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Abstract

We prove the existence of a normalized, stationary solution  : R3 - C* with frequency w > 0 of the
nonlinear Dirac equation. The result covers the case in which the nonlinearity is the gradient of a function
of the form

FOW) =al(¥, y'W)|2 +b|(w, y 'y 2y 0|2

with o € (2, %], b >0 and a > 0 sufficiently small. Here yi, i=0,...,3 are the 4 x 4 Dirac’s matrices.

We find the solution as a critical point of a suitable functional restricted to the unit sphere in L% and 0
turns out to be the corresponding Lagrange multiplier.
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1. Introduction

The nonlinear Dirac equation is a simplified model describing self-interacting fermions (elec-
trons). The equation we consider is the following:

(—iy"0, +m)¥=yBVF(¥)  inR xR3 (1.1)

where W: R x R?® — C*, m > 0 is the mass of the electron, y* the 4 x 4 Dirac matrices

0_ _ 1 0 k_ k 0 O'k _
y—,B—(O _J y" = Ba ok 0 ) k=1,...,3,

o* the 2 x 2 Pauli matrices

L (0 1 2 (0 —i 5 (1 0
A=(10) =000) =65

and y € R is a constant, y > 0. The nonlinear self-interaction of the electron is described by the
function y V F (V). One can find a discussion of the motivation and history of the models leading
to the nonlinear Dirac equation in [22] where in particular the model nonlinearity

F(W) = (¥, BO)|2 4+ b|(W, y'y2y3w)|2

is discussed with &« = 4 (in case b = 0 this is the so called Soler model).

We prove existence of localized stationary solutions of fixed L? norm for a class of non-
linearities which includes those of the form above provided o € (2, %] (see below the precise
assumptions).

A normalized stationary solution is a solution of the form

W(r, x) =e 'y (x), /|\p|2 =1.
]R?

Assuming F(e'? ¢) = F(¢) forall # € R, ¢ € C* we have that ¥ solves

{(—ia-V—i—m,B—a))lp:yVF(w) 12

[ly?=1

We will find solutions for problem (1.2) as critical points of a suitable functional under the
constraint of fixed L? norm. The frequency w will arise as the Lagrange multiplier associated to
the constraint.

The use of variational methods in the study of the existence of stationary solutions of nonlinear
equations and systems involving the Dirac operator goes back to the pioneering work of Esteban
and Séré€ in [13], and several later developments, see for example [1,9]. Also related problems
like the Maxwell-Dirac and Klein-Gordon-Dirac problems have been tackled using variational
methods: see the review paper [12] where many of these results are presented. In all these works
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the frequency w is assigned, and the typical result is that for any w € (0, m) there is a solution of
the equation.

The search of normalized solutions, in particular such that | |¥|> = 1, is quite natural since
|W(t, x)|? can be interpreted as the probability density of the position of the electron at point
x and time #. The problem is also an interesting mathematical one, and a lot of work has been
devoted to finding normalized solutions for nonlinear Schrodinger equations, see [23,6,2,18,19]
and more recently [16,17,15,20,11]. The main approach to finding normalized solutions for this
class of problems is by minimization (usually a nontrivial one) or other min-max procedures of
a suitable functional on the unit sphere of L2.

Very little is known about the existence via variational methods of normalized solutions for
equations involving the Dirac operator. In this case the functional associated is strongly indefinite
and a direct minimization on the sphere in L? is not possible.

A first result on this topic is the one by Buffoni and Jeanjean [5], dealing with semilinear
elliptic equations giving rise to a strongly indefinite functional. Later Esteban and Séré in [14]
proved the existence of infinitely many solutions for the Dirac-Fock equation, which describes
the self-interaction of N electrons around a fixed nucleus. A solution for this problem is a set of N
orthonormal functions which solve an equation with the Dirac operator and a nonlocal nonlinear
term. The orthonormal solutions are found with variational methods using a penalization method.
A similar penalization method has been used in the paper [4] to find normalized solutions for a
strongly indefinite problem not involving the Dirac operator.

Recent results on the existence of normalized solutions for strongly indefinite problems in-
volving the Dirac operator are contained in [7], dealing with the problem of an electron interact-
ing with a nuclei and its own electric field, [21] where the existence of a normalized solutions
for the Dirac-Maxwell system is proved, [8] dealing with a Klein-Gordon-Dirac system and [10],
where Ding, Yu and Zhao consider a nonlinearity of the form F(¢) = K (x)|¢|*, @ € (2, %) with
K(x) > 0as x| > +o0.

Let us now state our assumptions: we will assume that F' € C 2((C4, R) is such that the follow-
ing holds for some o € (2, %] and R >0

VF(0) = D*F(0) =0, (H1)
ID*F($)| < |¢|*™* forall | > R, (H2)
(VF(¢),¢)>aF(¢p)>0 forallp e C?, (H3)

and also that, for some p >0,y >0and v € (%, %)

F() =71, pp)|2  forallg e C*, |g] < p, (H4)
IVF(¢)| <|p|” forallg e C*, || <p. (H5)

We also assume that & > 3 is such that for all £ > 0 there is a C; such that for all ¢ € c*

VF@) = (¢ +CF@)'%) 19 (H6)
Remark 1.3. Let us remark that the assumptions (H1), (H2), (H3), (H6) are the same as in the
paper [13]. The restriction on the exponent « is quite natural when looking for normalized solu-

tions. The assumption (H4) is similar to assumption (H9) of the same paper [13].
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Let us also remark that (H5) holds if

|D>F(¢)| <|¢|*"2 forall ¢ € C*.

