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A B S T R A C T

Analysing scale phenomena in nanostructures is crucial for modelling and optimizing modern
nanotechnological devices. Notably, soft nanostructures can be effectively designed as basic
components of smart electro-mechanical systems that require geometrically nonlinear analyses
as their structural parts undergo large deflection. Adoption of non-conventional approaches
for accurate assessment of size effects is thus needed. The paper investigates the elastostatic
behaviour of small-scale beams experiencing large displacements exploiting a consistent model
of integral gradient elasticity. An iterative analytical solution procedure is proposed to address
the geometrically nonlinear problem of soft nanobeams. The presented nonlocal stress gradient
methodology is able to capture both stiffening and softening size-dependent nonlinear responses,
thus generalizing the outcomes contributed by Vaccaro (2022). Effectiveness of the proposed
approach for modelling and designing next-generation smart devices is finally shown by solving
applicative nanomechanical problems. The presented methodology can be further extended
to nonlinear analyses of three-dimensional nanocontinua to capture size effects of arbitrarily
shaped structures undergoing large configuration changes.

. Introduction

Analysis of scale phenomena in nanostructures is a widely investigated topic in Engineering Science, being crucial for design and
ptimization of new-generation devices of nanotechnological interest (Alaca & Karimzadehkhouei, 2023; Darban, 2024; Gabrelian
t al., 2024; Guo et al., 2024; Malikan & Eremeyev, 2023; Niherysh et al., 2024; Ruiz & Abadal, 2022). Notably, soft nanobeams can
e effectively adopted as basic structural components of small-scale electro-mechanical systems, whose design requires performance
f nonlinear analyses, since their structural components undergo large deflection to fulfil their function. Modelling the nonlinear
ehaviour of nanostructures is therefore a topic of major interest in the scientific community: nonlinear stability analysis of porous
anobeams was performed by Civalek et al. (2023a); nonlinear dynamics of magneto-electro-elastic nanobeams was examined
y Lyu and Ma (2023); Yue et al. (2024) studied the nonlinear electromechanical behaviour of a piezoelectric structure; Lovisi
2023) investigated fracture mechanics of functionally graded nanobeams; bending and buckling of porous composite nanostructures
ere studied by Wang et al. (2023); bending of stress-driven composite beams were analysed by Penna (2023); Karami et al.

2024) presented vibration behaviour of functionally graded thick microplates; bending of curved nanobeams including graphene
latelets was investigated by Manickam et al. (2024); nonlinear vibration of piezoelectric nanobeams was analysed by Li et al.
2023); Civalek et al. (2023b) examined nonlinear stability of nanobeams; nonlinear deformation analysis of magneto-electro-elastic
anobeams was carried out by Zheng et al. (2024); nonlinear vibrations of nonlocal beam embedded in nonlinear elastic medium
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were assessed by Mamu and Togun (2024); Anh and Hieu (2022) investigated nonlinear random vibration of nonlocal gradient
beams; size-dependent nonlinear bending of nonlocal magneto-electro-elastic beams was analysed by Zheng et al. (2023).

A challenging aspect to address in the design of nanosystems concerns the modelling of scale effects. In this context, the
inadequacy of classical local continuum theories in addressing mechanical behaviour at the nanoscale is widely recognized. Indeed,
these theories fail to effectively evaluate size-dependent phenomena. Consequently, there is a pressing need for enriched models
tailored to encompass the small-scale challenge. Such a result can be achieved by exploiting advanced theories of nonlocal continuum
mechanics. Adoption of a constitutive model which leads to mathematically well-posed structural problems and that is able to
significantly capture size effects in nanostructures is a challenging issue in nonlocal mechanics. Since the pioneering contributions
by Rogula (1965, 1982), Kröner (1967), Krumhansl (1968) and Kunin (1968), nonlocal continuum field theories have garnered
considerable attention for their efficacy in modelling size-dependent mechanical behaviours without resorting to computationally
urdensome approaches. Eringen (1972, 1983) introduced an integral theory of elasticity, wherein the stress field arises as a spatial
onvolution between the elastic strain field and an appropriate averaging kernel characterized by a characteristic length.

