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ARTICLE INFO ABSTRACT

Keywords: Nonstandard finite difference (NSFD) methods have been considered to overcome some issues of
N’_’“Standard finite differences standard methods, particularly when the numerical solution must preserve important properties
High order of convergence of the exact solution. These issues increase for high order methods.

Unconditional positivity
Elementary stability
Initial value problems

In this paper we first derive a general procedure to obtain unconditionally positive second order
NSFD methods. Furthermore, by suitably adding some parameters «; within these schemes, we
show that it is still possible to get positivity, and also to preserve other qualitative properties of the
exact solution. In fact, for each particular problem we can get optimal values of ¢; that guarantee
positivity, elementary stability and the minimization of the local truncation error, being possible
to achieve also third order nonstandard schemes, which are not present in the literature.

As an example of use, we employ the developed theory to derive positive and elementary stable
NSFD methods of order one, two and three for a predator-prey model, showing their advantages
over other nonstandard methods from the literature.

1. Introduction

Numerical methods based on nonstandard finite differences (NSFD) have been considered for the solution of ordinary differential
equations (ODEs) and partial differential equations (PDEs), particularly when the physical model requires that the numerical scheme
preserves some relevant properties, like positivity or elementary stability. This is the case, for example, in chemical reactions, evolution
of epidemics or biological models [1-10].

In this work, we focus on the most general autonomous nonlinear differential system

x' = f(x), x(19) = xp, (€))
where f : R¥N+! RV is a sufficiently smooth function, and the exact solution x(¢) is positive, this is
x 20 = x>0 forallse [t,T], 2

where the inequalities are meant to be componentwise.

Forward Euler method preserves positivity under some step-size restrictions, while backward Euler is unconditionally positive.
In general, unconditionally positive Runge-Kutta methods (RKM) must have order less than or equal to one [11]. We are interested
in higher-order numerical methods that preserve this property. Furthermore, we are also concerned about the preservation of the
local asymptotic stability. Many researchers have worked on developing NSFD methods that preserve these properties [3-5,7,12-15]
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\begin {equation}\label {eq:general} x'=f(x), \qquad x(t_{0})=x_{0},\end {equation}


$f:\mathbb {R}^{N+1} \to \mathbb {R}^N$


$x(t)$


\begin {equation}\label {eq:positivity} x_0 \geqslant 0 \quad \Rightarrow \quad x(t)\geqslant 0\quad \text {for all } t\in \left [t_0,T\right ],\end {equation}


\begin {equation}\label {eq:ex1} \begin {array}{@{}l} \dfrac {d x^1}{d t}=f^1(x^1, x^2):=b x^1(1-x^1)-a g(x^1) x^1 x^2, \quad x^1(0)=x^1_0 \geq 0, \\[1.5ex] \dfrac {d x^2}{d t}=f^2(x^1, x^2):=g(x^1) x^1 x^2-d x^2, \quad x^2(0)=x^2_0 \geq 0\,. \end {array}\end {equation}


$g$


\begin {equation*}g(x^1)\ge 0,\quad g'(x^1)\le 0,\quad \left (x^1g(x^1)\right )'\ge 0,\quad x^1g(x^1)\, \text {is bounded as}\, x^1\to \infty ,\end {equation*}


$E_0=(0,0)$


$E_1=(1,0)$


$g(1)<d$


$g(1)>d$


$g(1)>d$


$\bar E=(\bar x^1,\bar x^2)$


\begin {equation*}\bar x^1\thinspace g(\bar x^1 )=d,\qquad \bar x^2 =\frac {b\bar x^1 (1-\bar x^1 )}{ad}\,.\end {equation*}


$b+a\bar x^2 g'(\bar x^1 )>0$


$b+a\bar x^2 g'(\bar x^1 )<0$


\begin {equation}\label {eq:ex2} \begin {array}{@{}l} \dfrac {d x^1}{d t}=f^1(x^1,x^2,x^3):=\mu (1-x^1)-\beta \, x^2 x^1, \\[1.5ex] \dfrac {d x^2}{d t}=f^2(x^1,x^2,x^3):=-\mu \, x^2-\gamma \, x^2+\beta \, x^2 x^1, \\[1.5ex] \dfrac {d x^3}{d t}=f^3(x^1,x^2,x^3):=-\mu \, x^3+\gamma \, x^2 , \end {array}\end {equation}


