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Abstract This paper is concerned with the strain gradient theory of porous thermoelastic solids. We study the
deformation of isotropic chiral cylinders subjected to a temperature field that is linear in the axial coordinate.
It is shown that the solution can be reduced to the study of two-dimensional problems. The results are used to
investigate the deformation of a circular cylinder subjected to a uniform temperature variation. In contrast to
the case of achiral materials, the thermal field in chiral cylinders produces torsional effects.

Keywords Strain gradient elasticity · Porous solids · Chiral materials · Thermal effects in beams · Circular
cylinders

1 Introduction

The behavior of chiral elastic bodies is a topic of current interest both from a theoretical and an experimental
point of view. The chiral elastic solid was used as model for various crystalline materials, carbon nanotubes,
bones, honeycomb structures, as well as composites with inclusions. Eringen [1] introduced the theory of
microstretch continua as a generalization of Cosserat theory. In this theory, the material particles undergo
a uniform microdilatation and a rigid microrotation. The intended applications of the theory are to porous
media filled with gas, composite materials reinforced with chopped elastic fibers, bones and other materials
with microstructure. In the case of a microstretch continuum, the change of microdeformation tensor, from
the constant value in the natural state, has the form ϕδi j + ε j ikψk , where ϕ is the microdilatation function,
ψk is the microrotation vector, δi j is the Kronecker delta and ε j ik is the alternating symbol. In the absence
of microrotations, the equations of the linear theory of microstretch elastic solids coincide with the equations
of the elastic materials with voids introduced by Cowin and Nunziato [2] to study the deformation of porous
solids. In the theory of elastic materials with voids, the volume fraction field is a function strictly positive and
less than 1. Considering the multiple possibilities of using the solid microstretch model, in this paper we will
use the theory of microstretch continua to investigate the deformation of porous bodies. In what follows, the
subscripts preceded by a comma denote partial differentiation with respect to the corresponding coordinate.
The function ϕ is dimensionless, and the functions ϕ, j and ui,rs have the same dimensions. If the functions
ϕ and ϕ, j are considered as independent constituent variables, then the second-order partial derivatives of the
displacement vector have to be included in the set of independent constituent variables. Thus, the introduction
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of the microdilatation function requires a strain gradient theory. Toupin [3,4] and Mindlin [5] have introduced
the strain gradient theory of elasticity. Interest in the study of this theory is stimulated by the fact that it is
suitable to investigate problems related to the effects of size and nanotechnology. The deformation of chiral
elastic materials cannot be described within classical elasticity [6]. In various papers, the authors have studied
the behavior of chiral materials by using the linear theory of gradient elasticity (see, e.g., [7–9] and references
therein). The strain gradient elasticity has been used to investigate the behavior of carbon nanotubes (see, e.g.,
[10,11]).

This paper is concerned with a theory of thermoelasticity for isotropic microstretch continua, without
microrotations, where the second-order displacement gradient is added to the classical set of independent
constitutive variables. We have considered this theory since the chirality behavior in strain gradient theory is
controlled by a single material parameter, in contrast to the three additional material parameters required in
Cosserat theory. We study the equilibrium problem for a cylinder which, in the absence of body forces and
lateral loading, is subjected to prescribed surface tractions on bases and to a thermal field that is linear in the
axial coordinates. The origin of this problem goes back to the work of Boley and Weiner [12] that is devoted
to classical thermoelasticity. The deformation of achiral porous elastic solids has been investigated in various
papers (see, e.g., [2,13–18]). In this paper, we focus our attention to the case of homogeneous and isotropic
chiral porous elastic materials. Since the cancellous bone is considered as a porous body [19] as well as a chiral
material [20], it seems that the linear theory of gradient elasticity of porous solids is adequate to describe the
mechanical behavior of bones. This paper is concerned with uncoupled system in the sense that the temperature
field can be found by solving the heat flow problem associated with the heat conduction and energy equation.
We shall treat the temperature field as having already been determined [21]. The temperature is a prescribed
function that is independent of time.

The paper is structured as follows. First, we present the basic equations of chiral porous thermoelastic
solids and formulate the problem of deformation of the right cylinders. We have introduced mechanical loads
on the ends in order to compare the effects of thermal field with those produced by the resultants of the tractions
that act on the bases. Then, we investigate the generalized plane strain problem. In the following section, we
establish the solution of the problem when the temperature distribution is independent of the axial coordinate.
It is shown that this thermal field produces extension, bending and torsion. The next section deals with the
deformation of cylinders subjected to a temperature field that is linear in the axial coordinate. We present a
method to reduce the three-dimensional problem to the study of plane problems. The results are used to study
the deformation of a circular cylinder subjected to a uniform temperature variation. In contrast to the case of
centrosymmetric materials, the thermal field in chiral cylinders produces torsional effects.

2 Preliminaries

In this section, we present the equations of equilibrium in the context of the strain gradient theory of porous
thermoelastic materials. Mindlin [5] presented three forms of the linear theory of gradient elasticity. In what
follows, we use the strain measures introduced in the first form of the theory. We consider a body that in the
undeformed state occupies the bounded region B with Lispchitz boundary ∂B. The boundary ∂B consists of
the union of a finite number of smooth surfaces, smooth curves (edges) and points (corners). We denote by C
the union of the edges. Throughout this paper, a rectangular Cartesian coordinate system Ox j , ( j = 1, 2, 3),
is used. We shall employ the usual summation and differentiation conventions.

We assume that B is occupied by a homogeneous and isotropic chiral thermoelastic solid. Let ui be the
components of the displacement vector, and let ϕ be the microstretch function (microdilatation function). The
strain tensors are defined by

ei j = 1

2
(ui, j + u j,i ), κi jk = uk,i j . (1)
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In the case of chiral porous thermoelastic bodies, the constitutive equations are given by (see, e.g., [1,8,22])

τi j = λerrδi j + 2μei j + dϕδi j + f (εikmκ jkm + ε jkmκikm) − bT δi j ,

μi jk = 1

2
α1(κrriδ jk + 2κkrrδi j + κrr jδik)

+ α2(κirrδ jk + κ jrrδik) + 2α3κrrkδi j + β1δi jϕ,k + β2(δikϕ, j + δ jkϕ,i )

+ 2α4κi jk + α5(κk ji + κki j ) + f (εikse js + ε jkseis),

σi = β1κrri + 2β2κirr + a0ϕ,i , g = derr + ξϕ − βT, (2)

where τi j is the stress tensor, μi jk is the dipolar stress tensor, σi is the microstretch stress vector, g is the
intrinsic body force, T is the temperature measured from the constant absolute temperature of reference state,
δi j is Kronecker delta, εi jk is the alternating symbol, and λ,μ, αs(s = 1, 2, . . . , 5), β1, β2, β, b, d, a0, ξ and
f are constitutive constants. In the case of achiral materials, the coefficient f is equal to zero. In what follows,
we assume that the elastic potential is a positive definite quadratic form in the variables ei j , κi jk, ϕ and ϕ,k .
The equations of equilibrium, in the absence of body loads, are given by

τ j i, j − μk ji,k j = 0, σ j, j − g = 0. (3)

The equilibrium theory of linear elastic heat conductors has been studied in various books (see., e.g., [13,22,
23]). We investigate the effects of temperature variation of the deformation of cylinders.