While Eringen’s model has been successfully applied to model wave propagation and screw dislocation problems, inconsistencies
ave emerged when applied to structural problems, as noted by Challamel and Wang (2008), Peddieson et al. (2003). After the

discussions provided by Benvenuti and Simone (2013), Fernández-Sáez et al. (2016), Romano et al. (2017) then offered explanations
for these alleged paradoxical outcomes. Finally, the inapplicability of the Eringen’s strain-driven theory to structural mechanics has
been recently proven by Barretta et al. (2024b) for both bounded and unbounded structures.

Subsequent theories have been developed to provide consistent tools of nonlocal mechanics to capture scale phenomena. Among
these methodologies, mixture models based on a two-phase (local/nonlocal) theory offer an effective strategy to overcome the
imitations of the Eringen’s model. Initially proposed by Eringen (1987) and subsequently revisited and exploited by Eptaimeros

et al. (2016), Khodabakhshi and Reddy (2015), Malagù et al. (2015), Malikan and Eremeyev (2022), the two-phase theory is based
n a convex combination of local and strain-driven integral responses. This approach yields a consistent constitutive theory, assuming

that the local fraction is not negligible. An alternative theory proposed by Lim et al. (2015) couples Eringen’s nonlocal model with
the strain gradient theory of elasticity to solve wave propagation problems, providing a nonlocal strain gradient model effectively
applied by Caporale et al. (2022), Jalaei et al. (2022), Karami et al. (2019), Malikan et al. (2018, 2020), Merzouki et al. (2022),
Tocci Monaco et al. (2021). Barretta and Marotti de Sciarra (2018) established the non-classical boundary conditions required to
close the constitutive differential problem equivalent to nonlocal gradient elasticity.

A further theory has been then proposed by Romano and Barretta (2017), consisting in a purely integral theory based on a
nonlocal stress-driven approach. Such a model represents a consistent strategy to capture scale phenomena and leading to well-
posed continuum problems. Two-phase (local/nonlocal) theory based on the stress-driven approach has been proposed by Barretta
et al. (2018), providing a generalization of purely integral elasticity, which is well-posed for any local fraction, as demonstrated
by Barretta et al. (2024a), Behdad and Arefi (2022), Bian et al. (2022), Scorza et al. (2022), Vaccaro and Sedighi (2023).

2. Motivation and outline

The present work provides a consistent methodology of integral stress gradient elasticity to address applicative problems of large
deflection of nanocantilevers. The problem of large deflection of cantilever beams, which was deeply investigated by Beléndez et al.
(2002), Bisshopp (1973), Bisshopp and Drucker (1945), Chen (2010), Howell and Midha (1995) in local continuum mechanics,
s here extended to the field of nonlocal gradient elasticity in order to model a nanocantilever. To this purpose, an iterative
nalytical solution procedure to address nonlinear behaviour is combined with the integral gradient theory to capture scale effects.

The proposed methodology, based on a stress gradient nonlocal approach (Barretta et al., 2023; Barretta & Marotti de Sciarra,
2019), provides a generalization of the work by Vaccaro (2022), where the purely stress-driven nonlocal theory was exploited to
model nanobeams undergoing large displacements. Such a contribution is here extended to capture both stiffening and softening
size-dependent structural responses. Further developments will concern the extension of the proposed methodology to the nonlinear
analysis of three-dimensional (3D) solids. Indeed, 3D analyses of nanocontinua (see e.g Malikan et al. (2023), Russillo et al. (2022),
Wang et al. (2023)) advantageously allow us to handle the size-dependent behaviour of complex small-scale structures undergoing
large configuration changes.

The plan is the following. In Section 3 the nonlocal gradient elasticity theory is investigated, with peculiar reference to the
stress-driven approach. The relevant nonlocal nonlinear problem of soft nanobeams in large deflection is formulated in Section 4.
An effective iterative procedure to address geometrically nonlinear problems is then presented. Finally, selected case-studies and
he relative results are discussed in Section 5.

