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HIGH ORDER POSITIVITY-PRESERVING NUMERICAL METHODS FOR A
NON-LOCAL PHOTOCHEMICAL MODEL

MARIO PEZZELLAD?*

Abstract. In this paper we design high-order positivity-preserving approximation schemes for an
integro-differential model describing photochemical reactions. Specifically, we introduce and analyze
three classes of dynamically consistent methods, encompassing non-standard finite difference schemes,
direct quadrature techniques and predictor—corrector approaches. The proposed discretizations guar-
antee the positivity, monotonicity and boundedness of the solution regardless of the temporal, spatial
and frequency stepsizes. Comprehensive numerical experiments confirm the theoretical findings and
demonstrate the efficacy of the proposed methods in simulating realistic photochemical phenomena.
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1. INTRODUCTION

Photochemistry, whose origin traces back to the pioneering works of Grotthus and Draper in the 19th century
[59], investigates reactions and physicochemical phenomena induced by light absorption. This field includes nat-
ural processes as well as applications across various domains, such as industry, technology and pharmaceuticals
(we refer to [62,71] for a comprehensive overview). Several mathematical frameworks, primarily focusing on
differential systems, have been proposed to model complex light-matter interactions (as detailed in [5, 12, 37]
and references therein).

Numerical methods play a key role in providing efficient tools to simulate the evolution of photochemical
phenomena, as analytical solutions of the mathematical models are often not explicitly determinable. The
nature of the involved systems, however, imposes the additional challenge of preserving the non-negativity of
chemical concentrations. Techniques such as clipping [66], which involve setting negative concentrations to zero,
are generally unsuitable due to the introduction of artificial mass as a numerical artifact. Moreover, achieving
positivity through standard approximation schemes may require impractically small time steps and lead to high
computational demands. Therefore, the necessity arises of unconditionally positive numerical integrators that
yield positive solutions independently of the chosen discretization steplength [8,22,67,74].
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The preservation of the inherent properties of differential systems is the founding feature of geometric numer-
ical integration [26,29,39] and of Non-Standard Finite Difference (NSFD) discretizations [2,16,50,58]. Although
the dynamic consistency of such schemes is guaranteed, they suffer from the limitation of low convergence
order [9,27,28]. In general, the definition of high-order positivity-preserving methods is challenging and often
restricted to specific types of systems (see, for instance, [30,44,47,56]).

In this work, we focus on the dynamically consistent simulation of an integro-differential model describing the
evolution of a general photochemical reaction. Specifically, we address the light-induced conversion of a primary
reactant, A, into a product compound, B. Non-linear integral operators are here employed to capture the non-
local nature of radiation, accounting for its interaction with the medium in a one-dimensional framework.
This paper aims to develop high-order, unconditionally positive numerical methods for the proposed model.
To this end, we draw up and compare various schemes based on NSFD approximations, Predictor—-Corrector
strategies (PC) and Direct Quadrature (DQ) methods. The main novelties of this work lie in two complementary
directions. First, the proposed model generalizes classical differential formulations for photochemical phenomena
[6,7,31,55] by incorporating the spatially distributed influence of multi-frequency radiation. Second, the novel
numerical schemes developed in this work are devised to guarantee, at once, the unconditional preservation of
key structural properties and high-order convergence, an achievement that remains particularly demanding even
for purely differential systems [21,28,30,56, 73].

The manuscript is structured as follows. In Section 2 we report the main results on the integro-differential
photochemical model that extends the findings in [12]. In Section 3, we formulate a NSFD numerical method and
provide theoretical results on its consistency and convergence. Furthermore, we prove the preservation of posi-
tivity, monotonicity and boundedness for any values of the spatial, temporal and frequency stepsizes. In Section
4, we reformulate the model as a non-linear implicit Volterra integral equation [45] and discretize it using a DQ
approach. For the resulting approximation scheme, we prove high order convergence, as well as the existence
of a unique, unconditionally positive and bounded numerical solution. In Section 5 a less demanding, dynami-
cally consistent and quadratically convergent PC method is presented. Numerical experiments are reported in
Section 6, where the theoretical properties of the proposed integrators are verified and a comparative analysis of
their performance is conducted. Additionally, we present realistic simulations based on experimental outcomes
from the literature, pertaining to two phenomena: the photoactivation of serotonin and the photodegradation
of cadmium pigments. Final remarks and insights on future development, in Section 7, conclude the paper.

2. THE CONTINUOUS MODEL

Let ¢y(z,t) and cg(x, t) denote the concentrations of the reactant A and the product B, respectively, at spatial
position x € [0, L] and time t € [0,T]. Let e(z) represent the environmental conditions required to initiate the
reaction, which could include the presence of activating agents. The evolution of the concentrations, assuming a
first-order kinetic model, is then described by the following conservative Production-Destruction System (PDS)

ocy
E(ﬂ:,t) = —K(ep(z,t), ca(z,t), e(x)) ca(z,t), .
%@’f) = K(ca(z,t), ca(,1), e(x)) eala,t), (z,t) € [0, L] x [0, 7],

with ¢y(x,0) and cg(z,0) given initial conditions. Here, K(-) is the non-local, concentrations-dependent pho-
tocatalytic reaction rate, which will be defined in detail later. Since the reaction involves only two principal
chemical species, Lavoisier’s conservation principle leads to the linear invariant

ca(x,t) + cg(z,t) = ca(x,0) + cp(x, 0), for all (x,t) € [0, L] x [0, 7], (2)

which is a direct consequence of the PDS formulation (1), as it follows from 0 (ca(z,t) + cg(z,t)) = 0 (we refer
to [1,30] and references therein for a comprehensive description of PDS). Furthermore, under the assumption
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that no product is present at the onset of the reaction (i.e., for t = 0), we have from (2),
c(x,t) = cp(x,0) — ep(x,t), for all (z,t) € [0, L] x [0,T], (3)

which allows us to disregard the equation in (1) for the product B.

The photocatalytic reaction rate K(-) incorporates the dynamic effects of several factors. First, the depen-
dence of the process on the system temperature and environmental conditions is expressed, following Arrhenius’
law (see, for instance, [4], Sect. 10.9 or [32], Page 174), through the term

fla) = Aesp{ - gz beo),

where A is the Arrhenius pre-exponential factor, F, is the activation energy of the reaction, R is the gas constant
and 7 is the temperature. We further consider that the chemical process is exclusively triggered by light within
a specific wavelength range [Ag, A«], defined by the photophysical properties of the system, which corresponds to
photon energies sufficiently high to trigger the reaction. Let €4 and ep denote the molar absorption coefficients
for the reagent A and the product B, respectively. These functions measure how strongly each chemical species
absorbs, and therefore attenuates, light at a given wavelength A. The total absorbance of the system is then
given by

ws( A ea(z,t), cp(x,t)) = ea(N)ea(z, t) + eg(AN)ep(z,t) = (ea(A) — eg(N))ea(x, t) + e(N)ea(z, 0),

where A € [Ag, A\.] represents the wavelength of the radiation. Here, in accordance with the Beer-Lambert law
[17], the overall light intensity is modeled as

(n oo, [ eteag) = 1 exnd - ()Cale) + (10— 2 [ etenac) .

where Co(z) = [ ca(§,0)d¢ is given, I(A) = Io(A)/Iret denotes the normalized irradiance and p > 0 is a
dimensionless attenuation constant. Furthermore, inspired by the approaches in [12,15,19,70], we introduce the

function
a1 X

X)=——77——
p(X) Xt X1
and consequently model the overall light penetration effect with the non-local term

/: g ((A Co(@), /O Cele.) df)) d.

