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Abstract

We prove the existence of a normalized, stationary solution ψ : R3 → C4 with frequency ω > 0 of the 
nonlinear Dirac equation. The result covers the case in which the nonlinearity is the gradient of a function 
of the form

F(�) = a|(�,γ 0�)| α
2 + b|(�,γ 1γ 2γ 3�)| α

2

with α ∈ (2, 83 ], b ≥ 0 and a > 0 sufficiently small. Here γ i , i = 0, . . . , 3 are the 4 × 4 Dirac’s matrices.

We find the solution as a critical point of a suitable functional restricted to the unit sphere in L2, and ω
turns out to be the corresponding Lagrange multiplier.
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1. Introduction

The nonlinear Dirac equation is a simplified model describing self-interacting fermions (elec-
trons). The equation we consider is the following:

(−iγ μ∂μ + m)� = γβ∇F(�) in R×R3 (1.1)

where � : R ×R3 →C4, m > 0 is the mass of the electron, γ μ the 4 × 4 Dirac matrices

γ 0 = β =
(

I 0
0 −I

)
γ k = βαk

(
0 σk

−σk 0

)
, k = 1, . . . ,3,

σ k the 2 × 2 Pauli matrices

σ 1 =
(

0 1
1 0

)
, σ 2 =

(
0 −i

i 0

)
, σ 3 =

(
1 0
0 −1

)
,

and γ ∈ R is a constant, γ > 0. The nonlinear self-interaction of the electron is described by the 
function γ∇F(�). One can find a discussion of the motivation and history of the models leading 
to the nonlinear Dirac equation in [22] where in particular the model nonlinearity

F(�) = |(�,β�)| α
2 + b|(�,γ 1γ 2γ 3�)| α

2

is discussed with α = 4 (in case b = 0 this is the so called Soler model).
We prove existence of localized stationary solutions of fixed L2 norm for a class of non-

linearities which includes those of the form above provided α ∈ (2, 83 ] (see below the precise 
assumptions).

A normalized stationary solution is a solution of the form

�(t, x) = e−iωt ψ(x),

∫
R3

|�|2 = 1.

Assuming F(eiθ φ) = F(φ) for all θ ∈R, φ ∈ C4 we have that ψ solves

{
(−iα · ∇ + mβ − ω)ψ = γ∇F(ψ)∫ |ψ |2 = 1

. (1.2)

We will find solutions for problem (1.2) as critical points of a suitable functional under the 
constraint of fixed L2 norm. The frequency ω will arise as the Lagrange multiplier associated to 
the constraint.

The use of variational methods in the study of the existence of stationary solutions of nonlinear 
equations and systems involving the Dirac operator goes back to the pioneering work of Esteban 
and Séré in [13], and several later developments, see for example [1,9]. Also related problems 
like the Maxwell-Dirac and Klein-Gordon-Dirac problems have been tackled using variational 
methods: see the review paper [12] where many of these results are presented. In all these works 
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the frequency ω is assigned, and the typical result is that for any ω ∈ (0, m) there is a solution of 
the equation.

The search of normalized solutions, in particular such that 
∫ |ψ |2 = 1, is quite natural since 

|�(t, x)|2 can be interpreted as the probability density of the position of the electron at point 
x and time t . The problem is also an interesting mathematical one, and a lot of work has been 
devoted to finding normalized solutions for nonlinear Schrödinger equations, see [23,6,2,18,19]
and more recently [16,17,15,20,11]. The main approach to finding normalized solutions for this 
class of problems is by minimization (usually a nontrivial one) or other min-max procedures of 
a suitable functional on the unit sphere of L2.

Very little is known about the existence via variational methods of normalized solutions for 
equations involving the Dirac operator. In this case the functional associated is strongly indefinite 
and a direct minimization on the sphere in L2 is not possible.

A first result on this topic is the one by Buffoni and Jeanjean [5], dealing with semilinear 
elliptic equations giving rise to a strongly indefinite functional. Later Esteban and Séré in [14]
proved the existence of infinitely many solutions for the Dirac-Fock equation, which describes 
the self-interaction of N electrons around a fixed nucleus. A solution for this problem is a set of N
orthonormal functions which solve an equation with the Dirac operator and a nonlocal nonlinear 
term. The orthonormal solutions are found with variational methods using a penalization method. 
A similar penalization method has been used in the paper [4] to find normalized solutions for a 
strongly indefinite problem not involving the Dirac operator.

Recent results on the existence of normalized solutions for strongly indefinite problems in-
volving the Dirac operator are contained in [7], dealing with the problem of an electron interact-
ing with a nuclei and its own electric field, [21] where the existence of a normalized solutions 
for the Dirac-Maxwell system is proved, [8] dealing with a Klein-Gordon-Dirac system and [10], 
where Ding, Yu and Zhao consider a nonlinearity of the form F(φ) = K(x)|φ|α , α ∈ (2, 83 ) with 
K(x) → 0 as |x| → +∞.

Let us now state our assumptions: we will assume that F ∈ C2(C4, R) is such that the follow-
ing holds for some α ∈ (2, 83 ] and R > 0

∇F(0) = D2F(0) = 0, (H1)

|D2F(φ)| ≤ |φ|α−2 for all |φ| ≥ R, (H2)

(∇F(φ),φ) ≥ αF(φ) ≥ 0 for all φ ∈ C4, (H3)

and also that, for some ρ > 0, γ̄ > 0 and ν ∈ (α
2 , 32 )

F (φ) ≥ γ̄ |(φ,βφ)| α
2 for all φ ∈ C4, |φ| < ρ, (H4)

|∇F(φ)| ≤ |φ|ν for all φ ∈C4, |φ| < ρ. (H5)

We also assume that ξ > 3 is such that for all ζ > 0 there is a Cζ such that for all φ ∈C4

|∇F(φ)| ≤
(
ζ + Cζ F(φ)1/ξ

)
|φ|. (H6)

Remark 1.3. Let us remark that the assumptions (H1), (H2), (H3), (H6) are the same as in the 
paper [13]. The restriction on the exponent α is quite natural when looking for normalized solu-
tions. The assumption (H4) is similar to assumption (H9) of the same paper [13].
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Let us also remark that (H5) holds if

|D2F(φ)| ≤ |φ|α−2 for all φ ∈C4.

Remark 1.4. Follows from (H1) and (H2) that for all ε > 0 there are με and δε such that, for all 
φ, ϕ ∈C4

|D2F(φ)| ≤ ε + με |φ|α−2 (1.5)

|∇F(φ)| ≤ ε|φ| + με |φ|α−1 (1.6)

0 ≤ F(φ) ≤ ε

2
|φ|2 + με

α
|φ|α (1.7)

|∇F(φ + ϕ) − ∇F(φ)| ≤
(
ε + με(|φ|α−2 + |ϕ|α−2)

)
|ϕ| (1.8)

We will write μ = μ1 and use the fact that, for all φ, ϕ ∈ C4

|D2F(φ)| ≤ 1 + μ|φ|α−2 (1.9)

|∇F(φ)| ≤ |φ| + μ|φ|α−1 (1.10)

0 ≤ F(φ) ≤ 1

2
|φ|2 + μ

α
|φ|α (1.11)

|∇F(φ + ϕ) − ∇F(φ)| ≤
(

1 + μ(|φ|α−2 + |ϕ|α−2)
)

|ϕ|. (1.12)

Our final assumptions give the size of the coefficient γ in front of the nonlinear term ∇F . We 
let that γ0 > 0 be such that

γ0

(
S2

2 + μS
3(α−2)
3 S3α−8

2

)
<

1

16
, (1.13)

γ0

(
S2

2 + μS2
4

4−α

)
<

1

8
(1.14)

where m > 0 is the mass of our electron, μ is the constant in (1.9)-(1.12), Sq is the constant 
relative to the Sobolev embedding of H 1/2 into Lq (with the norm (2.1), equivalent to the usual 
one) and α is the exponent in (H2).