Remark 1.4. Follows from (H1) and (H2) that for all ¢ > O there are u. and §. such that, for all

¢, 9 eC*
|D?*F($)] < €+ pelp* > (1.5)
IVF(@)| <€lg|+ pelgl*™ (1.6)
0= F(§) = SIo1+ il (17)
VF@+9) = VF@)] = (€ + 161" + 01 ™) Io| (1.8)

We will write u = 1 and use the fact that, for all ¢, ¢ € C*

ID?F(¢)| <14 ulp|*~2 (1.9)
IVF(@)] < |p| + ulgp|*! (1.10)
1 2 j2% o
0<F(¢) <19+ —I9] (1.11)
o
IVF(¢+¢) — VF($)| < (1 + 1Pl + |¢|H>) lol. (1.12)

Our final assumptions give the size of the coefficient y in front of the nonlinear term V F. We
let that 3 > O be such that

1
2 B2 a—s
70 (83 4+ nsye s )<R’ (1.13)
2 2 1
w(S3+us’ ) <g (1.14)
d—a

where m > 0 is the mass of our electron, u is the constant in (1.9)-(1.12), S, is the constant
relative to the Sobolev embedding of H 1/2 into L4 (with the norm (2.1), equivalent to the usual
one) and « is the exponent in (H2).

Our result is

Theorem 1.15. Let m > 0, assume F satisfies (H1)—-(H6), and let y € (0, yo].
Then there is w € (0, m) and ¥ € H'/2(R3, C*) solutions of problem (1.2).

As far as we know this is the first result on the existence of normalized solutions for Dirac
equation with a nonlinear interaction of Soler type. Esteban and Séré in [13] deal with essentially
the same equation, and find for all assigned w € (0, m) a solution which is not normalized. With
respect to the result of [10] we have a different nonlinear term, and in particular our result covers
the case in which F(¢) is a pure power ﬁmﬂ“ or ot(ozl——l)|(¢’ B$)|%/?, with exponent o €

@5
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We will find such a solution as a critical point of the functional
1
) =5 | HY.y) =y [ FO)
R? R?

restricted on the manifold |y |% = 1. Here
H=—ia-V+mp.

The solutions are found as critical points of the strongly indefinite functional I restricted to
the unit sphere in L2, and, following the method introduced in [7,21,8], the solution will be found
via the following min-max procedure: we fix an L? normalized function w in the positive energy
subspace of H and we maximize I over the ball of radius 1 in the subspace spanned by w and
the negative energy subspace of H. Such a maximum being unique and a smooth function ¥ (w),
we then proceed to find a minimizer of w — I (Y (w)).

Let us also point out that F'(¢) is not coercive but only satisfies assumption (H4), making it
harder to deduce the estimates necessary to prove the result.

2. Notation and background results
We denote with |u|}) = [p3[u(x)|? thenormin L” (R, C*) and with (u | v) = [3 (u(x), v(x))
the scalar product in L2(R3, C*), where (&, ) = ZLl &n; and |£]> = (&, &) are the scalar prod-

uct and the norm in C*. With 9%tz we denote the real part of z € C.
We will work in the Hilbert space X = H 1/2(R3, C*) with scalar product

(W1 1) = f VIER +m2 (1 (E), ¥2(8)) dE
R3

and corresponding norm
||w||2=/\/|s|2+m2|x&@>|2ds, 2.1)
R3

where @(S) = F (£) is the Fourier transform of ¢ € H'/2(R3, C*). The normin (2.1) is equiv-
alent to the usual one (given by (2.1) with m = 1).
Let us also recall some properties (see [24]) of the Dirac operator

H=—ia-V+mp.

H is a first order, self-adjoint operator on H'(R3, C#) with purely absolutely continuous spec-
trum given by

o(H)=(—o0,—m]U [m, +00).
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One can define orthogonal projectors A+ on the positive and negative part of the spectrum of H.
These projections are such that

HAr =A+H =4V —-A+m?Apr =+ALvV—A+m?
and

(A | A_n) =AMy [A_n) =0
so that
f(w(x), Hy (x))dx =/(A+w(x), Ay HY (x)dx +/(A_1//(x), A_Hy(x))dx
= ot m e n ]~ ot md Ayl
= Ay 1” = Ay 2.
We also let X+ = A+X and, for A€ (0,11, T* ={y e X | [y3 =1} and T} = [y € X4 |
ly3=2r}, 2L =%l

With S, we will denote the best constant for the Sobolev embedding of H 1/2(R3, C*) (with
norm given by (2.1)) in L?(R3; C*) for2 < p <3:

W1, = Splivll

Let us remark that, with our choice of the norm in X, we have that m | |§ <|ly¥]?and S, < ﬁ
(actually Sr = ﬁ).
3. Maximization

We are interested in solutions of problem (1.2), which are functions having L? norm equal
one. In order to find them, we will study this problems under the constraint of L? norm equal to

A, with A € (0, 1], as in [18].
LetI: H'/2(R3,C*H - R

1 1
W)= IA I = SIA VIR =y / Fy).

