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Abstract— In this work we consider a multiple-input multiple-
output (MIMO) dual-function radar-communication (DFRC)
system, which senses multiple spatial directions and serves mul-
tiple users. Upon resorting to an orthogonal frequency division
multiplexing (OFDM) transmission format and a differential
phase shift keying (DPSK) modulation, we study the design
of the radiated waveforms and of the receive filters employed
by the radar and the users. The approach is communication-
centric, in the sense that a radar-oriented objective is opti-
mized under constraints on the average transmit power, the
power leakage towards specific directions, and the error rate
of each user, thus safeguarding the communication quality of
service (QoS). We adopt a unified design approach allowing a
broad family of radar objectives, including both estimation- and
detection-oriented merit functions. We devise a suboptimal solu-
tion based on alternating optimization of the involved variables,
a convex restriction of the feasible search set, and minorization-
maximization, offering a single algorithm for all of the radar
merit functions in the considered family. Finally, the performance
is inspected through numerical examples.

Index Terms— Dual-function radar-communication, integrated
sensing and communication, orthogonal frequency division mul-
tiplexing, multiple-input multiple-output, waveform design, filter
design, differential phase shift keying.

I. INTRODUCTION

THE efficient use of the radio spectrum is a long-standing
and challenging problem [1], [2]. Until recently, the

frequency bands assigned to different wireless services have
been kept mostly separate to avoid co-channel interference and
hence simplify the system design; a static frequency planning,
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however, is inefficient. In the recent past, we have witnessed
an increasing demand for mobile communication services that
has driven the transition across three standards (3/4/5G) and
fostered the proliferation of radar-based services in several
areas (for example, industry automation, traffic monitoring,
autonomous driving, home surveillance, border patrolling,
and earth monitoring); this has raised the cost for using
any bandwidth slice and exacerbated the frequency shortage
problem. Several solutions to improve the spectral efficiency
have been implemented in communication networks, including
the use of sophisticated multiple access schemes and of cog-
nitive radios to allow a more dynamic spectrum management
[3]–[5], the coordination of adjacent access points to enable a
more aggressive spectrum reuse [6]–[8], and the exploitation
of the spatial dimension for data encoding, modulation, and
multiplexing [9]–[11]. Important technological advances have
been also made in the deployment of radar networks [12],
opening up the possibility of simultaneously scheduling multi-
ple functions [13] and implementing cognitive systems which
sense the environment, learn relevant information, and then
adapt to it [14]; also, the use of multiple-input multiple-output
(MIMO) digital transceivers [15] and of the waverform diver-
sity [16] have brought novel degrees of freedom for robust
target detection [17], [18], adaptive signal processing [19],
[20], and reconfigurable beam-pattern design [21], [22].

Cooperative spectrum sharing among licensed radar and
communication systems is a key enabling technology for
the efficient exploitation of the available bandwidth. The
big divide among the solutions proposed so far is between
radar and communication coexistence (RCC), wherein two
distinct systems negotiate their transmit/receive strategies to
control the mutual interference, and dual-functional radar-
communication (DFRC) systems, wherein the radar and com-
munication functions are combined in the same platform
[23]–[25]. RCC mainly results in a multi-objective optimiza-
tion [26]–[30] involving radar- and communication-oriented
utilities with separable power constraints; widely-used perfor-
mance measures are the data rate, the energy efficiency, and
the error rate, at the communication side, and the signal-to-
interference-plus-noise ratio (SINR), the Cramér Rao bound
on the variance of an unbiased estimator of a given unknown
parameter, and the mutual information between the received
signal and the target response, at the radar side. A DFRC
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transceiver, conversely, can be implemented by complement-
ing an existing communication module with a full-duplex
receiver aimed at detecting the reflections from nearby scat-
terers [31], [32], in which case enabling the radar function
may require the use of sophisticated receive strategies to
cope with the imperfect ambiguity function of the commu-
nication signal. Alternatively, a message can be embedded
into the waveforms radiated by an existing radar: effective
strategies are the use of data-dependent coded pulses, the use
of frequency/spatial index modulations, and the control of the
sidelobes of the transmit beampattern towards the intended
destinations [33]–[35].

A. Contribution of the Work

The joint design of the waveforms emitted by the DFRC
transmitter and of the radar and communication receivers is a
challenging and still debated problem. The goal of this paper
is to make a contribution in this domain; in particular, we con-
sider a DFRC system employing an orthogonal frequency
division multiplexing (OFDM) transmission format, wherein
a MIMO transceiver simultaneously senses the environment
and delivers a message to multiple users. Due to its flexibility,
OFDM is a good candidate technology to implement a DFRC
system [36], [37]; indeed, OFDM is already widely-used in
communications [4], while, more recently, has also received
extensive attention in radar applications [38].

Previous works on OFDM-DFRC have mainly focused on
single-antenna systems where the major degrees of freedom
are the power allocation and the user scheduling among the
available subcarriers [39], [40] and/or the dynamical assign-
ment of one function (either the radar or the communication)
to each subcarrier [41]. The corresponding design strategies
have consisted in maximizing the achievable communication
sum-rate under a constraint on the radar mutual informa-
tion [39], minimizing the radiated power under constraints on
both the radar and the communication mutual information [40],
or maximizing the sum of the radar and the communication
mutual information [41]. More recently, a massive MIMO
OFDM system has been considered in [42]–[44]. In [42], [43],
an access point simultaneously implements a short-range radar
and serves multiple downlink users. Its antennas are separated
into three groups, which radiate the radar waveforms, receive
the echoes from the environment, and radiate the data signals,
respectively, and precoding strategies to enhance the system
performance are studied. In [44], instead, an access point
simultaneously implements a short-range radar and receives
signal from multiple uplink users, and the achievable perfor-
mance are investigated under various operational conditions.

Differently from previous studies, in the present paper
we focus on the optimization of a radar-oriented objective
function, while safeguarding the communication operation.
In particular, the contribution can be summarized as follows.

• Since the MIMO structure expands the number of degrees
of freedom, both the transmitter and the receiver can
be equipped with space-time filters that control the
corresponding beampatterns. Here we tackle the joint
design of the DFRC transmitter and of the radar and

user receivers and formulate a general resource allocation
problem wherein the radar performance is optimized
under constraints concerning the average transmit power,
the transmit beampattern (so as to limit the power leakage
towards specific directions), and the error rate of each
user (so as to safeguard the link quality).

• At the radar side, different directions can be inspected on
each subcarrier, which allows handling multiple targets.
We consider a broad family of merit functions for system
design. This results in a unified design approach, which
allows the system engineer to reconfigure the radar task at
will and, also, to balance the radar performance on each
subcarrier. For example, the considered family includes
the quasi-arithmetic mean of the radar SINRs on each
subcarrier [45]–[47], the weighted-sum of the mutual
information between the received signal and the target
response on each subcarrier [48]–[51], the weighted-sum
of the Fisher information for the delay estimation on
each subcarrier [52], the weighted-sum of the detection
probability of the likelihood ratio-test on each subcar-
rier [53], and the weighted-sum of the two relative
entropies (also known as Kullback-Leibler divergences)
between the distributions of the received signal under the
null hypothesis and its alternative on each subcarrier [54].

• At the communication side, we do not assume full
channel state information at the receiver, and a differential
phase shift keying (DPSK) modulation is considered:
this makes the transmit beampattern independent of the
conveyed message and allows the users to employ an
incoherent receiver for data demodulation. Needless to
say, a coherent modulation scheme could be accounted
for if channel state information were available. Also,
we include in the model a different statistical charac-
terization of the direct and indirect paths reaching each
user.

• Since the considered optimization is not convex,
we derive an iterative algorithm—whose structure
remains unaltered for all of the radar merit functions
in the considered family—to compute a sub-optimal
solution, which is based on the alternating optimization
of the involved variables, a convex restriction of the fea-
sible search set, and the minorization-maximization algo-
rithm. The proposed procedure monotonically increases
the objective function at each iteration and, hence, is
convergent.