The aggregation of the contributions outlined above into the PDS (1) yields the following integro-differential
model

%(x,t) — —c(w, 1) f(2) /A* p<L (A, Co(), /0 c(&, 1) d£>> A, (z,0) € [0, L] x [0, 7],

Ao

with a1 >0, as >0, (4)

(ot [t ) = 10 exp] —u( sOCale) + (010 — 200 [ etenna) b K

where, for the sake of brevity, the notation ¢(z, t) is employed in place of ¢y (z,t). Accordingly, once (5) is solved,
the product concentration cg(z,t) is retrieved from the conservation law (3).

Hereafter, our theoretical investigation will be conducted under the following assumptions for the known
functions of model (5).

Assumptions (A). f € C°([0,L] — Ry), I € C°([Mo, \s] — [0,1]), p € CORF — R{) are non-negative
functions. Furthermore, the given initial state c(z) = cy(z,0) € C°([0, L] — R™T) is a positive function.
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The existence and uniqueness of a solution to (5) is established, assuming a Lipschitz-continuity property
for the known functions, via an extension of the Picard-Lindel6f theorem to Banach spaces (see, for instance,
[35], Thm. 6 or [65], Satz 1.17 and references therein). As a matter of fact, denoted by c,(t) : t € Rf —
c(z,t) € L1([0, L]), the model (5) corresponds to a functional ordinary differential equation of the form dc, /dt =
F(c,), with F : L1([0, L]) — L'([0, L]) Lipschitz-continuous operator derived from the right-hand side of (5).
Furthermore, the positivity condition for the initial state in (A) excludes the possibility of a stationary solution.
Standard contradiction arguments yield the following positivity and monotonicity properties

0<c(x,t) <clr,7) <P(x), forall 0<2z<L and 0<7<t<T, (6)

whose well-established physical meaning motivates our interest in designing dynamically consistent numerical
strategies.

3. THE NON-STANDARD FINITE DIFFERENCE SCHEME

Let Az, At, AX € RT, denote the spatial, temporal and frequency stepsizes, respectively. Consider the uniform
meshes {z; = jAz, j =0,1,...}, {t, =nAt, n=0,1,...} and {N = Ao +{AX, [ =0,1,...}. We define the
following discretization scheme for (5)

Gt ¢ o1 R~ .
“san =G ) ; p<L<>‘laCO(xj>7A‘T;00r>>a

j-1 j-1 @)
L(/\l, Co(zj), Aa:Zcf) =1I(\) exp{—u (63(/\1)Co(xj) + (ea(Ny) — 5B(Al))Ach?> },

r=0 r=0

where the positive initial values ¢ = ¢®(x;) = ¢(x;,0) are given, ¢} = ¢(z;,ty) for n,j > 0 and

¢ At € RT — ¢(At) = At + O(A?) € RT. (8)

The numerical method (7) is derived from a non-standard approximation of the first derivative operator, com-
bined with a non-local implicit-explicit discretization of the right-hand side of (5). Consequently, in accordance
with the definitions provided in [3,69], it falls within the class of Non-Standard Finite Difference (NSFD) dis-
cretizations, which were originally introduced for differential equations (see [48,50,51] and references therein)
and only recently extended to integral and integro-differential problems [11,36,43,46,57].

The following outcome addresses the unconditional positivity, boundedness and monotonicity of the NSFD
solution.

Theorem 3.1. Consider the discrete equations (7) under the assumptions (A) and (8). Then, independently of
Az, At,AX € RT and for each j € Ny, the sequence {C?}nGNo is positive, bounded from above and monotonically
decreasing.

Proof. We proceed by mathematical induction to prove that, for any integer value of j, the statement 0 <
C?H <c < c(; holds Vn € Nj. Since the initial concentration is positive, the base case n = 0 naturally follows
from the assumptions (A). Consider n > 0 and assume that the properties are verified for each 0 <m < n — 1.

The result then comes from

c”
At = 1 (9)

T (a0 AN Fa) S (M Cola). ArTiTyer) )

where, for the induction hypotheses, 0 < ¢ < ¢ and p(v(A;, Co(z;), Ax SYZhen)) > 0. O
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As pointed out in the previous section, under the assumptions (A), the continuous solution to (5) is positive
and decreasing with respect to time. Hence, Theorem 3.1 demonstrates the dynamical consistency [49] of the
NSFD scheme (7) ensuring that, whatever the stepsizes and the denominator function in (8), a discrete counter-
part of the properties (6) holds for the numerical solution. Furthermore, due to the linearly implicit structure
of (7), its reformulation as (9) leads to a straightforward and computationally efficient algorithm.

The non-standard nature of the discretization (7) makes the investigation of the local truncation error

57 = 6(Ax, At, AX; T, t,)

Z(t:(xj,t ) + C($j7tn)f($j)/>\:* p(b()\a CO(%‘)’/Oxj C(fvtn)d€)> dA (10)

t A _ t Ny—1 j—1
_C(zy,t + At) — (), t )_C(xj,tn—i—At flz;) AX Z p( <>\l,00 zj), sz (T, ty)

o(A) 2

more challenging. Its behavior is analyzed through the following consistency result.

Lemma 3.2. Assume that the known functions describing problem (5) are continuously differentiable for x €
[0,L], t €[0,T] and A € [Xo, As]. Then the NSFD method (7) is consistent with (5), of order 1.

Proof. Let N,, N; and N, be positive integers such that L = N,Az, T = N;At and A, = Mg + NrAAX. The
regularity assumptions on the know functions imply that c(z;,t) € C%([0,7]) and therefore, from the mean
value theorem, there exist 67 € (0,1) and 7} € (0,1) such that

2

) 0c
xj,tn—l—H?At):Ata—j(xj, n) +APOY S (b, + 00 AL),

Oc
c(xj, tn + At) — c(zj,t,) = At — i o

o

~n,l
foreachn=0,...,N;—1and j =0,..., N,. Analogously, for each [ =0, ..., Ny, there exist Cf’l and (; = such
that

p(L()\l,Co(Ij), /Owj c(&,ty) d§)> — p<L <)\1,C’o(xj), Azgc(:cr,tn)>>
— </OTJ (€, t,) dE — Amic(wr, tn))

o (1 Co(e): 1)) 1T (e = ex() exp{ =i (a (M Co(e) + (a3 = 223G }
= r;‘,l (/% c(€,tn) dE — AﬂfﬁiiC(zr,tn)).
0 r=0

