k
333 = v333 + x3M333 + (o1 + 203) Z(Ck + ka3)K(§a)3 + J333,
k=1

4
0w = ho +x3He + ) _(ck + bex3)o Y + (22 — Bi) (ca + bax3)
k=1

4
+ Bie3gabaxp + /32(2 bke;’;) + Eq3),
k=1

4
03 =h3+x3H3 + Z(Ck + ka3)G3(k) + (b1 4+ 262)(b1x1 + baxy + b3)
k=1
4

4
+28:00 b, + Uy ) +a0(Y " bep® + @),
k=1 k=1
4

g=p+xl+) (a+bx)g® +dleix +cxr + 3
k=1

4
+ (b1x1 + baxy + b3)xz + Zbkugk) + U].
k=1

In these relations, we have used the following notations
4
Jin = — (a1 + 2a3)baxs + (a1 + 202)(Us 1 + Zbkug]ﬂ),
k=1

4
J22 = (a1 + 203)baxy + (a1 + 202) (U3 2 + Z bk“gf%)’
k=1

4 4
It = =2esbaxy +ar (U + )by ) = f(Ua+ ) b)),
k=1 k=1

4 4
Jipg = a1 (Uz 2 + Zbkug]f%) + 2a3(bgx1 + Zbkuﬁ"))
k=1 k=1

4
+ fUr1 + Zbkugk)),
k=1

4 4
1 1
(k) (k)
Jio1 = §a1b4X1 + o (Us 2 + 1;—1 bruy ;) — Ef(Ul + kE—l bruy”),

(53)
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4
1
_ (k) (k)
Jin = 2a1b4X2 +az(Us1 + kz_l bruz ) + 5 f(Uz + E bru,

1
Jp33 = —5(011 + 2as5)e3ppbaxpg + (a2 + 204 + as5)(Us

4

k k
+ Zbku( )y f83pﬂ(Uﬂ + Zbku( )
k=1

J33p = —2(a3 + aa)e3ppbaxpg + (o + 2a5)(Usz p + Zbku(k)
k=1

4
+ fezpp(Up + Zbkugk)),
k=1

4 4
k k
Jazp = 204(Up,a + Zbku,(g,zx) + a5(Ue,p + Zbkuijg)
k=1 k=1

+ aaﬁ[ (a1 + 202) (b1x1 + baxy + b3) + a2 (U, + Z b))
k=1

4
+ f(Us + Zbkugk))%m,
k=1

Jops = Sapl(or + 2a3)(b1x1 + boxp + b3) + o (Up,p + Zbku(k)
k=1

4 4
+ U@+ Y b ™) + 205 (Eap + Y brel),
k=1 k=1

J333 = 2(a1 + o2 + a3 + a4 + o5)(brxy + baxo 4 b3) + (o1 +2a0)U,

4
+(B1+28)(@ + Y bro™).
k=1

(54)

If we take into account (32), (33), (51) and (53), then the equilibrium equations (3) reduce to the equations

Sﬂj,ﬁ_vaﬂj,aﬁ‘i‘q’j =0, h(x,a_p+H=0 on X,
and
Taj,oc - Mozﬁj,ozﬂ =0, Ha,a —L =0 on Xj.

In equations (55) and (56), we have used the notations

4
k k
Vo = Ggap+ Tuz —2M3p0,p — Z(Zﬂgp)a o TOE3))bk
k=1
+4f83a/3bﬂ + M83pab4x,0 - Jpna,pna
V3 = G300 + 133 — 2My33,0 — JoB3,ap
4
k
+(h+ 2 (brxy + baxay + b3) + 6Fbs — Y Qui , — T3k
k=1

4 4 4
H=Hs+ pr(Easa + 3 brela ) —dUs + > by + Y by

k=1

(55)

(56)

(57
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Following (4) and (18), we define the functions
1
H; ' = (sgj — vopj,p)np — Dg(npvpgj) + (Dana)npnyvoy;,
(€] )
A" = vppjnpng, A7 = Mppjnong,

2
N = (Tg; = Mopjp)ng — Dp(npMogs) + (Dynu)npny Mpy;.

(58)

With the help of relations (36), (37), (51), (53) and (58), we see that the conditions on the lateral surface (7)

reduce to
N = B;, A = Cj. hang =h on Ty,
and
nf) =0, AE.Z) =0, Hyng =0on Ty,
where

4
By =2n,(M3pa + Y biit§in) — 28apanoLf (brxi + boxy + b3)
k=1

+ 2oy — a5)bs] — By,
1 1
By = 2n,[M 33 + 5(2062 — oy +4ag)b, — Efb4-x,0]

4
k
+ Zbkﬂfo3)3 — B3, Cj = —Jagjnang,
k=1

4
h = [B1&3apbaxp — B2(Ey3 + Zbkeé’?)]na,
k=1

B} = (Ggj — Jpj,p)np — Du(npJpvj) + (Dang)npny Jpy;.