R3

We denote, for A € (0, 1]
BA={neX, ’ |n|%<k}.
Forn € B) and w € X4 we let

am=/A—In3  and Y =amw+neIT*
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We will look, given w € ¥4, for a maximizer of the functional J,f‘} defined on B,

Aoy — l 2 _ l 2 _
Jpm =I@amw+n) = 2IIa(n)wII 2II77I| y [ F(¥).
R3

Since da(n)[€] = —a(n) "R (n | €), the derivative of Jlij is given, for all £ € X_, by
dJy(IEl=dIamw + n)da()[Elw + §] = dI (Y)[he]

=Ramw [da([§lw) —Rn|§) — /(VF(W) hg)

—57f(n|€)||wllz—m(n|$)—J//(VF(lﬂ),hs) (3.1

R3

(here hg =da(n)[§]w + &) and, in particular

dJLmnl = —nl3lw)? - ||n||2—y/<VF(w),hn).

R3
Lemma 3.2. For all w € 4 and n € B we have
Inli* < a@?llwll* =275 (), (3.3)
and for all n € By, such that J,ﬁ (n) = 0 we have that
_ ‘ [@rw | <catul? (34)
a(n)

where
Cro=4 (52 + a7 gD gl 8)
Moreover, lfJ)“ (n) =0, |r}|2 >z we have that

dJEmnl < —Inl* <o0. (3.5)

Proof. We have that for n € B, and ¥ =a(n)w +n

1ol o / _1 2_ i
SInl==slml"+y [ FGb) = Zlatmwl” = J, (1)

and (3.3) follows.
Let us now assume that J7(17) > 0, so that ||n]|> < a(n)?||w]|?.
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Since

a(n) —da(mnl=a(m) +a@m =" n3 =ram ™

we have that

dJEmnl=— 3 llwl?—lInl* -y /wm/,), V) +y—— f(VF(vn a(mw).

a(n)?

Let’s estimate the last term. Using (1.10) we have

Since |1//|% = X and Ia(n)wlg < A we deduce that

< [ (11 w1 il < W latul, + v latul,

e = f|¢| /W“ Oy 1622 < [y B0 |y 52 = 33— [y 3O

and
la(mwl% <23 la(mw|3*~°

so that

3(a—2)(@—1) 3(a—2)

<IYhlamwly +prS Nyl «  la@mwl; ©

V(VF(lﬁ),a(n)w)

3(a—2 _ 3(a@—2)(
< Sy llllamwl + 1S3 PAC Dy~ e
3(a—2 — —
< SYII? + uS3 @ PAC0 y 32,

Since ||y [|? > 83 [¥3 = S34 and 3( — 2) € (0,2] for all & € (2, §] we have that
1Y IP@2 < (SavVa)** By )2 < 4(Sav)** Ba(m)? wl|?

and

<40 (834 10T 57557 Jwll? = ACq wl.

/(VF(W) a(mw)

()2

We finally deduce that

drsain = (= +yaCas) lwl? = Inl? — v f(vnw), ¥) < —lnl?

if 713 > % and since by (1.13) y is such that yCy 5, < 1 forall A € (0,1]. O
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Remark 3.6. It follows from the Lemma 3.2 that if 5, is a Palais-Smale sequence for Jﬁ such
that JJ;(n,) > 0, then |, |3 < % for all n € N large enough.

Lemma 3.7. Let n, € By, be a Palais-Smale sequence for Jlﬁ, that is
Jh(mm) = cz0,  dI(m) — 0.
Then n, converges, up to a subsequence, to a critical point n of JU);.
Proof. Follows form the Lemma 3.2 and Remark 3.6 that |, |3 < % and that [|n, || < a(y,) |w]| <

VA|lw]|| is bounded, hence 1, — n (up to a subsequence).
From

o(l) = dllﬁ(nn)[nn — 1= =R | 00 — MIwI* = R | 10 — 1)
-y /(VF(I/fn)v damy) [, —nlw +n, —n)
= — |0 — 03 Nwl* = R0 1y — W Iwll® = In, — 0l = Rin 10, — )

-Y /(VF(W,,), M —n) — ydamy) [, — nl '/(VF(llfn)v w)

we deduce, using also the fact that |5, |§ < %, that

10— 013 Ilwll* + l1n. — nll?
= —y/(vnm), M — 1)+ ya() " R0 | 1, — n)f(VFwn), w) + o(1)

=Y /(VF(Wn)v Mn—n)+ )/a(ﬂn)fl [y — ﬁl%/(VF(Iﬁn), w) +o(l).

From the estimate (3.4) follows

(1 —yCo) I — 13 Iwl* + n, — nll* < —y/(wwn), M — 1) +o(1).