$x^1(t)$


$x^2(t)$


$x^3(t)$


$\mu $


$\beta $


$\gamma $


$f= f_+ + f_-$


$f_+$


$f_-$


$\alpha $


$\alpha _i$


$\alpha _i$


$\alpha _i=0$


$\alpha _i=1$


$\alpha $


$f$


$\alpha $


$\alpha _i$


$f$


$\{t_k=t_0+k \Delta t, \, k=0,\ldots ,K; \, t_K=T \}$


$x_k \approx x(t_k)$


$x'(t_k)$


$\Delta t$


$\phi (\Delta t)=\Delta t+O\left (\Delta t^2\right )$


\begin {equation*}x'(t_k) \approx \frac {x_{k+1}-x_k}{\phi (\Delta t)}\,.\end {equation*}


$f$


$x^2$


$x_{k+1}x_{k}$


$x_{k}^2$


\begin {equation*}x_k \ge 0, \quad k = 1,{\ldots },K, \quad \text {given} \quad x_0\ge 0,\end {equation*}


$\Delta t$


$f$


\begin {equation}\label {NSFD1} \begin {array}{@{}l} \dfrac {x^1_{k+1}-x^1_k}{\phi ^1(\Delta t)}=b x^1_k-b x^1_{k+1} x^1_k-a g\left (x^1_k\right ) x^1_{k+1} x^2_k, \\[1.5ex] \dfrac {x^2_{k+1}-x^2_k}{\phi ^2(\Delta t)}=g\left (x^1_k\right ) x^1_k x^2_k-d x^2_{k+1}, \end {array}\end {equation}


$\phi ^i(\Delta t)=\Delta t+{\cal O}(\Delta t^2)$


\begin {equation}\label {NSFD2} \begin {aligned} \frac {x^1_{k+1}-x^1_k}{\phi ^1(\Delta t)} & =\mu \left (1-x^1_{k+1}\right )-\beta \, x^2_k x^1_{k+1}, \\ \frac {x^2_{k+1}-x^2_k}{\phi ^2(\Delta t)} & =-\mu \, x^2_{k+1}-\gamma \, x^2_{k+1}+\beta \, x^2_k x^1_{k+1}, \\ \frac {x^3_{k+1}-x^3_k}{\phi ^3(\Delta t)} & =-\mu \, x^3_{k+1}+\gamma \, x^2_{k+1}, \end {aligned}\end {equation}


$\phi ^i(\Delta t)=\phi (\Delta t)$


$M_k:=x_k^1+x_k^2+x_k^3$


$\alpha $


$\alpha _i$


$\alpha _i$


\begin {equation}\label {NSFDgeneral} \frac {x^i_{k+1}-x^i_{k}}{\phi ^i(\Delta t,x_k)}= f^i(x_k)+\frac {x^i_{k+1}-x^i_{k}}{x^i_{k}}f^i_-(x_{k}), \quad i=1,\ldots ,N,\end {equation}


$f= f_+ + f_-$


$f_+$


$f_-$


\begin {equation*}f_+(x^1,x^2)=(b x^1,g(x^1) x^1 x^2),\qquad f_-(x^1,x^2)=(-b x^1x^1 -ag(x^1)x^1x^2, -dx^2 )\,.\end {equation*}


\begin {equation}\label {NSFDVector} {\phi ^{-1}(\Delta t,x_k)} (x_{k+1}-x_{k})=f(x_k)-f_-(x_k)+ D\!f(x_k)\,x_{k+1}= {f_+}(x_k)+ D\!f(x_k)\,x_{k+1},\end {equation}


$\phi (\Delta t,x_k)=\text {diag}(\phi ^i(\Delta t,x_k))$


$D\!f(x_k)=\text {diag}(f^i_-(x_k)/x^i_{k})$


$\phi ^i(\Delta t,x_k)=\Delta t$


$\Delta t$


$x_k \ge 0$


$k\ge 1$


$x_0 \ge 0$


$x_{0}\geq 0$


$x_{k}\geq 0$


$x_{k+1}\geq 0$


$x_{k+1}$


\begin {align*}&x^i_{k+1}\left (1- \frac {\phi ^i\,f^i_-}{x^i_{k}}\right ) = x^i_k+\phi ^i\,f^i -\phi ^i\,f^i_{-}=x^i_k+\phi ^i\,(f^i -f^i_-) =x^i_k+\phi ^i\, f^i_+ \quad \Rightarrow \quad x^i_{k+1} =\frac {x^i_k+\phi ^i\, f^i_+}{1- {\phi ^i\,f^i_-}/{x^i_{k}}}\,,\end {align*}


