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In the present article we construct new families of free and nearly free curves starting from a plane
cubic curve C and adding some of its hyperosculating conics. We present results that involve nodal
cubic curves and the Fermat cubic. In addition, we provide new insight into the geometry of the 27
hyperosculating conics of the Fermat cubic curve using well-chosen group actions.

1 Introduction
In a recent paper [8], the authors have constructed new examples of free and nearly free arrangements
consisting of smooth plane curves and (high-order) inflectional lines. There seems to be a general
pattern that arrangements of (smooth) curves with a high order of contact between them lead to new
examples of free curves with beautiful geometry. In this paper, we illustrate this fact by constructing
new examples of free and nearly free arrangements consisting of a plane cubic curve, most of the time
the Fermat cubic or a nodal cubic, and hyperosculating conics, which are defined in Section 2. We
present in Section 3 results providing a complete characterization of the free arrangements that can be
constructed using a nodal cubic and k hyperosculating conics, with 1 ≤ k ≤ 3; see Theorem 3.3. Then,
in Section 4, we construct many new examples of free and nearly free arrangements using the Fermat
cubic curve and the associated 27 hyperosculating conics. Our computations are supported by SINGULAR
[6]. Moreover, we provide new insight into the geometry of the 27 hyperosculating conics of the Fermat
cubic curve using well-known group actions. In particular, we show that these 27 hyperosculating conics
can be partitioned into 9 classes, such that two conics are in the same class if and only if they are tangent
to each other at exactly one point; see Proposition 4.7. This result allows us to obtain free curves from
the Fermat cubic C by adding 2 (resp. 3) hyperosculating conics that are tangent to each other; see
Theorem 4.9 (resp. Theorem 4.10). Verification of all symbolic computations performed can be done
with the code available at [15].
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2 Preliminaries
Let S = C[x, y, z] be the graded polynomial ring in three variables x, y, z with complex coefficients. Let
C : f = 0 be a reduced curve of degree d in the complex projective plane P

2. We denote by Jf = (fx, fy, fz)

the Jacobian ideal of f , that is, the homogeneous ideal in S spanned by the partial derivatives fx, fy, fz of f .
Consider the graded S-module of Jacobian syzygies of f , namely

AR(f ) =
{
(a, b, c) ∈ S3 : afx + bfy + cfz = 0

}
.

Let mdr(f ) := min{k : AR(f )k �= (0)} denote the minimal degree of a Jacobian syzygy for f . As mdr(f ) = 0
implies that the curve C is a union of lines, in this paper we may assume that mdr(f ) ≥ 1.

We say that C : f = 0 is a m-syzygy curve if the S-module AR(f ) is minimally generated by m
homogeneous syzygies, r1, r2, . . . , rm, of degree di = deg ri, ordered such that

1 ≤ d1 ≤ d2 ≤ . . . ≤ dm.

The multiset (d1, d2, . . . , dm) is called the exponents of the plane curve C.
Some of the m-syzygy curves have been carefully studied, and we refer to [5] and [9] for the details.

Definition 2.1. A 2-syzygy curve C is said to be free, and in that case we have d1 + d2 = d − 1.

Remark 2.2. The name free curve in Definition 2.1 follows from the fact that, for such a curve, the
S-module AR(f ) is a free S-module of rank 2.

Definition 2.3. A 3-syzygy curve C is said to be nearly free exactly when d3 = d2 and d1 + d2 = d.

In order to check whether a given curve is either free or nearly free we can use the below criteria; see
[7, Corollary 1.2 and Theorem 1.3]. For a given reduced plane curve C : f = 0 of degree d we denote by
τ(C) the total Tjurina number of C, that is, the degree of the Jacobian ideal Jf . To simplify notation, let
r := mdr(f ) = mdr(C). In order to decide whether our curve is either free or nearly free, we will use the
following results.

Theorem 2.4 ([7, Corollary 1.2]). A reduced plane curve C is free if and only if r ≤ (d − 1)/2 and

r2 − r(d − 1) + (d − 1)2 = τ(C).