3. Nonlocal gradient elasticity for nanobeams

Let us consider a slender nanobeam of length 𝐿 , modelled by the Bernoulli–Euler theory. In order to capture the size-dependent
behaviour, a nonlocal gradient constitutive law is exploited by following the variationally consistent approach proposed by Barretta
and Marotti de Sciarra (2019), that adopts test fields having compact support on structural domain (Yosida, 1980). By virtue
of this choice, no higher-order kinematic and static boundary conditions of ambiguous physical interpretation are required to
lose the constitutive problem. According to such a methodology, the abstract formulation of the nonlocal gradient output field
(𝑥) ∶ [0, 𝐿] ↦ ℜ is provided by

( ) 2 ( )
𝑟(𝑥) = 𝑚 𝑟(𝑥) + (1 − 𝑚) 𝜙𝑐 ∗ 𝑟 𝑥 − 𝑙 𝜕𝑥 𝜙𝑐 ∗ 𝜕𝑥𝑟 𝑥 , (1)
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where 𝑟(𝑥) ∶ [0, 𝐿] ↦ ℜ is the source field, 𝑥 is the axial abscissa and 𝜕𝑥 represents the first derivative along 𝑥. The following
notation has been adopted

⎧

⎪

⎨

⎪

⎩

(

𝜙𝑐 ∗ 𝑟
)

(𝑥) ∶= (

𝜙𝑐 ∗ 𝑟
)

𝑥 = ∫

𝐿

0
𝜙𝑐 (𝑥 − 𝜉) 𝑟(𝜉) 𝑑 𝜉 ,

(

𝜙𝑐 ∗ 𝜕𝑥𝑟
)

(𝑥) ∶= (

𝜙𝑐 ∗ 𝜕𝑥𝑟
)

𝑥 = ∫

𝐿

0
𝜙𝑐 (𝑥 − 𝜉) 𝜕𝜉𝑟(𝜉) 𝑑 𝜉 ,

(2)

representing spatial convolutions between the source field 𝑟 (Eq. (2)1), or its first derivative (Eq. (2)2), and a proper averaging kernel
𝜙𝑐 ∶ ℜ ↦ [0,+∞[ described by the nonlocal characteristic length 𝑐 ∈ ]0,+∞[. The parameter 𝑙 ∈ [0,+∞[ in Eq. (1) is the gradient
ength, while 𝑚 ∈ [0, 1] denotes the mixture parameter.

The abstract constitutive law in Eq. (1) can be specialized according to the stress-driven approach by setting 𝑟(𝑥) = 𝜒𝑒𝑙(𝑥) and
̃(𝑥) = 𝐾−1

𝑓 𝑀(𝑥), being 𝜒𝑒𝑙(𝑥) the elastic flexural curvature and 𝑀 the bending interaction field, respectively. Symbol 𝐾𝑓 denotes
he local elastic flexural stiffness defined by

𝐾𝑓 = ∫𝛺
𝐸 𝑦2𝑑 𝛺 , (3)

i.e. the second moment of the Euler-Young modulus 𝐸 on cross-section, and it is supposed to be uniform along the 𝑥 axis. Eq. (1)
can be thus rewritten as follows

𝜒𝑒𝑙(𝑥) = 𝑚
𝑀(𝑥)
𝐾𝑓

+ (1 − 𝑚)∫

𝐿

0
𝜙𝑐 (𝑥 − 𝜉)

𝑀(𝜉)
𝐾𝑓

𝑑 𝜉 − 𝑙2𝜕𝑥 ∫

𝐿

0
𝜙𝑐 (𝑥 − 𝜉)𝜕𝜉

𝑀(𝜉)
𝐾𝑓

𝑑 𝜉 , (4)

representing the nonlocal stress gradient model of elasticity, according to which the nonlocal elastic curvature is got as the
superposition of a spatial convolution driven by the stress gradient and a convex combination of local curvature and stress-driven
spatial convolution. The relation in Eq. (4) provides a stress-driven two-phase local/nonlocal model by setting 𝑙 = 0 and a purely
stress-driven nonlocal law by assigning 𝑙 = 𝑚 = 0. As proposed by Eringen (1972), the attenuation kernel can be assumed to be the
Helmholtz’s bi-exponential function

