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Abstract: This paper deals with the interior higher differentiability of the solution u
to the Dirichlet problem related to system —div(A(x)Du) + B(x,u) = f on a bounded
Lipschitz domain Q) in R”. The matrix A(x) lies in the John and Nirenberg space BMO. The
lower-order term B(x, u) is controlled with respect to the spatial variable by a function b(x)
belonging to the Marcinkiewicz space L"*. The novelty here is the presence of a singular
coefficient in the lower-order term.
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1. Introduction

We investigate the higher integrability of the gradient of the weak solution of the
elliptic system
—div(A(x)Du) + B(x,u) = f (1)

in a bounded domain Q of R", n > 2 where A(x) = (4;;(x)) is a symmetric, positive-
definite matrix with measurable coefficients and f a vector field in L?(Q), R").
Let B: (x,u) € Q x R" — R" be a Carathéodory vector field such that

B(x,u) = B(x,u')| < b(x)u— | (2
(B(x,u) —B(x,u"),u—u')y >0 (3)
B(x,0) = 0 @)

where b(x) is a nonnegative real function belonging to the Marcinkiewicz space L™ (Q}).
The matrix is elliptic, i.e.,
(A()Y,Y) = |Y|? ©)

for every matrix Y € R"*".

We emphasize that no extra differentiability can be obtained for solutions even
if the data f(x) and b(x) are smooth, without any differentiability assumption on the
operator A(x).

Here, we assume that the entries of the matrix A lie in the John-Nirenberg space BMO
and there exists a nonnegative function K(x) belonging to L"*°(Q)) such that

|A(x +he;) — A(x)| < K(x)|h|, i=1,..,n (6)
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fora.e. x € Qand h € R such that x + he; € Q.
Condition (6) states that the derivative Dy, A has the same integrability as K(x).
The functions

= x| 1

e

AN— 7
~t ]’ @)

K(x) =

where A and A are positive constants, satisfying, for example, assumptions (2)—(6).

Early contributions on the second-order regularity of solutions of equations with
discontinuity in the coefficients are due to Miranda [1,2] and consider coefficients in the
Sobolev class W, Chiarenza, Frasca, Longo [3] and Chiarenza [4] established regularity
results for equations in a nondivergence form with VMO coefficients.

In 2018, Giannetti and Moscariello [5] studied the Dirichlet problem for the second-
order elliptic equation

u 0%u
ing az;(x) axiaxj =f
under the assumption that f is in L? and that the coefficients a;j are measurable and
bounded functions with the first derivatives in the Marcinkiewicz class L'»* and have a
sufficiently small distance to L. They proved the solvability of the problem in W22 N Wé’z*,
where 2% = % A higher integrability result for the gradient of the solution is proved
when f € LP, p > 2.

We underline that the role of the weak L" structure is crucial to ensure the higher
integrability of Du as shown in example 1.2 of [5]. Reference [6] assumed the smallness of
the BMO norm.

Reference [7] studied the Dirichlet problem for a uniformly elliptic equation of type (1)
introducing a hypothesis that relates the coefficient of the lower-order term b(x) with the
right-hand side f. A regularizing effect on the solution of the Dirichlet problem in the case
of uniformly elliptic equations follows (for more details, see [8,9]).

Reference [10] established a higher differentiability result also for an equation of the
type in (1). A recent significant development is due to Stroffolini [11] who studied the
Dirichlet problem for a linear system with coefficients in BMO and obtained regularity
results for the minimizers of functionals of the Calculus of Variations applied to linear and
nonlinear systems with a principal part as in (1).

In [12], Moscariello and Pascale established a higher differentiability result for this
class of systems. They extended their result in [13] for some nonlinear elliptic systems with
growth coefficients in BMO.

In the present paper, the novelty consists of studying local regularity properties of
solutions to linear systems with the presence of a lower-order term as in (1).

Definition 1. A vector field u in the Sobolev space W&'Z(Q, R™) is a weak solution of the
Dirichlet problem

{diU(A(x)Du) +B(xu)=f in0 (8)

u=~0 on 0Q)

if it is verified that

[ (A)Du(x), D)) dx + [ Blxwp(x)dx = [ fx)g(x)dx, ©)
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Vo € CP(Q,RM).