• Finally, we offer a set of curves showing some achievable
radar and communication tradeoffs.

B. Organization and Notation

The remainder of the paper is organized as follows.
In Sec. II, the system description is presented. In Sec. III,
the proposed resource allocation problem is formulated and
discussed, while a suboptimal solution is derived in Sec. IV.
In Sec. V, some examples are given to illustrate the achievable
tradeoffs between the radar and the communication operation.
Concluding remarks are provided in Sec. VI. Finally, the
Appendix contains the proofs of some of the presented results.
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In the following, R, R+, and C are the set of real, non-
negative and real, and complex numbers, respectively, while
R̄ = R∪{−∞,∞} and R̄+ = R+∪{∞}. CN and CN×N are
the set of N × 1 vectors and N × N matrices with complex
entries, respectively;( · )∗, ( · )T, and ( · )H denote conjugate,
transpose and conjugate transpose, respectively; IN is the
N × N identity matrix; 1N and 0N are the N × 1 vectors
with all-one and all-zero entries, respectively. Tr{X} is the
trace of the square matrix X; λmin(X) and λmax(X) are the
minimum and maximum eigenvalue of the Hermitian matrix
X , respectively. vec{X} is the vector obtained by stacking
up the columns of X . X � 0 and X � 0 means that X is
Hermitian positive and negative semidefinite, respectively; if
X1 and X2 are Hermitian matrices, then X1 � X2 means
that X1 − X2 � 0. diag({xn}) is the diagonal matrix with
entries x1, . . . , xN on the main diagonal. We interchangeably
use f (x1, . . . , xN ), f (x), and f({xn}) to denote a function
f of x = (x1, . . . , xN )T. f �, f ��, and f ��� are the first,
second, and third derivative of f , respectively. Ck denotes
the differentiability class of order k. f−1, ∇f and ∇2

f are
the inverse function, the gradient and the Hessian of f ,
respectively. �A is the indicator function of the condition A,
i.e., �A = 1, if A holds true, and �A = 0, otherwise in the
notation paragraph. Finally, ⊗ and j indicate the Kronecker
product and the imaginary unit, respectively.

II. SYSTEM DESCRIPTION

We consider an OFDM wireless system consisting of a
DFRC transmitter, a co-located radar receiver, and M commu-
nication users, each equipped with a linear array with closely-
spaced antennas.1 We denote by Nt, Nr, and Nm the number
of antennas at the transmitter, the radar receiver, and the m-th
user, respectively. The OFDM symbol duration is much longer
than the maximum propagation delay, so that a narrowband
assumption holds on each subcarrier [36], [38]. A subset of
K subcarriers is employed to simultaneously implement the
radar and communication functions, while the other ones are
not considered in this work. On each shared subcarrier, the
transmitter aims to illuminate the direction of a prospective
target while broadcasting a message to the users. We resort
here to a DPSK modulation [4] for data transmission; this
is motivated by the facts that an incoherent receiver can
be employed by each user and that the resulting transmit
beampattern is independent of the selected data symbol.

A. Communication Side

A direct path and/or Qm ≥ 0 indirect paths (produced
by as many far-field independent scatterers) can be present
between the transmitter and the m-th user. Accordingly, its
discrete-time received signal on the k-th subcarrier is modeled
as

yk,m = dk

�
βk,m,0 Tr{W H

k,mgk,m(φ̄m,0)sT
k (φm,0)Uk}� �� �

direct link

1The following developments can be also extended to planar arrays.

+
Qm�
q=1

βk,m,q Tr{W H
k,mgk,m(φ̄m,q)sT

k (φm,q)Uk}
� �� �

indirect links

�

+ Tr{W H
k,mZk,m} (1)

where: βk,m,0 ∈ C is the response of the direct path, while
φ̄m,0 and φm,0 are the corresponding angles of arrival and
departure, respectively2; βk,m,q ∈ C, for q = 1, . . . , Qm,
is the response of the q-th indirect path, while φ̄m,q and
φm,q are the corresponding angles of arrival and departure,
respectively; gk,m(ϕ̄) ∈ CNm and sk(ϕ) ∈ CNt are the
receive and transmit steering vectors, respectively, which are
normalized to have entries with unit magnitude; for example,
if a uniform receive array is employed, we have gk,m(ϕ̄) =	
1 e−j2π

fkbm
c sin(ϕ̄) · · · e−j2π

fkbm
c sin(ϕ̄)(Nm−1)


T
, where fk is

the center frequency of the k-th subcarrier, bm is the element
spacing, and c is the speed of light; Uk ∈ CNt×T is the code
matrix employed by the transmitter, which spans T OFDM
symbols; W k,m ∈ CNm×T is the filter employed by the
user; dk ∈ D = {1, ej2π/D, . . . , ej2π(D−1)/D} is the DPSK
symbol to be broadcast, with D being the cardinality of the
constellation D; and Zk,m ∈ C

Nm×T is the disturbance vector.
We assume that βk,m,0 has a random phase, while its

magnitude is deterministic and tied to the pathloss; |βk,m,0| =
0 if no direct link is present, while |βk,m,0| > 0 oth-
erwise. Also, we consider a Swerling I fluctuation model
in each indirect path (as it includes the radar cross-section
of the reflecting object), whereby βk,m,q is modeled as a
circularly-symmetric Gaussian random variable with variance
σ2

β,k,m,q > 0 [55]. Finally, we model the entries of Zk,m as
independent circularly-symmetric Gaussian random variables
with variance σ2

z,k,m > 0.
Upon defining uk = vec{Uk}, wk,m = vec{W k,m},

zk,m = vec{Zk,m}, and Gk,m(ϕ̄, ϕ) = IT ⊗ gk,m(ϕ̄)sT
k (ϕ),

the signal in (1) can be recast as

yk,m = dkhk,m + wH
k,mzk,m (2)

where hk,m =
�Qm

q=0 βk,m,qw
H
k,mGk,m(φ̄m,q, φm,q)uk is the

channel response resulting from the superposition of the all
paths reaching user m on subcarrier k. Notice that hk,m is a
complex random variable, and its magnitude follows a Rice
distribution whose scale and shape parameters are [4]

νk,m = |βk,m,0|2
��wH

k,mGk,m(φ̄m,0, φm,0)uk

��2
+

Qm�
q=1

σ2
β,k,m,q

��wH
k,mGk,m(φ̄m,q, φm,q)uk

��2 (3a)

κk,m =
|βk,m,0|2

��wH
k,mGk,m(φ̄m,0, φm,0)uk

��2�Qm

q=1 σ
2
β,k,m,q

��wH
k,mGk,m(φ̄m,q, φm,q)uk

��2 (3b)

respectively. The parameter νk,m > 0 is the power received
from all paths, while κk,m ≥ 0 provides the ratio of the power
along the direct path to that along the indirect paths.

Assuming that hk,m remains constant over two transmis-
sions, we adopt an incoherent receiver to detect the phase

2Hereafter, all angles of arrival/departure are measured with respect to the
array broadside direction and are positive when moving clockwise.
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offset over consecutive data symbols [4]. We underline that
such a receiver does not require the knowledge of hk,m for
data demodulation. For D = 2, the error probability for the
m-th user on the k-th subcarrier is [56]

Ek,m =
1 + κk,m

2(1 + κk,m + SNRk,m)
exp
 −κk,mSNRk,m

κk,m + SNRk,m

�
(4)

where

SNRk,m =
νk,m

σ2
z,k,m
wk,m
2

(5)

is the signal-to-noise-ratio (SNR). Notice that Ek,m in (4) is
decreasing with both κk,m and SNRk,m (see also [56, Fig. 1]).
For D > 2, an integral expression of the error probability Ek,m

is found in [57, Eq. (5)] and omitted here for brevity; while
this expression is more cumbersome, it still shows that Ek,m

is decreasing with both κk,m and SNRk,m.