𝜙𝑐 (𝑥 − 𝜉) = 1
2𝑐

𝑒𝑥𝑝
(

−
|𝑥 − 𝜉|

𝑐

)

(5)

since it enjoys peculiar properties on the real axis that allow the inversion of the integral law, id est

• Parity and positivity

𝜙𝑐 (𝑥) = 𝜙𝑐 (−𝑥) ≥ 0 (6)

• Normalization

∫

+∞

−∞
𝜙𝑐 (𝑥) 𝑑 𝑥 = 1 (7)

• Impulsivity

lim
𝑐→0+ ∫

+∞

−∞
𝜙𝑐 (𝑥 − 𝜉) 𝑓 (𝜉) 𝑑 𝜉 = 𝑓 (𝑥) (8)

for any continuous test field 𝑓 ∶ ℜ → ℜ.

4. Cantilever nanobeams undergoing large displacements

In order to assess the deformed configuration of a slender nonlocal gradient cantilever of length 𝐿 undergoing large deflection,
an iterative procedure will be used; in this section, the latter is described. Inelastic effects will not be considered, therefore it is
assumed that the geometric curvature is equal to the elastic flexural one. With reference to Fig. 1, assuming the initial curvature of
the nanobeam to be zero, the local curvature in the current configuration, i.e. the source field of Eq. (1), can be particularized as

𝑟(𝑥) = 𝑀(𝑥)
𝐾𝑓

=
𝐹 (𝐿̄ − 𝑥)

𝐾𝑓
(9)

where 𝑀(𝑥) represents the bending interaction field in the target configuration.1 It is worth noting that the increment of the bending
interaction field is equal to the bending interaction field in the target configuration, since the initial configuration is assumed to be
tress free. With respect to the beam’s straight placement, the unknown deformed configuration of the beam axis is a curve of the
ending plane 𝑥, 𝑦 and thus it can be parameterized as follows

𝒄 =
[

𝑥
𝑓 (𝑥)

]

=
[

𝑥(𝑠)
𝑦(𝑠)

]

(10)

1 The bending interaction field 𝑀 depends on the assumed loading condition. In Section 5, the expression of 𝑀 will be also specialized to the case of a
beam under distributed loading.
3 
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Fig. 1. Cantilever nanobeam undergoing large displacements.

where 𝑠 ∈ [0, 𝐿] is the curvilinear abscissa and 𝒄 denotes the position vector of a generic point belonging to the curve. Taking into
account Eq. (10), the iterative procedure is based on the expression of the exact (not linearized) geometric curvature of a planar
curve, the latter written as a function 𝑓 (𝑥) in the Cartesian plane:

𝜒(𝑥) = 𝜕2𝑥𝑓
[1 + (𝜕𝑥𝑓 )2]3∕2

. (11)

Assuming, as previously anticipated, a purely elastic behaviour, the geometric curvature coincides with the elastic one and,
therefore, the nonlocal curvature in Eq. (4) can be imposed equal to the quantity in Eq. (11). At this point, by calling 𝜕𝑥𝑓 ∶= 𝑑 𝑓

𝑑 𝑥 = 𝑔,
Eq. (11) can be rearranged as

𝑑 𝑔
(1 + 𝑔2)3∕2

= 𝜒(𝑥) 𝑑 𝑥 (12)

which yields, integrating both the left and the right hand side, the expression

𝐺(𝑥) = 𝑔
√

1 + 𝑔2
= ∫

𝑥

0
𝜒(𝜂) 𝑑 𝜂 . (13)

By defining the unit tangent vector field as 𝒕(𝑠) = 𝜕𝑠𝒄(𝑠), the following expression can be obtained

𝒕(𝑠) = 1
√

1 + 𝑔2

[

1
𝑔

]

, (14)

yielding the two central expressions of the iterative process, id est

𝑠(𝑥) = ∫

𝑥

0

√

1 + 𝑔2(𝜂) 𝑑 𝜂 , (15)

where the condition 𝑠(0) = 0 has been taken into account, and

𝑔(𝑥) = 𝐺(𝑥)
√

. (16)

1 − 𝐺2(𝑥)

4 
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Fig. 2. Flow chart of the iterative solution procedure.