Theorem 2.5 ([7, Theorem 1.3]). A reduced plane curve C is nearly free if and only if

r2 − r(d − 1) + (d − 1)2 = τ(C) + 1.

Remark 2.6. Note that we can express the exponents for free and nearly free curves using r and d.
More precisely, if C is free, then (d1, d2) = (r, d−1−r). If C is nearly free, then d2 = d3, so we follow
the established convention and list only the first two exponents, namely (d1, d2) = (r, d − r).

Let us now recall some facts about inflection points and then about sextactic points of a plane curve
C. If p ∈ C is a smooth point of this curve, and TpC denotes the projective line tangent to C at p, then p
is an inf lection point if (C, TpC)p ≥ 3, where (C, TpC)p denotes the intersection multiplicity of the curves C
and TpC at the common point p. It is well known that the inflection points of a curve C are contained in
the intersection of the curve with the associated Hessian curve, H(C), with defining polynomial

h = det

⎛
⎜⎝

fxx fxy fxz

fxy fyy fyz

fxz fyz fzz

⎞
⎟⎠ . (2.1)

Cayley proved in [2] that for every smooth point p on a curve C of degree d ≥ 3 there exists a unique
conic Qp with the property that (C, Qp)p ≥ 5, called the osculating conic at p; see Definition 2.9. When
(C, Qp)p ≥ 6, p is called a sextactic point, and Qp is called the hyperosculating conic at p.
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The set of sextactic points of a plane curve C is obtained by intersecting C with some other curve. In
[3], Cayley computed a polynomial with the property that the sextactic points of C are contained in the
intersection of C and its zero set, referred to as the second Hessian of C, H2(C). The set of intersection
points of C and H2(C) contains not only sextactic points, but also singular points and higher order
inflection points.

Remark 2.7. The formula that Cayley provided was corrected in [12], to which we refer for the
proofs of Cayley Theorem stated above.

We have the following definitions and notations, making Cayley Theorem true.

Definition 2.8. Let C : f = 0 be a plane curve of degree d. Then, its second Hessian H2(C) is a curve
of degree 12d − 27 with the defining polynomial

(12d2 − 54d + 57)h Jac(f , h, �h) + (d − 2)(12d − 27)h Jac(f , h, �f ) − 20(d − 2)2 Jac(f , h, �),

where for polynomials f , g, h we define

Jac(f , g, h) = det

⎛
⎜⎝

fx fy fz

gx gy gz

hx hy hz

⎞
⎟⎠ . (2.2)

Note that only the latter term is a proper Jacobian determinant, with

� = − det

⎛
⎜⎜⎜⎝

0 hx hy hz

hx fxx fxy fxz

hy fxy fyy fyz

hz fxz fyz fzz

⎞
⎟⎟⎟⎠ .

Denote by Hess(·) the classical Hessian matrix, then in the first two terms

� = tr(Hess(C)adj · Hess(H)),

that is, it is the scalar product

� =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

fyyfzz − f2
yz

fxxfzz − f2
xz

fxxfyy − f2
xy

fxyfxz − fxxfyz

fxyfyz − fyyfxz

fxzfyz − fzzfxy

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

T ⎛
⎜⎜⎜⎜⎜⎜⎜⎝

hxx

hyy

hzz

2hyz

2hxz

2hxy

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

and for a variable w ∈ {x, y, z}, we obtain

(�f )w =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

(fyyfzz − f2
yz)w

(fxxfzz − f2
xz)w

(fxxfyy − f2
xy)w

(fxyfxz − fxxfyz)w

(fxyfyz − fyyfxz)w

(fxzfyz − fzzfxy)w

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

T ⎛
⎜⎜⎜⎜⎜⎜⎜⎝

hxx

hyy

hzz

2hyz

2hxz

2hxy

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,
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(�h)w =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

fyyfzz − f2
yz

fxxfzz − f2
xz

fxxfyy − f2
xy

fxyfxz − fxxfyz

fxyfyz − fyyfxz

fxzfyz − fzzfxy

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

T ⎛
⎜⎜⎜⎜⎜⎜⎜⎝

(hxx)w

(hyy)w

(hzz)w

(2hyz)w

(2hxz)w

(2hxy)w

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

Definition 2.9 ([2, Section 15]). Let C : f = 0 be a plane curve of degree d and let �, h and � be
defined as in Definition 2.8. Define the polynomial � = −3�h + 4�. If a point p ∈ C is neither
an inflection point nor singular, then the osculating conic Qp at p is defined as a zero set of the
polynomial