Furthermore, since c(z,t,) € C*([0, L]), the convergence of the rectangular quadrature rule (see, for instance,
[18]) ensures the existence of positive constants k1 and ko such that for the terms

Nx—1

Q(A)\;a?j,tn)ZA:*p<L(A,Co($j)7/0xj e(6,t) d ))d)\ AX Z ( ()\l,Co (@), /Oxj c(g,tn)dg»,

j—1
x(Ax;xj,tn)z/ o6 ) = B0 3 elorsta)
O =

the inequalities |o(AX; z;,t,)| < k1AX and |x(Az; x;,t,)| < koAz hold true, independently of n = 0,..., N,
and j =0,..., N,. Recalling the properties (6), straightforward manipulations of the local truncation error (10)
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lead to

2

O(A, At AN 23010) = G ayt0) = ( G o ta) + O} T oyt 4 0550 )

At
P(At)

Ny—1
+ f(@j)e(x;, t )( (AX; 25, tn) + X(Az; 25, 00) AX Z T?)l>

Na—1 j-1
+ f(xj)<At %(xj,tn +9}’At))A)\ Z ,0<L ()\Z,Co(xj), Ach(mr,tn)>>.
r=0

1=0
: o)
Therefore, since Ec(xj,t) < 0, we have

32

2
5(Aw, AL, AN; 25, 1,)] < ot |9 g

—“1 oAl >’at“’t”)+¢< AY)

0
+ K3 <|Q(A)\; Tj,tn)| + Ax <|X(Ax; T, tn)| — Ata—(t:(xj, tn + 9;"At)>) ,

(a3t + 03080

with k3 > 0 depending on the bounds of p, ¢ and the known functions in (5), as well as on their derivatives, but
not on the stepsizes. Finally, since (8) implies ﬁ =1+ O(h), we conclude

_max |0(Az, At, AX; x5, t,)| < k(AL + Az + AN),
=0, N,

with £ > 0 depending on k1, k2 and the bounds on the time derivatives of the solution. O

With the following theorem, we prove the convergence of the NSFD scheme (7) and show that the corre-
sponding global discretization error

= e(Az, At, AX; zj,t,) = c(zj, t,) — ¢} n=0,...,Ny, j7=0,...,Ng, (11)

n
€y Jo

vanishes linearly with the sum of the stepsizes.
Theorem 3.3. Assume that the given functions in (5) are continuously differentiable for x € [0, L], t € [0,T]

and X € [Ao, \u]. Let {c}} be the approzimations of the continuous solution to (5) computed by the NSFD scheme
(7) with Ax = L/N,, At = T/N¢y, AX = (A« — Xg)/Nx and N,, Ny, Ny € N. Then

_max le(Ax, At, AX; zj,t,)| — 0, as Az + At+AX— 0.
=0, N,

=
]

Furthermore, the NSFD method (7) is convergent of order 1.

Proof. Evaluating equation (5) at (xj,t,), forn = 0,...,N; and j = 0,..., N, and subtracting (7) from it
yields

Ny—1 j—1
et =l — ¢(At){5;fb el (o) AN DY p<L (Al, Co(x;), Ach(xr,tn)>> }
1=0 r=0

Na—1 j—1 j—1
- ¢(At)c;-’+1f(xj)A/\ Z {p(L (x\l, Co(zj), Aa:Zc(xT,tn)>> - p(L ()\l, Co(x;), Achf)) },
=0 r=0 r=0

with 67 and e} denoting the local and global discretization errors defined in (10) and (11), respectively. The
regularity of the given functions, the bound on the NSFD numerical solution (see Thm. 3.1) and the property
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in (8) assure the existence of positive constants k1 and ko such that, for a sufficiently small temporal stepsize
At, the inequality
I”I n=0,...,N,—1,

ntl) o d(At) ngAx n

—K qb(At

holds true. From the discrete Gronwall-type inequality in Theorem 11.1 of [34],

max [e}/| <

(14 kN NN — 1 4 k1p(AL)
0<n< N,

N max [§}'], for each j =0,..., N,
/{1<1 — Klqb(At)) v 0<n< N

and therefore, from the consistency outcome of Lemma 3.2,

_max le(Ax, At, AX; x5, t,)| < B(AL+ Az 4+ AN),
=0, N,

which completes the proof. O

4. THE DIRECT QUADRATURE METHOD

In Section 3 we introduced a linearly implicit, positivity-preserving NSFD discretization for the integro-
differential model (5). Despite its dynamical consistency, the first order convergence of (7) may represent a
limitation for realistic simulations over extended integration intervals. In order to devise high-order uncondi-
tionally positive methods, here we adopt a different approach built upon a suitable reformulation of the evolution
operator in (5).

In what follows, we address the following non-linear implicit Volterra integral equation [45]

1og<cc(f<’ // A, Co(2), /Ozc(f,T)d£)>d)\dT,
(n o), [ etenac) = >exp{u(sB<A>co<x>+<eA<A>eB<A>> [ eena) b

which is equivalent to (5) and is derived from it through integration with respect to time, taking into account
the properties of the continuous solution in (5).

Consider the uniform meshes {z; = jAz, j =0,1,...}, {t, =nAt, n=0,1,...} and {N = X +IAN, [ =
0,1,..., Ny}, where Az, At, AX € R™T, are the spatial, temporal and frequency stepsizes, respectively. We
approximate the integral terms in (12) by the means of the (ng — 1)-th Gregory quadrature rule (we refer to
[47] and references therein for further details), with ng > 1. Let {w,,}, 0 =0,...,n90 — 1 and {w, }, v > ng be
the starting and convolution weights, respectively. As detailed in Section 2.6 of [10], the weights are positive
and satisfy

(12)

sup max w,, <w < +oo and supw, < < +oo. (13)
v>0 0<p<ng v>0
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We then define the ng-steps Direct Quadrature (DQ) ([10], Sect. 3.2) scheme for (12) as follows

n ng—1 ng—1
log(io> = —AtAM f(z;) Z Wn— p{ Z WN,q p( ()\q, Co(zj), Az Z wikch + Az Z wj— h%))
J

p=ng k=0 h=ng

s=ng k=0 h=ng

N no—1
+ Z WNy —s p( ()\S, Co(zj), Az z wikch + Az Z wj— hch)) } + oy,

1 (14)
()\l, Co(z;), Az Z wjrch + Az Z wj— hch) = I()\l)exp{—u <€B(A1)Co(:vj) + (ea(N) —es( A1)
k=0

h=ng

k=0 h=ng

ng—1
(Amejkcp—i—Awa] h%))}, 1=0,...,Ny,

where c? =c(z;) > 0 and ¢} = c(xj,tn), for n,j > no, the starting values ¢j*, 0 < k,m < ng — 1, are given and

’I’Lofl nofl no— 1
o =— AtAX f(z;) Z wnm{ Z WN, i p<L</\“ Co(zj), Az Z wikch + Ax Z Wj_pCp ))

m=0 1=0 k=0 h=ng
N>\ no— 1 '
+ Z WN,—1 p<L</\l, Co(zj), Az Z wikcy + Ax Z Wj—hCp >>}
l=ng k=0 h=ng

Here, we demonstrate the well-posedness of the DQ method (14) and prove the unconditional positivity and
boundedness of the corresponding numerical solution.