Toupin [3,4] introduced the functions Pi , Ri and Qi defined by

Pi = (τki − μski,s)nk − Dj (nrμr ji ) + nsn pμspi (Dknk),

Ri = μrsi nr ns, Qi =< μpji n pnq > ε jrq sr on ∂B, (4)

where n j are the components of the outward unit normal of ∂B, Di are the components of the surface gradient,
Di = (δik − nink)∂/∂xk, si are the components of the unit vector tangent to C and < g > denotes the
difference of limits of g from both sides of C.

In the case of traction problem, the boundary conditions are [1,24]

Pi = ˜Pi , Ri = ˜Ri , σi ni = σ̃ on ∂B\C, Qi = ˜Qi on C, (5)

where ˜Pi , ˜Ri , σ̃ and ˜Qi are prescribed functions.
We assume that the region B from here on refers to the interior of a right cylinder of length h with the

cross section � and the lateral boundary �. Let � be the boundary of �. The coordinate system consists of
the orthonormal basis {e1, e2, e3} and the origin O. We choose the system Ox j such that x3-axis is parallel
to the generator of the cylinder and the x1Ox2 plane contains one of the terminal cross sections. We denote
by �1 and �2, respectively, the cross section located at x3 = 0 and x3 = h. Let �α be the boundary of �α ,
(α = 1, 2). Throughout this paper, the Greek subscripts range over the integers (1, 2).

In what follows, we assume that the thermal field is linear in the axial coordinate,

T = T0(x1, x2) + x3T1(x1, x2), (6)

where the functions T0 and T1 are prescribed. We suppose that the lateral surface is smooth. This assumption
implies that the functions Qi are equal to zero on �. The cylinder is supposed to be free of lateral loading
and subjected to appropriate stress resultants over its ends. On the lateral surface of the cylinder, we have the
conditions

Pi = 0, Ri = 0, σαnα = 0 on �. (7)

Let F = (F1, F2, F3) and M = (M1, M2, M3) be prescribed vectors representing the resultant force and
resultant moment about O of the tractions acting on �1. On �2, there are tractions applied so as to satisfy
the equilibrium conditions of the cylinder. We have introduced the mechanical loads F and M in order to
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compare the effects of thermal field with those produced by the resultants F and M. On the end �1, we have
the boundary conditions

∫

�1

Pαda +
∫

�1

Qαds = Fα, (8)

∫

�1

P3da +
∫

�1

Q3ds = F3, (9)

∫

�1

(xαP3 + Rα)da +
∫

�1

xαQ3ds = εβα3Mβ, (10)

∫

�1

εαβ3xαPβda +
∫

�1

εaβ3xαQβds = M3. (11)

From (4), we find that

Pi = −τ3i + 2μα3i,α + μ33i,3, Ri = μ33i on �1,

Qi = −2μα3i nα on �1, (12)

where (n1, n2, 0) are the direction cosines of the exterior normal to �.

The problem consists in finding the functions ui and ϕ satisfying the equations (1)–(3) on B, the conditions
(7) on � and the conditions (8)–(11) on the ends, when the temperature T , the constitutive coefficients and
the constants Fj and Mj are prescribed.

3 Two-dimensional problems

In what follows, we will reduce the problem formulated in Sect. 2 to the study of some two-dimensional prob-
lems. In this section, we present some results concerning the generalized plane strain of a chiral thermoelastic
cylinder. We assume now that a body force F j and a microstretch force density l are prescribed on B. Let us
suppose thatF j , l, ˜Pi , ˜Ri and σ̃ are independent of the axial coordinate x3. We define the state of generalized
plane strain of the cylinder B to be that state in which the displacement vector, the microdilatation function
and the temperature are independent of the axial coordinate,

u j = u j (x1, x2), ϕ = ϕ(x1, x2), T = T (x1, x2), (x1, x2) ∈ �1. (13)

From (1), we obtain e33 = 0, κ j3i = 0 and

eαβ = 1

2
(uα,β + uβ,α), 2eα3 = u3,α, καβ j = u j,αβ . (14)

The constitutive equations (2) reduce to

ταβ = λeρρδαβ + 2μeαβ + dϕδαβ + f (εαρ3κβρ3 + εβρ3καρ3) − bT δαβ,

τα3 = 2μeα3 + f ερβ3καρβ,

μαβγ = 1

2
α1(κρραδβγ + 2κγρρδαβ + κρρβδαγ ) + α2(καρρδβγ + κβρρδαγ )

+ 2α3κρργ δαβ + 2α4καβγ + α5(κγβα + κγαβ) + β1δαβϕ,γ

+ 2β2(δαγ ϕ,β + δβγ ϕ,α) + f (εαγ 3eβ3 + εβγ 3eα3),

μαβ3 = 2α3κρρ3δαβ + 2α4καβ3 + f (ερα3eβρ + ερβ3eαρ),

σα = β1κρρα + 2β2καρρ + a0ϕ,α, g = deρρ + ξϕ − βT, (15)
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and

τ33 = λeρρ + dϕ − bT,

μ3αβ = 1

2
α1κρρ3δαβ + α5κβα3 + f εβρ3eαρ,

μ3α3 = 1

2
α1κρρα + α2καρρ + f ερα3e3ρ + β2ϕ,α,

μ33α = α1καρρ + 2α3κρρα + β1ϕ,α + 2 f ε3αρe3ρ,

μ333 = (α1 + 2α3)κρρ3, σ3 = β1κρρ3. (16)

The equations of equilibrium in the presence of body loads can be written as

ταi,α − μαβi,αβ + Fi = 0, σα,α − g + l = 0 on �1. (17)

It follows from (4) that in the plane problems the functions Pi and Ri have the following form on the lateral
surface

Pi = (τβi − μρβi,ρ)nβ − Dρ(nβμβρi ) + nβnαμβαi (Dρnρ),

Ri = μραi nρnα. (18)

The conditions on the surface � become

Pi = ˜Pi , Ri = ˜Ri , σαnα = σ̃ on �1. (19)

The two-dimensional problem of thermoelasticity consists in finding the functions u j and ϕ satisfying the
Eqs. (14), (15) and (17) on �1, and the boundary conditions (19) on �1. We denote by (H ) the problem
characterized by the Eqs. (14), (15), (17) and the boundary conditions (19). Using the results established by
Hlavacek and Hlavacek [25], we can easily deduce the following proposition.

Theorem 1 The necessary and sufficient conditions for the existence of a solution to the problem (H ) are
given by

∫

�1

F jda +
∫

�1

˜Pjds = 0,

∫

�1

ε3αβxαFβda +
∫

�1

ε3αβ(xα
˜Pβ + nα

˜Rβ)ds = 0. (20)

In view of (14) and (15), the equations of equilibrium can be written in the form

μ�uα + (λ + μ)uβ,βα − 2(α3 + α4)��uα − 2(α1 + α2 + α5)�uβ,βα

+ 2 f εαβ3�u3,β + dϕ,α − (β1 + 2β2)�ϕ,α − bT,α + Fα = 0,

μ�u3 − 2(α3 + α4)��u3 + 2 f ερν3�uν,ρ + F3 = 0,

(β1 + 2β2)�uρ,ρ + a0�ϕ − duρ,ρ − ξϕ + βT + l = 0. (21)

The functions τ33, μ3αβ, μ3α3, μ33α, μ333 and σ3 can be calculated after the determination of displacements
and microdilatation.