It is useful to set
K(x) = K1 (x) + K2(x) (10)

with Ky € L* and K, € L™*. Our main result is the following:

Theorem 1. Let Q) be a Lipschitz domain. Let us assume (2)—(6). Then, the problem (8) admits a
unique solution u € W&'Z(Q, R™). Moreover, there exists € > 0 depending on n such that if

[Ka|ne <e, (11)

then u € leo"cz(Q, R™) and

1
2,12 < 2 2 2
/BR |D u‘ s C {/BzR(RZ 1) (|Du| |u| ‘f| )dx}

for every ball Byg CC Q) and for C depending on n, ||Ky||ne, the BMO-norm of A and ||b||Lne.

Let us discuss condition (11). First of all, we underline that condition (11) does not
imply that the norm of K(x) is small in L*. Indeed, by easy calculations (for more details,
1

see [12]), if K(x) is the function in the example (7), condition (11) reduces to A < ew,, ".

On the other hand,

C
K 1,00 2 —_
Ko > =

where C = C(n), and so the norm of K will be large for the small e.
As is known, L* is not dense in L. Notice that condition (11) is equivalent to saying
that there exists a function K; € L®(Q)) such that

IK =Ky f|pnee <.

The condition (11) measures how far K(x) is from the bounded functions and it is
satisfied whenever K(x) lies in the Lorentz space L™, 1 < q < oo. Finally, we point out
that our Theorem applies also for A(x) € W' since by embedding W' C BMO (see
Theorem 2).

A similar condition occurs in the study of nonlinear elliptic and parabolic equations
with conventional terms [14,15]. See also [16]. We point out that Theorem 1 is new even in
the case that A(x) is a bounded matrix.

2. Notations and Preliminary Results
2.1. BMO Spaces

Definition 2 ([17,18]). Let Q) be a cube or the entire space R". The BMO(QY) space consists of all
functions g that are integrable on every cube Q C Q) with sides parallel to those of () and satisfy

1
gl = S‘gp{m / |g—gQ|dx} < oo,

where go = |(12| /Q g(y)dy and |Q| denotes the Lebesgue measure of Q.

The functional || - ||« does not define a norm since it vanishes on constant functions.
BMO becomes a Banach space if we identify functions which differ a.e. by a constant.
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Therefore, the function || - ||+ is properly a norm on the quotient space of BMO func-
tions modulo the space of constant functions on the domain considered.

Bounded functions are in BMO. On the other hand, BMO contains unbounded
functions. An example of BMO functions is given by the following:

g(x) =log|x|, x € B(0,1).

We also recall that L* is not dense in BMO.
Another example of the BMO function is contained in [19].

Lemma 1. Let My denote the Hardy—Littlewood maximal function of a Radon measure p in R",
and suppose My (x) is finite and positive at some point x, then log(Mp) belongs to BMO(R™).

Theorem 2 ([17]). For any cube Q C R", the following inclusion holds with continuous embedding:

W(Q) < BMO(Q). (12)

2.2. Lorentz Spaces

Let () be a bounded domain in R". Given 1 < p,q < oo, the Lorentz space LP((})
consists of all measurable functions g defined on (2 for which the quantity

© q
Igl?s = p /0 ()| P91 dt

is finite, where ();(g) = {x € Q : |g(x)| > t} and |Q)]| is the Lebesgue measure of ().
Remark that || - ||;p4 is equivalent to a norm. Endowed with this norm, L becomes a
Banach space.

For p = g, the Lorentz space LP¥ coincides with the Lebesgue space L¥. For g = oo,
the class LP* consists of all measurable functions g defined on ) such that

Igl17pe = sup 7] (g)] < oo.
t>0

LP*® coincides with the Marcinkiewicz class, weak L”. The following inclusions for Lorentz
spaces hold
L'(Q) c LPA(Q) C LP"(Q) C LP=(Q)) C L1(QY),

whenever 1 < g <p <r <o
Let us recall the following Holder inequality in Lorentz spaces.

Theorem 3 ([20]). If 0 < py,p2,p < o and 0 < q1,42,9 < oo obey % = % + L oand

P2
=141 then
q9 qn - 9’

1£8lleea < [1flLrva gl Lr2e (13)
whenever the right-hand side norms are finite.

The Sobolev embedding theorem in Lorentz spaces will be fundamental.