Our result is

Theorem 1.15. Let m > 0, assume F satisfies (H1)–(H6), and let γ ∈ (0, γ0].
Then there is ω ∈ (0, m) and ψ ∈ H 1/2(R3, C4) solutions of problem (1.2).

As far as we know this is the first result on the existence of normalized solutions for Dirac 
equation with a nonlinear interaction of Soler type. Esteban and Séré in [13] deal with essentially 
the same equation, and find for all assigned ω ∈ (0, m) a solution which is not normalized. With 
respect to the result of [10] we have a different nonlinear term, and in particular our result covers 
the case in which F(φ) is a pure power 1

α(α−1)
|φ|α or 1

α(α−1)
|(φ, βφ)|α/2, with exponent α ∈

(2, 8 ].
3
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We will find such a solution as a critical point of the functional

I (ψ) = 1

2

∫
R3

(Hψ,ψ) − γ

∫
R3

F(ψ)

restricted on the manifold |ψ |22 = 1. Here

H = −iα · ∇ + mβ.

The solutions are found as critical points of the strongly indefinite functional I restricted to 
the unit sphere in L2, and, following the method introduced in [7,21,8], the solution will be found 
via the following min-max procedure: we fix an L2 normalized function w in the positive energy 
subspace of H and we maximize I over the ball of radius 1 in the subspace spanned by w and 
the negative energy subspace of H . Such a maximum being unique and a smooth function ψ(w), 
we then proceed to find a minimizer of w 	→ I (ψ(w)).

Let us also point out that F(φ) is not coercive but only satisfies assumption (H4), making it 
harder to deduce the estimates necessary to prove the result.

2. Notation and background results

We denote with |u|pp = ∫
R3 |u(x)|p the norm in Lp(R3, C4) and with (u | v) = ∫

R3(u(x), v(x))

the scalar product in L2(R3, C4), where (ξ, η) = ∑4
i=1 ξ̄iηi and |ξ |2 = (ξ, ξ) are the scalar prod-

uct and the norm in C4. With 
z we denote the real part of z ∈ C.
We will work in the Hilbert space X = H 1/2(R3, C4) with scalar product

〈ψ1 |ψ2〉 =
∫
R3

√
|ξ |2 + m2 (ψ̂1(ξ), ψ̂2(ξ)) dξ

and corresponding norm

‖ψ‖2 =
∫
R3

√
|ξ |2 + m2 |ψ̂(ξ)|2 dξ, (2.1)

where ψ̂(ξ) = Fψ(ξ) is the Fourier transform of ψ ∈ H 1/2(R3, C4). The norm in (2.1) is equiv-
alent to the usual one (given by (2.1) with m = 1).

Let us also recall some properties (see [24]) of the Dirac operator

H = −iα · ∇ + mβ.

H is a first order, self-adjoint operator on H 1(R3, C4) with purely absolutely continuous spec-
trum given by

σ(H) = (−∞,−m] ∪ [m,+∞).
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One can define orthogonal projectors �± on the positive and negative part of the spectrum of H . 
These projections are such that

H�± = �±H = ±
√

−� + m2�± = ±�±
√

−� + m2

and

〈�+ψ |�−η〉 = (�+ψ |�−η) = 0

so that∫
(ψ(x),Hψ(x)) dx =

∫
(�+ψ(x),�+Hψ(x)) dx +

∫
(�−ψ(x),�−Hψ(x)) dx

=
∣∣∣(−� + m2)1/4�+ψ

∣∣∣2

2
−

∣∣∣(−� + m2)1/4�−ψ

∣∣∣2

2

= ‖�+ψ‖2 − ‖�−ψ‖2.

We also let X± = �±X and, for λ ∈ (0, 1], �λ = {
ψ ∈ X

∣∣ |ψ |22 = λ 
}

and �λ± = {
ψ ∈ X±

∣∣
|ψ |22 = λ 

}
, �± = �1±.

With Sp we will denote the best constant for the Sobolev embedding of H 1/2(R3, C4) (with 
norm given by (2.1)) in Lp(R3; C4) for 2 ≤ p ≤ 3:

|ψ |p ≤ Sp‖ψ‖.

Let us remark that, with our choice of the norm in X, we have that m |ψ |22 ≤ ‖ψ‖2 and S2 ≤ 1√
m

(actually S2 = 1√
m

).

3. Maximization

We are interested in solutions of problem (1.2), which are functions having L2 norm equal 
one. In order to find them, we will study this problems under the constraint of L2 norm equal to 
λ, with λ ∈ (0, 1], as in [18].

Let I : H 1/2(R3, C4) → R

I (ψ) = 1

2
‖�+ψ‖2 − 1

2
‖�−ψ‖2 − γ

∫
R3

F(ψ).

We denote, for λ ∈ (0, 1]

Bλ = {
η ∈ X−

∣∣ |η|22 < λ
}
.

For η ∈ Bλ and w ∈ �+ we let

a(η) =
√

λ − |η|2 and ψ = a(η)w + η ∈ �λ.
2
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We will look, given w ∈ �+, for a maximizer of the functional Jλ
w defined on Bλ

Jλ
w(η) = I (a(η)w + η) = 1

2
‖a(η)w‖2 − 1

2
‖η‖2 − γ

∫
R3

F(ψ).

Since da(η)[ξ ] = −a(η)−1
(η | ξ), the derivative of Jλ
w is given, for all ξ ∈ X−, by

dJ λ
w(η)[ξ ] = dI (a(η)w + η)[da(η)[ξ ]w + ξ ] = dI (ψ)[hξ ]

= 
〈a(η)w |da(η)[ξ ]w〉 − 
〈η | ξ 〉 − γ

∫
R3

(∇F(ψ),hξ )

= −
(η | ξ)‖w‖2 − 
〈η | ξ 〉 − γ

∫
R3

(∇F(ψ),hξ ) (3.1)

(here hξ = da(η)[ξ ]w + ξ ) and, in particular

dJ λ
w(η)[η] = −|η|22 ‖w‖2 − ‖η‖2 − γ

∫
R3

(∇F(ψ),hη).

Lemma 3.2. For all w ∈ �+ and η ∈ Bλ we have

‖η‖2 ≤ a(η)2‖w‖2 − 2Jλ
w(η), (3.3)

and for all η ∈ Bλ such that Jλ
w(η) ≥ 0 we have that

1

a(η)

∣∣∣∣
∫

(∇F(ψ),w)

∣∣∣∣ ≤ Cλ,α‖w‖2, (3.4)

where

Cλ,α = 4
(
S2

2 + μλ
α−2

2 S
3(α−2)
3 S3α−8

2

)
.