4 Plane temperature field

In this section, we present the solution of the problem under the following assumptions

T = T0(x1, x2), F = F3e3, M = Mje j . (22)
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It is known that in the classical thermoelasticity, a uniform thermal field produces bending, extension and a
plane deformation. We try to solve the problem by combining a solution of Saint-Venant’s type with a solution
of the plane problem. We seek the solution in the form

uα = −1

2
aαx

2
3 + ε3βαa4xβx3 +

4
∑

k=1

aku
(k)
α + wα(x1, x2),

u3 = (a1x1 + a2x2 + a3)x3 +
4

∑

k=1

aku
(k)
3 + w3(x1, x2),

ϕ =
4

∑

k=1

akϕ
(k) + ψ, (23)

where u(k)
j , ϕ(k), w j andψ are unknown functions which are independent of x3, and ak are unknown constants.

We denote by A(k) (k = 1, 2, 3, 4), the isothermal (T = 0) plane strain problems characterized by the
displacement vector u(k)

j and microdilatation function ϕ(k). The body loads and the boundary data associated

with the problems A(k) will be precised in what follows. We introduce the notations

e(k)
αβ = 1

2
(u(k)

α,β + u(k)
β,α), 2e(k)

α3 = u(k)
3,α, κ

(k)
αβ j = u(k)

j,αβ . (24)

It follows from (15) that the constitutive equations imply

τ
(k)
αβ = λe(k)

ρρ δαβ + 2μe(k)
aβ + dϕ(k)δαβ + f (εαρ3κ

(k)
βρ3 + εβρ3κ

(k)
αρ3),

τ
(k)
α3 = 2μe(k)

α3 + f ερβ3κ
(k)
αρβ,

μ
(k)
αβγ = 1

2
α1(κ

(k)
ρραδβγ + 2κ(k)

γρρδαβ + κ
(k)
ρρβδαγ )

+ α2(κ
(k)
αρρδβγ + κ

(k)
βρρδαγ ) + 2α3κ

(k)
ρργ δαβ

+ 2α4κ
(k)
αβγ + α5(κ

(k)
γβα + κ

(k)
γ αβ) + β1δαβϕ(k)

,γ

+ β2(δαγ ϕ
(k)
,β + δβγ ϕ(k)

,α ) + f (εαγ 3e
(k)
β3 + εβγ 3e

(k)
α3 ),

μ
(k)
αβ3 = 2α3κ

(k)
ρρ3δαβ + 2α4κ

(k)
αβ3 + f (ερα3e

(k)
βρ + ερβ3e

(k)
αρ ),

σ (k)
α = β1κ

(k)
ρρα + 2β2κ

(k)
αρρ + a0ϕ

(k)
,α , g(k) = de(k)

ρρ + ξϕ(k). (25)

We shall use the notations

τ
(k)
33 = λe(k)

ρρ + dϕ(k), μ
(k)
3αβ = 1

2
α1κ

(k)
ρρ3δαβ + α5κ

(k)
βα3 + f εβρ3e

(k)
αρ ,

μ
(k)
3α3 = 1

2
α1κ

(k)
ρρα + α2κ

(k)
αρρ + f ερα3e

(k)
3ρ + β2ϕ

(k)
,α ,

μ
(k)
33α = α1κ

(k)
αρρ + 2α3κ

(k)
ρρα + β1ϕ

(k)
,α + 2 f ε3αρe

(k)
3ρ ,

μ
(k)
333 = (α1 + 2α3)κ

(k)
ρρ3, σ

(k)
3 = β1κ

(k)
ρρ3. (26)

Wedenote by (T ) the plane thermoelastic problemwhich corresponds to the temperature T0 and is characterized
by the displacement vector w j and the microdilatation ψ. Thus, the constitutive equations in the problem (T )
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are

tαβ = ληρρδαβ + 2μηαβ + dψδαβ + f (εαρ3ξβρ3 + εβρ3ξαρ3) − bT0δαβ,

tα3 = 2μηα3 + f ερβ3ξαρβ,

mαβγ = 1

2
α1(ξρραδβγ + 2ξγρρδαβ + ξρρβδαγ ) + α2(ξαρρδβγ + ξβρρδαγ )

+ 2α3ξρργ δαβ + 2α4ξαβγ + α5(ξγβα + ξγαβ) + β1δαβψ,γ ,

+ 2β2(δαγ ψ,β + δβγ ψ,α) + f (εαγ 3ηβ3 + εβγ 3ηα3),

mαβ3 = 2α3ξρρ3δαβ + 2α4ξαβ3 + f (ερα3ηβρ + ερβ3ηαρ),

πα = β1ξρρα + 2β2ξαρρ + a0ψ,α, γ = dηρρ + ξψ − βT0, (27)

where

ηαβ = 1

2
(wα,β + wβ,α), 2ηα3 = w3,α, ξαβ j = w j,αβ . (28)

We shall use the notations

t33 = ληρρ + dψ − bT0,

m3αβ = 1

2
α1ξρρ3δαβ + α5ξβα3 + f ξβρ3ηαρ,

m3α3 = 1

2
α1ξρρα + α2ξαρρ + f ξρα3η3ρ + β2ψ,α,

m33α = α1ξαρρ + 2α3ξρρα + β1ψ,α + 2 f ε3αρη3ρ,

m333 = (α1 + 2α3)ξρρ3ξρρ3, π3 = β1ξρρ3. (29)

From (1) and (23), we obtain

eαβ = ηαβ +
4

∑

k=1

ake
(k)
αβ , eα3 = 1

2
ε3βαxβa4

+ηα3 +
4

∑

k=1

ake
(k)
α3 , e33 = a1x1 + a2x2 + a3,

καβγ = ξαβγ +
4

∑

k=1

akκ
(k)
αβγ , καβ3 = ξαβ3 +

4
∑

k=1

akκ
(k)
αβ3,

κβ3α = ε3βαa4, κα33 = −κ33α = a4, κ333 = 0. (30)

In view of (2) and (29), we find that the functions τi j , μi jk, σi and g are given by

ταβ = [(a1x1 + a2x2 + a3) − 2 f a4]δαβ +
4

∑

k=1

akτ
(k)
αβ + tαβ,

τα3 = μa4ε3βαxβ + 2 f εαρ3aρ +
4

∑

k=1

akτ
(k)
α3 + tα3,

τ33 = (λ + 2μ)(a1x1 + a2x2 + a3) + 4 f a4 + t33 +
4

∑

k=1

akτ
(k)
33 ,

μ111 = 2(α2 − α3)a1 +
4

∑

k=1

akμ
(k)
111 + m111,
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μ222 = 2(α2 − α3)a2 +
4