(59

(60)

(61)

We denote by (P) the isothermal plane problem which consist in finding the functions v; and x that satisfy the
geometrical equations (46), the constitutive equations (49), the equilibrium equations (55) and the boundary
conditions (59). Let us denote by (P>) the thermoelastic plane problem associated with the temperature 7;
and characterized by the geometrical equations (47), the constitutive equations (50), the equilibrium equations
(56) and the boundary conditions (60). Clearly, the necessary and sufficient conditions to solve the problem
(P») are satisfied for any thermal field. The necessary and sufficient conditions to solve the problem (P;) are

/\Ifjda—i—/ BdeZO,
2 I

/ e3apxq VYpda +/ &30 (Xa Bg +nqCp)ds = 0.
| I

By using the divergence theorem, we find that

/ (Gﬂj,ﬂ - J,O)]j,pn)da +/ B;kds =0,
2 r, -

/ 53aﬂxa(G,oﬂ,p — va,g,vp)da +/ 83015()60[32 + naCﬂ)dS =0.
P I

It follows from (51), (57), (61) and (63) that

/ ‘-I—’ada—l—/ Bads=/ 743,3da.
P I P

(62)

(63)

(64)
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By using the equilibrium equations, we find

Ta3 = Ta3 + Xa(Tj3,j — Mrsdrs) = [Xa (T3 — 1pv3n)] g
+ xo (33,3 — 2363,38 — M4333,33) + Mav3,v-

The condition P3 = P3 on the lateral boundary can be expressed in the form

(tg3 — Mpv3)ng = P+ [21383,3 — (Uap3nalty — Hpy3npng) y1ng,

so that the relation (65) implies that
f Te3da = / [tav3,v + Xa(T33,3 — 2143p3,38 — 1333,33)]da
P I
+/ X P+ (py3npng — Uap3nalty) ynp + 213p3,3n81ds.
I
Let us note the identity
/ xa(ﬂpy3”pnﬂ - Maﬂ3”a”y),ynﬂds = / naE3d5 - / Hav3,vda.
> Iy P
From (65) and (68), we get
/ te3da = | [xo(t333 — 1333,33) + 21ta333lda + | (xo Py + ng R3)ds.
N 1

I

In view of (7), (51), (53) and (69), we find that

/ To3.0da =0,
I

so that the first two conditions from (61) are satisfied. With the help of (40), (57) and (60), we obtain

4
/ Wida + / Bids = / Tzzda + Z D3y by,
2 I 2

k=1
/ e3apXaYpda + / €308 (Xxg Bg +neCp)ds
2 ry

4

= f e30pXa Tgzda + Z Dy by
Z k=1

The last two conditions from (62) reduce to

4

4
Z D3iby = —/ T33da, Z Dyiby = —/ &3apXa Tg3da.
k=1 2l 2l

k=1

Let us impose the conditions (8). In view of (12), we get

/ Pyda + Osds = —/ (T30 — M330,3)da.
P I X

By using (67), we obtain

/ Pyda + Quds = — | (x4 P3 +ngR3)ds — / [xe(T33,3 — 1333,33)
¥ I' P

I
+ 210433,3 — M33¢,31da.

(65)

(66)

(67)

(68)

(69)

(70)

(71
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With the help of (7), (40), (51), (53) and (71), we see that the conditions (8) reduce to

4
D Darbi = —Foy — | (xaT33 +2Mu33 — M3ze)da. (72)
k=1 2z

The system (70), (72) uniquely determines the constants by (k = 1, 2, 3, 4).
If we take into account the relations (38), (40), (51) and (53), we find that the conditions (9)—(11) take the
form

4
> Daker = —e305(Mp + M),
k=1

4 4
Z Dsjcp = —F3 — F3O, Z Dyjcr = —M3 — Mg, (73)
k=1 k=1
where we have used the notations
4
Fy = . [s33 + G33 — M333 — (a1 + 23) Zbkl%(g;]da,
1 k=1

4
k
M = 83aﬁf {xgls33 + G33 — M333 — (@1 + 23) Zbk/(3(3)3]
1 k=1

+ 2vp33 + 2Jp33 — v33g — J33glda,

M) = / {eapslsps + Gpz — M3zp — (o1 — 203 — 204 + 2a5)bp
P

4
— [haxg — Y benSoy) + 2eap3 (Vazp + Jusp)}da. (74)
k=1

The constant ¢ are determined by the system (73). First, we have to find the solutions of the plane problems
A®) (k =1,2,3,4). Then, we can determine the constants D,,, from (41) and the solution of the problem
(P2). Next, we determine the constants by from the system (70), (72). Now, we can solve the problem (Pj)
and to find from (73) the constants c¢x (k = 1, 2, 3, 4). The above results can be used to study the case when
the temperature field is a polynomial in the axial coordinate.