Theorem 4 ([21]). Let usassumethat1 < p < n,1 < q < p, and then any function u € Wé’l(Q)
such that |Vu| € LPA(Q) actually belongs to LP"1(Q) and

[t g < Copl Vel Lra, (14)

=

n’i’)p and Cpp = wy " %. Here, wy, is the Lebesgue measure of the unit ball in R".

where p* =
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By using Theorem 4 and the Holder inequality, we immediately obtain
/D k()gVpldx < Cuz [kl Lreo ) IVl 2(0) IVl 12 (15)

for any ¢ € Wy(D) and ¢ such that Vip € L2(D).
We define the distance of the given f € LP** to L as

dist pe (f, L®) = inf |[f — g[[rre.
geL®

We underline that assuming || Kz ||n~ < € is equivalent to Kin{ |K = Kq||pne < .
1€L®

2.3. Difference Quotient

To prove a higher differentiability result for solutions to (1), we will introduce the
finite difference operator in order to apply the difference quotient method.

Definition 3 ([22]). For every vector valued function F : R" — RN, the finite difference operator
and the difference quotient are, respectively, defined by

TuF(x) = F(x+ he) — F(x),

ALE(x) = T“’Z(x), heR\ {0}

where h € R, e; is the unit vector in the x; direction and i € {1,...,n}.
The function Ay, f is defined in the set
A Q={xe€Q:x+he € O}
We list some elementary properties of the finite difference operator.

Proposition 1 ([22]). Let f and g be two functions such that F,G € WLP(Q; RN), with p > 1,
and let us consider
Q== {x € Q: dist(x,0Q) > |h|}.

Then, we have the following:
(d1) ©,F € WYP(Q) and
Di(t,F) = t,(DiF).

(d2) If at least one of the functions F or G has support contained in )y, then

/FTthx:—/ Gt_pFdx.
Q Q

(d3) The following equality holds:
T,(FG)(x) = F(x + hes)1,G(x) + G(x) 1, F(x).

The next Lemma is a kind of integral version of the Lagrange Theorem. The following
results will be useful in the sequel.
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Lemma 2 ([22]). If0 < p < R, || < 82,1 < p < 40, i € {1,...,n} and

F,D;F € LP(BR), then
[ 1wFG)dx < nP [ |DFP dx.
B, Br

Moreover,
/ IF(x + hep)|? dx g/ IF(x)|" dx.
B, Br

Let us recall the Sobolev embedding property.

Lemma 3 (see Lemma 8.2 in [22]). Let F: R" — RN, F € LP(Bg) with1 < p < +c0. Suppose
that there exist p € (0, R) and C > 0 such that

n
Y [ [mFP dx < crinp,
s=1 BP

or every h with |h| < 252, Then, F € WYP(B,; RN HL% B,; RN). Moreover,
Yy 2 P 4
|IDF||rp8,) < C

and

[l < c(CH+I1Flluray) )-

np_
L7 (By)

withc = c¢(n, N, p).

We recall an iteration Lemma. It finds a remarkable application in the so-called
hole-filling method.

Lemma 4 (see Lemma 6.1 [22]). Let h : [p, Rg] — R be a nonnegative bounded function and
0<®<1, A B>0andB > 0. Suppose that

h(r) < Oh(d) +

forallp <r < d < Rg. Then,

where c = ¢(9, ) > 0.

3. Proof of Theorem 1

In this section, we prove our main result: Theorem 1. In the first part of the proof, we
show the uniqueness of the solution. In the second part, we establish an a priori estimate
for the second derivatives of the solutions. In the third part, we construct the suitable
approximating problems proving that the a priori estimate is preserved when we pass to
the limit.

Step 1. The uniqueness

Let u and v be two solutions of problem (8). We use w = u — v as the test function for
the solution u and the solution v, respectively:

/()(A(x)Du,Du—Dv)+B(x,u)(u—v)dx = /Qf(u—v)dx (16)
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and
/()(A(x)Dv,Du — Dv) 4+ B(x,v)(u —v)dx = /Qf(u —v)dx (17)

By subtracting (17) from (16), we obtain
/Q<A(x)(Du — Dv), Du— Do) + [B(x,u) — B(x,0)] (1 — v)dx = 0
Then, from (5) and (3), we obtain
IDu — Do|l?, < /Q(A(x)(Du — Dv), Du — Dodx < 0

andsou = v a.e.