It is worth noting that all the defined quantities are determined once that the projected length 𝐿̄ is known. Indeed, knowing the
atter and according to the nonlocal stress gradient model, the curvature is known, id est

𝜒(𝑥) = 𝑚
𝐹 (𝐿̄ − 𝑥)

𝐾𝑓
+

𝐹 (1 − 𝑚)
𝐾𝑓 ∫

𝐿̄

0
𝜙𝑐 (𝑥 − 𝜉) (𝐿̄ − 𝜉) 𝑑 𝜉 + 𝑙2 𝐹

𝐾𝑓
𝜕𝑥 ∫

𝐿̄

0
𝜙𝑐 (𝑥 − 𝜉) 𝑑 𝜉 . (17)

Therefore 𝐺(𝑥) can be evaluated by applying Eq. (13), consequently 𝑔(𝑥) is known thanks to Eq. (16) and finally 𝑠(𝑥) is determined
y the application of Eq. (15). By following this approach, on the assumption that the beam is axially inextensible, it is clear that

the iterations are conducted by starting from an initial value of the length 𝐿̄ (first attempt value) and by increasing it up to the
point in which 𝑠(𝐿̄) = 𝐿. This procedure is schematized in the flow chart in Fig. 2. For a vanishing nonlocal and gradient lengths,
and a unit mixture parameter, the solution procedure is coincident with the one proposed by Chen (2010) confined to the special
ase of local elasticity.

Once the error is smaller than a fixed tolerance 𝑡𝑜𝑙, 𝐿̄ is determined and the deformed configuration of the beam is defined by
olving the following system

{

𝜕𝑥𝑓 (𝑥) − 𝑔(𝑥) = 0 ,
(18)
𝑓 (0) = 0 .

5 
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Table 1
Numerical values of 𝑓 [nm], 𝑣 [nm] and 𝑔2 [−] obtained by linear and nonlinear
analyses, with 𝑚 = 0.3 and 𝜆𝑙 = 0.04 .

5. Case-studies

In this section, an application of the shown procedure will be exposed. In this case-study, according to Penna (2023), a
unctionally graded nanobeam is considered with length 𝐿 = 50 nm and square cross-section with height 5 nm. The Euler-Young
oduli of metal (Al) and ceramic (Si) are 𝐸𝑚 = 70 GPa and 𝐸𝑐 = 210 GPa , respectively, with the Euler-Young modulus of the

unctionally graded material given by

𝐸(𝑦) = 𝐸𝑚 + (𝐸𝑐 − 𝐸𝑚)
(1
2
+

𝑦
ℎ

)2
. (19)

It is worth noting that the considered functionally graded material is characterized by the fact that the Euler Young modulus
aries continuously along the bending axis 𝑦. The resulting local elastic bending stiffness 𝐾𝑓 , defined in Eq. (3), is thus uniform

along the 𝑥 axis. The source field of the nonlocal gradient law in Eq. (4) is given by 𝑀(𝑥)
𝐾𝑓

and, therefore, the functionally graded
lastic properties do not affect the constitutive relation.

The geometrically nonlinear problem illustrated in Section 4 is solved by an effective iterative procedure and put into operation
y means of the Mathematica software, fixing a suitable tolerance 𝑡𝑜𝑙. Parametric studies are performed via several tests, showing
he influence of the different parameters on the response of the structural model: different values of the nonlocal characteristic
ength (𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}), of the mixture parameter (𝑚 = {0.1, 0.3}) and of the gradient length (𝜆𝑙 = {0.04, 0.07, 0.1}) are
hus used; the results are exposed in the following figures. Two loading conditions will be considered in the following subsections.