We will prove that liminf, 4o [ (VF(¥), 1, —n) > 0 applying concentration compactness
to the sequence of functions 1, — 7.
In case we have vanishing, that is

VR >0 lim sup /lnn—n|2=0,
>+

we have that [, —nl, — 0 asn — +oo forall g € (2, 3) (see [18] or [25, Lemma 1.21]).
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For all € > 0 we have that

'/(w(x/fn),nn—n) sf(e|wn|+ue|wn|“—1)|nn—n|
< el = nl2+ e [Ynlg™" Inn = 1l < V2he +o(1)

so that lim,,, 4 f(VF(Iﬁ,,), N, —n) = 0 if vanishing occurs.
If we have dichotomy then for all € > 0 there is a sequences R, — 400 such that

/ I —nl3 >0 —¢,
R3\Bp, (0)

where (up to a subsequence)

_ 1 a2
a—ngrfw/mn nl-.
R}
We have that

f(VF(Wn)’ M —1)

_ / (VEW)s i — 1) + / (VE ). 1)

B, (0) R3\Bg, (0)

+ / (VEWn) = VE@n), nn) — / (VE®m), n)
R3\Bg, (0) R3\Bg, (0)

2(3—a)

> —c(Jete @)

+ / (VEWn) = VE@n), nn) — / (VE®m), n)
R3\Bg, (0) R3\Bg, (0)

where we have used the fact that (VF (n,), n,) > 0 and

/ (VFEWn), nn —n)

R’y (0)
1
2

< ¥l /Inn—n|2 ! /mn—m“

Ry (0) Ry, (0)
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1 2(3—a)
2 o
2 1 Hed) 2
< /Inn—nl + ¥l e —nly © /Inn—nl
Br,, (0) Ry (0)
23—a)
<c(ye+e @)
for some constant ¢ > 0.
We now observe that
/ (VEWn) = VFE@R), np) < / IVE ) — VE@m)| 0]
R3\Bg, (0) R3\ Bg, (0)
< / a () lwlla|
R3\Bg, (0)
bu [ (i el el
R3\Bg, (0)
i 1o
<Vl / w |+ uva ! / wl|
3\Bg,0) 3\Bg, (0)
(@—1)/a
a—1
+UA T [l / [w|® =o(1)

3\Bg, (0)

where we have used (1.12).
A similar argument shows that

(VF (), n) =o0(1),
]R3\BR,, 0)

and also when dichotomy occurs we find that

(1 =y Cap) I =0l [w]* + [l = nll* < ce + o(1).
So in every case we have that and n, — 5, with 5 critical point of JU);. O

We now show that the functional J7 is concave in the set where it is positive in the L2-ball of
: 2
radius \/; .
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Lemma 3.8. Let n € B), be such that |)7|% < % and Jzﬁ (n) = 0. Then

3
2T mE, &1 < —ann2 forallé e X_.

Proof. In order to compute the second derivative we denote Y = a(m)w + n and hg =
da(n)[&]w + & and observe that

R(n | EHR, ;)) .

- |77|2

d*a(n)g, ¢1=—a(n) ™! (m(sm +

We have
d>IEmIE, E1=— £ |w|? — IE)* — y/(DzF(wmg,hg)
-y / (VF(), d*a()E, E1w)

— & lwl? — 1N — V/(DZF(I//)hs,hs)

2
% <|a§|2 ("'5) ) / (VF(), w)

Then, using (3.4) and (1.9):

d>IE e g1 < —ES lw)? - ||s||2+y/ |h§|2+yuf [ 1% 2 he |*
AER — 1813013 + (n1)?
—1Inl3
<—(1—ySHIEBIwI* — A —ySDIEN?
+yulyls |hg|4i+2|s|§yca,knwu2

+ yCanllwll*

(l—y(ZCa)L-i-Sz +urT 524 )) |§|2 lwll®
(1—y<sz+m 524 )) HE
1 2 2 3 2 3 2
< —— [ < ——
<= ERIwl® = JUEI% < =2 1€0%,

since 2y Co,3 < 5 by (1.13) and by (1.14). O
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Lemma 3.9. Let w € X, n € B; and ¥ = a(n)w + n € T*. Then we have that

[ ran= [ Feiw+ [F@u.n - (SQZ-FM)LQT_ZS%) nl2 )
- <S§+m“225‘%) IIHIIZ—MO(Z;Z/IwI“_ZIHIZ (3.10)
Proof. The result follows, using (1.12) from
/ Fy) - f Fla(pw)) - / (VF(a(pyw), n) =
= / (VF(a(mw +6n) — VF@mw), n)
—/(1 + plamwl|®~2 + uln|“ =) n?
2—/|n|2—/ﬂ~a2;2/le‘”’zlnlz—u/Inl"‘
> —[nl3 — m—/w 2l = plnls = s
> —(S3+pr'T Si4a)llnllz—u?»_/|w|“ 2In?
for some 6 (x) € [0, 1] and
/ (F(a(pw) — F(¥aw)) = / (VF(a(mw +60(a(n) — vVMw), (@) — Vi)w)
—/|a(n>+9(a(n) —VR)llwlla(n) — VAl wl
— it [l + 8@ ~ VAl lan ~ VAl
> —VAE=a [1of = 5 Wi = aon [lur
> —(VA—a(m) (ﬁ|w|%+m%f|w|“>

_A—am)?*
Vi +a(n)