B. Radar Side

The radar inspects the direction ψk on subcarrier k and
is aware of the presence of the self-interference (clutter)
produced by J ≥ 0 independent scatterers located in the
directions θ1, . . . , θJ , with θj �= ψk for any j and k. Accord-
ingly, the discrete-time signal received on the k-th subcarrier
is modeled as

yk = dkηk Tr{W H
k gk(ψk)sT

k (ψk)Uk}� �� �
target

+ dk

J�
j=1

αk,j Tr{W H
k gk(θj)sT

k (θj)U k}
� �� �

clutter

+ Tr{W H
k Zk}

(6)

where ηk ∈ C is the response of the target, αk,j ∈ C is the
response of the j-th scatterer, gk(ϕ̄) ∈ C

Nr is the receive
steering vector, W k ∈ CNr×T is the filter employed by the
radar receiver, and Zk ∈ CNr×T is the disturbance vector.3 We
assume a Swerling I fluctuation for both the target and the clut-
ter, whereby ηk and αk,j are independent circularly-symmetric
Gaussian variables with variance σ2

γ,k > 0 and σ2
α,k,j > 0,

respectively [55]; accordingly, the unit-magnitude data symbol
dk can be absorbed into ηk and αk,j and does not play any role
in the implementation of the radar receiver. Also, the entries of
Zk are modeled as independent circularly-symmetric Gaussian
variables with variance σ2

z,k > 0.
Letting wk = vec{W k}, zk = vec{Zk}, and Gk(θj) =

IT ⊗ gk(θj)sT
k (θj), the received signal can be rewritten as

yk = ηkwH
k Gk(ψk)uk +

J�
j=1

αk,jw
H
k Gk(θj)uk + wH

k zk

(7)

3Notice here that we use the same letter y to denote the signal received
by both the user m and the radar. The understating is that the first subscript
indexes the k-th subcarrier, while the second subscript, if present, identifies
the m-th user, and, if absent, the radar receiver. A similar choice is made to
denote the receive steering vector, the additive noise, and the receive filter.

and the corresponding SINR is

SINRk =
σ2

γ,k

��wH
k Gk(ψk)uk

��2�J
j=1 σ

2
α,k,j

��wH
k Gk(θj)uk

��2 + σ2
z,k
wk
2

(8)

for k = 1, . . . ,K . We now consider the following family of
merit functions for system design

f (SINR1, . . . ,SINRK) (9)

where f : RK
+ → R+ is any increasing function that is

either concave or minorized4 at any point x0 ∈ RK
+ by a

concave function ζ( · |x0). Meaningful examples of radar merit
functions will be provided later in Sec. III-A.

The following remarks are now in order. The radar pointing
direction on each subcarrier can be that of a communication
user or of another (prospective) object; likewise, the clut-
ter may be caused by nearby users or other objects. The
radar may inspect different directions on different subcarri-
ers, thus handling multiple targets. Interestingly enough, the
above model and the following design methodology can be
also extended to the case where the radar simultaneously
inspects multiple directions on the same subcarrier employing
as many receive filters: in this case, the family of merit
functions in (9) is modified to account for the individual
SINR’s on all inspected directions across all subcarriers; to
keep the exposition concealed this generalization has been
omitted.

C. Transmit Beampattern

The power radiated by the DFRC transmitter towards ξ on
subcarrier k can be written as

Δk (uk, ξ) =
1
T

��sT
k (ξ)Uk

��2

=
1
T

uH
k

	
IT ⊗ s∗

k (ξ) sT
k (ξ)



uk. (10)

Notice that Δk (uk, ξ) ≤ NtP , where P is the available
power, with equality when all the power is assigned to
subcarrier k (i.e., up = 0Nt for p �= k and 
uk
2/T = P) and
uk ∝ 1T ⊗s∗

k(ξ). It is desirable that the transmit beampattern
in each subcarrier illuminate the directions corresponding to
the prospective target and the connected users, while reducing
the power leakage elsewhere, so as to limit the interference
possibly caused to the radar receiver and to other co-channel
systems operating nearby. We denote by ξk,1, . . . , ξk,Lk

the
directions to be protected on subcarrier k, with ξk,� �= ψk.

III. PROBLEM FORMULATION

We assume here cognition of the surrounding environment,
i.e., that the parameters {φ̄m,q, φm,q}, {|βk,m,0|}, {σ2

β,k,m,q},
{σ2

z,k,m}, {θj}, {σ2
α,k,j}, and {σ2

z,k} can be estimated [14],
[24]; on the other hand, the target powers {σ2

γ,k} may be set
to a nominal value, as usual in radar design.

For a given P , we aim at maximizing a radar merit
function of the form in (9), while guaranteeing a desired

4The function ζ( · |x0) minorizes f at x0 if f(x) ≥ ζ(x|x0), ∀x, and
f(x0) = ζ(x|x0) [58].
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error rate for each user and constraining the transmit beam-
pattern towards specific directions. The design variables are
the transmit code {uk}, which allocate the power across
the subcarriers and shape the transmit beampattern, and the
receiver filters {wk,wk,m}, which provide additional degrees
of freedom for interference management. The problem to be
solved is

max
{uk,wk,wk,m}

f
	�

SINRk(uk,wk)
�


s.t. C1:
1
T

K�
k=1


uk
2 ≤ P

C2: Δk (uk, ξk,�) ≤ δk,�NtP , ∀ k, �
C3: Ek,m(uk,wk,m) ≤ �k,m, ∀ k,m (11)

where δk,� ∈ [0, 1] and �k,m ∈ (0, 1/2). The above formulation
can be readily modified to serve a different set of users
on each subcarrier. For example, if user m only needs to
receive the message sent on the first subcarrier, then the
constraints on the error probability in the other subcarriers
are simply removed; thus an orthogonal frequency division
multiple access (OFDMA) can be obtained as a special case.

Problem (11) is non-convex and hence difficult to solve.
In the remaining part of this section we provide more insights
into Problem (11); then in Section IV we propose a procedure
to compute a suboptimal solution.

A. Examples of Radar Merit Functions

The family reported in (9) encompasses several relevant
merit functions. For example, we can consider the p-th power
mean, with p ≤ 1, of the SINRs on each subcarrier [45]–[47];
in this case we have5

f(x) =

�
K�

k=1

μkx
p
k

�1/p

(12)

where {μk} are positive weights with
�K

k=1 μk = 1, which
can be employed to give different priorities to different
subcarriers. The function in (12) is increasing and its con-
cavity follows from the Minkowski’s inequality [46][Ch. 4,
Th. 9]. Also, its value gets more biased towards its smallest
argument as p is decreased; in particular, it reduces to the
arithmetic mean for p = 1, the geometric mean for p → 0,
the harmonic mean for p = −1, and mink∈{1,...,K} xk for
p→ −∞.

We can also consider the quasi-arithmetic mean (also known
as generalized mean) of the SINRs generated by a contin-
uous strictly monotone function γ : R̄+ → R̄ [45], [46],
so that

f(x) = γ−1

�
K�

k=1

μkγ(xk)

�
. (13)

This function is increasing and subsumes the p-th power mean
for γ(x) = xp and the Geometric mean for γ(x) = lnx; in the

5We adopt the convention that 1
0

= ∞, 1
∞ = 0, and α +∞ = ∞ for any

α ≥ 0; accordingly, for p < 0, f(x) = 0 if xk = 0 for any k ∈ {1, . . . , K}.

other cases, we can prove its concavity by exploiting the fol-
lowing proposition,6 whose proof is provided in Appendix A.

Proposition 1: Let γ : R̄+ → R̄ be a C4 func-
tion that is either strictly increasing and strictly concave
or strictly decreasing and strictly convex. Then f(x) =
γ−1
	�K

k=1 μkγ(xk)



is concave if and only if γ�/γ�� is
convex.