Moreover, if Jλ
w(η) ≥ 0, |η|22 ≥ λ

2 we have that

dJ λ
w(η)[η] < −‖η‖2 < 0. (3.5)

Proof. We have that for η ∈ Bλ and ψ = a(η)w + η

1

2
‖η‖2 ≤ 1

2
‖η‖2 + γ

∫
F(ψ) = 1

2
‖a(η)w‖2 − Jλ

w(η)

and (3.3) follows.
Let us now assume that Jλ(η) ≥ 0, so that ‖η‖2 ≤ a(η)2‖w‖2.
w
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Since

a(η) − da(η)[η] = a(η) + a(η)−1 |η|22 = λa(η)−1

we have that

dJ λ
w(η)[η] = −|η|22 ‖w‖2 − ‖η‖2 − γ

∫
(∇F(ψ),ψ) + γ

λ

a(η)2

∫
(∇F(ψ), a(η)w).

Let’s estimate the last term. Using (1.10) we have

∣∣∣∣
∫

(∇F(ψ), a(η)w)

∣∣∣∣ ≤
∫ (

|ψ | + μ|ψ |α−1
)

|a(η)w| ≤ |ψ |2 |a(η)w|2 + μ |ψ |α−1
α |a(η)w|α .

Since |ψ |22 = λ and |a(η)w|22 ≤ λ we deduce that

|ψ |αα =
∫

|ψ |α ≤
∫

|ψ |3α−6|ψ |6−2α ≤ |ψ |3α−6
3 |ψ |6−2α

2 = λ3−α |ψ |3α−6
3

and

|a(η)w|αα ≤ λ3−α |a(η)w|3α−6
3

so that ∣∣∣∣
∫

(∇F(ψ), a(η)w)

∣∣∣∣ ≤ |ψ |2 |a(η)w|2 + μλ(3−α) |ψ |
3(α−2)(α−1)

α

3 |a(η)w|
3(α−2)

α

3

≤ S2
2‖ψ‖‖a(η)w‖ + μS

3(α−2)
3 λ(3−α)‖ψ‖ 3(α−2)(α−1)

α ‖a(η)w‖ 3(α−2)
α

≤ S2
2‖ψ‖2 + μS

3(α−2)
3 λ(3−α)‖ψ‖3(α−2).

Since ‖ψ‖2 ≥ S2
2 |ψ |22 = S2

2λ and 3(α − 2) ∈ (0, 2] for all α ∈ (2, 83 ] we have that

‖ψ‖3(α−2) ≤ (S2
√

λ)3α−8‖ψ‖2 ≤ 4(S2
√

λ)3α−8a(η)2‖w‖2

and

λ

a(η)2

∣∣∣∣
∫

(∇F(ψ), a(η)w)

∣∣∣∣ ≤ 4λ
(
S2

2 + μλ
α−2

2 S
3(α−2)
3 S3α−8

2

)
‖w‖2 = λCα,λ‖w‖2.

We finally deduce that

dJ λ
w(η)[η] ≤

(
−|η|22 + γ λCα,λ

)
‖w‖2 − ‖η‖2 − γ

∫
(∇F(ψ),ψ) < −‖η‖2

if |η|2 > λ and since by (1.13) γ is such that γCα,λ < 1 for all λ ∈ (0, 1]. �
2 2 4
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Remark 3.6. It follows from the Lemma 3.2 that if ηn is a Palais-Smale sequence for Jλ
w such 

that Jλ
w(ηn) ≥ 0, then |ηn|22 < λ

2 for all n ∈N large enough.

Lemma 3.7. Let ηn ∈ Bλ be a Palais-Smale sequence for Jλ
w, that is

Jλ
w(ηn) → c ≥ 0, dJ λ

w(ηn) → 0.

Then ηn converges, up to a subsequence, to a critical point η of Jλ
w .

Proof. Follows form the Lemma 3.2 and Remark 3.6 that |ηn|22 < λ
2 and that ‖ηn‖ ≤ a(ηn)‖w‖ ≤√

λ‖w‖ is bounded, hence ηn ⇀ η (up to a subsequence).
From

o(1) = dJ λ
w(ηn)[ηn − η] = −
(ηn |ηn − η)‖w‖2 − 
〈ηn |ηn − η〉

− γ

∫
(∇F(ψn), da(ηn)[ηn − η]w + ηn − η)

= −|ηn − η|22 ‖w‖2 − 
(η |ηn − η)‖w‖2 − ‖ηn − η‖2 − 
〈η |ηn − η〉

− γ

∫
(∇F(ψn), ηn − η) − γ da(ηn)[ηn − η]

∫
(∇F(ψn),w)

we deduce, using also the fact that |ηn|22 < λ
2 , that

|ηn − η|22 ‖w‖2 + ‖ηn − η‖2

= −γ

∫
(∇F(ψn), ηn − η) + γ a(ηn)

−1
(ηn |ηn − η)

∫
(∇F(ψn),w) + o(1)

= −γ

∫
(∇F(ψn), ηn − η) + γ a(ηn)

−1 |ηn − η|22
∫

(∇F(ψn),w) + o(1).

From the estimate (3.4) follows

(1 − γCα,λ) |ηn − η|22 ‖w‖2 + ‖ηn − η‖2 ≤ −γ

∫
(∇F(ψn), ηn − η) + o(1).

We will prove that lim infn→+∞
∫
(∇F(ψn), ηn −η) ≥ 0 applying concentration compactness 

to the sequence of functions ηn − η.
In case we have vanishing, that is

∀R > 0 lim
n→+∞ sup

y∈R3

∫
BR(y)

|ηn − η|2 = 0,

we have that |ηn − η|q → 0 as n → +∞ for all q ∈ (2, 3) (see [18] or [25, Lemma 1.21]).
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For all ε > 0 we have that

∣∣∣∣
∫

(∇F(ψn), ηn − η)

∣∣∣∣ ≤
∫ (

ε|ψn| + με |ψn|α−1
)

|ηn − η|

≤ ε |ηn − η|2 + με |ψn|α−1
α |ηn − η|α ≤ √

2λε + o(1)

so that limn→+∞
∫
(∇F(ψn), ηn − η) = 0 if vanishing occurs.

If we have dichotomy then for all ε > 0 there is a sequences Rn → +∞ such that

∫
R3\BRn(0)

|ηn − η|22 ≥ σ − ε,

where (up to a subsequence)

σ = lim
n→+∞

∫
R3

|ηn − η|2.