D2
f (p) −

(
2Dh(p)

3h(p)
+ �(p)Df (p)

)
Df (p), (2.3)

where for any polynomial f and point p we have

Df (p) = xfx(p) + yfy(p) + zfz(p),

D2
f (p) = x2f2

x (p) + 2xy(fxfy)(p) + y2f2
y (p) + 2xz(fxfz)(p) + 2yz(fyfz)(p) + z2f2

z (p).

3 Nodal Cubics and Hyperosculating Conics
The first main result of this article is devoted to irreducible nodal cubics. It is well known that all
nodal cubics are projectively equivalent, and the number of sextactic points on a nodal cubic can be
determined by the following theorem [4, Chapter VI, Theorem 17].

Theorem 3.1 (Coolidge). If an irreducible plane curve C of degree d and geometric genus g has
only n nodes and k simple cusps as singularities, and its dual C∗ has again only nodes and cusps
as singularities, then the number of sextactic points is

3(d2 − 2n − 3k + 6(g − 1)).

By the theorem, observe that if C is a nodal cubic, then we have d = 3, n = 1 and g = k = 0, hence C has
exactly 3 sextactic points and 3 hyperosculating conics. Note also that a cubic with a cusp singularity
does not admit sextactic points.

We take the nodal cubic given by

E : x3 + y3 − xyz = 0. (3.1)

Now we can determine the three sextactic points by direct computations of E and H2(E), or alternatively
as in [13, ], and get

s1 = (1 : 1 : 2), s2 = (ω : ω2 : 2), s3 = (ω2 : ω : 2),

where ω = e2π i/3. Moreover, we can determine the corresponding hyperosculating conics, namely

• Q1 : 21(x2 + y2) − 22xy − 6(x + y)z + z2 = 0;
• Q2 : 21(ωx2 + ω2y2) − 22xy − 6(ω2x + ωy)z + z2 = 0;
• Q3 : 21(ω2x2 + ωy2) − 22xy − 6(ωx + ω2y)z + z2 = 0.
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We can check via a direct calculation that each pair of conics Qi, Qj with i �= j intersects along 4 nodes,
and each point si, where curves E and Qi meet, delivers an A11-singularity. The A11-singularity occurs
since at the point si we have two smooth branches with contact of order 6.

Remark 3.2. The nodal cubic E : x3 + y3 − xyz = 0 has a cyclic group of order 3 leaving it invariant,
namely the group H generated by

w : (x : y : z) → (ωx : ω2y : z).

With s1, s2, s3 the sextactic points on E, observe that ws1 = (ω : ω2 : 2) = s2, ws2 = (ω2 :
ω : 2) = s3, and ws3 = (1 : 1 : 2) = s1, hence the 3 points form an H-orbit. Similarly,
for the hyperosculating conics Q1, Q2, Q3, wQ1 = Q2, wQ2 = Q3, and wQ3 = Q1, hence the
hyperosculating conics also form an H-orbit. Moreover, the group H acts transitively on the
set of pairs (Qi, Qj) of hyperosculating conics. This remark simplifies a lot the computations,
for example, in order to check that each pair of conics Qi, Qj with i �= j intersects along 4 nodes,
it is enough to verify this property for the pair (Q1, Q2).

Having this preparation done, we can describe the exponents of the curve obtained from a nodal
cubic and any number of hyperosculating conics.