>_(52+IU» S2 )|n|%||w||2. O

-2
(Vatwl + w7 [l 1w )

We let, forall w €

E.(w) = sup Jp(n).
neB)
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Lemma 3.11. For all w € ¥4 we have

A 2,

A
( <S2+2 7, ))llwllzs&\(w)lelwllz-

=<

N >

Proof. We have, using (1.11), that

£, (w) = J1(0) = %nﬁwnz —y / F(V7w)

>)

2 K. 212
= S lwll e lez ng\zlwlg le%

52 2 2
= Sl =i ( 2+ 0TS )

A 2
> —(1- 52 +2 AT S
252

which is positive by (1.14) and

(\]
|
5

N>»

T = %Ila(n)wllz — %unn2 —~ y/F(w) < %nwnz. O

The following proposition is analogous to [7, Proposition 4.5], [21, Proposition 3.6] and [8,
Proposition 2.9]. Since in the present situation the functional J7 is, by Lemma 3.8, concave in
the region where J2(17) > 0 and |n|§ < % the proof is actually simpler.

Proposition 3.12. For every w € X4 and ) > O there is a unique n(w) € B;, such that
Ty (n(w)) = max Ji,(n) = & (w).
n(w) is a critical point of J$ on By such that |n(w)|§ < % and
In(w)I|* <y <52+2 AT 52 )||w||2. (3.13)
Moreover the map

w e X4\ {0} > y(w) = n(jwl,' w) € B;
is smooth.
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Proof. We can find, by Lemma 3.11 and using Ekeland’s variational principle a maximizing
Palais-Smale sequence 7, at positive level.
Then, by Lemma 3.7, ,, — 71 (up to a subsequence), with

dism=0, Ik =& w)>0.

Using Lemma 3.11 we deduce that

A A 1
5( (52+2 2T 52 ))||w||25<€u<w)=1$<n>s5||w||2—5||n||2

from which (3.13) follows.
As a consequence we have that for all w € ¥ the convex set

B= {neB,\||n|2<—and||n||2<2ky<S2+2 AT 52 >||w||2}

contains all the maxima of J7 in B;. We now show that J7(17) > 0 for all n € B.
We have that

/ Fatmw +m) < 5 latw + 0B+ latw + i

IA

> N> N =

M a=2
A7 latmw + nf? g

O[

< =83 wl* + A 524 la(mw + 7|

A: o o
2 Bssr, o Biss2, ) wll
2 o —a o v

| /\
/\\

S2 +usg) lwl?
We then have

A 1 2 2 1 2

Ton = Zam?wl® = Slnl* =y [ Flamw +n)

A H, a2 1
ann — Ay <S§+2—A 2 S%)Hwnz—w (—S§+u524)nw||2
o 4—a 2 —

>)

- _z _z =0
4IIWII |Iw|| I| I

The strict concavity of Jjj in the convex region B implies that such a maximum is unique.
The properties of the map w — y(w) = n(Jw|, ! w) follows exactly as in [8, Proposition
29]. O
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Exactly as in [8] we can consider the smooth functional &, : X4 \ {0} — R defined as
Ex(w) = Tp ) (¥ (w)) = sup Jp,,, (),
neB)

where, as in the proof of 3.12, P(w) = ﬁ and y (w) = n(Pw) and deduce that for all w € X4
and v e X;.

d&, (w)lv] = a(y w)dI (Yu)[v] — aly (w) e W) (w | v) (3.14)

where

(W) = aly (W)~ dI (Yr)[w]. (3.15)

We also deduce that, forall A =v+ & € X, v e X4, £ € X_ and with ¥, a and w as above we
have

dI(Y)[h] — o [h) =dI(Y)[v]+dI()[E] —w@mw +n|v+E)

_mle)

=dI(y)[v]+ (—da(n)[é] —(w]|v) a(n

)dl(l/f)[w]
1
=dI()[v—(w|vw]= Md&(w)[v]

which shows that w is a critical point of &, if and only if ¥ = a(n(w))w + n(w) is a critical
point for I under the constraint |y I% =A.
The following is essentially Proposition 2.13 of [8]:

Proposition 3.16. Let wy € X be a critical point of &), restricted on the manifold . Then wy
is a critical point for €, on X+ and the function

Yo = a(n(wo))wo + n(wo) € T
is a critical point for I on the manifold ¥ and satisfies
d1(Yo)lh]l=w (o | h) forallh e X 3.17)
where w = w(Yg) € R,
(1 =y Ca)lwoll* < @(Wo) <21 (Yruy) =265 (wo).

Moreover, if Yo € X satisfies (3.17) for some w > 0, then w = |A+w0|;1 Ao is a critical
point for & (w).
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Proof. We only have to prove the estimate on the Lagrange multiplier. The other points follow
as in proof of Proposition 2.13 of [8]. Using (3.4) we immediately deduce

o (o) = a(n(wo)) ™ dI (Yo)[wol = (1 — y Ca2) |wol*.