6 Application

In this section, we use the solution (23) to investigate the thermoelastic deformation of a chiral circular
cylinder subjected to a uniform temperature. We consider a homogeneous cylinder that occupies the domain
B = {(x1, x2, x3) : xl2 + x22 <a?,0 < x3 < h}, (@ > 0). We assume that the mechanical loads are absent. In
this case, we have

T=T" Fj=0, M;j=0, (75)
where T* is a prescribed constant. We seek the solution of the problem (7') in the form
Wo = E1xe, w3 =0, ¢ = E, (76)
where E1 and E; are arbitrary constants. From (28), (27) and (76), we obtain

Nap = E18ap, Na3 =0, &5k =0,

tap = [2(0 + WE| +dEy — bT*|84p, 143 = 0, mqpj =0,

g =0,y =2dE| +§Ey — BT, m3ap = fE16pa3, M3q3 = 0,

m3sj = 0, P¥ = [20. + WE) +dEy — bT*Ing, P¥ =0, R = 0. (77)
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The equilibrium equations (34) and the boundary conditions (38) are satisfied if the constants £ and E, are
given by

E\ = (Bd — b§)T*/(2D), E» = [db — B(A+ w)IT*/D, (78)
where
D=d>—£0+p). (79)

The positive definiteness of the elastic potential implies that D # 0, Thus, the solution of the problem (7) is
given by (76). It follows from (40) and (77) that

F} =ma*(2ME) + dEy — bT*), M} = 0. (80)
In a similar way, we can study the problems A® and A® . The solution of the problem A is
u®d = Sixg, ul’ =0, = 8, (81)
where
S1 = (x —d*)/(@2D), Sy =du/D.
and D is given by (79). The problem A™® has the following solution
u® = Kixg, ul? = 0,0 = K, (82)
where
Ky =—f§/D, Ky=2bf/D.
It follows from (81), (82) and (41) that
Da3 = 0, Doy = 0, D33 = mua’[3d* — 31+ 2)¢1/ D,
wa*
Dy =p——+ 4Qay —as — Ky f)ma>, (83)
D3y = D43 = 2mwa’ f[3d* — 3r +2w)€1/D.

In view of symmetry of D,,,, we obtain D3, = 0 and D4, = 0. Thus, with the help of (82) and (83) we find
that the system (40) reduces to

Dypag = 0, D33a3 + D3gas = —F3, Dszaz + Dasas = 0. (84)
It follows from (42) that this system uniquely determines the constants a;. We find that
a1 =ay =0,a3 = —DaaF3q,as = DuFiq, (85)
where
q~' = D33Dyy — D3,

Let us note that we have solved the problem without using the solutions of the problems A" and A,
In view of (23), (76), (81), (82) and (85), we see that the solution of the problem is given by

Uy = €38004XpX3 + a3S1 Xy + a4 K1 Xy + Wy,
uz =asxs, ¢ =a3Sr +as K + . (86)

From (86), we conclude that the thermal field produces torsion, extension and a variation of microdilatation.
In the case of an achiral material, we have f = 0 and (83) implies that D34 = 0. Then, from (85) we obtain
as = 0. In this case, the thermal field does not produce torsion.
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7 Conclusions

The results presented in this paper can be summarized as follows:

a.

b.

In the context of the strain gradient theory of porous thermoelastic solids, we study the deformation of
isotropic chiral cylinders subjected to a temperature field that is linear in the axial coordinate.

We introduce the problem of generalized plane deformation of a chiral cylinder, and we express the
equilibrium equations in terms of displacements and microdilatation function.

We establish the solution of the problem when the temperature distribution is independent of the axial
coordinate. It is shown that the thermal field produces extension, bending and torsion.

We study the thermoelastic deformation of cylinders subjected to a thermal field which is linear in the axial
coordinate. We present a method to reduce the three-dimensional problem to the study of plane problems.
We use the results to study the deformation of a circular cylinder subjected to a uniform temperature
variation. In contrast to the case of achiral materials, the thermal field in chiral cylinders produces torsional
effects.
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