We have that

∫
(∇F(ψn), ηn − η)

=
∫

BRn(0)

(∇F(ψn), ηn − η) +
∫

R3\BRn(0)

(∇F(ηn), ηn)

+
∫

R3\BRn(0)

(∇F(ψn) − ∇F(ηn), ηn) −
∫

R3\BRn(0)

(∇F(ψn), η)

≥ −c(
√

ε + ε
2(3−α)

α )

+
∫

R3\BRn(0)

(∇F(ψn) − ∇F(ηn), ηn) −
∫

R3\BRn(0)

(∇F(ψn), η)

where we have used the fact that (∇F(ηn), ηn) ≥ 0 and

∣∣∣∣∣∣∣
∫

BRn(0)

(∇F(ψn), ηn − η)

∣∣∣∣∣∣∣

≤ |ψn|2

⎛
⎜⎝ ∫

B (0)

|ηn − η|2
⎞
⎟⎠

1
2

+ μ |ψn|α−1
α

⎛
⎜⎝ ∫

B (0)

|ηn − η|α
⎞
⎟⎠

1
α

Rn Rn

755



V. Coti Zelati and M. Nolasco Journal of Differential Equations 414 (2025) 746–772
≤
⎛
⎜⎝ ∫

BRn(0)

|ηn − η|2
⎞
⎟⎠

1
2

+ μ |ψn|α−1
α |ηn − η|

3(α−2)
α

3

⎛
⎜⎝ ∫

BRn(0)

|ηn − η|2
⎞
⎟⎠

2(3−α)
α

≤ c(
√

ε + ε
2(3−α)

α )

for some constant c > 0.
We now observe that

∫
R3\BRn(0)

(∇F(ψn) − ∇F(ηn), ηn) ≤
∫

R3\BRn(0)

|∇F(ψn) − ∇F(ηn)||ηn|

≤
∫

R3\BRn(0)

a(ηn)|w||ηn|

+ μ

∫
R3\BRn(0)

(
|ηn|α−2 + a(ηn)

α−2|w|α−2
)

a(ηn)|w||ηn|

≤ √
λ |ηn|2

⎛
⎜⎝ ∫
R3\BRn(0)

|w|2
⎞
⎟⎠

1
2

+ μ
√

λ |ηn|α−1
α

⎛
⎜⎝ ∫
R3\BRn(0)

|w|α
⎞
⎟⎠

1/α

+ μλ
α−1

2 |ηn|α

⎛
⎜⎝ ∫
R3\BRn(0)

|w|α
⎞
⎟⎠

(α−1)/α

= o(1)

where we have used (1.12).
A similar argument shows that

∫
R3\BRn(0)

(∇F(ψn), η) = o(1),

and also when dichotomy occurs we find that

(1 − γCα,λ) |ηn − η|22 ‖w‖2 + ‖ηn − η‖2 ≤ cε + o(1).

So in every case we have that and ηn → η, with η critical point of Jλ
w . �

We now show that the functional Jλ
w is concave in the set where it is positive in the L2-ball of 

radius 
√

λ .
2
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Lemma 3.8. Let η ∈ Bλ be such that |η|22 < λ
2 and Jλ

w(η) ≥ 0. Then

d2Jλ
w(η)[ξ, ξ ] ≤ −3

4
‖ξ‖2 for all ξ ∈ X−.

Proof. In order to compute the second derivative we denote ψ = a(η)w + η and hξ =
da(η)[ξ ]w + ξ and observe that

d2a(η)[ξ, ζ ] = −a(η)−1

(

(ξ | ζ ) + 
(η | ξ)
(η, ζ )

λ − |η|22

)
.

We have

d2Jλ
w(η)[ξ, ξ ] = −|ξ |22 ‖w‖2 − ‖ξ‖2 − γ

∫
(D2F(ψ)hξ ,hξ )

− γ

∫
(∇F(ψ), d2a(η)[ξ, ξ ]w)

= −|ξ |22 ‖w‖2 − ‖ξ‖2 − γ

∫
(D2F(ψ)hξ ,hξ )

+ γ

a(η)

(
|ξ |22 + (η | ξ)2

λ − |η|22

)∫
(∇F(ψ),w)

Then, using (3.4) and (1.9):

d2Jλ
w(η)[ξ, ξ ] ≤ −|ξ |22 ‖w‖2 − ‖ξ‖2 + γ

∫
|hξ |2 + γμ

∫
|ψ |α−2|hξ |2

+ λ |ξ |22 − |ξ |22 |η|22 + (η | ξ)2

λ − |η|22
γCα,λ‖w‖2

≤ −(1 − γ S2
2) |ξ |22 ‖w‖2 − (1 − γ S2

2)‖ξ‖2

+ γμ|ψ |α−2
2 |hξ |2 4

4−α

+ 2 |ξ |22 γCα,λ‖w‖2

≤ −
(

1 − γ (2Cα,λ + S2
2 + μλ

α−2
2 S2

4
4−α

)

)
|ξ |22 ‖w‖2

−
(

1 − γ (S2
2 + μλ

α−2
2 S2

4
4−α

)

)
‖ξ‖2

≤ −1

4
|ξ |22 ‖w‖2 − 3

4
‖ξ‖2 ≤ −3

4
‖ξ‖2,

since 2γCα,λ < 1 by (1.13) and by (1.14). �
2
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Lemma 3.9. Let w ∈ �+, η ∈ Bλ and ψ = a(η)w + η ∈ �λ. Then we have that

∫
F(ψ) ≥

∫
F(

√
λw) +

∫
(∇F(aw),η) −

(
S2

2 + μλ
α−2

2 S2
4

4−α

)
|η|22 ‖w‖2

−
(

S2
2 + μλ

α−2
2 Sα

4
4−α

)
‖η‖2 − μλ

α−2
2

∫
|w|α−2|η|2 (3.10)

Proof. The result follows, using (1.12) from∫
F(ψ) −

∫
F(a(η)w)) −

∫
(∇F(a(η)w), η) =

=
∫

(∇F(a(η)w + θη) − ∇F(a(η)w), η)

≥ −
∫

(1 + μ|a(η)w|α−2 + μ|η|α−2)|η|2

≥ −
∫

|η|2 − μλ
α−2

2

∫
|w|α−2|η|2 − μ

∫
|η|α

≥ −|η|22 − μλ
α−2

2

∫
|w|α−2|η|2 − μ |η|α−2

2 |η|2 4
4−α

≥ −(S2
2 + μλ

α−2
2 S2

4
4−α

)‖η‖2 − μλ
α−2

2

∫
|w|α−2|η|2

for some θ(x) ∈ [0, 1] and∫
(F (a(η)w) − F(

√
λw)) =

∫
(∇F(a(η)w + θ(a(η) − √

λ)w), (a(η) − √
λ)w)

≥ −
∫

|a(η) + θ(a(η) − √
λ)||w||a(η) − √

λ||w|

− μ

∫
|a(η) + θ(a(η) − √

λ)|α−1|w|α−1|a(η) − √
λ||w|

≥ −√
λ|√λ − a(η)|

∫
|w|2 − μλ

α−1
2 |√λ − a(η)|

∫
|w|α

≥ −(
√

λ − a(η))

(√
λ |w|22 + μλ

α−1
2

∫
|w|α

)

≥ − λ − a(η)2

√
λ + a(η)

(√
λ |w|22 + μλ

α−1
2 |w|(α−2)

2 |w|24/(4−α)

)

≥ −
(

S2
2 + μλ

α−2
2 S2

4
4−α

)
|η|22 ‖w‖2. �

We let, for all w ∈ �+

Eλ(w) = sup Jλ
w(η).
η∈Bλ
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Lemma 3.11. For all w ∈ �+ we have

0 <
λ

2S2
2

(
1 − γ

(
S2

2 + 2
μ

α
λ

α−2
2 S2

4
4−α

))

≤ λ

2

(
1 − γ

(
S2

2 + 2
μ

α
λ

α−2
2 S2

4
4−α

))
‖w‖2 ≤ Eλ(w) ≤ λ

2
‖w‖2.