Theorem 3.3.
a) If C is an arrangement consisting of a nodal cubic curve and one hyperosculating conic, then

the arrangement is free with exponents (2, 2).
b) If C is an arrangement consisting of a nodal cubic curve and two distinct hyperosculating conics,

then the arrangement is free with exponents (3, 3).
c) If C is an arrangement consisting of a nodal cubic curve and three distinct hyperosculating

conics, then the arrangement is a 4-syzygy curve with exponents (5, 5, 5, 5).

Remark 3.4. If C is the arrangement in Theorem 3.3 c), then C is a maximal Tjurina curve of type
(d, r) = (9, 5) as defined in [10]. A maximal Tjurina curve C′ is the analog of a free curve when
mdr(C′) ≥ deg(C′)/2. The fact that our curve C is indeed maximal Tjurina follows from [10,
Theorem 3.1].

Proof of Theorem 3.3. To prove a) let us consider the arrangement Ci = {E, Qi} of degree d = 5 for
i ∈ {1, 2, 3}. Observe that τ(Ci) = 12, since our arrangement has one A1- and one A11- singularity.

Using SINGULAR we compute r := mdr(Ci) = 2, hence

r2 − r(d − 1) + (d − 1)2 = 22 − 2 · (5 − 1) + (5 − 1)2 = 12 = τ(Ci),

so by Theorem 2.4 the arrangement Ci is free with exponents (d1, d2) = (r, d − 1 − r) = (2, 2) for each
i ∈ {1, 2, 3}.

To prove b), let Ci,j = {E, Qi, Qj} of degree d = 7 with i �= j. Observe that τ(Ci,j) = 27 since we have exactly
5 nodes and 2 singularities of type A11. Moreover, using SINGULAR we can check that r := mdr(Ci,j) = 3,
therefore, again by Theorem 2.4, we have

r2 − r(d − 1) + (d − 1)2 = 32 − 3 · (7 − 1) + (7 − 1)2 = 27 = τ(Ci,j),

so the arrangement Ci,j is free with exponents (d1, d2) = (r, d − 1 − r) = (3, 3) for each pair i �= j.
Finally, for c), let C1,2,3 = {E, Q1, Q2, Q3}. We can check directly, using SINGULAR, that C1,2,3 is a 4-syzygy

curve with (d1, d2, d3, d4) = (5, 5, 5, 5), and this completes our proof. �

Nearly free arrangements can also be constructed using a nodal cubic E and other configurations of
highly tangent conics to E. The following example shows one possible such arrangement.
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6 | A. Dimca et al.

Example 3.5. In this example, we return to the nodal cubic E from (3.1). We recall that s1 = (1 :
1 : 2) is a sextactic point for E, and the corresponding hyperosculating conic is given by

Q1 : 21(x2 + y2) − 22xy − 6(x + y)z + z2 = 0.

At the point p = (2 : 4 : 9) the osculating conic to E is

Q : 2961x2 − 2664xy + 2394y2 − 1104xz − 321yz + 32z2 = 0,

and note that the intersection index at p of curves E and Q is equal to 5. Using SINGULAR, we
can directly check that the conics Q1 and Q intersect along 4 nodes. Consider the arrangement
C = {E, Q1, Q}, which has one singularity of type A11 at s1, one singularity of type A9 at p, and six
points of type A1. This leads to τ(C) = 26, and using SINGULAR we can check that r = mdr(C) =
3, hence

r2 − r(d − 1) + (d − 1)2 = 32 − 3 · (7 − 1) + (7 − 1)2 = 27 = τ(C) + 1;

so by Theorem 2.5 our curve C is nearly free.

4 Smooth Cubics and Hyperosculating Conics
In this section we focus on free arrangements consisting of a single smooth cubic E and its hyperoscu-
lating conics. The first result holds for any smooth cubic E, and it shows that if all the singularities
of the arrangement not on E are nodes, then the arrangement is never free; see Proposition 4.1. The
remaining results in this section concern the arrangements obtained from the smooth Fermat cubic by
adding some of its hyperosculating conics. It is worth noting that some results concerning the geometry
of sextactic points are specific to the Fermat cubic and it may happen that they do not hold for general
elliptic curves.