Theorem 4.1. Consider the ng-steps discrete equations in (14), under the assumptions specified in (A). Sup-
pose that the initial values are given and satisfy 0 < c' < co(xj), for0<m<ng—1andj=0,...,N,. Then,

for each Az, At,AX € RY and n = ng, ..., N;, the non-linear system (14) admits a component-wise positive
solution ™ = [cf}, . .. ,C’I{,E}T lying in
Q= {[xo,...,a:NT]T o ¢(Ax, At,AN) < z; < max cg) for all i =0,. } C RN=+1, (15)
' 0<j<N,

where the lower bound is given by

0<j<N,

c(Ax, At,AN) = ( min c¢; )exp{ —At(N; + 1) AX(Ny +1)W?RFa, (16)

with Fa, = maxjy y,aq f(7), R = maxp+ p(x) and, recalling (13), W = max{w,&}. Furthermore, such a
solution is unique if O, f(z;) > 0 and 53(/\l) > e4(Ai) hold true for each j =0,...,Ny andl=0,...,Ny.

Proof. We preliminary observe that, from the hypotheses, ¢™ = [ch c}(}I]T belongs to ) for each m =
0,...,n9 — 1. Furthermore, the non-negativity of a1 and as in (4) and the assumptions (A) imply that R and F
are positive and finite. In what follows, we denote by

— T Nz+1
Fj_[wj07 W51y -+ -y Wing—1; Wj—ngy Wj—ng—15 - -+, W0, 0,,0] eER™ ) J = no, "an7
T Nx+1
A = [WN,0, WNLT; -+ s WNyno—1> WNx—ngs WNx—no—1, - - -» wo] | € RMATL
n __ T n+1
v = [wnOv Wnly « -y Wnng—1; Wn—mngy Wn—ng—1y +++» WO] cR ) n =no, - 7Nt
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Consider a fixed time step n > ng and assume that ¢ = [¢§, ¢}, ... ,c”Nm]T € Q, for each ng < v <n—1. Define
the functions M} : RN=F1 — RMAHDX(n41) "5 — o N, and G : RN=t1 - RN=+1 a5 follows
p(t(Mo, Co(z;), AzTc®)) ... p(t(No, Colz;), AT ™)) p(t(Mo, Co(z;), AaT]x))
R p(t(A1,Co(z;), AaTc®)) ... p(e(A1, Colz;), AT ™)) p(t(A1, Co(z;), AaT ] x))
Mj (m) = )
p(L()\NA ,Col(xj), AwI‘]T»cO)) .. p(L(/\NA, Co(z;), A:rl"}c”_l)) p(L(/\NM Co(z;), Aml"}m))
ng—1 Ny
G'(z)=c’ O (Z e+ D € exp{—AtA)\ Flay) (M) - ™) A}) (17)
k=0 j=ng

where © denotes the element-wise Hadamard product and €; € RN=+1 represents the j-th vector of the canonical
basis. More specifically, the matrices M;‘ in (17) are component-wisely defined as follows

p(A()\k,l, Co(z;), Axl";rcl’l)), for k=1,...,Nyx+1 and [=1,...,n,
(M?(w))kl =
. p<L()\k,1,Co(xj),AxI‘ij)), for k=1,...,Nx+1 and l=n+1.

The DQ scheme (14) then reads ¢ — G™(c") = 0 and the existence of the numerical solution is addressed by
investigating the existence of a unique fixed point for G™(x). The non-negativity assumptions in (A) imply the
global bounds M (x)]l < (Nt + 1)R and

(M (@) - @) T+ A] < (V) + DM (@)oo [ 27|00 | Alloe < WR(N + 1)(Ny +1), V€ RNFL

It then follows that the restriction of the function G™(x) to the set € is a continuous self-mapping and a
straightforward application of the Brouwer’s fixed-point theorem (see, for instance, [64]) yields the existence
result.

In order to prove the uniqueness of the solution to (14) with no limitations on the stepsizes, we apply
the findings of [14] to the Banach space RY=*! ordered by the cone of component-wise non-negative vectors.
From the assumptions (A) and the additional hypotheses, p(i(A;, Co(x;), I‘]T:L')) is a non-negative and increasing
function with respect to @, whatever the values of I, j and the stepsizes. Consequently, G™(x) is a compact
decreasing operator over  and, from Theorem 2.1 of [14], the non empty set Fix(G") ={x € Q : x = G"(z)}
is directed. Thus, all the hypotheses of Theorem B from [14] are satisfied, which completes the proof. O

Remark 4.2. The unconditional uniqueness of the solution to (14) holds under the non-negativity assumptions
for the functions 0, f(z) and ep(A) — £4()\). When these requirements are not met, uniqueness can still be
established for sufficiently small stepsizes through the Banach—Caccioppoli theorem (¢f. [63], Thm. 9.23) applied
to the function G™ in (17).

Theorem 4.1 establishes the DQ discretization (14) as a positivity and boundedness preserving numerical
method. In comparison to the dynamically consistent NSFD scheme (7), it exhibits a higher level of complexity
and does not guarantee the unconditional monotonicity of the numerical solution. However, we will demonstrate
that (14) achieves high-order convergence that overcomes the accuracy limitations associated with non-standard
discretizations. As a first step, we investigate the behavior of the error arising from the approximation of the
composition of non-local integral operators through the embedding of quadrature rules with Gregory weights.
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More specifically, we address the local discretization error of (14), defined as follows

67 = 0(Az, At, AN; xj,tn)

- tn /A o(+(n o). [~ elerrae) ) arar

no—1 no—1 no—1 J
- AtA)\{ Z wnm< Z WNy i p(L ()\i,Co(xj),Asc Z Wik (T, tm) + Az Z Wj—h c(xh,tm)>>
m=0 =0

k=0 h=ng

N)\ no—l ] 18
+ Z WNy—1 p(L()\l,Co(xj),Am Z Wik c(Tk, tm) + Az Z Wji—n c(:ch7tm)>>> (18)

l=ng k=0 h=ng

no—1 no—1 J

+ Z Wr— p< Z WN, q p( (x\q,CO(xj),Ax Z wjk c(xk, tp) + Az Z Wj—h c(mh,tp)>>

p=no k=0 h:ng

no—1 7

+ Z WNy—s p(L ()\S,Co(xj)7A:v Z wjk ¢(xk, tp) + Az Z Wj—n c(mh,tp)>>> },

s=ng k=0 h=ng

for j,n > ng, and prove the high order consistency of the DQ scheme (14).

Lemma 4.3. Assume that the given functions in (12), describing problem (5), satisfy f,c® € C™ ([0, L]),
I € C™HL([Ag, \i]), p € C™FtL(RY). Then the DQ method (14) is consistent with (12), of order ng + 1.