For example, γ(x) = ax, with a ∈ (0, 1), satis-
fies the conditions of Proposition 1, so that the resulting
exponential mean [46], [59] f(x) = loga

	�K
k=1 μka

xk



is concave. Also, γ(x) = a1/x, with a > 1, satis-
fies the conditions of Proposition 1, so that the resulting
radical mean [46] f(x) =

	
loga

	�K
k=1 μka

1/xk


−1

is
concave.

Furthermore, we can consider the weighted sum of the
mutual information between the received signal and the target
response on each subcarrier, that is relevant in target classifi-
cation. In this case, we have [48]–[51]

f(x) =
K�

k=1

μk ln (1 + xk) (14)

which is increasing and concave.
Additionally, we can consider the weighted-sum of the

Fisher information for the delay estimation on each sub-
carrier, which is related to the accuracy in target rang-
ing. In this case, up to an irrelevant scaling factor,
we have [52, cfr. Eq. (35)]

f(x) =
K�

k=1

μkx
2
k

1 + xk
(15)

which is an increasing function. Moreover, since each term
of the summation is convex and, therefore, lower-bounded by
the tangent line, we have that f is minorized at any x0 by the
following concave (in fact, linear) function

ζ(x|x0) =
K�

k=1

μk

�
x2

0,k

1 + x0,k
+

2x0,k + x2
0,k

(1 + x0,k)2
(xk − x0,k)

�
.

(16)

Moreover, we can consider the weighted sum of the detection
probability of the likelihood ratio-test on each subcarrier.
In this case, we have [53]

f(x) =
K�

k=1

μkP
1/(1+xk)
fa,k (17)

where Pfa,k is the probability of false alarm on the k-th
subcarrier. This function is increasing, and, since�

P
1/(1+xk)
fa,k

��
= −P

1/(1+xk)
fa,k lnPfa,k

(1 + xk)2
(18a)

�
P

1/(1+xk)
fa,k

���
= P

1/(1+xk)
fa,k

�
(lnPfa,k)2

(1 + xk)4
+

2 lnPfa,k

(1 + xk)3

�

≥ − (
√

3 − 3)4e
√

3−3

√
3 (lnPfa,k)2

(18b)

6The result of this proposition still holds when the domain of γ is a closed
interval [a, b] ⊆ R̄, and the domain of f is changed accordingly.
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a quadratic lower-bound for each term of the summation is
readily obtained through Taylor’s theorem. Therefore, f is
minorized at any x0 by the following concave function

ζ(x|x0)

=
K�

k=1

μk

�
P

1/(1+x0,k)
fa,k − P

1/(1+x0,k)
fa,k lnPfa,k

(1 + x0,k)2

×(xk−x0,k)− (
√

3 − 3)4e
√

3−3

2
√

3 (lnPfa,k)2
(xk − x0,k)2

�
.

(19)

Finally, denote by H0 and H1 the null hypothesis (i.e.,
no target is present) and its alternative, respectively. We can
consider the weighted-sum of the two relative entropies
between H0 and H1 and between H1 and H0 on each
subcarrier, that can be used to control the average number of
samples needed to make a decision in a sequential probability
ratio test with given probabilities of detection and false alarm.
In this case, we have [54, cfr. Sec. III]

f(x) =
K�

k=1

μkfk(xk) (20)

where fk(xk) = (1−2ωk) ln(1+xk)+xk
ωkxk−(1−2ωk)

1+xk
, with

ωk ∈ [0, 1]. This function is increasing, and, since

f �
k(xk) =

xk(1 + ωkxk)
(1 + xk)2

(21a)

f ��
k (xk) =

1 − (1 − 2ωk)xk

(1 + xk)3
≥ − (1 − 2ωk)3

27(1 − ωk)2
(21b)

each term of the summation is convex, if ωk ≥ 1/2. Therefore,
f is minorized at any x0 by the following concave function

ζ(x|x0)

=
K�

k=1

μk

�
fk(x0,k) + f �

k(x0,k)(xk − x0,k)

− (1 − 2ωk)3

54(1 − ωk)2
(xk−x0,k)2�{ωk<1/2}

�
. (22)

B. Handling the Error Probability Constraint

Varying uk and/or wk,m may have opposite effects on
κk,m and νk,m in (3); accordingly, the best tradeoff in terms
of the error probability is in general not simple to assess.
Interestingly, the dependency of Ek,m upon uk and wk,m

simplifies when κk,m = ∞ and κk,m = 0, as discussed next.
If κk,m = ∞, then only a direct path is present and no

signal fading is observed; in this case, we have

Ek,m =
1
2
e−SNRd

k,m (23)

for D = 2, and7

Ek,m ≈ 2Q
��

SNRd
k,m sin2 π

D

�
(24)

7DPSK loses about 3 dB with respect to the coherent PSK at large SNR’s,
and, in this regime, the nearest neighbor approximation to the error probability
of the coherent PSK is tight.

forD > 2 and SNRd
k,m � 1, whereQ(x) = 1√

2π

�∞
x

e−t2/2dt
and

SNRd
k,m =

|βk,m,0|2
��wH

k,mGk,m(φ̄m,0, φm,0)uk

��2
σ2

z,k,m
wk,m
2
. (25)

If κk,m = 0, then only the indirect paths are present and
Rayleigh fading is observed; in this case, we have

Ek,m =
1

2(1 + SNRi
k,m)

(26)

for D = 2, and [60]

Ek,m ≤ 2π − 2π
D + sin 2π

D

2πSNRi
k,m sin2 π

D

(27)

for D > 2, where

SNRi
k,m =

�Qm

q=1 σ
2
β,k,m,q

��wH
k,mGk,m(φ̄m,q, φm,q)uk

��2
σ2

z,k,m
wk,m
2
.

(28)

For any uk and wk,m, κk,m = ∞ if the transmitter and
user m are in the line of sight and no close scatterers are
present, while κk,m = 0 if an obstacle blocks the direct
path and nearby scatterers redirect the signal emitted by
the transmitter towards user m. In all other cases, we can
sub-optimally force κk,m to be either ∞ or 0 by operating
on the receive filter wk,m, assuming that sufficient degrees
of freedom are available. To be more specific, κk,m can be
set equal to infinity by choosing wk,m in the null space
of the matrices {GH

k,m(φ̄m,q, φm,q)}Qm

q=1, so as to zero-force
the indirect signals: this is possible if the number of receive
antennas is greater than the number of indirect paths (i.e.,
Nm > Qm). Similarly, κk,m can be set equal to zero by
choosing wk,m in the null space of GH

k,m(φ̄m,0, φm,0), so as to
zero-force the direct signal: this is possible if the user has two
or more antennas. Clearly, forcing κk,m ∈ {0,∞} amounts to
adding a constraint into the optimization problem, that may
lead to a sub-optimum solution.

If κk,m ∈ {∞, 0}, it is verified from (23)–(28) that upper
bounding Ek,m amounts to lower bounding

SNRk,m =

�
SNRd

k,m, if κk,m = ∞
SNRi

k,m, if κk,m = 0.
(29)

Hence, the problem to be solved becomes

max
{uk,wk,wk,m}

f
	�

SINRk(uk,wk)
�


s.t. C1:
1
T

K�
k=1


uk
2 ≤ P

C2: Δk (uk, ξk,�) ≤ δk,�NtP , ∀ k, �
C3: SNRk,m(uk,wk,m) ≥ ρk,m, ∀m, k
C4: wk,m ∈ Wk,m (30)

where

ρk,m =

�
ρd

k,m, if κk,m = ∞
ρi

k,m, if κk,m = 0
(31)
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Algorithm 1 Proposed Sub-Optimal Solution to Problem (30)

1: Choose ηacc > 0, Imax > 0, and {uk,wk,wk,m}
2: i = 0 and f (0) = f

	�
SINRk

�

3: repeat
4: i = i+ 1
5: Update {uk} by solving (40)
6: Update {wk} as in (44)
7: Update {wk,m} as explained in Sec. IV-C
8: f (i) = f

	�
SINRk

�

9: until f (i) − f (i−1) < ηaccf

(i) or i = Imax

is the minimum SNR required to satisfy the error rate con-
straint for the user m on subcarrier k and Wk,m =

�
wk,m ∈

CTNm : κk,m ∈ {∞, 0}�.
Since the feasible search set of Problem (30) is included in

that of Problem (11), we have the following result.
Proposition 2: The solution to Problem (30) provides a

lower bound to the solution to Problem (11).