∑

k=1

akμ
(k)
222 + m222,

μ221 = (α1 − 2α3)a1 − f a4x1 +
4

∑

k=1

akμ
(k)
221 + m221,

μ112 = (α1 − 2α3)a2 − f a4x2 +
4

∑

k=1

akμ
(k)
112 + m112,

μ121 = 1

2
(2α2 − α3)a2 + 1

2
f a4x2 +

4
∑

k=1

akμ
(k)
121 + m121,

μ122 = 1

2
(2α2 − α1)a1 + 1

2
f a4x1 +

4
∑

k=1

akμ
(k)
122 + m122,

μα33 = 1

2
(2α2 − α1 + 4α4)a4 − 1

2
f a4xα +

4
∑

k=1

akμ
(k)
α33 + mα33,

μ33α = (α1 − 2α3 − 2α4 + 2α5)aα + f a4xα +
4

∑

k=1

akμ
(k)
33α + m33α,

μα3β = ε3αβ f (a1x1 + a2x2 + a3) + ε3αβ(2α4 − α5)a4

+
4

∑

k=1

akμ
(k)
α3β + mα3β,

μαβ3 =
4

∑

k=1

akμ
(k)
αβ3 + mαβ3, μ333 =

4
∑

k=1

akμ
(k)
333 + m333,

σα = (2β2 − β1)aα +
4

∑

k=1

akσ
(k)
α + πα, σ3 =

4
∑

k=1

akσ
(k)
3 + π3,

g = d(a1x1 + a2x2 + a3) +
4

∑

k=1

akg
(k) + γ. (31)

Here we have used the relations (25)–(27).
Let us impose that the equations of equilibrium (3) and the boundary conditions (7) be satisfied by the

functions (31). If we require that the coefficients of the constants ak that appear in the equilibrium equations
be equal to zero, then we find that the functions τ

(k)
α j , μ

(k)
αβi , σ

(k)
α and g(k) (k = 1, 2, 3, 4) satisfy the following

equations

τ
(k)
α j,α − μ

(k)
αβ j,αβ + F (k)

j = 0, σ (k)
α,α − g(κ) + l(k) = 0 on �1, (32)

where we have used the notations

F
(ρ)
j = λδ jρ, F (3)

j = 0, F (4)
j = 0, l(ρ) = −dxρ, l(3) = −d, l(4) = 0. (33)

The equilibrium equations (3) reduce to

tαi,α − mαβi,α = 0, πα,α − γ = 0 on �1. (34)

Let us introduce the functions

P(k)
i = (τ

(k)
βi − μ

(k)
ρβi,ρ)nβ − Dρ(nβμ

(k)
βρi ) + nβnαμ

(k)
βαi (Dρnρ),

R(k)
i = μ

(k)
ραi nρnα,
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P∗
i = (tβi − mρβi,ρ)nβ − Dρ(nβmβρi ) + nβnαmβαi (Dρnρ),

R∗
i = mραi nρnα, on �1. (35)

We require that the boundary conditions (7) be satisfied for any constants ak . Thus, we find that the functions
τ

(k)
α j , μ

(k)
αβi and σ (k) have to satisfy the following boundary conditions

P(k)
i = ˜P(k)

i , R(k)
i = ˜R(k)

i , σ (k)
α nα = σ̃ (k) on �1, (36)

where

˜P(1)
1 = −λx1n1 + (α1 − 2α2)ε3αν(n1n2),νnα,

˜P(1)
2 = −λx1n2 + 1

2
(α1 − 2α2)ε3αρ(n21 − n22),αnρ, P(1)

3 = 2 f n2,

˜R(1)
1 = 2α3 − α1 + (α1 − 2α2)n

2
1,

˜R(1)
2 = (α1 − 2α2)n1n2,

˜R(1)
3 = 0, σ̃ (1) = (β1 − 2β2)n1,

˜P(2)
1 = −λx2n1 + 1

2
(α1 − 2α2)ε3αν(n

2
1 − n22),αnν,

˜P(2)
2 = −λx2n2 + (α1 − 2α2)ε3αν(n1n2),νnα, ˜P(2)

3 = −2 f n1,

˜R(2)
1 = (α1 − 2α2)n1n2, ˜R(2)

2 = 2α3 − α1 + (α1 − 2α2)n
2
2,

˜R(2)
3 = 0, σ̃ (2) = (β1 − 2β2)n2,

˜P(3)
α = −λnα, ˜P(3)

3 = 0, ˜R(3)
j = 0, σ̃ (3) = 0,

˜P(4)
1 = 1

2
f [5n1 + D1(x2n2) + D2(x2n1 − 2x1n2) − 2(x2n1n2 − x1n

2
2)(Dρnρ)],

˜P(4)
2 = 1

2
f [5n2 + D1(x1n2 − 2x2n1) + D2(x1n1) − 2(x1n1n2 − x2n

2
1)(Dρnρ)],

˜P(4)
3 = με3βνxνnβ, ˜R(4)

1 = f (x1n
2
2 − x2n1n2),

˜R(4)
2 = f (x2n

2
1 − x1n1n2), ˜R(4)

3 = 0, σ̃ (4) = 0. (37)

We conclude that the problem A(k) consists in finding the functions u(k)
j and ϕ(k) satisfying the Eqs. (24), (25)

and (32) on �1, and the boundary conditions (36). The necessary and sufficient conditions for the existence
of the solution are satisfied for each problem A(k). The solutions of these problems depend only on the cross
section � and the constitutive constants. The boundary conditions (7) reduce to

P∗
i = 0, R∗

i = 0, παnα = 0 on �1. (38)

The problem (T ) consists in finding the functions w j and ψ which satisfy the Eqs. (27), (28) and (34) on �1,
and the boundary conditions (38) on �1.

Let us determine now the constants a j , ( j = 1, 2, 3, 4). By using the divergence theorem and the relations
(3), (5) and (12), we obtain

∫

�1

Pαda +
∫

�1

Qαds = −
∫

�1

(xα
˜P3 + nα

˜R3)ds

−
∫

�1

[xα(τ33,3 − μ333,33) + 2μα33,3 − μ33α,3]ds,
∫

�1

P3da +
∫

�1

Q3ds = −
∫

�1

(τ33 − μ333,33)da,

∫

�1

(xαP3 + Rα)da +
∫

�1

xαQ3ds = −
∫

�1

[xα(τ33 − μ333,3) + 2μα33 − μ33α]da,

∫

�1

εαβ3xαPβds +
∫

�1

εαβ3xαQβds =
∫

�1

[εαβ3xα(μ33β,3 − τ3β) − 2εαβ3μα3β ]da. (39)
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In view of (7) and (31), we find from (39) that
∫

�1

Pαda +
∫

�1

Qαds = 0.