Proof. Let L = N, Az, T = N;At and A\, = A\ + N)\A\, with N,, N; and N, positive integers. Because of the
regularity assumptions and by applying the mean value theorem, the local discretization error in (18) satisfies

no—1 n
|5;L| < (At 25, t0)| + At( Z Wnn [0(AX; @5, tm)| + Z wn—p|0(AX; xj’tp>>

m=0 pP=no

(19)

no—1 n no—1
+ /ﬁAtA/\<Z Wom | X(Ax; 24, tm)] + Z wn—p|x(Az; x5, t, ) <Z WNy; + Z WN,— l)

m=0 p=no l=ng

for ng <t < N, ng < j < N, where k1 € RT depends on the bounds on the known functions and their
derivatives but not on the stepsizes and

O(AL; 2ty / / A, Colz;), /090 C(f,T)df))d)\dT

no—1 5
— ALY wam p(b(x,co(a:j),/ df)) d\
m=0 Xo 0

*

(& tm)
— At Xn: Wn—p p<L<)\,C’0(xj),/mj C(S,tp)d§)>d)\, ﬁin()7...7%ta
p=ng o 0 J =Ny, Ny,
A .
Q(A)\; xj7tV) = / p<L <)\700(xj)7/ C(gatu) df))
Ao 0

no—1 T
— AN D wny p(L()\i,Oo(l‘j),A c(g,tu)d§)>

=0
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N x;
— AN wn, p(L(/\hCO(xj)v/ C(£7tu)d€>>v V="ng,...,n,
0

l:’I’LO
T no 1
X(Ax; z;,t,) :/ c(&,t,)dE — Ax(Z wjk (T, ty Z wj—pc(zn,t )),
0 k=0 h=nq

are the errors related to separate time, frequency and space integral approximations, respectively. The properties
of the employed (ng — 1)-th Gregory rule implies that

lp(AL; 25, )| < Ko AE™ T lo(AX; zj,t,)| < kgAN™O T IX(Az; zj,t,)| < kagAz"0 Tt
with kg, k3 and k4 positive constants and therefore, from (19),

X [6(Az, At AN; x,t,)] < K(AEOFE 4 Aot AN < R(AE 4 Az + AN
t

m.
n=0,...,N¢
j=0,...,Ng

that yields the outcome. O

A quite standard analysis leads to the following convergence result on bounded intervals.

Theorem 4.4. Assume that the given functions in (12), describing problem (5), satisfy f,c® € C™*1([0, L)),
I € C™F([Ag, ), p € CotH(RY). Let {c'} be the approzimations of the continuous solution to (5) computed
by the DQ scheme (14) with Ax = L/N,, At = T /Ny, AN = (A — Xg)/Nx and Ny, Ny, Ny € N. If the starting
errors satisfy

7| = |c(xhy tm) — '] = O(Ax + At + AN)™ M k=0,....n9—1, m=0,...,n9—1, (20)
then the DQ method (14) is convergent of order ng + 1.

Proof. The bounds on the continuous and the numerical solutions (¢f. Thm. 4.1) imply that

c(xj,ty) cy ,
1 ) ] —1 = ey Ny = .o, N,
Og( CO(.Z'J‘> > Og(co(xj))" J no, ) y 1 no, s 4Vt

where e = e(Az, At, A)\; xj,t,) = c(xj,t,) — ¢}, is the global approximation error of the DQ method (14).
Therefore, evaluating (12) at the point (z;,t,) and subtracting (14) from it, leads to

no—1 n no—1 J
|€7] < k1|07 ] + oW, Az At (Z > (Z wik(mi + e + > win(Inp] + |e§1|>>>,

m=0 p=ng \ k=0 h=ng

lef] <

for j = ng,..., N and n = no, ..., Ny, where 07 denotes the DQ local error in (18), W = max{w, 0} is related
to the weights in (13) and x; > 0, ¢ € {1,2}, is a constant depending on the bounds on the known functions
and their derivatives. Hence, for a sufficiently small temporal stepsize, the inequality

w . Fimaxj—o . N, [07] At koW2L), 2
max e < Z max

m =ng,..., V.
j=0N, U T AERWILN, T — AtrpW2LA, 2= j=0 €5 T

holds true. The Gronwall-type discrete inequality in Theorem 7.1 of [34] then yields

| n| k1 4+ At ke W2LA, KkoW2LT A, ‘5n‘ n |
max |e X ma; max

n=0,..., Ny ~\ 1 - AtraW2L\, 1 — At koW2L\, :0, ,Nt n= CANE
7=0,.. 7Na: =0,...,Ng j:07---7Nz

so that, from the consistency findings of Lemma 4.3 and the hypothesis (20) on the starting errors, we get the
result. O
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5. THE PREDICTOR—CORRECTOR APPROACH

The NSFD scheme (7) and the DQ method (14), defined in Sections 3 and 4 respectively, represent two strate-
gies for the dynamically consistent numerical simulation of the integro-differential model (5). Both ensure posi-
tivity regardless of the discretization stepsizes. The linearly implicit NSFD scheme additionally preserves mono-
tonicity, but is only first-order accurate, whereas the higher-order DQ method requires greater computational
effort. Here, to retain the advantages of the aforementioned approaches, we combine them within a Predictor—
Corrector (PC) discretization. We consider, for Az, At, AX € R", the uniform meshes {z; = jAz, j =0,1,...},
{tn, = nAt, n = 0,1,...}, and {N = A\ +IAN, | = 0,1,...,Ny}. Given the the positive initial values

0

) = () = ¢(x;,0), we define the following PC integrator

-1

Ny—1 ]71
p;=c} { O(AL) AN f(x;) Z p( ()\l, Co(x;), Ach;L_1>>} ,
r=0

=0

/Bézp 2 Alac’O(‘II;]) A(" 1+2ZC +C?1>>>7

Ax =
= p(é(x\u Co(z;), 2(196‘ +2) pp +p?>>>, 1=0,...,Ny,

k=1

At AN Rt
¢ = C}’_lexp{—f(xj) <ﬂ? +95+2 ) (B +) + 80 +vj—“> }
=1

where the function ¢ satisfies (8) and ¢} =~ c(x;,ty), for n > 1 and j > 0.

The PC method (21) relies on the NSFD scheme (7) to predict the solution, followed by a correction phase
based on the DQ scheme (14) with ny = 1 and trapezoidal weights. Consequently, it inherits the advantages of
both discretizations, as proved by the following theorem.

Theorem 5.1. Consider the discrete equations (21) under the assumptions (A) and (8). Then, independently
of Az, At, AN € RY and for each j € Ny, the sequences {p} }nen, and {¢} }nen, are positive and bounded from
above. Furthermore, {C?}neNO is monotonically decreasing with respect to n.

Proof. Standard induction arguments yield the positivity of {p },en, and {c} }neN,, independently of j. Fur-
thermore, due to the assumptions (A), the terms ﬁ;- and 'yé- are unconditionally non-negative. Therefore, from
the last equation in (21), < c;-’_l < c? for all n > 1, which completes the proof. |

Theorem 5.2. Assume that the known functions in (5) satisfy f,c® € C2([0,L]), I € C?([\o, \s]), p € C*(RY).
Let {c}}} be the approzimations of the continuous solution to (5) computed by the PC scheme (2 ) with Az =
L/Ng, At = T[Ny, AN = (A« — Ao)/Nx and Ny, Ny, Ny € N. Denote by e(Az, At, AX; xj,t,) = c(zj,tn) — €}

the PC approzimation error. Then, there exists a constant K € RT such that

max le(Ax, At, AN x5, t,)| < K(Az + At + AN)?.
n=0,...;N¢
Jj=0,...,Ny

Furthermore, the predictor—corrector method (21) is convergent of order 2.