We also have, using (H3), that

o (Po) =dI (Yo)[Yol <21(Yo). O
4. The constrained minimization

We introduce now the following minimization problem:
e(\) = inf & (w)= inf ! 2w - 1 z_
= »(w) = in a(n(w))”|lwl In)I* =y | FW¥uw)
weX 4 wesy | 2 2

where n(w) is given in Proposition 3.12, a(n(w)) = /A — |n(w)|§ and ¥, = a(n(w))w + n(w).
The next lemma contains an estimate which will be essential in proving (via the concentration
compactness lemma [18,19]) convergence of minimizing sequences for ;.

Lemma 4.1. For all ) € (0, 1] we have that 0 < e(A) < )“7’"

Proof. From Lemma 3.11 we have that

A
N> —(1- S+2 AT 52 0.
ez (17 (20, ) -

Using Lemma 3.9 we deduce that
E(w)=1(,) = la(n(w))2||w||2 — %Iln(w)llz —v / F(Yw)
< 2wl = S )Rl - 3 -y [ Fo/Rw)
- yf(vnaw), n(w)) +y (S% +m%sga> ()3 wl?

+V<S§+M?»a )Iln(w)ll +7//U»7/|wlo‘ *In(w)?
S1ncey<S2+,uA 52 ><%by(1.14) we have, for all w € X:

& (w) < —||w||2 - - In(w)lz lw]|* — IIn(w)||2

—y / F(Vaw) —y /(W(awx n(w)) + yur T /le"‘*zln(w)lz-
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Fix w; € H'(R?,C) N C'(R?, C) such that |wi|, =1 and let w = (")) € C* and w(x) =
e3?w(ex). Then |we|, = 1 for all € > 0 and |we (x)] o = €3/% [w(x)|5o — 0 as € — 0. We also
have that |[(w(x), Bw(x))| = |w1(x)|2.

The same computation of Lemma 2.16 in [8] show that

2
€ ~
lwell* — m Jwel3 < %/|q|2|w1(q)|2

12 <m+ Ce?

”we
2 e? 2 2
e = AwelP < £ /|p| i ()]
m
2 € 2 2
11— [Aswelo| s—f|p| 11 ()2
4m

We deduce from this that for € > 0 small enough |Afwel|, > %
Let

9 (x) = [Aywely ' Ajwe(x) € Ty
We have that
Igell < 1Awely ! well < +/m + Ce

1/2
lwe — @ell < ﬁ@-i- lloell) (/|p|2|ﬁ;1(p)|2) = %(24- loel) IVwilp

1/2
0c —wels < — ( [ 1pP1n(pP) = —= V|

and hence, for € small enough
lgell < /m+1, 1@l < am@Nl@ell < VA(/m + 1).
We now estimate the functional for small € > 0:

1
12 — len(%)llz

rm A 1
En(@e) < =+ ZUl@ell> = mgel3) — = (@3 loe
2 2 4
-y / F(Vape) —y / (VF(age), n(9o)) + y (va)* 2 / le|* 2 n(pol>  (4.2)
The first term can be estimated as follows:
2 2 e 2 2 e 2 2 2
lgell” —m |§0e|2 < —C+ el |Vw1|2 <—@4+ «/"_1) |Vw1|2 =cl€”.
2m 2m
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Using (H4) and (H5) and since |w¢|,, — 0 we have that
f F(Vpe) = / F(V2we) + / (VF(VAwe), g — we)
+ / (VF (/A (we +6(pe —we))) — VF(VAwe), g — we)
> yal /|<we, Bwe)l? — 12 lwelb, lge — wel,
— fm —wel* — u/|we|°‘—2|<oe — wel?
—u/um + lwe)*2lge — wel?

A2 /|(wea ﬂwe)|2 _)Lz |w€|2\) lpe — wely

—/m —we|2—2u/|we|“—2|¢e —w]?
—2u/|¢| be — wel?

3(@=2) (v—
>e 7 VA2/|wl|a )\.26 2 |w1|2v|(pe_we|2

—1ge = wel3 = 201 (Jweld ™2+ lpeld 72 Ige — wel2

S(a 2) v+l
f|w1|a—62€ 2 —C3€2

For the next term we observe that

/ (VF(age), n(ge) < / IV F(age) — VF(@wo) | In(ge)] + / IV F (awe) (o).

Let us analyze the first term in this expression: we have

f VF(age) = VF(awe)lIn(ge)|
< [ (1a(pe = wol + lawe| + platee = wol* + plawe*2) alge = welln(e)|
< [ (1ge = woP + lwelige = wel) In(eo)

+pa! / (I = wel ™" + [we*2lpe = wel) In(eo)|

< a?|pe — wel3 In(ge) |3 + a® lwels |9e — wels (el

_ _ 3(@—2) _
Pe — Wl (@) +1a® e T (w122 I@e — wely In(ge)ln

a—1 |

+ pna
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= @ (ol (S3lpe = wel + [wels S3llge — well)

=15 (o) Il e — we|

|0(—1

+ pna

a—1 _3(&2—2) a—2 _
+pa”" e [wilag ~ 1@e — wely [(@e)ln

2 3 3
%S3<f+1)< (+*F) Vw2 + €2 w5 +ﬁ|w1|g>

12l 3+ m\*! _
+e a2 Sg(ﬁ—i—l)( \/%/_) [Vwl] !

o2 (Vm+1) v

+ 30:;4 )\’ 20(;1 52 | |
€ M w1 w1
2 00 \/E 2

3a—4

2 3 a—1
< C4€” 4 c5€2 4 cg€ +c7€ 2

while for the second term we have
v v l 2v 2v l 2
[VF(awe)|In(ge)| <a” [ lwel"In(pe)| < 54 lwel, + > [n(we)l2
LAY Y 82
<UD w13+ Zin(eol? < s + Zin(go) |1
2 2 2
The last term in (4.2) can be estimated as follows:

/m“ 2@l <€ T o9 (o2 < €T 101152 S2n(go)1?