Proof. We have, using (1.11), that

Eλ(w) ≥ Jλ
w(0) = 1

2
‖√λw‖2 − γ

∫
F(

√
λw)

≥ λ

2
‖w‖2 − γ

λ

2
|w|22 − γ

μ

α
λ

α
2 |w|α−2

2 |w|2 4
4−α

≥ λ

2
‖w‖2 − γ λ

(
S2

2

2
+ μ

α
λ

α−2
2 S2

4
4−α

)
‖w‖2

≥ λ

2S2
2

(
1 − γ

(
S2

2 + 2
μ

α
λ

α−2
2 S2

4
4−α

))

which is positive by (1.14) and

Jλ
w(η) = 1

2
‖a(η)w‖2 − 1

2
‖η‖2 − γ

∫
F(ψ) ≤ λ

2
‖w‖2. �

The following proposition is analogous to [7, Proposition 4.5], [21, Proposition 3.6] and [8, 
Proposition 2.9]. Since in the present situation the functional J λ

w is, by Lemma 3.8, concave in 
the region where Jλ

w(η) ≥ 0 and |η|22 < λ
2 the proof is actually simpler.

Proposition 3.12. For every w ∈ �+ and λ > 0 there is a unique η(w) ∈ Bλ such that

Jλ
w(η(w)) = max

η∈Bλ

J λ
w(η) = Eλ(w).

η(w) is a critical point of Jλ
w on Bλ such that |η(w)|22 < λ

2 and

‖η(w)‖2 ≤ λγ

(
S2

2 + 2
μ

α
λ

α−2
2 S2

4
4−α

)
‖w‖2. (3.13)

Moreover the map

w ∈ X+ \ {0} 	→ γ (w) = η(|w|−1
2 w) ∈ Bλ

is smooth.
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Proof. We can find, by Lemma 3.11 and using Ekeland’s variational principle a maximizing 
Palais-Smale sequence ηn at positive level.

Then, by Lemma 3.7, ηn → η (up to a subsequence), with

dJ λ
w(η) = 0, J λ

w(η) = Eλ(w) > 0.

Using Lemma 3.11 we deduce that

λ

2

(
1 − γ

(
S2

2 + 2
μ

α
λ

α−2
2 S2

4
4−α

))
‖w‖2 ≤ Eλ(w) = Jλ

w(η) ≤ λ

2
‖w‖2 − 1

2
‖η‖2

from which (3.13) follows.
As a consequence we have that for all w ∈ �+ the convex set

B = {
η ∈ Bλ

∣∣ |η|22 <
1

2
and ‖η‖2 ≤ 2λγ

(
S2

2 + 2
μ

α
λ

α−2
2 S2

4
4−α

)
‖w‖2 }

contains all the maxima of Jλ
w in Bλ. We now show that Jλ

w(η) ≥ 0 for all η ∈ B.
We have that ∫

F(a(η)w + η) ≤ 1

2
|a(η)w + η|22 + μ

α
|a(η)w + η|αα

≤ λ

2
+ μ

α
λ

α−2
2 |a(η)w + η|2 4

4−α

≤ λ

2
S2

2‖w‖2 + μ

α
λ

α−2
2 S2

4
4−α

‖a(η)w + η‖2

≤
(

λ

2
S2

2 + μ

α
λ

α
2 S2

4
4−α

+ 1

2

μ

α
λ

α
2 S2

4
4−α

)
‖w‖2

≤ λ

(
1

2
S2

2 + μS2
4

4−α

)
‖w‖2

We then have

Jλ
w(η) = 1

2
a(η)2‖w‖2 − 1

2
‖η‖2 − γ

∫
F(a(η)w + η)

≥ λ

4
‖w‖2 − λγ

(
S2

2 + 2
μ

α
λ

α−2
2 S2

4
4−α

)
‖w‖2 − γ λ

(
1

2
S2

2 + μS2
4

4−α

)
‖w‖2

>
λ

4
‖w‖2 − λ

8
‖w‖2 − λ

8
‖w‖2 = 0

The strict concavity of Jλ
w in the convex region B implies that such a maximum is unique.

The properties of the map w 	→ γ (w) = η(|w|−1
2 w) follows exactly as in [8, Proposition 

2.9]. �
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Exactly as in [8] we can consider the smooth functional Eλ : X+ \ {0} →R defined as

Eλ(w) = Jλ
P(w)(γ (w)) = sup

η∈Bλ

J λ
P (w)(η),

where, as in the proof of 3.12, P(w) = w
|w|2 and γ (w) = η(Pw) and deduce that for all w ∈ �+

and v ∈ X+.

dEλ(w)[v] = a(γ (w))dI (ψw)[v] − a(γ (w))2ω(ψw)(w |v) (3.14)

where

ω(ψw) = a(γ (w))−1dI (ψw)[w]. (3.15)

We also deduce that, for all h = v + ξ ∈ X, v ∈ X+, ξ ∈ X− and with ψ , a and ω as above we 
have

dI (ψ)[h] − ω(ψ |h) = dI (ψ)[v] + dI (ψ)[ξ ] − ω(a(η)w + η |v + ξ)

= dI (ψ)[v] +
(

−da(η)[ξ ] − (w |v) − (η | ξ)

a(η)

)
dI (ψ)[w]

= dI (ψ)[v − (w |v)w] = 1

a(η)
dEλ(w)[v]

which shows that w is a critical point of Eλ if and only if ψ = a(η(w))w + η(w) is a critical 
point for I under the constraint |ψ |22 = λ.

The following is essentially Proposition 2.13 of [8]:

Proposition 3.16. Let w0 ∈ �+ be a critical point of Eλ restricted on the manifold �+. Then w0
is a critical point for Eλ on X+ and the function

ψ0 = a(η(w0))w0 + η(w0) ∈ �λ

is a critical point for I on the manifold � and satisfies

dI (ψ0)[h] = ω(ψ0 |h) for all h ∈ X (3.17)

where ω = ω(ψ0) ∈ R,

(1 − γCα,λ)‖w0‖2 ≤ ω(ψ0) ≤ 2I (ψw0) = 2Eλ(w0).

Moreover, if ψ0 ∈ �λ satisfies (3.17) for some ω > 0, then w = |�+ψ0|−1
2 �+ψ0 is a critical 

point for Eλ(w).
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Proof. We only have to prove the estimate on the Lagrange multiplier. The other points follow 
as in proof of Proposition 2.13 of [8]. Using (3.4) we immediately deduce

ω(ψ0) = a(η(w0))
−1dI (ψ0)[w0] ≥ (1 − γCα,λ)‖w0‖2.

We also have, using (H3), that

ω(ψ0) = dI (ψ0)[ψ0] ≤ 2I (ψ0). �
4. The constrained minimization

We introduce now the following minimization problem:

e(λ) = inf
w∈�+

Eλ(w) = inf
w∈�+

{
1

2
a(η(w))2‖w‖2 − 1

2
‖η(w)‖2 − γ

∫
F(ψw)

}

where η(w) is given in Proposition 3.12, a(η(w)) =
√

λ − |η(w)|22 and ψw = a(η(w))w +η(w).
The next lemma contains an estimate which will be essential in proving (via the concentration 

compactness lemma [18,19]) convergence of minimizing sequences for Eλ.

Lemma 4.1. For all λ ∈ (0, 1] we have that 0 < e(λ) < λm
2 .