Proof. The outcomes of Lemmas 3.2 and 4.3 assure that for the local discretization errors 67 and C(S;L of the
predictor and the corrector scheme, respectively, the inequalities

_max < k1(Az 4+ At + AN), _I(I)la . < ko(Az 4+ At + AN,

j=0,...,Ny =0,...,Ny

Pcn
61'

“oj
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hold true, with x; and ko positive constants. The second order convergence then comes from a straightforward
extension of Theorem 2 from [23]. O

The findings of Theorems 5.1 and 5.2 establish the dynamical consistency and the quadratic convergence
of the explicit PC numerical method (21), respectively. Therefore, when compared to the NSFD method (7),
the PC scheme is expected to be more accurate. On the other hand, in contrast to the DQ approach (14), it
unconditionally preserves the monotonicity of the solution and is less demanding to implement, given its more
straightforward structure. For this reason, in what follows, the DQ method will be employed only for ng > 1
(i.e., for convergence orders greater than 2), while the PC integrator (21) will be preferred for a second-order
approximation of the solution to (5). We refer to Section 6 for a comprehensive comparative analysis of the
NSFD, DQ and PC discretizations.

Remark 5.3. The approach underlying the PC scheme (21) could be extended to construct explicit higher-
order dynamically consistent methods. More generally, to attain convergence of order p > 2, one may design
recursive compositions of order p — 1 predictors and order p DQ-type correctors. In such cases, unconditional
positivity would still be ensured by Theorem 4.1, while convergence would follow from Theorem 4.4 and the
framework provided in Theorem 2 of [23]. As a concrete example, a third-order positivity-preserving scheme
may be obtained by using (21) as a predictor and applying the DQ method (14) with first Gregory weights (i.e.,
ng = 2) as a corrector. However, as the only benefit over (14) would be the retention of an explicit structure,
at the expense of an increasing complexity, their practical utility should be evaluated on a case-by-case basis.

6. NUMERICAL SIMULATIONS

In this section, we present numerical experiments to illustrate the theoretical properties discussed in the pre-
ceding sections and to compare the effectiveness of the proposed methods. Additionally, we explore two realistic
applications of the model (5) pertaining to serotonin photoactivation and cadmium yellow photodegradation. All
simulations are conducted using MATLAB R2023a on an Intel(R) Core(TM) i9-14900KF processor operating
at 3200 MHz.

Test 1. For our first test we consider the problem defined in (5) with

co(x)zexp{—”“;}, Co(x)z\/?erf{jg}, fe)=2—2, L=1, T=1,

IN) =X, a\) =5+ esN)=X\ =0, XN'=1, aj=ay=1, p=0.1.

(22)

The functions and parameters in (22) serve as an illustrative example to assess the mathematical properties
and evaluate the performances of the proposed schemes. The numerical solution of Test 1 computed using the
fourth-order, three-step method (14) with II Gregory rule and Az = At = A\ = 279 is shown in Figure 1. This
solution, denoted by C = {Cf} € RN=xNt hereafter, is used as a benchmark to compute the mean space-time
approximation errors and the experimental order of convergence defined as follows

DIAGAD D el I E(Az, At, AN)
N, N, ,  p=log, B(52 At &) :

E(Az, At,AN) = (23)

202772

As a first step, we analyze the simulation outcomes of the NSFD numerical method (7) endowed with the
following denominator functions

b1(AL) = At, b2(AL) = At(1 + yAt), (24)

where v = max|, z) f(z) = 2. In both cases, the conditions (8) are satisfied and the NSFD scheme (7) ensures
positivity and monotonicity of the solutions. Moreover, it demonstrates experimental linear convergence, in
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DQ Numerical Solution with 1l Gregory Rule DQ Numerical Solution with Il Gregory Rule
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FIGURE 1. Reference numerical solution of Test 1 obtained with the DQ scheme (14), ng = 3
and Az = At = A\ =277,

c(x,t)

compliance with the theoretical findings of Theorems 3.1 and 3.3. The approximation errors and the experimental
order of convergence, computed as detailed in (23) for different values of the stepsizes, are reported in Table 1
and displayed in Figure 2. Notably, the choice of the denominator function ¢,(At) results in improved overall
accuracy compared to the standard option ¢;(At). We also tested the function ¢3(At) = vy~ 1(1 — e 72Y)
introduced in [38, 68] but the corresponding results, here omitted for the sake of brevity, were slightly less
accurate than those obtained with ¢ (At).

The following dynamically consistent scheme

Ny—1 j—1
C;H_l =cj exp{—AtA)\f(xj) Z p(L ()\l, Co(zj), Achﬁ)) }, (25)
1=0

r=0

introduced in [12] and based upon a Rectangular Quadrature (RQ) discretization of (12), represents a viable
option for the simulation of (5). It unconditionally preserves positivity and monotonicity and can be interpreted
as an explicit and linearly convergent, simplified variant of the DQ approach (14). The error plot in Figure 2
and the work precision diagram in Figure 3 highlight the competitiveness of the RQ scheme (25), which slightly
outperforms the NSFD approach when ¢ (At) is used as the denominator function. However, the adoption of
@2(At) in the NSFD method yields superior accuracy and efficiency, surpassing the RQ discretization as well.

We investigate the PC scheme (21) and the DQ method (14) as more involved and accurate integrators for
Test 1. Specifically, we consider (14) with I and II Gregory weights (ng € {2,3}) and generate the required
starting values satisfying (20) using the PC approach and the I Gregory-DQ discretization, respectively. Fur-
thermore, at each time step, the fixed point of (17) is computed using the trust-region dogleg algorithm from the
fsolve MATLAB routine, with step and function value tolerances set to 10~'4. The results of the experiments,
reported in Table 2 and Figure 4, validate the theoretical predictions of Theorems 4.4 and 5.2, demonstrating
the high-order convergence of the proposed discretizations (quadratic for the PC scheme, of order ng 4+ 1 for
the DQ method). The errors, also in this case, are computed following (23). From the work precision diagram
in Figure 5 it is clear that, although each iteration of the implicit DQ method is more demanding than that of
the explicit PC scheme, the former proves to be overall more efficient in terms of the accuracy-computational
cost trade-off.



TABLE 1. Approximation errors and experimental convergence rates for the NSFD and RQ

HIGH ORDER POSITIVITY-PRESERVING NUMERICAL METHODS

numerical solutions of Test 1, with Ax = At = A\ = 4.