We therefore deduce that

rm 1 1 3@-2) _ .«
5A(§0e)§7+0162——|n(¢e)|%||€0e||2——||U(§0e)||2—6 2 VVM/lel"‘

+eye s +037/6 +eayel +esyer +eeyet ™ eye T

+cgye3<”*“+y ||n(<05)ll +e Ty 101152 S0 (o |1

Since )/522 < % by (1.14) and

3(ax—2 3 13 3a0 — 4 8
M<min 2, v ,—,a—l,a—,3(v—l) forall @ € (2, =]
2 2 2 2 3
we deduce that
rm
5A(§05)<7

for € small enough and for all A € (0, 1] and hence e(A) < ’\Tm O
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Proposition 4.3. For all 1. € (0, 1) and 6 > 1 such that O) < 1 we have that
e(Or) < Be(r). 4.4)

Proof. Let 0 > 1 be such that 16 € (0, 1). Take w € X and let ng) (w) € By, be the function
whose existence follows from Proposition 3.12. Let g, (w) = agx (ngr(w))w + ngy(w) € Xgx.
We have that

1 1
Eo1(w) = 3 llags (nox W) w> = 2 lnes (w)* = y / F (g5, (w)).
We recall that from assumption (H3) follows that
F(ox)>6%F(x) > 62 F(x) + (o"‘ - 02) F(x) forallxeC*o>1.

We have that for all € By,

ao(n) = /20 — I3 =0 A—’—’ fax(7>
and hence we have that
_ 162 (W) noa(w) » v Vo (w)
e(ex)smw)—e[—n W - i) e efF(ﬁ o )]

nox(w)

1 2 o2 (W) - Vor(w)
Se[gllax(T)wll _5”7“ —J//F( NG )}
! e(a_z)/z_l /F(WH)»(U))>
4 ( ) Nz

<08, (w) — 16 (9“**2)/2 _ 1) / F (%) .

We claim that for all w € X such that & (w) < %(’\Tm +e(A))

/F (W@A(W) =50,

NG
Assuming the claim, let w, € ¥ be a sequence which minimize &, (w), & (w,) — e(X) <
LA 4 e(1)). We have that for all 6 > 1

e(03) < En(wn) < 0,(wn) =0 (67212 = 1) 5 =0e(x) — 0 (6712 = 1) 5+ 0(1) < 6e(3)
and the proposition follows.
To prove the claim, we assume it does not hold and that there is a sequence w, € X1 such

that &, (wy) < 3(2 +e(1)) and
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Jr()

Then also f F (Y95 (wy)) — 0 and we deduce from (H6) that for all £ > 0

V(VF(lﬁox(wn)),wn) = /(C +CCF(‘p@k(wn))é)wfek(wnﬂ|wn|
= ¢ eon(wn)la lwaly + C; IWA(wn)I;Ts1 IwnI;Tsl/F(¢ex(wn)) =C¢+o(D)

which implies that

,m V(VF(we;\(wn)) Wy)| =

and similarly

lim ‘ / (VF (W5, (wn)), m(wn»‘

Since

192 (wn) |3

ag;. (Mo (wy)) tn + 7o (10n))

= — [noa (W) 3 lwnlI* — lInes. (wa) 12 — ¥ / (VF (Yg3(wy)), —

we deduce from the boundedness of ||w, || and ||ngx (wy)|| that ||ne; (w;)|| — 0 and hence

6 A
5(—’” +e(h) > 08, (wn) > Ega(wy)

oA
=5 wy |1 — _|779A(wn)|2”wn” - —IInex(wn)II —V/F(lﬁex(wn))

_ Oam OAm ).
= +o

a contradiction which proves the claim. O

Lemma 4.5. Let w € (0,m), C > 0 and € X be such that

dIW) [ =w® |h)  forallhe X

4.6
lvil<C “0

Then there exists two positive constants, c1 and ca, which depend only on w and C, such that

¥l =cr >0, I(y) =c2>0.
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Proof. Taking h = A4y — A_y in (4.6) and € > 0 we have

AL I+ IA-YIP + o Ay =0 ALy + /(VF(W), Ay — A_Y)

IA

ALy I? + /(ell/fl + YDA+ |A-Y])

IAL W1 4 26 [V 13 4 pe WIS (ALY, + IA_Y],)

A
S|le 3l 38

IA

IALY |12 +2¢CY 1% + e CE Y11

If € > 0 is such that 26C22 < I_TW we deduce that

1

w 2
: (1 _ Z) 1112 < 12 CEQlyr |

and

lyle? > m;c(l -2,

Let us now estimate the critical level:
1 1
I(Y)=11)— Edl(llf)[llf] + Ewlw@
1 1
=/ (5(VF(w), V) — F(W) + 0l
o 1 2
> (3 - 1)/F(w)+ Solvh.