Proof. From Lemma 3.11 we have that

e(λ) ≥ λ

2S2
2

(
1 − γ

(
S2

2 + 2
μ

α
λ

α−2
2 S2

4
4−α

))
> 0.

Using Lemma 3.9 we deduce that

Eλ(w) = I (ψw) = 1

2
a(η(w))2‖w‖2 − 1

2
‖η(w)‖2 − γ

∫
F(ψw)

≤ λ

2
‖w‖2 − 1

2
|η(w)|22 ‖w‖2 − 1

2
‖η(w)‖2 − γ

∫
F(

√
λw)

− γ

∫
(∇F(aw),η(w)) + γ

(
S2

2 + μλ
α−2

2 S2
4

4−α

)
|η(w)|22 ‖w‖2

+ γ

(
S2

2 + μλ
α−2

2 S2
4

4−α

)
‖η(w)‖2 + γμλ

α−2
2

∫
|w|α−2|η(w)|2

Since γ
(

S2
2 + μλ

α−2
2 S2

4
4−α

)
< 1

4 by (1.14) we have, for all w ∈ �+:

Eλ(w) ≤ λ

2
‖w‖2 − 1

4
|η(w)|22 ‖w‖2 − 1

4
‖η(w)‖2

− γ

∫
F(

√
λw) − γ

∫
(∇F(aw),η(w)) + γμλ

α−2
2

∫
|w|α−2|η(w)|2.
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Fix w1 ∈ H 1(R3, C) ∩ C1(R3, C) such that |w1|2 = 1 and let w = (w1
0

) ∈ C4 and wε(x) =
ε3/2w(εx). Then |wε |2 = 1 for all ε > 0 and |wε(x)|∞ = ε3/2 |w(x)|∞ → 0 as ε → 0. We also 
have that |(w(x), βw(x))| = |w1(x)|2.

The same computation of Lemma 2.16 in [8] show that

‖wε‖2 − m |wε |22 ≤ ε2

2m

∫
|q|2|ŵ1(q)|2

‖wε‖2 ≤ m + Cε2

‖wε − �+wε‖2 ≤ ε2

4m

∫
|p|2|ŵ1(p)|2

∣∣1 − |�+wε |2
∣∣2 ≤ ε2

4m

∫
|p|2|ŵ1(p)|2.

We deduce from this that for ε > 0 small enough |�+wε |2 > 1
2 .

Let

ϕε(x) = |�+wε |−1
2 �+wε(x) ∈ �+.

We have that

‖ϕε‖ ≤ |�+wε |−1
2 ‖wε‖ ≤ √

m + Cε

‖wε − ϕε‖ ≤ ε

2
√

m
(2 + ‖ϕε‖)

(∫
|p|2|ŵ1(p)|2

)1/2

= ε√
m

(2 + ‖ϕε‖) |∇w1|2

|ϕε − wε |2 ≤ ε√
m

(∫
|p|2|ŵ1(p)|2

)1/2

= ε√
m

|∇w1|2

and hence, for ε small enough

‖ϕε‖ ≤ √
m + 1, ‖η(ϕε)‖ ≤ a(η(ϕε))‖ϕε‖ ≤ √

λ(
√

m + 1).

We now estimate the functional for small ε > 0:

Eλ(ϕε) ≤ λm

2
+ λ

2
(‖ϕε‖2 − m |ϕε |22) − 1

4
|η(ϕε)|22 ‖ϕε‖2 − 1

4
‖η(ϕε)‖2

− γ

∫
F(

√
λϕε) − γ

∫
(∇F(aϕε), η(ϕε)) + γμ(

√
λ)α−2

∫
|ϕε |α−2|η(ϕε)|2 (4.2)

The first term can be estimated as follows:

‖ϕε‖2 − m |ϕε |22 ≤ ε2

(3 + ‖ϕε‖)2 |∇w1|22 ≤ ε2

(4 + √
m)2 |∇w1|22 ≤ c1ε

2.

2m 2m
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Using (H4) and (H5) and since |wε |∞ → 0 we have that

∫
F(

√
λϕε) =

∫
F(

√
λwε) +

∫
(∇F(

√
λwε),ϕε − wε)

+
∫

(∇F(
√

λ(wε + θ(ϕε − wε))) − ∇F(
√

λwε),ϕε − wε)

≥ γ̄ λ
α
2

∫
|(wε,βwε)| α

2 − λ
ν
2 |wε |ν2ν |ϕε − wε |2

−
∫

|ϕε − wε |2 − μ

∫
|wε |α−2|ϕε − wε |2

− μ

∫
(|ϕε | + |wε |)α−2|ϕε − wε |2

≥ γ̄ λ
α
2

∫
|(wε,βwε)| α

2 − λ
ν
2 |wε |ν2ν |ϕε − wε |2

−
∫

|ϕε − wε |2 − 2μ

∫
|wε |α−2|ϕε − wε |2

− 2μ

∫
|ϕε |α−2|ϕε − wε |2

≥ ε
3(α−2)

2 γ̄ λ
α
2

∫
|w1|α − λ

ν
2 ε

3(ν−1)
2 |w1|ν2ν |ϕε − wε |2

− |ϕε − wε |22 − 2μ
(
|wε |α−2

α + |ϕε |α−2
α

)
|ϕε − wε |2α

≥ ε
3(α−2)

2 γ̄ λ
α
2

∫
|w1|α − c2ε

3ν+1
2 − c3ε

2.

For the next term we observe that∫
(∇F(aϕε), η(ϕε)) ≤

∫
|∇F(aϕε) − ∇F(awε)||η(ϕε)| +

∫
|∇F(awε)||η(ϕε)|.

Let us analyze the first term in this expression: we have

∫
|∇F(aϕε) − ∇F(awε)||η(ϕε)|

≤
∫ (

|a(ϕε − wε)| + |awε | + μ|a(ϕε − wε)|α−2 + μ|awε |α−2
)

a|ϕε − wε ||η(ϕε)|

≤ a2
∫ (

|(ϕε − wε)|2 + |wε ||ϕε − wε |
)

|η(ϕε)|

+ μaα−1
∫ (

|ϕε − wε |α−1 + |wε |α−2|ϕε − wε |
)

|η(ϕε)|

≤ a2 |ϕε − wε |23 |η(ϕε)|3 + a2 |wε |3 |ϕε − wε |3 |η(ϕε)|3
+ μaα−1 |ϕε − wε |α−1

α |η(ϕε)|α + μaα−1ε
3(α−2)

2 |w1|α−2∞ |ϕε − wε |2 |η(ϕε)|2
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≤ a2 |η(ϕε)|3
(
S2

3‖ϕε − wε‖2 + |wε |3 S3‖ϕε − wε‖
)

+ μaα−1Sα
α‖η(ϕε)‖‖ϕε − wε‖α−1

+ μaα−1ε
3(α−2)

2 |w1|α−2∞ |ϕε − wε |2 |η(ϕε)|2

≤ λ
3
2 S2

3(
√

m + 1)

(
ε2S3

(3 + √
m)2

m
|∇w1|22 + ε

3
2 |w1|3 3 + √

m√
m

|∇w1|2
)

+ εα−1μλ
2α−1

2 Sα
α (

√
m + 1)