NSFDAt RQ NSFDAt(1+’yAt)
9 E(Az, At,AN) p 9 E(Az, At,AN\) p 9 E(Az, At,AN\) p
272 263-1072 - 272 2.45-1072 - 272 7.7-1073 -
273 1.36-1072 096 272 1.24-1072 099 273 6.89.1073 0.17
27% 6.91-1072 097 27% 6.22-1073 099 27% 4.26-1073 0.69
275 349.1073 099 275 3.12-1073 1.00 27% 2.35.1073 0.86
276 1.75.1073 099 27% 156-1073 1.00 27¢ 1.23.1073 0.93
277 8.78-107% 1.00 277 7.81-107% 1.00 277 6.27-107% 0.97
Mean Space-Time Approximation Error
NSFD, ®(At)=At i
6| |—*—RQ
2 =—— NSFD, ®(At)=At (1+yAt) U
— — —Order 1 slope

o7

=

<

3

w

2—9,

2710

FIGURE 2. Base-2 logarithmic plot of the error as a function of the stepsizes for the NSFD

method (7) and the RQ scheme (25).

TABLE 2. Approximation errors and experimental convergence rates for the PC and DQ numer-

ical solutions of Test 1, with Az = At = A\ =9

PC DQ-I Gregory (no = 2) DQ-II Gregory (no = 3)
9 E(Az,At,A)\) P 9 E(Az,At,AN\) p 9 E(Az,At,AN\) p
272 3.07-107% - 272 1.74-107% —~ 272 1.46-107* -
273 8.74-107° 1.82 273 292.107° 257 273 1.65-107° 3.15
274 233.107° 1.91 2% 4.30-107° 277 27% 1.33-107°C 3.63
275 6.02-10° 1.95 27° 5.84-107" 288 27° 915-1078 3.86
276 153-10° 198 279 760-107% 294 27% 6.07-107° 3.91
277 385-107" 200 277 9.71-107° 297 277 398.1071° 3.93
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Work Precision Diagram
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—p—— RQ)
—&— NSFD, O(At)=At (1+yAt)

2
R

E(x, At, AN)

10 1072 10°
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FIGURE 3. Logarithmic plot of the error as a function of the execution time for the NSFD
method (7) and the RQ scheme (25).
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FI1GURE 4. Base-2 logarithmic plot of the error as a function of the stepsizes for the PC method
(21) and the DQ scheme (14).

In order to experimentally highlight the positivity-preserving property of the DQ method (14), as established
in Theorem 4.1, we present in Figure 6 the DQ numerical solution obtained with first Gregory rule (ng = 2)
and the corresponding theoretical lower bound given in (16), for various stepsize values. Although not sharp,
such bound confirms the scheme’s unconditional positivity. The outcomes of the DQ-II Gregory rule (ng = 3)
simulations, involving different weights-dependent values of ¢(Ax, At, AN), exhibit similar characteristics but
are here excluded for conciseness.

Test 2. For our second test, we apply model (5) to describe the photoactivation of serotonin (5-HT), a biological
effector involved in establishing left-right patterning during vertebrate embryonic development [33,61,72]. The
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Work Precision Diagram
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FI1GURE 5. Logarithmic plot of the error as a function of the execution time for the PC method

(21) and the DQ scheme (14).
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FIGURE 6. DQ numerical solution of Test 1 with first Gregory rule (ng = 2) and experimental
validation of the boundedness property from Theorem 4.1 for different values of the stepsizes.
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compound BHQ-O-5HT, derived from 5-HT through the application of a photoremovable protecting group,
undergoes photolysis upon exposure to light, leading to the direct release of the phenol (see Fig. 7 for a
representation of the molecular structures). This process, extensively exploited in experimental studies, offers
high spatial resolution and enables the analysis of processes occurring on timescales shorter than those required

for decarboxylation [42].
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FIGURE 7. Chemical structures of serotonin 5-HT (left) and of photoactivatable serotonin
BHQ-O-5HT (right).
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FI1GURE 8. Test 2 — Molar absorption coefficients functions for 5-HT and BHQ-O-5HT.

Here, we examine the kinetics of an initial concentration ¢®(z) = 100 upM of BHQ-O-5HT, microinjected
into a single-cell Xenopus laevis embryo with a radius L = 5.5 - 10~ 2cm. In this setting, c(x,t) represents
the concentration of BHQ-O-5HT at time t and at a distance z from the center of the embryo. Emulating
the experimental conditions detailed in [61], we employ the function I()\), shown in Figure 9, to represent
the normalized intensity profile of UV radiation emitted by a mercury lamp equipped with two glass filters
that restrict the wavelengths to 365 £+ 15 nm. Furthermore, we focus on wavelengths between Ag = 300 nm and
A* = 400nm, as higher frequency radiation may potentially damage biological tissues during photoactivation
[42]. The molar absorption coefficients for 5-HT and BHQ-O-5HT, extracted from the absorbance data in
Figure 4 of [13] and from Figure S3 of [61], respectively, are shown in Figure 8. Additionally, in order to
replicate the experimental photolysis course of BHQ-O-5HT detailed in [42], we set T = 180s, f(z) = 3-10'x
and a1 = ag = 1.

The numerical simulation of Test 2 obtained by the three steps, fourth order DQ method (14) with second
Gregory rule (ng = 3) and stepsizes Az = 3.1-10"%cm, At = 1.0s and A\ = 5.5- 10! nm, is presented in
Figure 10. The positivity and monotonicity properties of the numerical solution are evident from the plots.
Further insights are provided with Figure 11, where the minimum BHQ-O-5HT concentration over space

me(t) = _min ¢~ min c(@t),  n=0...N,

is plotted as a positive and non-increasing function of time, for both the PC and DQ schemes.
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FIGURE 9. Test 2 — Spectrum of the UV mercury lamp with glass filters.
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FIGURE 10. Numerical solution of Test 2 computed by the DQ method (14) with second Gregory
rule (ng = 3) and stepsizes Az = 3.1-10"%cm, At = 1.0s and AN =5.5-10"! nm.

In order to compare our simulated results with the experimental findings of [42], we analyze the percentage
reduction in the total concentration of BHQ-O-5HT at time ¢,,, defined as follows

Az (c()’ +2 Z;‘szfl ci + CTJ@) fL c(z,t,) dz
Rc(tn):7 (L ~ OL s :Oa---;Nt- (26)
o(L) fo A (z) dx

The PC and DQ simulation outcomes of Figure 12 correctly reproduce the photolysis dynamics in Figure 4 from
[42], with the amount of photoactivatable serotonin remaining below 10% after 3 min.

With the aim of emphasizing the importance of the dynamical consistency property in simulations, we
extend the analysis of Test 2 to a longer time interval, setting 7 = 1h. Using stepsizes Az = 3.1 - 10~* cm,
At =5.6-10"2h and A\ = 5.5-10"! nm, we compare the positive and monotonicity-preserving NSFD method
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FiGURE 11. Minimum BHQ-O-5HT concentration for the PC and DQ schemes applied to
Test 2, plotted on a logarithmic scale for the y-axis.
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FI1GURE 12. Percentage reduction in the total concentration of BHQ-O-5HT as a function of time.