IV. PROPOSED ALGORITHM

We compute here a suboptimal solution to (30) by resorting
to an alternating maximization. Starting from a feasible point,
the objective function is maximized with respect to each of the
block variables {uk}, {wk}, and {wk,m}, taken in a cyclic
order, while keeping the other ones fixed at their previous
values. In the following, we discuss in detail the update of
each block variable and the selection of the starting point.
The overall procedure is summarized in Algorithm 1 and
is monotonically convergent, as the value of the objective
function is not decreased at each iteration. We underline here
that convergence to a local/global optimum solution is not
guaranteed as not all sub-problems are optimally solved.

A. Update of the Transmit Code

Upon defining Ψk,1 = σ2
γ,kGH

k (ψk)wkwH
k Gk(ψk) and

Ψk,2 =
�J

j=1 σ
2
α,k,jG

H
k (θj)wkwH

k Gk(θj), the problem to be
solved is

max
{uk}

f

��
uH

k Ψk,1uk

uH
k Ψk,2uk + σ2

z,k
wk
2

��
, s.t. C1, C2, C3

(32)

Notice that the objective function in (32) is non-concave in the
optimization variables, while the constraint C3 is non-convex.

To proceed, Problem (32) is first recast as

max
{uk,xk}

f(x)

s.t. C1, C2, C3

C5:
uH

k Ψk,1uk

uH
k Ψk,2uk + σ2

z,k
wk
2
≥ xk, ∀ k (33)

where x1, . . . , xK are non-negative auxiliary variables and
x = (x1 · · · xK)T. Next, a convex restriction of C3 and C5
is derived. Let {ũk, x̃k} be the optimized variables at the
previous iteration of Algorithm 1. Then, upon defining

Υ k,m =
|βk,m,0|2

σ2
z,k,m
wk,m
2

×Gk,m(φ̄m,0, φm,0)wk,mwH
k,mGH

k,m(φ̄m,0, φm,0)

+
Qm�
q=1

σ2
β,k,m,q

σ2
z,k,m
wk,m
2

×Gk,m(φ̄m,q, φm,q)wk,mwH
k,mGH

k,m(φ̄m,q, φm,q)
(34)

we have [61]

SNRk,m ≥ ũH
k Υ k,mũk + 2�

�
ũH

k Υ k,m (uk − ũk)
�

= 2�
�
ũH

k Υ k,muk

�
− ũH

kΥ k,mũk (35)

where the inequality follows from the fact that SNRk,m =
uH

k Υ k,muk is a convex function of uk. At this point,
we replace C3 with the following tighter constraint

C3R: 2�
�
ũH

k Υ k,muk

�
− ũH

k Υ k,mũk ≥ ρk,m, ∀m, k.
(36)

As to C5, first notice that it is active only when xk > 0,
and, in this case, it can be rewritten as

gk(uk, xk) ≥ uH
k Ψk,2uk + σ2

z,k
wk
2 (37)

where gk(uk, xk) = 1
xk

uH
kΨk,1uk. We now have the follow-

ing result, whose proof is provided in Appendix B.
Proposition 3: Let Ψ ∈ CN×N , with Ψ � 0, and g(u, x) =

1
xuHΨu; then, g : CN × (0,∞) → R is convex.

Then, exploiting the convexity of gk, we have

gk

	
uk, xk


 ≥ gk

	
ũk, x̃k



+�
��

∂gk

	
ũk, x̃k



∂uk

�H

× 	uk − ũk



+
∂gk(ũk, x̃k)

∂xk

	
xk − x̃k


�

=
2
x̃k

��ũH
k Ψk,1uk

�− xk

x̃2
k

ũH
kΨk,1ũk (38)

if x̃k > 0, where the partial derivatives of gk are available
from (58a). Therefore, from (37) and (38), we can replace C5
with the following tighter constraint

C5R:

⎧⎪⎪⎨
⎪⎪⎩

2
x̃k

��ũH
kΨk,1uk

�− xk

x̃2
k

ũH
k Ψk,1ũk

≥ uH
k Ψk,2uk + σ2

z,k
wk
2, ∀ k : x̃k > 0
xk = 0, ∀ k : x̃k = 0.

(39)

We now propose to solve the following restricted problem

max
{uk,xk}

f(x), s.t. C1, C2, C3R, C5R. (40)

If f is concave, then (40) is a convex problem and can
be solved by using standard optimization techniques [61]; in
this case, a solution to (40) is a feasible point for (32); also,
after updating {uk, xk} as in (40), the value of the objective
function in (32) is not decreased.

If f is not concave but it can be minorized at any point by
a concave function, we can sub-optimally solve Problem (40)
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via a minorization-maximization algorithm [58]. Specifically,
starting from x(0) = (x̃1, . . . , x̃K)T, a sequence of feasible
points is generated by the following induction: given x(i−1),
choose x(i) as the solution to the following convex problem

max
{uk,xk}

ζ
	
x|x(i−1)



, s.t. C1, C2, C3R, C5R. (41)

The solution to (41) is a feasible point for (32); also, after
updating {uk, xk} as in (41), we have

f
	
x(i)

 ≥ ζ

	
x(i)|x(i−1)


 ≥ ζ
	
x(i−1)|x(i−1)



= f
	
x(i−1)



(42)

whereby {f(x(i))}i∈N is a non decreasing sequence. Since
solving (40) is part of an alternating-maximization algorithm,
it is not necessary to iterate the maximization of g(x|x(i−1))
in (41) until convergence and we can just proceed to update the
other block variables {wk} and {wk,m} after only one or few
steps of inner minorization-maximization. The assumption that
f(·) be (locally) minorized by a concave function is quite mild
in practice, and, indeed, Sec. III-A lists several meaningful
merit functions possessing such property. Clearly, a possible
difficulty may come from finding the appropriate surrogate
function that minorizes the desired objective function. Indeed,
a good surrogate function should try to closely follow the
shape of the objective function so as to yield a faster con-
vergence rate in the minorization-maximization algorithm; on
the other hand, it should be also possess a simple structure to
reduce the computational cost per iteration.

B. Update of the Radar Receive Filters

The filter wk only comes into play in the objective function.
Since f is increasing, the optimal wk must maximize SINRk.
This problem is separable for each user and subcarrier and
admits a closed form solution. Indeed, we have

SINRk =
σ2

γ,kwH
k Gk(ψk)ukuH

kGk(ψk)wk

wH
kΦk(uk)wk

≤ σ2
γ,kuH

k GH
k (ψk)Φ−1

k (uk)Gk(ψk)uk (43)

where Φk(uk) =
�J

j=1 σ
2
α,k,jGk(θj)ukuH

k Gk(θj) +
σ2

z,kINr , and the upper bound is achieved (up to an irrelevant
scaling factor) when [62]

wk = Φ−1
k (uk)Gk(ψk)uk. (44)

C. Update of the User Receive Filters

Let Πd
k,m be equal to the projector onto the orthogo-

nal complement of the subspace spanned by the vectors
{gk,m(φ̄m,q)}Qm

q=1, if Qm > 0, and to INm otherwise; also, let
Πi

k,m be equal to the projector onto the orthogonal comple-
ment of the subspace spanned by gk,m(φ̄m,0), if |βk,m,0| > 0,
and to INm otherwise; finally, let

Ξk,m =
|βk,m,0|2
σ2

z,k,m

Gk,m(φ̄m,0, φm,0)ukuH
kGH

k,m(φ̄m,0, φm,0)

+
Qm�
q=1

σ2
β,k,m,q

σ2
z,k,m

Gk,m(φ̄m,q, φm,q)ukuH
kGk,m

×H(φ̄m,q, φm,q). (45)

Then, we have the following result, whose proof is reported
in Appendix C.