(
3 + √

m√
m

)α−1

|∇w|α−1
2

+ ε
3α−4

2 μλ
2α−1

2 S2
2 |w1|α−2∞

(
√

m + 1)√
m

|∇w1|2

≤ c4ε
2 + c5ε

3
2 + c6ε

α−1 + c7ε
3α−4

2

while for the second term we have

∫
|∇F(awε)||η(ϕε)| ≤ aν

∫
|wε |ν |η(ϕε)| ≤ 1

2
a2ν |wε |2ν

2ν + 1

2
|η(ϕε)|22

≤ ε3(ν−1) λ
ν

2
|w1|2ν

2ν + S2
2

2
‖η(ϕε)‖2 ≤ c8ε

3(ν−1) + S2
2

2
‖η(ϕε)‖2

The last term in (4.2) can be estimated as follows:

∫
|ϕε |α−2|η(ϕε)|2 ≤ ε

3(α−2)
2 |ϕ1|α−2∞ |η(ϕε)|22 ≤ ε

3(α−2)
2 |ϕ1|α−2∞ S2

2‖η(ϕε)‖2

We therefore deduce that

Eλ(ϕε) ≤ λm

2
+ c1ε

2 − 1

4
|η(ϕε)|22 ‖ϕε‖2 − 1

4
‖η(ϕε)‖2 − ε

3(α−2)
2 γ γ̄ λ

α
2

∫
|w1|α

+ c2γ ε
3ν+1

2 + c3γ ε2 + c4γ ε2 + c5γ ε
3
2 + c6γ εα−1 + c7γ ε

3α−4
2

+ c8γ ε3(ν−1) + γ
S2

2

2
‖η(ϕε)‖2 + ε

3(α−2)
2 γ |ϕ1|α−2∞ S2

2‖η(ϕε)‖2

Since γ S2
2 < 1

4 by (1.14) and

3(α − 2)

2
< min

{
2,

3ν + 1

2
,

3

2
, α − 1,

3α − 4

2
,3(ν − 1)

}
for all α ∈ (2,

8

3
]

we deduce that

Eλ(ϕε) <
λm

2

for ε small enough and for all λ ∈ (0, 1] and hence e(λ) < λm . �
2

765



V. Coti Zelati and M. Nolasco Journal of Differential Equations 414 (2025) 746–772
Proposition 4.3. For all λ ∈ (0, 1) and θ > 1 such that θλ < 1 we have that

e(θλ) < θe(λ). (4.4)

Proof. Let θ > 1 be such that λθ ∈ (0, 1). Take w ∈ �+ and let ηθλ(w) ∈ Bθλ be the function 
whose existence follows from Proposition 3.12. Let ψθλ(w) = aθλ(ηθλ(w))w + ηθλ(w) ∈ �θλ. 
We have that

Eθλ(w) = 1

2
‖aθλ(ηθλ(w))w‖2 − 1

2
‖ηθλ(w)‖2 − γ

∫
F(ψθλ(w)).

We recall that from assumption (H3) follows that

F(σx) ≥ σαF(x) ≥ σ 2F(x) +
(
σα − σ 2

)
F(x) for all x ∈C4, σ ≥ 1.

We have that for all η ∈ Bθλ

aλθ (η) =
√

λθ − |η|22 = √
θ

√
λ −

∣∣∣∣ η√
θ

∣∣∣∣
2

2
= √

θaλ(
η√
θ
)

and hence we have that

e(θλ) ≤ Eθλ(w) = θ

[
1

2
‖aλ(

ηθλ(w)√
θ

)w‖2 − 1

2
‖ηθλ(w)√

θ
‖2 − γ

θ

∫
F

(√
θ
ψθλ(w)√

θ

)]

≤ θ

[
1

2
‖aλ(

ηθλ(w)√
θ

)w‖2 − 1

2
‖ηθλ(w)√

θ
‖2 − γ

∫
F

(
ψθλ(w)√

θ

)]

− γ θ
(
θ(α−2)/2 − 1

)∫
F

(
ψθλ(w)√

θ

)

≤ θEλ(w) − γ θ
(
θ(α−2)/2 − 1

)∫
F

(
ψθλ(w)√

θ

)
.

We claim that for all w ∈ �+ such that Eλ(w) < 1
2 ( λm

2 + e(λ))

∫
F

(
ψθλ(w)√

θ

)
≥ δ > 0.

Assuming the claim, let wn ∈ �+ be a sequence which minimize Eλ(w), Eλ(wn) → e(λ) <
1
2 ( λm

2 + e(λ)). We have that for all θ > 1

e(θλ) ≤ Eθλ(wn) ≤ θEλ(wn) − θ
(
θ(α−2)/2 − 1

)
δ = θe(λ) − θ

(
θ(α−2)/2 − 1

)
δ + o(1) < θe(λ)

and the proposition follows.
To prove the claim, we assume it does not hold and that there is a sequence wn ∈ �+ such 

that Eλ(wn) < 1 ( λm + e(λ)) and
2 2
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∫
F

(
ψθλ(wn)√

θ

)
→ 0.

Then also 
∫

F(ψθλ(wn)) → 0 and we deduce from (H6) that for all ζ > 0

∣∣∣∣
∫

(∇F(ψθλ(wn)),wn)

∣∣∣∣ ≤
∫

(ζ + Cζ F(ψθλ(wn))
1
ξ )|ψθλ(wn)||wn|

≤ ζ |ψθλ(wn)|2 |wn|2 + Cζ |ψθλ(wn)| 2ξ
ξ−1

|wn| 2ξ
ξ−1

∫
F(ψθλ(wn)) ≤ Cζ + o(1)

which implies that

lim
n→+∞

∣∣∣∣
∫

(∇F(ψθλ(wn)),wn)

∣∣∣∣ = 0

and similarly

lim
n→+∞

∣∣∣∣
∫

(∇F(ψθλ(wn)), ηθλ(wn))

∣∣∣∣ = 0

Since

0 = −|ηθλ(wn)|22 ‖wn‖2 − ‖ηθλ(wn)‖2 − γ

∫
(∇F(ψθλ(wn)),− |ηθλ(wn)|22

aθλ(ηθλ(wn))
wn + ηθλ(wn))

we deduce from the boundedness of ‖wn‖ and ‖ηθλ(wn)‖ that ‖ηθλ(wn)‖ → 0 and hence

θ

2
(
λm

2
+ e(λ)) > θEλ(wn) ≥ Eθλ(wn)

= θλ

2
‖wn‖2 − 1

2
|ηθλ(wn)|22 ‖wn‖2 − 1

2
‖ηθλ(wn)‖2 − γ

∫
F(ψθλ(wn))

≥ θλm

2
+ o(1),

a contradiction which proves the claim. �
Lemma 4.5. Let ω ∈ (0, m), C > 0 and ψ ∈ X be such that

{
dI (ψ)[h] = ω(ψ |h) for all h ∈ X

‖ψ‖ ≤ C
(4.6)

Then there exists two positive constants, c1 and c2, which depend only on ω and C, such that

‖ψ‖ ≥ c1 > 0, I (ψ) ≥ c2 > 0.
767



V. Coti Zelati and M. Nolasco Journal of Differential Equations 414 (2025) 746–772
Proof. Taking h = �+ψ − �−ψ in (4.6) and ε > 0 we have

‖�+ψ‖2 + ‖�−ψ‖2 + ω |�−ψ |22 = ω |�+ψ |22 +
∫

(∇F(ψ),�+ψ − �−ψ)

≤ ω

m
‖�+ψ‖2 +

∫
(ε|ψ | + με |ψ |α−1)(|�+ψ | + |�−ψ |)

≤ ω

m
‖�+ψ‖2 + 2ε |ψ |22 + με |ψ |α−1

α (|�+ψ |α + |�−ψ |α)

≤ ω

m
‖�+ψ‖2 + 2εC2

2‖ψ‖2 + μεC
α
α‖ψ‖α.