5.1. Cantilever beam under concentrated force

Let us analyse the loading condition represented by a concentrated force at the free end as shown in Fig. 1. The parametric
analyses are organized by defining, for each plot, a value of 𝜆𝑙 and a value of 𝑚, making the concentrated loading at the extremity
assume the values 𝐹 = {4nN, 7nN, 10nN} and letting 𝜆𝑐 change among the four mentioned values. For each test, the first attempt
alue is set 𝐿̄0 = 10 nm and the increasing parameter 𝛥𝐿̄ = 10−2 nm, while the defined tolerance for the convergence of the algorithm
s declared 𝑡𝑜𝑙 = 10−3.

Fig. 3. Nanocantilever under concentrated force: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.1 and 𝜆𝑙 = 0.04 - 2D Plot.
6 
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Fig. 4. Nanocantilever under concentrated force: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.1 and 𝜆𝑙 = 0.04 - 3D Plot.

Fig. 5. Nanocantilever under concentrated force: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.1 and 𝜆𝑙 = 0.07 - 2D Plot.

Fig. 3 represents the deformed configuration 𝑓 (𝑥) [nm] as function of the nonlocal parameter 𝜆𝑐 , for a gradient parameter
𝜆𝑙 = 0.04 and a mixture parameter 𝑚 = 0.1. It can be observed that a stiffening behaviour is got for increasing 𝜆𝑐 . A three-
dimensional view is provided in Fig. 4. Figs. 5–6 show the displacement field for increasing nonlocal length scale, with a fixed
mixture parameter (𝑚 = 0.1 ), by setting a greater non-dimensional gradient length, i.e. 𝜆𝑙 = 0.07. Figs. 7–8 represent the
displacement field for the same values of the nonlocal and mixture parameters, but a greater gradient parameter is assumed,
i.e. 𝜆𝑙 = 0.1. It is worth noting that a softening behaviour is obtained for increasing 𝜆𝑙. The deformed configuration 𝑓 (𝑥) [nm]
for different values of the nonlocal parameter 𝜆𝑐 is depicted in Figs. 9–10, for a gradient parameter 𝜆𝑙 = 0.04 , showing a stiffening
behaviour for increasing nonlocal parameter. The mixture parameter 𝑚 is set equal to 0.3. A comparison with Figs. 3–4 shows a
small softening effect of the mixture parameter on the structural response. Figs. 11–13 show the two-dimensional representations
of the target configuration for the same values of the nonlocal and mixture parameters, i.e. 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2} and 𝑚 = 0.3
respectively, but for increasing gradient length scale parameter 𝜆𝑙 , showing that a stiffening response is got for increasing the
nonlocal parameter while a softening behaviour is obtained for increasing the gradient one. The corresponding three-dimensional
views are plotted in Figs. 12–14. It is worth noting that the stiffening behaviour observed for increasing nonlocal length 𝑐 is in
agreement with the so-called ‘‘smaller is stiffer’’ phenomenon, as shown by Eremeyev (2020), Lam et al. (2003). This size effect
appears to be related to the high surface/volume ratio characterizing nanostructures. However, this trend does not always hold, as
shown by Abazari et al. (2015), Li and Ma (2018), where also softening effects are described. To possibly capture such a response,
a further scale parameter has been introduced, id est the gradient length 𝑙.
7 
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Fig. 6. Nanocantilever under concentrated force: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.1 and 𝜆𝑙 = 0.07 - 3D Plot.

Fig. 7. Nanocantilever under concentrated force: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.1 and 𝜆𝑙 = 0.1 - 2D Plot.

5.2. Cantilever beam under distributed loading

Let us consider a beam under a distributed vertical loading characterized by a uniform intensity 𝑞0 𝐿
𝐿̄ along the 𝑥 axis. The

bending interaction field 𝑀 in the target configuration is given by

𝑀(𝑥) = 𝑞0 𝐿
𝐿̄

(𝐿̄ − 𝑥)2

2
. (20)

Such a loading condition for a beam in large deflection has been analysed by Chen (2010) for elastically local materials, and
here generalized to the case of nonlocal gradient elasticity. It is worth noting that, for a geometrically linearized analysis, Eq. (20)
represents the bending interaction field of a beam under a uniformly distributed loading 𝑞 along the beam axis 𝑥.
0
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Fig. 8. Nanocantilever under concentrated force: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.1 and 𝜆𝑙 = 0.1 - 3D Plot.