Proposition 4: If Problem (30) is feasible, then the optimal
wk,m is proportional to the eigenvector corresponding to the
largest eigenvalue of Ξd

k,m =
	
IT ⊗Πd

k,m



Ξk,m

	
IT ⊗Πd

k,m



,

if κk,m = ∞, and of Ξi
k,m =

	
IT ⊗Πi

k,m



Ξk,m

	
IT ⊗Πi

k,m



,

if κk,m = 0, for m = 1, . . . ,M and k = 1, . . . ,K .
According to Proposition 4, we compute here two can-

didate solutions for wk,m; one solution is proportional to
the eigenvector corresponding to the maximum eigenvalue of
Ξd

k,m (so that κk,m = ∞), while the other to the eigenvector
corresponding to the maximum eigenvalue of Ξi

k,m (so that
κk,m = 0). When both solutions are feasible, the one providing
the lower error probability is selected; otherwise, we simply
keep the one which is feasible.

Notice in passing that, by leveraging Proposition 4, we can
also obtain the following side result on the feasibility of C3,
whose proof is reported in Appendix D.

Proposition 5: A necessary condition for the feasibility of
C3 in Problem (30) is 
UH

k s∗
k(φm,0)
 �= 0, if κk,m = ∞, and

maxq∈{1,...,Qm} 
UH
k s∗

k(φm,q)
 > 0, if κk,m = 0, for m =
1, . . . ,M and k = 1, . . . ,K . If Rank{Uk} = Nt, a sufficient
condition for the feasibility of C3 in Problem (30) is

λmin(UkUH
k ) ≥⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ρd
k,mσ

2
z,k,m/Nt

|βk,m,0|2gH(φ̄m,0)Πd
k,mgk,m(φ̄m,0)

, if κk,m = ∞

ρi
k,mσ

2
z,k,m/Nt

maxq |βk,m,q|2gH(φ̄m,q)Πi
k,mgk,m(φ̄m,q)

, if κk,m = 0

(46)

for m = 1, . . . ,M and k = 1, . . . ,K .

D. Selection of the Starting Point

Next we outline a possible method to obtain a starting point
for Algorithm 1. To this end, consider the following problem

max
t,{uk},{wk,m}

t

s.t. C1, C2, C4

C3: SNRk,m(uk,wk,m)/ρk,m ≥ t. (47)

If the optimal t is not lower than 1, then the corresponding
variables {uk} and {wk,m} together with the radar receive
filters {wk} obtained as by-product from (44) are a feasible
point for Algorithm 1. Since (47) is an NP-hard program [63],
we resort here to an alternating maximization of the block
variables {t, uk} and {wk,m}. Given {wk,m}, we can update
{t, uk} by solving the following problem

max
t,{uk}

t, s.t. C1, C2, C3, (48)

which can be tackled, similarly to what was done for
Problem (33), by introducing a convex restriction of C3.
Also, given {t, uk}, we can update {wk,m} as described
in Sec. IV-C. At the beginning, {uk} can be randomly
selected and normalized to meet C1. Also, {wk,m} can be
initialized as follows. First we randomly decide whether user

Authorized licensed use limited to: Universita degli Studi di Napoli Federico II. Downloaded on February 03,2023 at 08:23:44 UTC from IEEE Xplore.  Restrictions apply. 



JOHNSTON et al.: MIMO OFDM DFRC UNDER ERROR RATE AND BEAMPATTERN CONSTRAINTS 1959

TABLE I

k will utilize the direct path or the indirect paths (if both
present) on the k-th subcarrier; if the direct path is used,
then wk,m = (IT ⊗ Πi

k,m)(IT ⊗ gk,m(φ̄m,0)), otherwise,
wk,m = (IT ⊗ Πd

k,m)(IT ⊗ gk,m(φ̄m,q̂)), where q̂ =
maxq∈{1,...,Qm} σ2

β,k,m,q.

V. NUMERICAL ANALYSIS

We consider an OFDM system using a power P = 20 dBW
on the shared subcarriers. The center frequency of the k-th
subcarriers is fk = f0 + (k − 1)Δf, where f0 = 2 GHz and
Δf = 100 KHz, while each array has a uniform element
spacing of c/(2 maxk fk). At the communication side, we set
σ2

z,k,m = −150 dBW and �k,m = �. The users have either
one direct path or two indirect paths (they will be referred to
as the direct and indirect users, respectively) with the corre-
sponding angles of arrival/departure sampled from the uniform
distribution on [−π/3, π/3]. The response of the direct path
is set to have |βk,m,0|2 = −130 dB, while that of the indirect
paths is chosen to have

�Qm

q=1 σ
2
β,k,m,q = −130 dBW. Unless

otherwise stated, we consider two direct and two indirect users.
At the radar side, a different direction randomly chosen in
[−π/3, π/3] is inspected on each subcarrier. Also, we set
σ2

z,k = −150 dBW, σ2
γ,k = −160 dB, and J = 4, while the

strength of each clutter element is assumed to be equal and
adjusted according to a given signal-to-clutter ratio (SCR),
defined as8 SCR = σ2

γ,k/
�J

j=1 σ
2
α,k,j . As to the transmit

beampattern, we set δk,� = δ and Lk = L, while the protected
directions are randomly chosen [−π/3, π/3]. Unless otherwise
stated, we consider L = 6. The other parameters are given
in Table I. Algorithm 1 is implemented with ηacc = 10−4

and Imax = 2000, while the block variables {uk}, {wk}, and
{wk,m} are initialized as in Sec. IV-D; finally, the auxiliary
variable x̃k in Problem (40) is initialize to SINRk.

A. Examples

First we examine the interplay between the radar and
communication operations, which compete here for the same
physical resources. We consider three radar merit functions:
the arithmetic mean, i.e., the merit function in (12) with p = 1;
the detection probability in (17) with Pfa,k = 10−4; and the
relative entropy in (20) with ωk = 0. In all cases, we set
μk = 1/K . Fig. 1 reports these radar merit functions versus
the constraint � on the user error rate for δ = 10−6, 10−3, 1;
two SCRs are considered, namely, −20 dB and 20 dB. The
curves are obtained by averaging over 10 problem instances.

8The parameter SCR is the ratio between the power of the target response
and the sum-power of the response of each clutter element; accordingly, it does
not account for the combined effects of the transmit and receive filters.

Fig. 1. Arithmetic mean of the radar SINRs (top), probability of detection
with Pfa,k = 10−4 (middle), and the relative entropy with ωk = 0 (bottom)
vs. the constraint � on the user error rate for δ = 10−6, 10−3, 1 for an SCR
of −20 dB (left) and 20 dB (right).

A lower objective is attained when δ and/or SCR decrease,
since the system consumes more degrees of freedom to
reduce the power leakage towards the clutter and the protected
directions; notice here that δ = 1 is tantamount to removing
C2. There is an evident trade-off between the radar and com-
munication performance; in particular, the radar performance
sharply drops when � gets lower than 10−5, as most of the
system resources are employed for data transmission; instead,
the communication function only marginally restrains the radar
performance if � is larger than 10−3.5.