Thus, the conditions (8), with Fα = 0, are identically satisfied. It follows from (31) and (39) that the conditions
(9)–(11) reduce to the following system, for the constants ak

4
∑

k=1

Dαkak = ε3αβ(Mβ + M∗
β),

4
∑

k=1

D3kak = −F3 − F∗
3 ,

4
∑

k=1

D4kak = −M3 − M∗
3 . (40)

In (40), we have used the notations

Dαk =
∫

�1

(xαS
(k)
33 + 2N (k)

α33 − N (k)
33α)da,

D3k =
∫

�1

S(k)
33 da, D4k =

∫

�1

ε3αβ(xαS
(k)
3β + 2N (k)

α3β)da,

F∗
3 =

∫

�1

t33da, M∗
α = ε3αβ

∫

�1

(xβ t33 + 2mβ33 − m33β)da,

M∗
3 =

∫

�1

ε3αβ(xαt3β + 2mα3β)da, (41)

where

S(ρ)
33 = (λ + 2μ)xρ + τ

(ρ)
33 , S(3)

33 = λ + 2μ + τ
(3)
33 ,

S(4)
33 = 4 f + τ

(4)
33 , S(ρ)

3α = 2 f εαρ3 + τ
(ρ)
α3 ,

S(3)
3α = τ

(3)
α3 , S(4)

3α = με3βαxβ + τ
(4)
α3 ,

N (i)
α33 = 1

2
(2α2 − α1 + 4α4)δiα + μ

(i)
α33, (i = 1, 2, 3),

N (4)
α33 = −1

2
f xα + μ

(4)
α33, N

(i)
33α = (α1 − 2α3 − 2α4 + α5)δiα

+ μ
(i)
33α, N (4)

33α = f xα + μ
(4)
33α, N (ρ)

α3β = ε3αβ f xρ + μ
(ρ)
α3β,

N (3)
α3β = ε3αβ f + μ

(3)
α3β, N (4)

α3β = ε3αβ(2α4 − α5) + μ
(4)
α3β. (42)

The constants Dmn (m, n = 1, 2, 3, 4) can be calculated after the solving of the problems A(k) (k = 1, 2, 3, 4).
As in classical elasticity, the positive definiteness of the potential energy implies that [17,26].

det(Dmn) �= 0. (43)

Thus, the constants ak are determined by the system (40). By using the reciprocal theorem, we find that

Dmn = Dnm .

The functions t3 j and m j33 that appear in F∗
3 and M∗

3 depend on the temperature T0. We conclude that a plane
temperature field produces axial extension, bending and torsion.
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5 Deformation due to a temperature that is linear in the axial coordinate

This section is concerned with the deformation of the beam subjected to the following external data

T = x3T1(x1, x2), F = Fαeα, M = 0, (44)

where T1 and Fα are prescribed.
We try to solve the problem assuming that

uα = −1

2
cαx

2
3 − 1

6
bαx

3
3 + ε3βα(c4x3 + 1

2
b4x

2
3 )xβ

+
4

∑

k=1

(ck + bkx3)u
(k)
α + x3Uα + vα,

u3 = (c1x1 + c2x2 + c3)x3 + 1

2
(b1x1 + b2x2 + b3)x

2
3

+
4

∑

k=1

(ck + bkx3)u
(k)
3 + x3U3 + v3,

ϕ =
4

∑

k=1

(ck + bkx3)ϕ
(k) + x3� + χ, (45)

where (u(k)
j , ϕ(k)) is the solution of problem A(k)(k = 1, 2, 3, 4),Uj ,�, v j and χ are unknown functions of x1

and x2, and ck (k = 1, 2, 3, 4) are unknown constants. Let us consider a plane strain in which the components
of the displacement vector are v j and the microdilatation function is χ . The strain measures in this problem
are defined by

γαβ = 1

2
(vα,β + vβ,α), 2γα3 = v3,α, ζαβ j = v j,αβ . (46)

We denote by Eα j and Kαβ j the strain measures in the plane strain problem associated with the displacement
vector Uj and microdilatation �,

Eαβ = 1

2
(Uα,β +Uβ,α), 2Eα3 = U3,α, Kαβ j = Uj,αβ . (47)

In view of (1) and (45)–(47), we obtain

eαβ =
4

∑

k=1

(ck + bkx3)e
(k)
αβ + x3Eαβ + γαβ,

eα3 = 1

2
ε3βα(c4 + b4x3)xβ +

4
∑

k=1

(ck + bkx3)e
(k)
α3 + γα3 + x3Eα3

+ 1

2

4
∑

k=1

bku
(k)
α + 1

2
Uα,

e33 = c1x1 + c2x2 + c3 + (b1x1 + b2x2 + b3) +
4

∑

k=1

bku
(k)
3 +U3,

καβγ =
4

∑

k=1

(ck + bkx3)κ
(k)
αβγ + ζαβγ + x3Kαβγ ,

καβ3 =
4

∑

k=1

(ck + bkx3)κ
(k)
αβ3 + ζαβ3 + x3Kαβ3,
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κβ3α = ε3βα(c4 + b4x3) +
4

∑

k=1

bku
(k)
α,β +Uα,β,

κα33 = cα + bαx3 + 1

2

4
∑

k=1

bke
(k)
3α + 1

2
Eα3,

κ33α = −ck − bαx3 + ε3βαb4xβ, κ333 = b1x1 + b2x2 + b3. (48)

Let us introduce the notations

sαβ = λγρρδαβ + 2μγαβ + f (εαρ3ζβρ3 + εβρ3ζαρ3) + dχδαβ,

sα3 = 2μγα3 + f ερβ3ζαρ3, s33 = λγρρ + dχ,

ναβγ = 1

2
α1(ζρραδβγ + 2ζγρρδαβ + ζρρβδαγ ) + α2(ζαρρδβγ + ζβρρδαγ )

+ 2α3ζρργ δαβ + 2α4ζαβγ + α5(ζγβα + ζγαβ) + f (εαγ 3γβ3 + εβγ 3γα3)

+ β1δαβχ,γ + 2β2(δαγ χ,β + δβγ χ,α),

ναβ3 = 2α3ζρρ3δαβ + 2α4ζαβ3 + f (ερα3γβρ + ερβ3γαρ),

ν3αβ = 1

2
α1ζρρ3δαβ + α5ζβα3 + f εβρ3γαρ,

ν3α3 = 1

2
α1ζρρα + α2ζαρρ + f ερα3γ3ρ + β2χ,α,

ν33α = α1ζαρρ + 2α3ζρρα + 2 f ε3αργ3ρ + β1χ,α,

ν333 = (α1 + 2α3)ζρρ3, hα = β1ζρρα + 2β2ζαρρ + a0χ,α,

h3 = β1ζρρ3, p = dγρρ + ξχ. (49)

Clearly, si j is the stress tensor, νi jk is the dipolar stress tensor, π j is the microstretch stress vector and p
is the intrinsic body force in an isothermal plane problem corresponding to the strain measures γi j and ζi jk .
We now consider a thermoelastic plane problem associated with the thermal field T1, displacement vector
Uj and microdilatation function �. In this problem, we denote the stress tensor, the dipolar stress tensor, the
microstretch stress vector and the intrinsic body force by Ti j , Mi jk, Hα and L , respectively. Thus, we have

Tαβ = λEρρδαβ + 2μEαβ + d�δαβ + f (εαρ3Kβρ3 + εβρ3Kαρ3) − bT1δαβ,

Tα3 = 2μEα3 + f ερβ3Kαρβ,

Mαβγ = 1

2
α1(Kρραδβγ + 2Kγρρδαβ + Kρρβδαγ )