If ε > 0 is such that 2εC2
2 <

1− ω
m

2 we deduce that

1

2

(
1 − ω

m

)
‖ψ‖2 ≤ μεC

α
α‖ψ‖α

and

‖ψ‖α−2 ≥ 1

2μεCα
α

(
1 − ω

m

)
.

Let us now estimate the critical level:

I (ψ) = I (ψ) − 1

2
dI (ψ)[ψ] + 1

2
ω |ψ |22

=
∫ (

1

2
(∇F(ψ),ψ) − F(ψ)

)
+ 1

2
ω |ψ |22

≥
(α

2
− 1

)∫
F(ψ) + 1

2
ω |ψ |22 .

We claim that there is δ > 0 such that 
∫

F(ψ) ≥ δ > 0 for all ψ for which (4.6) holds. If not, we 
find a sequence ψn of solutions such that 

∫
F(ψn) → 0. From

0 = dI (ψn)[�±ψn] − ω |�±ψn|22
we deduce that

‖�+ψn‖2 − ω |�+ψn|22 =
∫

(∇F(ψn),�−ψn)

‖�−ψn‖2 + ω |�−ψn|22 = −
∫

(∇F(ψn),�−ψn).

As in the proof of 4.3, using (H6) we can deduce from 
∫

F(ψn) → 0 that

∫
(∇F(ψn),�±ψn) → 0
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and hence also

‖ψn‖ → 0,

contradiction which proves the claim. �
Proof of theorem. By Ekeland’s variational principle, there exists a sequence wn ∈ �+ such 
that

E1(wn) → e(1), sup
v∈�+

|dE1(wn)[v]| → 0.

Since E1(wn) → e(1) we deduce from Lemma 3.11 that the sequence wn is bounded. Follows 
from Proposition 3.2 that also ηn = η(wn) and ψn = a(ηn)wn + ηn are bounded in X. Letting 
ωn = a(ηn)

−1dI (ψn)[wn] ≥ (1 − Cα,1) we have that

dI (ψn)[h] − ωn(ψn |h) = 1

a(ηn)
dEλ(wn)[v] → 0 for all h = v + ξ ∈ X.

We can assume that (up to a subsequence) ψn ⇀ ψ in X and that ωn → ω, with ω ∈ (1 −
Cα,1, 2E1(wn)) ⊂ (1 − Cα,1, m) for n sufficiently large. Then we have that for all h ∈ X

dI (ψn)[h] − ωn(ψn |h) = 〈ψn |�+h〉 − 〈ψn |�−h〉 − γ

∫
(∇F(ψn),h) − ωn(ψn |h) → 0

since we have that ∫
(∇F(ψn) − ∇F(ψ),h) → 0

we deduce that

dI (ψ)[h] − ω(ψ |h) = 0 for all h ∈ X.

The weak convergence does not, however, preserve the L2 norm, so we only know that |ψ |2 ≤
|ψn|2 = 1 (it could even be that ψ = 0).

To conclude we will now apply the concentration-compactness principle, see [18,19]. First of 
all let us show that no vanishing occurs. By contradiction, assume that

lim sup
n→+∞

sup
y∈R3

∫
B(y,1)

|ψn|2 = 0.

Then we know, see [18] or [25, Lemma 1.21], that ψn → 0 in Lp(R3) for 2 < p < 3. Then for 
any ε > 0

∣∣∣∣
∫

(∇F(ψn),wn)

∣∣∣∣ ≤ ε

∫
|ψn||wn| + με

∫
|ψn|α−1|wn| ≤ ε + με |ψn|α−1

α |wn|α
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and

lim
n→+∞

∣∣∣∣
∫

(∇F(ψn),wn)

∣∣∣∣ = 0.

We deduce from

εn = dI (ψn)[wn] − ωna(ηn) |wn|22 = a(ηn)(‖wn‖2 − ωn |wn|22) −
∫

(∇F(ψn),wn)

that for all λ ∈ (0, 1]

εn = a(ηn)(‖wn‖2 − ωn |wn|22) ≥ a(ηn)(m − ωn) |wn|22 ≥
√

1

2
(m − ωn) > 0

a contradiction since, by Proposition 3.16 and Lemma 4.1 we have that ωn ≤ 2E1(wn) and e(1) <
m
2 . Hence vanishing does not occur.

Since ‖ψ‖ ≤ ‖ψn‖ and I (ψ) ≥ c2 (by Lemma 4.5) we deduce from the concentration com-
pactness principle that there exists p ≥ 1 functions φ1, . . . , φp ∈ X, critical points for I under 
the constraint |ψ |22 = μi ∈ (0, 1] (satisfying (3.17) with ω = limn ωn > 0) and p sequences of 
points xi,n ∈R3, i = 1, . . . , p such that |xi,n − xj,n| → +∞ for all i �= j as n → +∞ and

‖ψn −
p∑

i=i

φi(· − xi,n)‖ → 0 as n → +∞.

From this follows also that |ψn|22 = 1 = ∑p
i=1 μi .

We then observe that

‖�+ψn‖2−‖�−ψn‖2 = 〈ψn |�+ψn − �−ψn〉

= 〈ψn −
p∑

i=i

φi(· − xi,n) |�+ψn − �−ψn〉

+
p∑

i=i

〈φi(· − xi,n) |�+ψn − �−ψn〉

=
p∑

i=i

(〈�+φi(· − xi,n) |ψn〉 − 〈�−φi(· − xi,n) |ψn〉
) + o(1)

=
p∑

i=i

(
‖�+φi‖2 − ‖�−φi‖2

)
+ o(1)

and also

∫
F(ψn) =

p∑∫
F(φi(x)) + o(1).
i=1
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(this can be deduced from the Brezis-Lieb lemma, see [3, Theorem 2]). Finally we have that

e(1) = I (ψn) + o(1) =
p∑

i=1

I (φi) + o(1) (4.7)

and

0 = dI (φi)[h] − ω(φi |h) for all h ∈ X,

with ω > 0. Follows from Proposition 3.16 that wi = |�+φi |−1
2 �+φi ∈ �+ is a critical point for 

Eμi
and Eμi

(wi) = I (φi).
Since

Eμi
(wi) ≥ e(μi)

we deduce from (4.4) that if p > 1 (i.e. if dichotomy occurs)

e(1) =
p∑

i=1

I (φi) + o(1) =
p∑

i=1

Eμi
(wi) + o(1) ≥

p∑
i=1

e(μi) + o(1)

>

p∑
i=1

μie(
1

μi

μi) + o(1) = e(1)

p∑
i=1

μi + o(1),

a contradiction.
Since there is no vanishing or dichotomy, our sequence ψn converges – up to a translation – 

strongly in X to a critical point ψ ∈ X of (3.17) such that |ψ |2 = 1 and the theorem follows. �
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