Step 2. The a priori estimate

Theorem 5. Let () be a Lipschitz domain. If u is the solution of (8) in Wz’z(Q, R™), then there

loc

exists €, depending only on n, such that if ||Ky||ne < €, the following estimate holds

/BR |D2u|2dx < C l:/BZR <R12 + 1) <|Du|2 + |u|2 + ‘f|2) dx:| (18)

for every ball Byr CC Q) and for a constant C depending on n, ||Ky||pne, the BMO-norm of A
and Hb”Ln,oo.

Proof. Let us fix a ball B C () and arbitrary radii R < s < t < 2R, with R small enough.
Letu € Wé’z(Q, R") be a solution of (8) and then in particular for any ¢ € C§°(B;, R")

|, (AG)Du(x), Do(x)) dx+ [ Blx,Hp(x)dx = [ f(x)p(x)dx
i.e., u solves the equation
—div(A(x)Du) + B(x,u) = f in B. (19)

Since u € W22(B;,R"), A(x)Du € L?(B;, R""). Now, by Hodge decomposition, we
decompose uniquely
ADu = DY + H 20)

with H a divergence-free vector field and ¥ € Wg’z(Bt, R™*™) (see [23] (p. 148), relation
(2.8) and line 17 of p. 149).
By (19) and (20),
divD¥ = AY = B(x,u) — f in B

and, by the classical theory,
ID¥l128,) < IIBC w)llr2my + I l2s,)- (21)

Let T be the projection operator of a vector field onto a gradient field. Notice that
H = ADu — DY where DY = T(ADu), i.e.,

H = ATDu — T(ADu).
Then, using Theorem 3.1 and Lemma 3.3 of [11], we conclude that H is in

L?(B;, R") and
[Hl 25,y < cl|All«l[Dul|2g,) (22)
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where ¢ = ¢(n). Finally, from (19) and relations (20), (21) and (22), we obtain

|ADul|2(p,) < C(”)(HAH*HD”HLZ(&) + £z s, + HB('ru)HH(Bt))' (23)
Let 7 € C§°(Bt), 0 < 17 < 1 be a cut-off function such that 7 = 1 on Bs and |Dy| < 5.

Since u is a weak solution of (1), we are able to use ¢ = 7_j,(7?T,u) as a test function
in (9) obtaining

], (AGDu, Dy (P me)dx [ (Blxu), Ty ()

= [ @), )

and using the properties of difference quotients

|, (w(A@Dw), DPm)dx = [ (B(xu) Tl mu0)dx
L RO ST
It follows that

/B 172<Th(A(x)Du),DThu>dx—I—Z/Bt (1, (A(x)Du), Vi ® t,u)

/B

= = [ Bl Tl ma)dx+ [ (F00), O (24)
We remark that

T, (A(x)Du) = A(x + he;) Dtu + (1,A(x))Du.
Then, from (24), we obtain
/Bt n?(A(x + he;)Dtyu, Dju) dx = — /Bt 1% ((1,A(x))Du, Dyu)dx
- 2 . (A(x + he;)Dtyu, Vi @ tu)ydx
¢

- 2 . (1, A(x))Du(x), Vi @ t,u)dx

— [ Bewlr P
+ [ @l armdx
= h+DLh+L+1i+ I (25)

ESTIMATE OF I

To estimate I;, we first use property (d1) and assumption (6). In the same spirit of (15),
by the Holder inequality in Lorentz spaces (Theorem 3) and Young’s inequality with a
constant v € (0,1),

bl < [ PIHIKG)|Dul|Dyu|dx
By

v 2 2 1/ 2w 12 2
< = Dtul|“dx + — h|7|K Dul“ dx
2/3[77|h‘ 21/Bt|||2||’7 |



Mathematics 2025, 13, 489 9of 15
+ [ vPIKulleIh]|Dul| D dx
t
< K/ 2| Dyul? dx + |h| ||K 1 )l Dul|?,.
S 3 Btﬂ h 2o (By) T Wl 2% 2By
+ K/ 172|Drhu\2dx+ﬁ/ 12 ||K1 12| Du|? dx.
2 JB, 2v Jp,
By Theorem 4, we obtain the following:
i< v [ PiDnulx
\h\z
+ (1Du) |17
W K|} |Dul*d 26
+ 5 [ Pl D (26)
ESTIMATE OF I,
Bl < 2 [ InllAGe+ kel Doul Dy dx
< 2 2 2 , 2
< 72| Dl dx—i—/ Dy A(x + he;)ryul? dx.
Bt—Bs Bt_BS
Since |Dy| < X, we obtain
1
I g/ 2\D1, (u 2dx+7/ A(x + he;),ul?dx. 27
i< [ PIDn@PRar = [ AG kel @)