+ α2(Kαρρδβγ + Kβρρδαγ ) + 2α3Kρργ δαβ + 2α4Kαβγ + α5(Kγβα + Kγαβ)

+ β1δαβ�,γ + 2β2(δαγ �,β + δβγ �,α) + f (εαγ 3Eβ3 + εβγ 3Eα3),

Mαβ3 = 2α3Kρρ3δαβ + 2α4Kαβ3 + f (ερα3Eβρ + ερβ3Eα3),

Hα = β1Kρρα + 2β2Kαρρ + a0�,α, H3 = β1Kρρ3,

L = dEρρ + ξ� − βT1, T33 = λEρρ + d� − bT1,

M3αβ = 1

2
α1Kρρ3δαβ + α5Kβα3 + f εβρ3Eαρ,

M3α3 = 1

2
α1Kρρα + α2Kαρρ + f ερα3E3ρ + β2�,α

M33α = α1Kαρρ + 2α3Kρρα + β1�,α + 2 f ε3αρE3ρ, M333 = (α1 + 2α3)Kρρ3. (50)

From the constitutive equations (2) and the relations (48)–(50), we find that the stress tensor τi j is given by

ταβ = sαβ + x3Taβ + {λ[c1x1 + c2x2 + c3 + (b1x1 + b2x2 + b3)x3]

− 2 f (c4 + b4x3)}δαβ +
4

∑

k=1

(ck + bkx3)τ
(k)
αβ + Gαβ,
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τα3 = sα3 + x3Tα3 + 2 f εαρ3(cρ + bρx3) + με3βα(c4 + b4x3)xβ

+
4

∑

k=1

(ck + bkx3)τ
(k)
α3 + Gα3,

τ33 = s33 + x3T33 + (λ + 2μ)[c1x1 + c2x2 + c3 + (b1x1 + b2x2 + b3)x3]

+ 4 f (c4 + b4x3) +
4

∑

k=1

(ck + bkx3)τ
(k)
33 + G33, (51)

where

Gaβ = f [ε3ραUρ,β + ε3ρβUρ,α +
4

∑

k=1

bk(ε3ραu
(k)
ρ,β + ε3ρβu

(k)
ρ,α)],

Gα3 = μ(Uα +
4

∑

k=1

bku
(k)
α ) + f εαρ3(U3,ρ +

4
∑

k=1

bku
(k)
3,ρ) − f b4xα,

G33 = (λ + 2μ)(U3 +
4

∑

k=1

bku
(k)
3 ) + 2 f ε3αβ(Uα,β +

4
∑

k=1

bku
(k)
α,β). (52)

The functions μi jk , σ j and g can be expressed as

μ111 = ν111 + x3M111 + 2(α2 − α3)(c1 + b1x3) +
4

∑

k=1

(ck + bkx3)μ
(k)
111 + J111,

μ222 = ν222 + x3M222 + 2(α2 − α3)(c2 + b2x3) +
4

∑

k=1

(ck + bkx3)μ
(k)
222 + J222,

μ221 = ν221 + x3M221 + (α1 − 2α3)(c1 + b1x3) − f (c4 + b4x3)x1

+
4

∑

k=1

(ck + bkx3)μ
(k)
221 + J221,

μ112 = ν112 + x3M112 + (α1 − 2α3)(c2 + b2x3) − f (c4 + b4x3)x2

+
4

∑

k=1

(ck + bkx3)μ
(k)
112 + J112,

μ121 = ν121 + x3M121 + 1

2
(2α2 − α1)(c2 + b2x3) + 1

2
f (c4 + b4x3)x2

+
4

∑

k=1

(ck + bkx3)μ
(k)
121 + J121,

μ122 = ν122 + x3M122 + 1

2
(2α2 − α1)(c1 + b1x3) + 1

2
f (c4 + b4x3)x1

+
4

∑

k=1

(ck + bkx3)μ
(k)
122 + J122,

μρ33 = νρ33 + x3Mρ33 + 1

2
(2α2 − α1 + 4α4)(cρ + bρx3)

− 1

2
f (c4 + b4x3)xρ +

4
∑

k=1

(ck + bkx3)μ
(k)
ρ33 + Jρ33,

μ33ρ = ν33ρ + x3M33ρ + (α1 − 2α3 − 2α4 + 2α5)(cρ + bρx3)
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+ f (c4 + b4x3)xρ +
4

∑

k=1

(ck + bkx3)μ
(k)
33ρ + J33ρ,

μα3β = να3β + x3Mα3β + (2α4 − α5)(c4 + b4x3)εαβ3

+ f [c1x1 + c2x2 + c3 + (b1x1 + b2x2 + b3)x3]εαβ3

+
4

∑

k=1

(ck + bkx3)μ
(k)
α3β + Jα3β,

μαβ3 = ναβ3 + x3Mαβ3 +
4

∑

k=1

(ck + bkx3)μ
(k)
αβ3 + Jαβ3,

μ333 = ν333 + x3M333 + (α1 + 2α3)

4
∑

k=1

(ck + bkx3)κ
(k)
αα3 + J333,

σα = hα + x3Hα +
4

∑

k=1

(ck + bkx3)σ
(k)
α + (2β2 − β1)(cα + bαx3)

+ β1ε3βαb4xβ + β2(

4
∑

k=1

bke
(k)
α3 + Eα3),

σ3 = h3 + x3H3 +
4

∑

k=1

(ck + bkx3)σ
(k)
3 + (b1 + 2β2)(b1x1 + b2x2 + b3)

+ 2β2(

4
∑

k=1

bku
(k)
ρ,ρ +Uρ,ρ) + a0(

4
∑

k=1

bkϕ
(k) + �),

g = p + x3L +
4

∑

k=1

(ck + bkx3)g
(k) + d[c1x1 + c2x2 + c3

+ (b1x1 + b2x2 + b3)x3 +
4

∑

k=1

bku
(k)
3 +U ]. (53)

In these relations, we have used the following notations

J111 = −(α1 + 2α3)b4x2 + (α1 + 2α2)(U3,1 +
4

∑

k=1

bku
(k)
3,1),

J222 = (α1 + 2α3)b4x1 + (α1 + 2α2)(U3,2 +
4

∑

k=1

bku
(k)
3,2),

J221 = −2α3b4x2 + α1(U3,1 +
4

∑

k=1

bku
(k)
3,1) − f (U2 +

4
∑

k=1

bku
(k)
2 ),

J112 = α1(U3,2 +
4

∑

k=1

bku
(k)
3,2) + 2α3(b4x1 +

4
∑

k=1

bku
(k)
1 )