Fig. 9. Nanocantilever under concentrated force: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.3 and 𝜆𝑙 = 0.04 - 2D Plot.

The obtained results, for different values of the non-dimensional characteristic length 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, of the mixture
parameter 𝑚 = {0.1, 0.3} and of the non-dimensional gradient length 𝜆𝑙 = {0.04, 0.07, 0.1}, are shown in the following figures, where
the uniformly distributed loading assumes the values 𝑞0 = {0.1nN/nm, 0.2nN/nm, 0.3nN/nm}. In Figs. 15–16 the two-dimensional
and three-dimensional representations of the deformed configuration 𝑓 (𝑥) [nm] are shown for different values of loading 𝑞0 and
nonlocal parameter 𝜆𝑐 , for a gradient parameter 𝜆𝑙 = 0.04 and a mixture parameter 𝑚 = 0.1. In agreement with the previous
results, a stiffening behaviour for increasing 𝜆𝑐 can be observed. Figs. 17–18 and 19–20 represent the deformed configuration
of the beam axis for 𝜆𝑙 = 0.07 and 𝜆𝑙 = 0.1, respectively. Also in this case, a consistent softening behaviour for increasing gradient
parameter 𝜆𝑙 is shown. Finally, the obtained results for 𝑚 = 0.3 are plotted, notably, for 𝜆𝑙 = 0.04 in Figs. 21–22, 𝜆𝑙 = 0.07 in
Figs. 23–24 and 𝜆𝑙 = 0.1 in Figs. 25–26.
9 
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Fig. 10. Nanocantilever under concentrated force: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.3 and 𝜆𝑙 = 0.04 - 3D
Plot.

Fig. 11. Nanocantilever under concentrated force: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.3 and 𝜆𝑙 = 0.07 - 2D
Plot.

5.3. Validation and convergence analyses

A comparison is made with the results obtained by analysing the same structure exploiting a geometrically linear methodology
and, therefore, without needing of the iterative procedure. In such a case, for the loading condition examined in Section 5.1, the
bending interaction field is defined by 𝑀(𝑥) = 𝐹 (𝐿−𝑥) and the geometric flexural curvature is linearized according to the expression
𝜒(𝑥) = 𝜕2𝑥𝑓 .

The values of the displacement of the beam free end are displayed in Table 1, where 𝑣(𝐿̄) =
√

𝑓 2(𝐿̄) + (𝐿 − 𝐿̄)2 is the modulus
of the displacement vector of the free end evaluated from the nonlinear analysis. As shown in Fig. 27, the displacement field of
the beam, obtained for 𝑚 = 0.3 and 𝜆𝑙 = 0.04 in the linear case, is clearly not consistent with the small displacement hypothesis.
Also, the first order approximation of the flexural curvature is inadmissible, as shown from the numerical values of (𝜕𝑥𝑓 )2 = 𝑔2 ,
that therefore cannot be neglected in Eq. (11). The numerical outcomes thus show that a geometrically nonlinear analysis is
10 
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Fig. 12. Nanocantilever under concentrated force: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.3 and 𝜆𝑙 = 0.07 - 3D
Plot.

Fig. 13. Nanocantilever under concentrated force: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.3 and 𝜆𝑙 = 0.1 - 2D Plot.

required. A convergence analysis of the proposed iterative procedure is also performed for the following combination of parameters:
𝐹 = 7nN, 𝑚 = 0.3, 𝜆𝑙 = 0.04. The results are shown in Table 2, where 𝑖 represents the iteration number, 𝑖 the final number of iterations
and 𝑒𝑟% is the percentage relative error. From the obtained outcomes, it can be observed that the percentage relative error drastically
reduces for increasing the iteration number 𝑖 , while the value of 𝑠(𝐿̄) tends to the beam length 𝐿 , showing convergence of the
algorithm.