ESTIMATE OF I3
By Young's inequality, assumption (6), Lemma 3 and Holder inequality (13)

[l <2 [ Iyl AG -+ hey) = A(x) |Dul| Dy ]
t
< [ InPlAG+he) = AG)PIDuPdx+ [ DyPlmuld
Bt BthS
< 2 [ Pl PIKDufdx 2 [ (b2l K e | Dudx
t t
+ / |Dy 2|ty u|? dx
< 2bPIKe R llDulon, + 20hPKs [ [ 19D
t
1 2
+ 7/ Tu|“dx.
(t—s)? BﬁBs| |

Applying Theorem 4, we obtain the following:

3] <

”||%2
+ 2K [ oPDufax
t

1 2
+ 7/ T,ul“dx
(t—S)Z Bt*Bs| " |
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t—Ds

ESTIMATE OF I
By using Young’s inequality, assumption (2) and Holder inequality (13)

< B2 [ BGrw) 18- () ldx
t

< 2bf? [ bln(x— heull Ay +1(x = hep)A_yyuld
t

L
v

N

[, Pl = heupdx+ 20/ [ | syl
t

+ 2v|h)? / (x — he;)|A_pApu|*dx

N

h
2P 2 e e+ 2010 [ 18 Pl
t
+ 2v|h)? / (x — he;)|A_pAyul*dx. (29)
By using Theorem 4 in the first integral in the right-hand side, we obtain

h2
L < Z%Cz

1
2 2 2
(0324 2000 =gz [ I
+ 2v|h|2/ 172 (x — he;) | A_pApul?dx

By

and so

|]?

L] < f°°H77Du||%2 +47C%2

2
4%(:2
v

+ 2v|h|2 / | Ayt 2dx

+ 2v]h|2/ 172(x—hei)|A_hAhu|2dx.
B

t

ESTIMATE OF I5

5] < P [ IFlAs (gl

1/|h|2 2 2 2
< |A Aput)| dx+ |f| dx. (30)

By arguing as above, we obtain
5] < SR [ oP1A P+ I [ Ipupax
2 Bt (t - 5)2 B;—Bs
1 / 2
+ — dx.
[
By combining (26)—(30), dividing by |h|?, as h — 0, we obtain the following:
/ 7?|D%ul?dx < Zv/ n?|D?u)? dx
Bf 2 Bf

+ <1+4>Cﬁ2 2 / |17D2u\2dx
v B,
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+ / 2|\ D?%ul?dx
BthI |
+ / | A(x) Du2dx
(t—s)?
+ +4>HKH 2, ! [ IDufds
v 2 Lo (t—s)z Bt_BS
+ 7/ Dul|?dx
(t—s)2 B,—Bs| |
4 1
22 / 7/ 2
T (t—s)2 Jp,—B, ul"dx
2v
+ 7/ Dul?dx
=2 Joyp, 1"
+ (245 )||1<1||Lm+ LGl [ oPDuld
t
+ 1/ |f|dx (31)
v /B ’

We can estimate || ADu/[ 2, by using (23). Indeed, from inequality (13) and Theorem 4,
T 1 S 1
< bl umgay (11225, + 1Du 1225, ).
Then, by assumptions (2) and (4),
|ADulZ, g, < e[l AIRIDHIZ 5, + 161 0o s,y (111225, + 1DH I 5, )
+ el flifae, (32)
where ¢ = ¢(n).
Here, we first choose the number v, such that 1 — %1/ > 0, and then || Ky ||z is not
large enough so that we are able to reabsorb the integrals on the right-hand side, including
those related to ||17D2u||Lz( B,), into the integrals on the left-hand side. Obviously, from the

definition of the distance, this is equivalent to requiring that ||Ky||n~ < € for a suitable
€ > 0. More precisely, if v is such that (1 — 77V) > 0, since # = 1 on B, on account of (32), for

(1-3v)

C2, (% + 4)

1K |7 <

we obtain from (31)

C/ |D?ul?dx < / |D?u|?dx
BS Bt*Bs
¢ 2 2 2
+ e (AR + 101 + Kl
2 2 2
/Bt<|Du| + |uf2 + |f[2) dx

+ c(IKillEs + [lbllone +1)
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2 2 2
/B,(’D”| + |uf + |f?)dx

where C = (1—%v) — (% —|—4) C2,|IKz |70 and ¢ = c(n,v).
Now, we fill the hole:

1
212 < 212
/BS|Du\dx < C+1/Bt|Du|alx
A 2 2 2
— D
+ (t—s)2/Bt<‘ ul” + ul” + |f] )dx
' 2 2 2
+ B/Bt(|Du| + [u2 + | ) dx

where
c

C+1

A= = (A + 150 + K2l )

and
c

T C+1
By applying Lemma 4, we obtain the estimate (18).