+ f (U1 +
4

∑

k=1

bku
(k)
1 ),

J121 = 1

2
α1b4x1 + α2(U3,2 +

4
∑

k=1

bku
(k)
3,2) − 1

2
f (U1 +

4
∑

k=1

bku
(k)
1 ),
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J122 = −1

2
α1b4x2 + α2(U3,1 +

4
∑

k=1

bku
(k)
3,1) + 1

2
f (U2 +

4
∑

k=1

bku
(k)
2 ),

Jρ33 = −1

2
(α1 + 2α5)ε3ρβb4xβ + (α2 + 2α4 + α5)(U3,ρ

+
4

∑

k=1

bku
(k)
3,ρ) + 1

2
f ε3ρβ(Uβ +

4
∑

k=1

bku
(k)
β ),

J33ρ = −2(α3 + α4)ε3ρβb4xβ + (α1 + 2α5)(U3,ρ +
4

∑

k=1

bku
(k)
3,ρ)

+ f ε3ρβ(Uβ +
4

∑

k=1

bku
(k)
β ),

Jα3β = 2α4(Uβ,α +
4

∑

k=1

bku
(k)
β,α) + α5(Uα,β +

4
∑

k=1

bku
(k)
α,β)

+ δαβ [1
2
(α1 + 2α2)(b1x1 + b2x2 + b3) + α2(Uρ,ρ +

4
∑

k=1

bku
(k)
ρ,ρ)]

+ f (U3 +
4

∑

k=1

bku
(k)
3 )εaβ3,

Jαβ3 = δαβ [(α1 + 2α3)(b1x1 + b2x2 + b3) + α1(Uρ,ρ +
4

∑

k=1

bku
(k)
ρ,ρ)

+ β1(� +
4

∑

k=1

bkϕ
(k))] + 2α5(Eαβ +

4
∑

k=1

bke
(k)
αβ ),

J333 = 2(α1 + α2 + α3 + α4 + α5)(b1x1 + b2x2 + b3) + (α1 + 2α2)Uρ,ρ

+ (β1 + 2β2)(� +
4

∑

k=1

bkϕ
(k)). (54)

If we take into account (32), (33), (51) and (53), then the equilibrium equations (3) reduce to the equations

sβ j,β − ναβ j,αβ + � j = 0, hα,α − p + H = 0 on �1, (55)

and

Tα j,α − Mαβ j,αβ = 0, Hα,α − L = 0 on �1. (56)

In equations (55) and (56), we have used the notations

�α = Gβα,β + Tα3 − 2M3ρα,ρ −
4

∑

k=1

(2μ(k)
3ρα,ρ − τ

(k)
α3 )bk

+4 f ε3αβbβ + με3ραb4xρ − Jρηα,ρη,

�3 = Gα3,α + T33 − 2Mα33,α − Jαβ3,αβ

+(λ + 2μ)(b1x1 + b2x2 + b3) + 6 f b4 −
4

∑

k=1

(2μ(k)
α33,α − τ

(k)
33 )bk,

H = H3 + β2(Eα3,α +
4

∑

k=1

bke
(k)
α3,α) − d(U3 +

4
∑

k=1

bku
(k)
3 ) +

4
∑

k=1

bkσ
(k)
3 . (57)
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Following (4) and (18), we define the functions

�
(1)
j = (sβ j − νρβ j,ρ)nβ − Dβ(nρνρβ j ) + (Dαnα)nρnηνρη j ,

�
(1)
k = νρβ j nρnβ, �

(2)
j = Mρβ j nρnβ,

�
(2)
j = (Tβ j − Mρβ j,ρ)nβ − Dβ(nρMρβ j ) + (Dνnν)nρnηMρη j . (58)

With the help of relations (36), (37), (51), (53) and (58), we see that the conditions on the lateral surface (7)
reduce to

�
(1)
j = Bj , �

(1)
j = C j , hαnα = h on �1, (59)

and

�
(2)
j = 0,�(2)

j = 0, Hαnα = 0 on �1, (60)

where

Bα = 2nρ(M3ρα +
4

∑

k=1

bkμ
(k)
3ρα) − 2εαρ3nρ[ f (b1x1 + b2x2 + b3)

+ (2α4 − α5)b4] − B∗
α,

B3 = 2nρ[Mρ33 + 1

2
(2α2 − α1 + 4α4)bρ − 1

2
f b4xρ]

+
4

∑

k=1

bkμ
(k)
ρ33 − B∗

3 , C j = −Jαβ j nαnβ,

h = [β1ε3αβb4xβ − β2(Eα3 +
4

∑

k=1

bke
(k)
α3 )]nα,

B∗
j = (Gβ j − Jρβ j,ρ)nβ − Dν(nρ Jρν j ) + (Dαnα)nρnν Jρν j . (61)

We denote by (P1) the isothermal plane problemwhich consist in finding the functions v j and χ that satisfy the
geometrical equations (46), the constitutive equations (49), the equilibrium equations (55) and the boundary
conditions (59). Let us denote by (P2) the thermoelastic plane problem associated with the temperature T1
and characterized by the geometrical equations (47), the constitutive equations (50), the equilibrium equations
(56) and the boundary conditions (60). Clearly, the necessary and sufficient conditions to solve the problem
(P2) are satisfied for any thermal field. The necessary and sufficient conditions to solve the problem (P1) are

∫

�1

� jda +
∫

�1

Bjds = 0,

∫

�1

ε3αβxα�βda +
∫

�1

ε3αβ(xαBβ + nαCβ)ds = 0. (62)

By using the divergence theorem, we find that
∫

�1

(Gβ j,β − Jρη j,ρη)da +
∫

�1

B∗
j ds = 0,

∫

�1

ε3αβxα(Gρβ,ρ − Jνρβ,νρ)da +
∫

�1

ε3αβ(xαB
∗
β + nαCβ)ds = 0. (63)

It follows from (51), (57), (61) and (63) that
∫

�1

�αda +
∫

�1

Bαds =
∫

�1

τα3,3da. (64)
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By using the equilibrium equations, we find

τα3 = τα3 + xα(τ j3, j − μrs3,rs) = [xα(τβ3 − μβν3,ν)],β
+ xα(τ33,3 − 2μ3β3,3β − μ333,33) + μαν3,ν . (65)

The condition P3 = ˜P3 on the lateral boundary can be expressed in the form

(τβ3 − μβν3,ν)nβ = ˜P3 + [2μ3β3,3 − (μαβ3nαnγ − μργ 3nρnβ),γ ]nβ, (66)

so that the relation (65) implies that
∫

�1

τα3da =
∫

�1

[μαν3,ν + xα(τ33,3 − 2μ3β3,3β − μ333,33)]da

+
∫

�1

xα{˜P3 + (μργ 3nρnβ − μαβ3nαnγ ),γ nβ + 2μ3β3,3nβ}ds. (67)

Let us note the identity
∫

�1

xα(μργ 3nρnβ − μαβ3nαnγ ),γ nβds =
∫

�1

nα
˜R3ds −

∫

�1

μαν3,νda. (68)

From (65) and (68), we get
∫

�1

τα3da =
∫

�1

[xα(τ33,3 − μ333,33) + 2μα33,3]da +
∫

�1

(xα
˜P3 + nα

˜R3)ds. (69)

In view of (7), (51), (53) and (69), we find that
∫

�1

τα3,αda = 0,

so that the first two conditions from (61) are satisfied. With the help of (40), (57) and (60), we obtain

∫

�1

�3da +
∫

�1

B3ds =
∫

�1

T33da +
4

∑

k=1

D3kbk,

∫

�1

ε3αβxα�βda +
∫

�1

ε3αβ(xαBβ + nαCβ)ds

=
∫

�1

ε3αβxαTβ3da +
4

∑

k=1

D4kbk .