We claim that there is § > 0 such that f F () > 8 > 0 for all ¢ for which (4.6) holds. If not, we
find a sequence 1, of solutions such that [ F (y,) — 0. From

0=dI(Wn)[AL¥n] — @ | Asipnl}

we deduce that
1Al = 0 8 = [(TFG). A
1Al + 0 1A == [ (TP A g,
As in the proof of 4.3, using (H6) we can deduce from f F () — O that

/(VF(Wn),Aiwn)HO
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and hence also

[¥nll — 0,

contradiction which proves the claim. O

Proof of theorem. By Ekeland’s variational principle, there exists a sequence w, € X4 such
that

E1(wy) — e(), sup |d&1(wy)[v]l — 0.

veEX

Since &1 (wy,) — e(1) we deduce from Lemma 3.11 that the sequence w,, is bounded. Follows
from Proposition 3.2 that also 1, = n(w,) and ¥, = a(n,)w, + n, are bounded in X. Letting
@ =amn) " dI (Yn)[wn] > (1 — Cq,1) we have that

1
a(mn)

dl(Ym)[h] — @n(Yn | h) = d& (wy)[v]—> 0  forallh=v+&€X.

We can assume that (up to a subsequence) ¥, — ¥ in X and that w, — o, with w € (1 —
Ca.1,2&E1(wy)) C (1 — Cqy.1,m) for n sufficiently large. Then we have that for all 2 € X

dI(Yn)[h] = 0n(Yn | h) = (Yn | Ayh) — (Yn | Ah) =y /(VF(%), h) = wn (Y [h) =0
since we have that
/(VF(%) —VEW),h)—0
we deduce that

Al —w@W|h)=0  forallh e X.

The weak convergence does not, however, preserve the L? norm, so we only know that ||, <
[¥n], =1 (it could even be that = 0).

To conclude we will now apply the concentration-compactness principle, see [18,19]. First of
all let us show that no vanishing occurs. By contradiction, assume that

limsup sup f |1ﬂn|2 =0.
n——+o00 yeR3

B(y.1)

Then we know, see [18] or [25, Lemma 1.21], that ¥, — 0 in L”(R3) for 2 < p < 3. Then for
any € >0

V(VF(Ilfn),wn)

se/wfnuwu+ue/|1/fn|“—1|wn| <€+ e 1Yl wply
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and

/(VF(Wn)vwn) =0.

lim ‘
n——+oo

We deduce from
€n = dI () [wn] — @ua () lwal3 = aa) NwalI* — @y [wyl3) — /(VF(wn), W)

that for all A € (0, 1]

1
en = an)(|wnll? — wn [wnl3) > a(n) (m — wy) |wy |3 > \@m —wy) >0

a contradiction since, by Proposition 3.16 and Lemma 4.1 we have that w, < 2&;(w,) and e(1) <
7% . Hence vanishing does not occur.

Since || ¥ || < |||l and I (¥) > ¢ (by Lemma 4.5) we deduce from the concentration com-

pactness principle that there exists p > 1 functions ¢1, ..., ¢, € X, critical points for / under
the constraint |¢|§ = u; € (0, 1] (satisfying (3.17) with @ = lim, w, > 0) and p sequences of
points x; , € R3,i =1, ..., p such that |x; , —Xjn|l— 4ooforalli # j asn — 400 and

14
I¥n = > i —xi)| >0 asn— +oo.

i=i
From this follows also that [y, |3 =1=>""_, 1.
We then observe that

IA+ Y lI> =AWl = (Yn | ALt — A_)

=(Yn — Y ¢i(—Xin) | Axn — A_)

+ D G = xin) | Ay — A

p

= ((AyeiC—xin) [ ¥n) — (A_Gi (- = Xi.0) [Y¥) + 0(1)

P

= (1A+il> = 1A-i112) + (1)

i=i

and also

P
f F)=)_ / F(¢i(x)) +o(1).
i=1
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(this can be deduced from the Brezis-Lieb lemma, see [3, Theorem 2]). Finally we have that

P
e(l)=1(1ﬁn)+0(1)=21(¢i)+0(1) 4.7

i=1

and
0=dI(¢;))[h] — w(P; | h) forallh € X,

with @ > 0. Follows from Proposition 3.16 that w; = |A 1 ¢i|, ! Ay ¢; € X4 is acritical point for
&y, and &y, (wy) = 1(¢hi).
Since

Epi (wi) > e(pi)
we deduce from (4.4) that if p > 1 (i.e. if dichotomy occurs)

P P P
e() =Y 1(@)+o(l)=)_ &Euw)+o(l) =Y e(u)+o(l)

i=1 i=1 i=1

p 1 p
> Zme(;m) +o()=e()) i +o(l),

i=1 i=1

a contradiction.
Since there is no vanishing or dichotomy, our sequence v, converges — up to a translation —
strongly in X to a critical point ¢ € X of (3.17) such that |{/|, = 1 and the theorem follows. O
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