We know by Coolidge theorem that every smooth cubic curve has exactly 3 · 9 = 27 sextactic points,
and therefore we have exactly 27 hyperosculating conics. An arrangement of curves consisting of a
smooth cubic and k ∈ {1, 2, ..., 27} hyperosculating conics will intersect at the sextactic points of the
smooth cubic and at the intersection points of the conics. The intersections at the sextactic points will,
by Bézout’s theorem, constitute k singularities of type A11. The intersection points of the conics need
to be considered more carefully. Again, by Bézout’s theorem we know that the sum of the intersection
multiplicities at these points is 4 · (k

2

) = 2k(k − 1), but there are different possible configurations of
singularities.

If we take exactly k hyperosculating conics, then the freeness is governed by the 2k(k−1) intersections
among the conics. Let us consider the first situation that can potentially occur, namely when k
hyperosculating conics are intersecting only along nodes.

Proposition 4.1. Let ECk be an arrangement consisting of an elliptic curve E and k ≥ 1 hyperoscu-
lating conics, and assume that the hyperosculating conics are intersecting only along 2k(k − 1)

nodes. Then ECk is never free. In particular, when k = 1 the arrangement EC1 is nearly free with
exponents (2, 3).

Remark 4.2. Note that Proposition 4.7 on page (10) implies that the assumption that the conics
intersect only in 2k(k − 1) nodes holds if and only if k ≤ 9 and the conics are chosen in distinct
sets Pj, sets which are defined in the proof of Proposition 4.7.

Proof. Let ECk : fk = 0 be the defining equation of degree deg(fk) = 2k+3, with k ≥ 1 and r = mdr(fk) > 0.
We discuss first the case k = 1. Then EC1 has one A11-singularity and τ(EC1) = 11. On one hand, by [9],
r ≥ 2 = mdr(e) where e = 0 is the defining equation of E. On the other hand, if r ≥ 3, then by [11, Theorem
3.2] we have the inequality

τ(EC1) ≤ 32 − 3 · (5 − 1) + (5 − 1)2 −
(

3
2

)
= 10,
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which is a contradiction. It means that r = 2 and

r2 − r(d − 1) + (d − 1)2 = 22 − 2 · (5 − 1) + (5 − 1)2 = 12 = τ(EC1) + 1,

hence by Theorem 2.5 arrangement EC1 is nearly free with exponents (2, 3).
Now we treat the case k ≥ 2. We have exactly k singularities of type A11 and 2k(k − 1) nodes, so the

total Tjurina number of ECk is equal to

τ(ECk) = 2k(k − 1) + 11k.

Assume that ECk is free. Then we have

(2k + 2)2 − r(2k + 2) + r2 = τ(ECk) = 2k(k − 1) + 11k.

This is a quadratic polynomial in r,

r2 − r(2k + 2) + 2k2 − k + 4 = 0,

with discriminant

	r = −4k2 + 12k − 12,

which is strictly negative for k ≥ 2. Since by assumption r ∈ N, this is a contradiction. �

Now we pass to the concrete situation where we study the Fermat cubic curve F : x3 + y3 + z3 = 0
and its hyperosculating conics. There are several groups acting on P

2 and leaving the curve F invariant.
Firstly, there is the group G = Z3 × Z3, where the two generators g1 and g2 act by

g1(x : y : z) = (ωx : y : z) and g2(x : y : z) = (x : ωy : z). (4.1)

Then there is the symmetric group S3 acting by permutation of coordinates. We denote by γ ∈ S3 a
3-cycle and by 〈γ 〉 the cyclic subgroup of order 3 generated by γ . Then we put together these actions by
considering the semi-direct products G′ ⊂ G′′, where

G′ ∼= G � 〈γ 〉 and G′′ ∼= G � S3.

An element t in these groups of automorphisms acts on points in P
2 in the obvious way and on

polynomials in S by composition with t−1. Using these actions we can prove the following.

Proposition 4.3. The 27 sextactic points of the Fermat cubic curve correspond exactly to the G′-
orbit of the point

s1 = (1 : 1 : −α),

where α = 3
√

2.