The last two conditions from (62) reduce to

4
∑

k=1

D3kbk = −
∫

�1

T33da,

4
∑

k=1

D4kbk = −
∫

�1

ε3αβxαTβ3da. (70)

Let us impose the conditions (8). In view of (12), we get
∫

�1

Pαda +
∫

�1

Qsds = −
∫

�1

(τ3α − μ33α,3)da.

By using (67), we obtain
∫

�1

Pαda +
∫

�1

Qαds = −
∫

�1

(xα
˜P3 + nα

˜R3)ds −
∫

�1

[xα(τ33,3 − μ333,33)

+ 2μα33,3 − μ33α,3]da. (71)



S. De Cicco, D. Ieşan

With the help of (7), (40), (51), (53) and (71), we see that the conditions (8) reduce to

4
∑

k=1

Dαkbk = −Fα −
∫

�1

(xαT33 + 2Mα33 − M33α)da. (72)

The system (70), (72) uniquely determines the constants bk(k = 1, 2, 3, 4).
If we take into account the relations (38), (40), (51) and (53), we find that the conditions (9)–(11) take the

form

4
∑

k=1

Dαkck = −ε3αβ(Mβ + M0
β),

4
∑

k=1

D3kck = −F3 − F0
3 ,

4
∑

k=1

D4kck = −M3 − M0
3 , (73)

where we have used the notations

F0
3 =

∫

�1

[s33 + G33 − M333 − (α1 + 2α3)

4
∑

k=1

bkκ
(k)
333]da,

M0
α = ε3αβ

∫

�1

{xβ [s33 + G33 − M333 − (α1 + 2α3)

4
∑

k=1

bkκ
(k)
333]

+ 2νβ33 + 2Jβ33 − ν33β − J33β}da,

M0
3 =

∫

�1

{εαβ3[sβ3 + Gβ3 − M33β − (α1 − 2α3 − 2α4 + 2α5)bβ

− f b4xβ −
4

∑

k=1

bkμ
(k)
33β ] + 2εαβ3(να3β + Jα3β)}da. (74)

The constant ck are determined by the system (73). First, we have to find the solutions of the plane problems
A(k) (k = 1, 2, 3, 4). Then, we can determine the constants Dmn from (41) and the solution of the problem
(P2). Next, we determine the constants bk from the system (70), (72). Now, we can solve the problem (P1)
and to find from (73) the constants ck (k = 1, 2, 3, 4). The above results can be used to study the case when
the temperature field is a polynomial in the axial coordinate.

6 Application

In this section, we use the solution (23) to investigate the thermoelastic deformation of a chiral circular
cylinder subjected to a uniform temperature. We consider a homogeneous cylinder that occupies the domain
B = {(x1, x2, x3) : x21 + x22 < a2, 0 < x3 < h}, (a > 0). We assume that the mechanical loads are absent. In
this case, we have

T = T ∗, Fj = 0, Mj = 0, (75)

where T ∗ is a prescribed constant. We seek the solution of the problem (T ) in the form

wα = E1xα, w3 = 0, ψ = E2, (76)

where E1 and E2 are arbitrary constants. From (28), (27) and (76), we obtain

ηαβ = E1δαβ, ηα3 = 0, ξi jk = 0,

tαβ = [2(λ + μ)E1 + dE2 − bT ∗]δαβ, tα3 = 0,mαβ j = 0,

πα = 0, γ = 2dE1 + ξE2 − βT ∗,m3αβ = f E1εβα3,m3α3 = 0,

m33 j = 0, P∗
α = [2(λ + μ)E1 + dE2 − bT ∗]nα, P∗

3 = 0, R∗
i = 0. (77)
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The equilibrium equations (34) and the boundary conditions (38) are satisfied if the constants E1 and E2 are
given by

E1 = (βd − bξ)T ∗/(2D), E2 = [db − β(λ + μ)]T ∗/D, (78)

where

D = d2 − ξ(λ + μ). (79)

The positive definiteness of the elastic potential implies that D �= 0, Thus, the solution of the problem (T ) is
given by (76). It follows from (40) and (77) that

F∗
3 = πa2(2λE1 + dE2 − bT ∗), M∗

j = 0. (80)

In a similar way, we can study the problems A(3) and A(4). The solution of the problem A(3) is

u(3)
α = S1xα, u(3)

3 = 0, ϕ(3) = S2, (81)

where

S1 = (λξ − d2)/(2D), S2 = dμ/D,

and D is given by (79). The problem A(4) has the following solution

u(4)
α = K1xα, u(4)

3 = 0, ϕ(3) = K2, (82)

where

K1 = − f ξ/D, K2 = 2b f/D.

It follows from (81), (82) and (41) that

Dα3 = 0, Dα4 = 0, D33 = πμa2[3d2 − (3λ + 2μ)ξ ]/D,

D44 = μ
πa4

2
+ 4(2a4 − α5 − K1 f )πa

2,

D34 = D43 = 2πa2 f [3d2 − (3λ + 2μ)ξ ]/D.

(83)

In view of symmetry of Dmn , we obtain D3α = 0 and D4α = 0. Thus, with the help of (82) and (83) we find
that the system (40) reduces to

Dαβaβ = 0, D33a3 + D34a4 = −F∗
3 , D43a3 + D44a4 = 0. (84)

It follows from (42) that this system uniquely determines the constants ak . We find that

a1 = a2 = 0, a3 = −D44F
∗
3 q, a4 = D34F

∗
3 q, (85)

where

q−1 = D33D44 − D2
34.

Let us note that we have solved the problem without using the solutions of the problems A(1) and A(2).
In view of (23), (76), (81), (82) and (85), we see that the solution of the problem is given by

uα = ε3βαa4xβx3 + a3S1xα + a4K1xα + wα,

u3 = a3x3, ϕ = a3S2 + a4K2 + ψ. (86)

From (86), we conclude that the thermal field produces torsion, extension and a variation of microdilatation.
In the case of an achiral material, we have f = 0 and (83) implies that D34 = 0. Then, from (85) we obtain
a4 = 0. In this case, the thermal field does not produce torsion.
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7 Conclusions

The results presented in this paper can be summarized as follows:

a. In the context of the strain gradient theory of porous thermoelastic solids, we study the deformation of
isotropic chiral cylinders subjected to a temperature field that is linear in the axial coordinate.

b. We introduce the problem of generalized plane deformation of a chiral cylinder, and we express the
equilibrium equations in terms of displacements and microdilatation function.

c. We establish the solution of the problem when the temperature distribution is independent of the axial
coordinate. It is shown that the thermal field produces extension, bending and torsion.

d. We study the thermoelastic deformation of cylinders subjected to a thermal field which is linear in the axial
coordinate. We present a method to reduce the three-dimensional problem to the study of plane problems.

e. We use the results to study the deformation of a circular cylinder subjected to a uniform temperature
variation. In contrast to the case of achiral materials, the thermal field in chiral cylinders produces torsional
effects.
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