For one problem instance included in the top-left plot of
Fig. 1, we now visualize the optimized transmit and receive
beampatterns in one subcarrier when � = 10−5 and δ = 10−6.
The transmit beampattern is defined as in (10), while the
radar and user receive beampatterns are 
W H

k gk(ξ)
2/T and

W H

k,mgk,m(ξ)
2/T , respectively. Fig. 2 depicts the transmit
beampattern (black, solid); the vertical lines indicate the loca-
tions of the clutter (orange, dashed) and protected directions
(red, dash dot), in the top plot, and the locations of the radar
target (green, solid) and of the direct (blue, dotted) and indirect
(blue, solid) users, in the bottom plot. It is verified by inspec-
tion that the transmit beampattern peaks at the target location
and has nulls at the protected directions. The indirect users are
allocated significant power since they require a large SNR to
achieve the specified error rate, while it suffices to serve the
direct users by sidelobes—the required � = 10−5 corresponds
to SNR ≈ 10 dB for direct users and SNR ≈ 40 dB for
indirect users. For the same scenario considered in Fig. 2,
Fig. 3 shows (top) the radar receive beampattern with clutter
(orange, dashed) and target (green, solid) directions superim-
posed and (bottom) the receive beampattern of one indirect
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Fig. 2. Transmit beampattern (black, solid) on one subcarrier for one problem
instance included in the top-left plot of Fig. 1, when � = 10−5, δ = 10−6 ,
and SCR = −20 dB. Here, the top plot shows the transmit beampattern along
with the clutter (orange, dashed) and protected (red, dash dot) directions, while
the bottom plot shows the transmit beampattern along with the target (green,
solid) and user (blue) directions. There are two direct (blue, dotted) and two
indirect (blue, solid) users with two indirect paths each; the indirect users are
distinguished by the markers.

Fig. 3. Receive beampatterns (black, solid) on one subcarrier for one problem
instance included in the top-left plot of Fig. 1, when � = 10−5, δ = 10−6 ,
and SCR = −20 dB. The top plot shows the radar receive beampattern
along with the target (green, solid) and clutter (orange, dashed) directions;
the bottom plot shows to the receive beampattern of one indirect user along
with its receive directions (blue, solid).

user with the direction of the received paths superimposed.
The radar receive beampattern peaks at the target location and,
together with the transmit beampattern, concurs to mitigate the
clutter: indeed, for each clutter direction, we may have a null
in the transmit beampattern, a null in the receive beampattern,
or sufficiently low values in both beampatterns. The user’s
receive beampattern instead only emphasizes the two indirect
paths.

For another problem instance included in the top-left plot of
Fig. 1, Fig. 4 shows the effect of decreasing � (the constraint
on user error rate) on the transmit beampattern obtained in the
first subcarrier. Here the line styles match those of Fig. 2 and
δ = 10−6. When � = 10−2, the mainlobe is centered on the
target. Instead, when � = 10−5, there are three lobes of similar
height directed toward the target and indirect users. Some of
the power that was directed toward the radar in the former
case has been reallocated to the indirect users in the latter.

Fig. 4. Transmit beampattern (black, solid) on one subcarrier for one problem
instance in the top-left plot of Fig. 1, when � = 10−2, 10−5, δ = 10−6

and SCR = −20 dB. The target (green, solid) and user (blue) directions
are superimposed, including two direct (blue, dotted) and two indirect (blue,
solid) users with two indirect paths each. The indirect users are distinguished
by the markers.

Fig. 5. Arithmetic mean of the radar SINRs versus the true SCR, when
� = 5 × 10−6, δ = 10−3, and the system is optimized for an SCR of
−20, −10, 0, 10, and 20 dB.

We now study the mismatch loss when the true SCR is
different from the one employed for design. Fig. 5 reports
the arithmetic mean of the radar SINRs versus the true SCR,
when � = 10−5, δ = 10−6, and the system is optimized for a
nominal SCR of −20,−10, 0, 10, 20 dB. Using a nominal
SCR of −20 dB yields a quite robust design; indeed, the
optimization prioritizes nulling the clutter directions, thus
making the true strength of the clutter less consequential.
When instead the design SCR is 20 dB, the objective function
decays rapidly as the true SCR decreases, while becoming
only slightly favored when the true SCR is 20 dB or greater.

Next, we vary the number of connected users when � =
10−5, δ = 10−4, SCR = −20 dB, and L ∈ {0, 2, 4}. Fig. 6
reports the arithmetic mean of the radar SINRs when there
are 4 direct users and M is increased up to 8 by adding either
indirect users (dashed) or direct users (solid). Adding indirect
users causes a severe performance loss; indeed, for the same
error rate, the indirect users requires more physical resources
than the direct ones to counteract the channel fading.

Authorized licensed use limited to: Universita degli Studi di Napoli Federico II. Downloaded on February 03,2023 at 08:23:44 UTC from IEEE Xplore.  Restrictions apply. 



JOHNSTON et al.: MIMO OFDM DFRC UNDER ERROR RATE AND BEAMPATTERN CONSTRAINTS 1961

Fig. 6. Arithmetic mean of the radar SINRs vs number of users M for
L = 0, 2, 4 when � = 10−5, δ = 10−4, and SCR = −20 dB. The solid and
dashed lines are generated by adding direct and indirect users, respectively.

Fig. 7. p-power mean of the radar SINRs versus (sorted) subcarrier for
p = −20,−10,−5,−1, 1, when � = 4.75 × 10−5, δ = 10−3, and
SCR = −20 dB. Here, subcarrier 1 corresponds to the subcarrier with
minimum SINR, and 4 corresponds to that with maximum SINR.

Finally, we consider the merit function in (12), and we
assess the effect of changing p on the individual radar SINRs
on each subcarrier. For p ∈ {−20,−10,−5,−1, 1}, we run
the Algorithm 1 for 10 instances when � = 4.75 × 10−5,
δ = 10−3, and SCR = −20 dB; then we compute the average
highest SINR obtained by a subcarrier in each instance, the
second-highest SINR, and so on. Fig. 7 reports these averages
for each p. It is seen a smaller p better safeguards the radar
operation in the less favorable subcarrier at the price of some
performance loss in the most favorable one.

VI. CONCLUSION

In this manuscript, we have considered an OFDM-DFRC
system employing a DPSK modulation. We have selected the
transmit waveforms and the receive filters to maximize the
radar performance under constraints on the average radiated
power, the error rate of each user, and the beampattern level
towards specific directions. The system design results in a non-
convex problem, which has been suboptimally solved via an

iterative procedure based upon an alternating maximization
of the involved variables, a convex restriction of the feasi-
ble search set, and the minorization-maximization algorithm.
Remarkably, the proposed procedure can be used for a broad
family of radar merit functions. The numerical analysis has
illustrated the achievable system tradeoffs and the effect of
the prior uncertainty on the target strength.

Future developments may consider the use of reconfig-
urable intelligent surfaces to reach blind spots or create
additional indirect paths, and the use of a differential space-
time-frequency code to exploit frequency diversity. Also, the
system design when the users simultaneously exploit both
direct and indirect signals is an open problem that requires
further investigation.

APPENDIX

Here we provide the proofs of Propositions 1, 3, 4, and 5.

A. Proof of Proposition 1

Let y =
�K

i=1 μiγ(xi), so that f(x) = γ−1(y). Exploiting
the formula for the derivative of the inverse function, we have

∂f(x)
∂xi

=
μiγ

�(xi)
γ� (γ−1(y))

(49a)

∂2f(x)
∂x2

i

=
μiγ

��(xi)
γ� (γ−1(y))

− μ2
i [γ�(xi)]

2
γ��
	
γ−1(y)



[γ� (γ−1(y))]3

(49b)

∂2f(x)
∂xi∂xj

= −μiμjγ
�(xi)γ�(xj)γ��

	
γ−1(y)



[γ� (γ−1(y))]3

(49c)

so that the Hessian matrix is

∇2
f (x) =

1
γ� (γ−1(y))

diag
	{μiγ

��(xi)}

− γ��

	
γ−1(y)



[γ� (γ−1(y))]3

×

⎛
⎜⎝μ1γ

�(x1)
...