B (K1l + 1] o +1)

Step 3. The approximation

We first extend the matrices A(x) and b(x) to R". We put zero outside of Q). Then,
we take p € C§°(R") such that suppp C B1(0), p = 0, p # 0 and co and we consider the
convolution Ay = A x py, with py = N"p(Nx)

Je

An(x) = [ AWpN—y)dy, xeD.

We notice the following:

Ayn € C®(Q,R™M) N L™ (Q, R"™™);

(ANY,Y) = [[Y[I%;

|An (x + he;) — An(x)| < Kn(x)[h|, where Ky (x) = (Kx pn)(x);
Kn(x) € L™;

AN < [1A[L

Ay converges to A in L2.

SANRCLN

For all positive integers N, let uy € W& 2(0), R") be the solution of the Dirichlet problems:

—diV(ANDuN) + B(x, MN) = f in Q)
uy =0 on 9Q

that converge weakly in W&’z and strongly in L? to u (see [11]). A result contained in [24]
guarantees that uy € leo'f(ﬂ, R™). Let us consider as the test function ¢ = uy

/ <AN(x)DuN,DuN>dx+/ B(x,un)undx = / fundx
o) Q Ja
since by (3) (B(x, un),un) = 0, we obtain

/ |DuN\2dx</ <AN(x)DuN,DuN>dx</fuNdx
Q 0 Q
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{un} is bounded in W&’Z(Q) and there exists a function u € W&’Z(Q) and a subse-
quence, still denoted {uy } such that uy converge weakly to a function u € W&’Z(Q) and
uy — uin L2(Q).

’/Q<AN(X)D14N — A(x)Du, Dg)dx

S U = Bl u))gdx — [ (F = Blx,u))pdx

< /Q B(x,u) — B(x, un)| | @ldx

N

gl [ 1ollun — uldx. )
Since b € L C L? and uy — u in L?,
. ellny = uldx < olla s = 1z = .

The last relation in (33) also implies

/QB(x,uN)godx—>/QB(x,u)q)dx

and then u solves problem (8).
Let ¢ > 0 be the number fixed in (18), and let us assume

[Ka[ne < e
We notice that from Lemma A.4 in [25], we have
[Kn = Kif[pnee < [|Kp|[Lre < e
More precisely, if K; € L®(Q) is a function such that ||Ky || ne < €, we obtain
KN = Ki || < |IK = Kq[pree + [[(Ki)N — K[ pres.

Since K; € LP(Q) for every p > n, thanks to Theorem 3 the second term on the
right-hand side of the previous inequality goes to 0 as N — +o0. Then, we can assume

[Kn = Ki[pne <€

for N sufficiently large.
Now, arguing as in Theorem 5,

1
ID?unPdx < —— / ID?uy 2dx
/Bs C+1Jp

(t—JétS)z/;;f(|DuN|2+ |uN|2+ |f|2)dx

+ B [ (1DuP+Junf+ ) dx
Bt

_|_

where i
— 2 2 2
A= g (VAR + 1Bl + 1 KallEe)

and
c

=it

(1K1 1 + lolnes +1).
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Applying Lemma 4, we obtain

~/BR IDZuy|? dx < C[(Rl2 + 1) ('/E;ZR (|DuN\2 4 un]? + f|2)dx)].

We deduce that | D?uy| is a bounded sequence in L?(Bg). Then, by compactness, up to
a sequence, | D?uy | converges weakly to |D?u| in L?(Bg, R") and, by the semicontinuity of
the norm with respect to weak convergence, we obtain

/ |D?ul*dx < liminf/ |D?up |*dx
Bg N JBg

< ¢ [(Rlz—l—1> (/BZR(|Du|2 P+ f|2)dx>]

where ¢ = ¢(n, ||Ka||Lreo, || Allx, [|b]]ne). O
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