(7) against the following first-order FTRQ scheme

Ny—1 j—1
c;t+1 = <1 — flz;) At AN Z p(b ()\l, Co(z;), Achf))), (27)

=0 r=0

obtained by combining a Forward in Time (FT-) finite difference derivative approximation and a Rectangular
Quadrature (-RQ) integral discretization. Figures 13 and 14 provide an overview of the comparison. Although
both methods are linearly convergent, the FTRQ scheme fails to reproduce the physical behavior of the phe-
nomenon, leading to oscillations and non-positive concentration values due to the insufficiently small At (the
positivity and monotonicity properties are recovered by the FTRQ solution for smaller time steps). In contrast,
the NSFD method preserves monotonicity and positivity, demonstrating stability and greater reliability under
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FIGURE 13. One hour numerical simulation of Test 2 computed using the FTRQ method
(27) (left) and the NSFD scheme (7) (right) with Az = 3.1-10"%*cm, At = 5.6 - 1073 h and
AX = 5.5-10"" nm. Here, non-positive values of the solutions are plotted in black.

the same discretization parameters. This property is also characteristic of the PC and DQ methods which, at
the cost of increased computational effort, achieve higher orders of accuracy (the corresponding simulations are
not included here, for the sake of brevity).

Test 3. Our last example addresses the photodegradation of cadmium yellow, a synthetic pigment extensively
employed by artists throughout the 19th and 20th centuries [25,40, 41, 54, 60]. Cadmium pigments, primarily
composed of cadmium sulfide (CdS), are subject to the following photochemical reaction [53]

CdS + 4h;

sur

¢ +2H0 + Oy — CdSOy4 +4HT, (28)

a process triggered by light and environmental humidity, which leads to the formation of cadmium sulfate
(CdSO4) and results in color alteration. Following the arguments in [12] and neglecting the influence of secondary
reactants and products, the kinetics of CdS can be effectively modeled through the system (5). Specifically, we
simulate the degradation mechanism of an initial concentration of ¢(z) = 3.34 - 1072 molem ™ on a painted
layer of depth L = 7.00 - 1073 cm. Since cadmium sulfide behaves as a semiconductor with a defined band-
gap energy of Ey, = 2.42eV [20], we set the upper wavelength bound to A, = 512.33 nm, which corresponds
to supra-band-gap light radiation. The molar absorptivity ecqs(A) of cadmium sulfide is computed using the
relation [24]
ccas(\) Pdy, = —log(R(N)), X € [Ao, Al

where R()\) corresponds to the hex-CdS diffuse reflectance UV-Vis spectral data provided in Supporting Infor-
mation, Section 2.1 from [53]. The parameter dz, = 5- 104 cm indicates the thickness of the cadmium sulfate
top crust, beyond which light penetration is significantly reduced due to CdSO,4 formation. As for the cadmium
sulfate, in absence of experimental data, we assume ecqso, (A) = 4ecas(A) (we refer to Fig. 15 for the plots).
Furthermore, we determine the function I()), displayed in Figure 16, by applying a local quadratic regression
to the xenon lamp emission data of Figure 1 from [52].

The environmental humidity required to trigger the reaction is modeled by the following water profile

f(z) =103 (1 - wO) (L—=z), x€l0,L]

Wi
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FIGURE 16. Test 3 — Normalized spectrum function of the UV xenon lamp.
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FIGURE 17. Numerical solution of Test 3 computed by the DQ method (14) with second Gregory
rule (ng = 3) and stepsizes Az = 1.4-10~* cm, At = 1.0s and A\ = 1nm.

which decreases linearly with depth. In this context, wg = 5.77 - 107" molcm ™3 denotes the lowest level of
humidity below which the reaction does not occur and w, = 1.22 - 10~ molecm ™2 is a given reference value.
Figure 17 illustrates the simulation results of Test 3, obtained by using the fourth order DQ method (14) with
the second Gregory rule (ng = 3) and stepsizes Az = 1.4-10%cm, At = 1.0s and A\ = 1nm. In compliance
with experimental observations (c¢f. [52,53]), the degradation phenomenon is predominantly confined to a shallow
region of the painting (i.e., for z < dy,) due to the formation of a CdSOy reflective layer which significantly
attenuates light penetration.

An equivalent dimensionless reformulation of Test 3 is simulated in [12] using a dynamically consistent PCRQ
scheme, which employs the RQ integrator (25) for the predictor phase and the trapezoidal rule as a corrector.
Being quadratically convergent, the PCRQ method is undoubtedly less accurate than the higher-order DQ
scheme (14). Here, we compare the PCRQ discretization with the second-order PC method (21), which shares
the same convergence properties and similar computational demands. Motivated by the results of Test 1, we
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F1GURE 18. Time evolution of the mean-space error for the PC and PCRQ simulations of
Test 3, computed with Az =1.4-10"%cm, At = 0.5s and A\ = 1 nm.

select ¢2(At) in (24) as the denominator function for the PC scheme (21). Figure 18 shows the mean-space
error as a function of time for both the PCRQ and PC simulations with Az = 1.4-10"%*cm, At = 0.5s and
AM = 1 nm. Specifically, the error is defined as

N.
1 - n n
e(tn)zﬁ E ’C]—CJ 5 ?’l:O,...,ZVt7 (29)
T 520

where {@;1} denotes the reference solution computed using the fourth-order DQ method (14) with ng = 3,
second Gregory weights and the same stepsizes values. From the plots in Figure 18, it is evident that the PC
integrator (21) outperforms the PCRQ one in [12], as it yields a lower mean-space error at each time step, for
the same discretization steplengths.

7. CONCLUSIONS

In this work, we designed three classes of dynamically consistent numerical methods for the integro-differential
photochemical model (5). A key property of the proposed discretizations is their capacity to preserve positivity
in the numerical solutions, regardless of the chosen stepsizes values. The different methods provide a flexible
simulation framework to meet various requirements, depending on the phenomenon under investigation and the
specific application. The first order non-standard finite difference (NSFD) scheme (7) and the quadratically con-
vergent Predictor—Corrector (PC) method (21) are straightforward to implement and ensure the monotonicity
of the numerical solution, as well. The Direct Quadrature (DQ) integrator (14), on the other hand, achieves
higher accuracy and would generally be preferred for advanced simulations. However, due to its inherent nonlin-
earity and greater computational complexity, the DQ scheme is less suited for model calibration, which typically
involves numerous repeated simulations. In such cases, the NSFD and PC methods, although less accurate, offer
a more efficient and feasible alternative.

Future research could explore additional realistic applications of the non-local model (5), which already
demonstrates significant versatility. From a numerical standpoint, the proposed methods could undergo further
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refinement to improve computational efficiency. A theoretical investigation aimed at defining ad hoc denominator
functions for the NSFD framework, specifically tailored to the non-local nature of the problem, could enhance
accuracy for larger time steps. Furthermore, the embedding of DQ schemes with ng > 1 into the PC approach
may yield high-order explicit methods that combine accuracy with lower demands. While these extensions appear
ideally promising, their practical implementation and computational efficiency require careful assessment, which
we plan to address in future work.
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