μKγ(xK)

⎞
⎟⎠	μ1γ

�(x1) · · · μKγ(xK)



(50)

that is negative semidefinite for any x ∈ R̄K if and only if

zT∇2
f (x)z

=
1

[γ� (γ−1(y))]3

�&
γ�
	
γ−1(y)


'2 × K�
i=1

μiγ
��(xi)z2

i

−γ�� 	γ−1(y)

� K�

i=1

μiγ
�(xi)zi

�2�
≤ 0

(51)

for all z ∈ RK and any x ∈ R̄K .
In order to prove (51), we follow and generalize the

approach in [45, Ch. III, Sec. 16], where the convexity of
f (instead of the concavity) is proven under the condition
that γ ∈ C4 is strictly positive, strictly increasing, and strictly
convex. In particular, since either γ�(x) > 0 and γ��(x) < 0 for
all x ∈ R̄, or γ�(x) < 0 and γ��(x) > 0 for all x ∈ R̄,
inequality (51) holds if and only if, for any x ∈ R̄K ,&
γ�
	
γ−1(y)


'2
|γ�� (γ−1(y)) | ≥

��K
i=1 μiγ

�(xi)zi

�2

�K
i=1 μi|γ��(xi)|z2

i

, ∀z ∈ R
K . (52)
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Now, by the Cauchy-Schwarz inequality, we have that�
K�

i=1

μiγ
�(xi)zi

�2

=

⎛
⎝ K�

i=1

zi

(
μi|γ��(xi)|

)
μi [γ�(xi)]

2

|γ��(xi)|

⎞
⎠2

≤
K�

i=1

μi|γ��(xi)|z2
i

K�
i=1

μi
[γ�(xi)]

2

|γ��(xi)| (53)

with equality if and only if zi is proportional to γ�(xi)
|γ��(xi)| .

Therefore, condition (52) holds if and only if&
γ�
	
γ−1(y)


'2
|γ��(γ−1(y))| ≥

K�
i=1

μi
[γ�(xi)]

2

|γ��(xi)| , ∀x (54)

which, upon defining g(y) =
&
γ�
	
γ−1(y)


'2
/
&|γ��(γ−1(y))|'

and recalling that y =
�K

i=1 μiγ(xi), becomes

g

�
K�

i=1

μiγ(xi)

�
≥

K�
i=1

μig(xi), ∀x ∈ R̄
K . (55)

This is a concavity condition on g that, since γ ∈ C4,
is satisfied if and only if g��(y) ≤ 0, for all y. Finally, since

g�(y) = − d

dx

γ�(x)
γ��(x)

����
x=γ−1(y)

− 1 (56a)

g��(y) = − 1
γ�(x)

d2

dx2

γ�(x)
γ��(x)

����
x=γ−1(y)

(56b)

if γ�(x) > 0 and γ��(x) < 0 for all x ∈ R̄, and

g�(y) =
d

dx

γ�(x)
γ��(x)

����
x=γ−1(y)

+ 1 (57a)

g��(y) =
1

γ�(x)
d2

dx2

γ�(x)
γ��(x)

����
x=γ−1(y)

(57b)

if γ�(x) < 0 and γ��(x) > 0 for all x ∈ R̄, we have that g is
concave if and only if γ�/γ�� is convex.

B. Proof of Proposition 3

The function g is twice-differentiable with

∇g(u, x) =
�

2
xΨu

− 1
x2 uHΨu

�
(58a)

∇2
g(u, x) =

2
x

�
Ψ − 1

xΨu
− 1

xuHΨ 1
x2 uHΨu

�
. (58b)

Since Ψ � 0 and

(IN − ΨΨ †)
�
− 1
x

Ψu

�
= 0N (59a)

1
x2

uHΨu −
�

1
x

uHΨ

�
Ψ †
�

1
x

Ψu

�
= 0 (59b)

we conclude that ∇2
g(u, x) � 0 for any u ∈ CN and x >

0 [61, Sec. A.5.5], so that g is convex.

C. Proof of Proposition 4

The filter wk,m only comes into play in C3 and C4. Assume
first that κk,m = ∞. For any feasible uk, the optimal wk,m

must maximize SNRk,m under the constraint set Wd
k,m =�

wk,m ∈ C
TNm : κk,m = ∞�. Notice now that

max
wk,m∈Wd

k,m

SNRk,m = max
wk,m∈Wd

k,m

wH
k,mΞk,mwk,m


wk,m
2

= max
wk,m∈Wd

k,m

wH
k,mΞd

k,mwk,m


wk,m
2

≤ λmax(Ξd
k,m). (60)

In the above derivations, the first equality follows from (25),
(29), and (45); the second equality is a consequence of the
fact that

	
IT ⊗Πd

k,m



wk,m = wk,m if wk,m ∈ Wd

k,m; finally,
the last inequality is tight when wk,m is proportional to the
eigenvector corresponding to the largest eigenvalue of Ξd

k,m.
The result for κk,m = 0 follows by similar arguments.

D. Proof of Proposition 5

Upon solving for the optimal wk,m as reported in Proposi-
tion 4, the constraint C3 can be reformulated as�

λmax(Ξd
k,m) ≥ ρd

k,m, if κk,m = ∞
λmax(Ξi

k,m) ≥ ρi
k,m, if κk,m = 0

, ∀k,m. (61)

If κk,m = ∞, then we have

λmax(Ξd
k,m) =

|βk,m,0|2
σ2

z,k,m

���IT ⊗ Πd
k,m

�
× 	IT ⊗ gk,m(φ̄m,0)sT

k (φm,0)


uk

��2

=
|βk,m,0|2
σ2

z,k,m

gH
k,m(φ̄m,0)Πd

k,mgk,m(φ̄m,0)

×uH
k

	
IT ⊗ s∗

k(φm,0)sT
k (φm,0)



uk

=
|βk,m,0|2
σ2

z,k,m

gH
k,m(φ̄m,0)Πd

k,mgk,m(φ̄m,0)

×Tr{UH
k s∗

k(φm,0)sT
k (φm,0)Uk}. (62)

The above derivations show that we must necessarily have
UH

ks∗
k(φm,0) �= 0Nt , as otherwise λmax(Ξk,m) = 0. Also,

if rank{Uk} = Nt, we can write [64]

λmax(Ξd
k,m) ≥ Nt|βk,m,0|2

σ2
z,k,m

λmin(UkUH
k )

×gH
k,m(φ̄m,0)Πd

k,mgk,m(φ̄m,0) (63)

and C3 can be satisfied if (46) holds.
If κk,m = 0, from the Weyl’s Theorem [64] we have

λmax(Ξi
k,m) ≤

Qm�
q=1

σ2
β,k,m,q

σ2
z,k,m

gH
k,m(φ̄m,q)Πi

k,mgk,m(φ̄m,q)

×Tr{UH
k s∗

k(φm,q)sT
k (φm,q)U k} (64a)

λmax(Ξi
k,m) ≥ max

q

σ2
β,k,m,q

σ2
z,k,m

gH
k,m(φ̄m,q)Πi

k,mgk,m(φ̄m,q)

×Tr{UH
k s∗

k(φm,q)sT
k (φm,q)U k}. (64b)

The above inequalities show that we must necessarily have
UH

ks∗
k(φm,q) �= 0Nt for at least one indirect path q ∈

{1, . . . , Qm}. Also, if rank{Uk} = Nt, we can write [64]

λmax(Ξi
k,m) ≥ max

q

Ntσ
2
β,k,m,q

σ2
z,k,m

λmin(UkUH
k )

×gH
k,m(φ̄m,q)Πi

k,mgk,m(φ̄m,q) (65)

and C3 can be satisfied if (46) holds.
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