Proof. If the symmetric group S3 acts in a free way on the set of sextactic points of F, we get a
contradiction, since |S3| = 6 does not divide 27, the number of sextactic points.

It follows that some sextactic points of F are fixed under some permutation. Note that the only
points (1 : a : b), with 1 �= a �= b �= 1 and ab �= 0, that are fixed by some permutation in S3 satisfy either
a3 = b3 = 1 or a2 = b2 = 1, but the curve F does not contain any of these points. Moreover, the points of
the form (0 : a : b) are fixed by some transposition, but only when either a = 1 and b = −1 or a = −1
and b = 1. These points are on F, but it can be checked that they are not sextactic points. It follows that
the coordinates of a sextactic point are all non-zero, and two of them are equal. Using our permutation
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8 | A. Dimca et al.

group, we may assume that the equal coordinates are on the first two positions, hence s = (a : a : c). By
dividing by a �= 0 and by asking that s ∈ F, we see that s = (1 : 1 : α0) with α3

0 = −2. Finally, using the
group G we can arrange that α0 = − 3

√
2.

It is clear that the orbit of such an element under the group G′ has exactly 27 elements. An alternative
proof of this result can be obtained using the formula for the second Hessian of F, namely

H2(F) = (x3 − y3)(y3 − z3)(x3 − z3);

see [14] for explanations. �

Example 4.4. Using [12, Theorem 2.1], that goes back to Cayley, we see that the hyperosculating
conic corresponding to the point s1 = (1 : 1 : −α) has the equation

Qs1 : q(1 : 1 : −α) = (x − y)2 − z(α2x + α2y + 2αz) = 0, (4.2)

for α = 3
√

2. To get the equations for all the other hyperosculating conics, we apply the elements of
the group G′ to Equation 4.2. For instance, to get the equation of the conic Qs2 corresponding
to the sextactic point s2 = (1 : −α : 1) we use the 2-cycle

γ (x : y : z) = (x : z : y)

and get s2 = γ (s1). Then

Qs2 : q(1 : −α : 1)(x, y, z) = q(1 : 1 : −α) · γ −1(x, y, z)

= q(1 : 1 : −α)(x, z, y)

= (x − z)2 − y(α2x + α2z + 2αy) = 0,

(4.3)

since γ −1 = γ in this case. Similarly, to get the equation of the conic Qs3 corresponding to the
sextactic point s3 = (1 : ω : −α), we use the transformation g2 defined in (4.1) which satisfies
s3 = g2(s1). This yields

Qs3 : q(1 : ω : −α)(x, y, z) = q(1 : 1 : −α) · g−1
2 (x, y, z)

= q(1 : 1 : −α)(x, ω2y, z)

= (x − ω2y)2 − z(α2x + α2ω2y + 2αz) = 0.

(4.4)

Our considerations from Example 4.4 lead us to the following corollary.

Corollary 4.5. The group G′ acts freely on the set of hyperosculating conics and on the set of
pairs of hyperosculating conics. In particular, the number of G′-orbits on the set of pairs of
hyperosculating conics is equal to 13.

Proof. The fact that the group G′ acts freely on the set of hyperosculating conics follows from Proposition
4.3 since this set is just a G′-orbit of order |G′| = 27. To prove the claim for the pairs, let {Q, Q′} be a pair
of hyperosculating conics and t ∈ G′ such that {Q, Q′} = {tQ, tQ′}. If Q = tQ it follows from the first part
that t = e. Assume now that Q′ = tQ and Q = tQ′. It follows that t2Q = Q and hence t2 = e. But the group
G′ has odd order 27, and hence it has no element of order 2. The last claim follows from the fact that
the number of pairs of hyperosculating conics is

(
27
2

)
= 27 · 13.

�

In the sequel, we need the following elementary result.
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Lemma 4.6. Let L1 : 
1 = 0 and L2 : 
2 = 0 be two distinct lines in P
2, and let p = L1 ∩ L2. Then any

smooth conic which is tangent to L1 at the point p has an equation of the form

Q : 
1
 + 
2
2 = 0,

where 
 is a linear form in S.