6. Concluding remarks

A consistent methodology of integral gradient elasticity has been provided to tackle applicative problems involving nanocan-
tilevers undergoing significant configuration changes. Such a result has been achieved by combining the nonlocal gradient theory,
to account for size-dependent behaviour, with an iterative solution method to address geometrically nonlinear response. The work
thus provides a generalization of the treatments contributed by Beléndez et al. (2002), Bisshopp (1973), Bisshopp and Drucker
(1945), Chen (2010), Howell and Midha (1995) where the problem of large deflection of cantilevers is addressed in the context of
local continuum mechanics.

The abstract form of the nonlocal gradient theory of elasticity has been presented, following the variational approach proposed
by Barretta and Marotti de Sciarra (2019). Such a formulation overcomes the issue of prescribing non-classical boundary conditions
11 
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Fig. 14. Nanocantilever under concentrated force: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.3 and 𝜆𝑙 = 0.1 - 3D Plot.

Fig. 15. Nanocantilever under distributed loading: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.1 and 𝜆𝑙 = 0.04 - 2D
Plot.

Table 2
Convergence analysis of the algorithm for 𝐹 = 7nN, 𝑚 = 0.3, 𝜆𝑙 = 0.04, where 𝑖 = 2515 for
𝜆𝑐 = 0.05, 𝑖 = 2597 for 𝜆𝑐 = 0.10, 𝑖 = 2676 for 𝜆𝑐 = 0.15 and 𝑖 = 2749 for 𝜆𝑐 = 0.20.
12 



D. Ussorio et al. International Journal of Engineering Science 206 (2025) 104172 
Fig. 16. Nanocantilever under distributed loading: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.1 and 𝜆𝑙 = 0.04 - 3D
Plot.

Fig. 17. Nanocantilever under distributed loading: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.1 and 𝜆𝑙 = 0.07 - 2D
Plot.

of not clear physical interpretation, thanks to the choice of test fields having compact support in the structural domain. The
constitutive law has been then specialized according to the stress-driven approach, so that the sources of spatial convolutions are
the bending interaction field and its first derivative. The nonlocal nonlinear problem governing elastostatics of soft nanobeams
experiencing large displacements has been then formulated. An effective iterative procedure has been proposed to obtain the target
deformed configurations. Parametric analyses have been performed to show the effects of nonlocal, gradient and mixture parameters
on structural response. The presented approach, driven by three parameters, has the advantageous ability to simulate both softening
and stiffening nonlinear responses of nanobeams, thus extending the outcomes contributed by Vaccaro (2022), where the special
purely integral stress-driven model was exploited.
13 
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Fig. 18. Nanocantilever under distributed loading: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.1 and 𝜆𝑙 = 0.07 - 3D
Plot.

Fig. 19. Nanocantilever under distributed loading: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.1 and 𝜆𝑙 = 0.1 - 2D Plot.
14 
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Fig. 20. Nanocantilever under distributed loading: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.1 and 𝜆𝑙 = 0.1 - 3D Plot.

Fig. 21. Nanocantilever under distributed loading: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.3 and 𝜆𝑙 = 0.04 - 2D
Plot.
15 
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Fig. 22. Nanocantilever under distributed loading: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.3 and 𝜆𝑙 = 0.04 - 3D
Plot.

Fig. 23. Nanocantilever under distributed loading: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.3 and 𝜆𝑙 = 0.07 - 2D
Plot.
16 
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Fig. 24. Nanocantilever under distributed loading: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.3 and 𝜆𝑙 = 0.07 - 3D
Plot.

Fig. 25. Nanocantilever under distributed loading: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.3 and 𝜆𝑙 = 0.1 - 2D Plot.
17 
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Fig. 26. Nanocantilever under distributed loading: deformed configuration 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.3 and 𝜆𝑙 = 0.1 - 3D Plot.

Fig. 27. Linear analysis: 𝑓 (𝑥) [nm] versus 𝑥 [nm] for 𝜆𝑐 = {0.05, 0.10, 0.15, 0.2}, 𝑚 = 0.3 and 𝜆𝑙 = 0.04.
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