Proof. Without loss of generality, let L1 : x = 0 and L2 : y = 0, and then p = (0 : 0 : 1). A general conic is
given by

Q : ax2 + by2 + cz2 + dxy + exz + fyz = 0,

where a, b, c, d, e, f ∈ C. Since p ∈ Q, we have c = 0. Since the tangent at p is L1, it follows that f = 0. Thus

Q : x(ax + dy + ez) + by2 = 0.

Since Q is smooth, it follows that b �= 0, hence we can take b = 1. �

Having this lemma, we can present our next result.

Proposition 4.7. The 27 hyperosculating conics of the Fermat cubic can be partitioned into 9 sets
Pj for j ∈ {1, . . . , 9}, each set Pj containing 3 conics, such that the following holds:

a) If two conics Q and Q′ belong to the same set Pj, then the intersection Q ∩ Q′ consists of two nodes
A1 and one tacnode A3.

b) If two conics Q and Q′ do not belong to the same set Pj, then the intersection Q ∩Q′ consists of four
nodes A1.

Proof. Note that the equations of the three conics Qs1 given in (4.2), corresponding to each value of −α,
all have the form

(x − y)2 + z
 = 0,

for various linear forms 
. Using Lemma 4.6, with L1 : z = 0 and L2 : x − y = 0, it follows that these 3
conics pass through the point

p1 = (1 : 1 : 0)

and are tangent to the line z = 0. Let P1 denote set of hyperosculating conics that vanish at p1. Observe
that P1 is the set of the form {Qs1 | α3 = 2}, in other words this is the set of all hyperosculating conics
which vanish at p1. Indeed, such a conic must be in the ideal generated by (x − y) and z, and, with this
remark in hand, Example 4.4 proves this claim. The orbit of the point p1 under the action of G′ or G′′

consists of the following 9 points:

p1 = (1 : 1 : 0), p2 = (1 : ω : 0), p3 = (1 : ω2 : 0),

p4 = (0 : 1 : 1), p5 = (0 : 1 : ω), p6 = (0 : 1 : ω2),

p7 = (1 : 0 : 1), p8 = (ω : 0 : 1), p9 = (ω2 : 0 : 1),

where ω3 = 1, ω �= 1. Similarly, let Pl for the remaining values of j be the set of all the hyperosculating
conics which vanish at pl. Since the points pl are in one G′-orbit, the sets Pl are also in one G′-orbit, due
to their definition. Hence, to prove claim a), it is enough to check the intersection Q ∩ Q′ only when
Q, Q′ ∈ P1. And this can be done by using the beginning of our proof or by a direct check with SINGULAR.
With this choice, the claim a) is proved. For claim b), using Corollary 4.5, it is enough to check for one
pair in each of the 13 orbits. But among these 13 orbits there is the orbit of the pairs of conics belonging
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to the same set Pl. Hence, we have to check only 12 pairs. This was done by a direct check with SINGULAR;
see [15]. �

Remark 4.8. Consider the action of the group G′ on the set P = {p1, . . . , p9}. Then the isotropy
group Fix(p1) is the cyclic group of order 3 generated by

t = g1g2 : (x : y : z) �→ (ωx : ωy : z) = (x : y : ω2z).

Note that this group cyclically permutes the three conics Qs1 that pass through the point p1.
Indeed, one has

q(1 : 1 : −β) · t−1(x, y, z) = q(1 : 1 : −β)(ω2x, ω2y, z)

= ω(x − y)2 − ωz′((βω)2x + (βω)2y + (βω)z′) = 0,

where we set z′ = z/ω = zω2. Hence, after division by ω we get the equation for the curve Q,
corresponding to the sextactic point

(1 : 1 : −βω).

The same property holds for any isotropy group Fix(pj), namely it cyclically permutes the 3
conics in Pj. This shows, in particular, that the 3 pairs formed with the conics in Pj are in the
same G′-orbit.

Recall that the situation where we have an arrangement consisting of any smooth cubic and exactly
one hyperosculating conic was considered in Proposition 4.1. Now we consider the case of the Fermat
cubic with several hyperosculating conics.

Theorem 4.9. Let EC2 be an arrangement consisting of the Fermat cubic curve F and two
hyperosculating conics Q and Q′.

a) The two conics Q and Q′ belong to the same set Pj if and only if the arrangement EC2 is free with
exponents (3, 3).

b) The two conics Q and Q′ do not belong to the same set Pj if and only if the arrangement EC2 is
nearly free with exponents (3, 4).

Proof. As in the previous case, our proof is based on SINGULAR. We start with a general observation
regarding the value of mdr for our arrangements. Using our code in SINGULAR, we check that in both
cases a) and b) one has

r = mdr(EC2) = 3.

In case a), it is enough to check this property for only one pair, since all pairs in a) are in the same G-
orbit. In case b), however, we must check the 12 cases mentioned at the end of the proof of Proposition
4.7. In both cases our arrangement has degree d = 7, but we have different singularities. In case a), our
arrangement have two singularities of type A11, one singularity of type A3, and two singularities of type
A1, hence τ(EC2) = 27. Using Theorem 2.4, we can verify that

r2 − r(d − 1) + (d − 1)2 = 32 − 3 · (7 − 1) + (7 − 1)2 = 27 = τ(EC2),

hence EC2 is free with exponents (d1, d2) = (r, d − 1 − r) = (3, 3).
In case b), our arrangement has two singularities of type A11 and four singularities of type A1, hence

τ(EC2) = 26. We use Theorem 2.5, namely

r2 − r(d − 1) + (d − 1)2 = 32 − 3 · (7 − 1) + (7 − 1)2 = 27 = τ(EC2) + 1,

which shows that this curve is nearly free with exponents (d1, d2) = (r, d − r) = (3, 4). �
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If we add more hyperosculating conics, that is, for higher values of k, we need to determine all singular
points of the conic arrangement consisting of other subconfigurations of 27 hyperosculating conics. It
turns out that this is a very elaborate task. For k = 3 there are a vast number

(27
3

)
of different cases to

check. To get a glimpse of the possibilities and difficulties that occur for higher values of k we round
off this paper by studying one type of arrangements of curves consisting of the Fermat cubic curve and
three hyperosculating conics.

Theorem 4.10. Let EC3 be an arrangement consisting of the Fermat cubic curve and exactly three
hyperosculating conics Q, Q′, and Q′′, which belong to the same set Pj. Then the arrangement
EC3 is free with exponents (3, 5).

Proof. Note that in view of the G′-action, it is enough to perform computations only for the triple of
conics in P1.

First observe that, since the arrangement consists of the Fermat cubic curve and three hyperoscu-
lating conics, we have d = 9 and exactly 3 singularities of type A11. Locally at the common intersection
point p of the 3 conics Q, Q′ and Q′′, the singularity obtained is a merger of 3 tacnodes, that is, each pair
of conics intersects at that point as a tacnode, and we have exactly 3 such pairs. Using SINGULAR we
can find the normal form of this singularity which is

g(u, v) = u3 + u2v2 + uv5 + v6.

Based on the above data, we verify that our singular point is a J2,0 singularity according to Arnold’s
classification of singularities of corank 2 and 3-jet equal to a perfect cube; see [1, p. 248]. Furthermore, we
can check that its local Tjurina number is equal to the local Milnor number, that is, τp(EC3) = μp(EC3) =
10. Moreover, we have additionally 6 singularities of type A1 as the remaining intersections of Q, Q′, Q′′.
Let f3 = 0 be the defining equation of EC3. By the above description, in total, τ(EC3) = 49, and using
SINGULAR we compute r = mdr(f3) = 3. Using Theorem 2.4, we have

r2 − r(d − 1) + (d − 1)2 = 32 − 3 · (9 − 1) + (9 − 1)2 = 49 = τ(EC3),

hence EC3 is free with exponents (d1, d2) = (r, d − 1 − r) = (3, 5). �
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