$f$


$x_{k}$


$\phi ^i\,{\geq 0}$


$(\Delta t,x_{k})$


$f-f_-=f_+$


$x^i_{k+1}\ge 0$


$x^i_{k+1}$


\begin {equation*}x^i_{k+1} =\frac {x^i_k+\phi ^i\, f^i_+} {1- {\phi ^i\,f^i_-}/{x^i_{k}}}=\frac {x^i_k+\phi ^i\, f^i-\phi ^i\, f^i_-} {1- {\phi ^i\,f^i_-}/{x^i_{k}}}= x^i_k+ \frac {\phi ^i\,f^i}{1- {\phi ^i\,f^i_-}/{x^i_{k}}},\end {equation*}


\begin {align*}&x_{k+1} =\left (I- \phi \, D\!f(x_k)\right )^{-1} \left (x_k+\phi \, f_+\right ) = x_k+\left (I- \phi \, D\!f(x_k)\right )^{-1}\phi \, {f}.\end {align*}


$x_{k+1}$


$\phi ^i(\Delta t,x)$


$\phi ^i$


$i=1,\ldots ,N$


\begin {equation}\label {eq:order2cond} (\phi ^i)''(0,x) = \frac {\partial f^i(x)}{\partial x^i} +\sum _{\substack {j=1 \\ j\neq i}}^{N}\frac {\partial f^i(x)}{\partial x^j}\frac {f^j(x)}{f^i(x)} -2\frac {f^i_-(x)}{x^i_k} ,\end {equation}


$x \in \mathbb {R}_{+}^N$


$f^i(x) \neq 0, \ i=1,\ldots ,N$


$\mathcal {O}(\Delta t^3)$


\begin {equation}\label {eq:exactseriex} x^i(\Delta t) =x^i(0)+\Delta t\,f^i(x_0)+\frac {1}{2} \sum _{j=1}^{N} \frac {\partial f^i(x_0)}{\partial x^j}f^j(x_0) \,\Delta t^2+{\cal O}(\Delta t^3)\,.\end {equation}


${\phi ^i(\Delta t,x)}=\Delta t+\frac {1}{2}\,{(\phi ^i)''(0,x)}\,\Delta t^2 +{\cal O}(\Delta t^3)$


$1/(1-x)=1+x+x^2+\cdots $


$x^i_{1}$


\begin {equation}\label {eq:numseriex} x^i_{1} =x^i_0 + \Delta t\,f^i(x_0) + \left (\frac {f^i(x_0)f^i_- (x_0)}{x^i_0} +\frac {1}{2} { f^i(x_0) (\phi ^i)''(0,x_0) } \right )\,\Delta t^2 +{\cal O}(\Delta t^3)\,.\end {equation}


$N=2$


$N=3$


$(\phi ^i)''$


\begin {align*}(\phi ^1)''\left (0,x_k^1,x_k^2,x_k^3\right )& =\frac {\mu ^2(x_k^1-1)+\mu \, \beta (x_k^1-1) x_k^2+\beta \, x_k^1 x_k^2(\beta (x_k^1+x_k^2)-\gamma )}{\mu (x_k^1-1)+\beta x_k^1 x_k^2}, \\ (\phi ^2)''\left (0,x_k^1,x_k^2,x_k^3\right )&=\frac {\mu ^2+2\, \mu \, \gamma +\gamma ^2+\mu \, \beta (x_k^1-1)+\beta ^2 x_k^1(x_k^2-x_k^1)}{\mu +\gamma -\beta x_k^1}\label {eq:2der},\\ (\phi ^3)''\left (0,x_k^1,x_k^2,x_k^3\right )&= \frac {\gamma (\gamma -\beta x_k^1) x_k^2+\mu ^2 x_k^3}{-\gamma \, x_k^2+\mu \, x_k^3}\,.\end {align*}


$\alpha $


$\phi ^i$


$\alpha ^i\ge 0$


$i=1,\ldots ,N$


\begin {equation}\label {NSFDnew} \frac {x^i_{k+1}-x^i_{k}}{\phi ^i(\Delta t,x_k)}= f^i(x_k)+\alpha ^i\,\frac {x^i_{k+1}-x^i_{k}}{x^i_{k}}f^i_-(x_{k}), \quad i=1,\ldots ,N\,.\end {equation}


$\alpha $


$\alpha ^i$


$\alpha ^i=0$


$i=1,\ldots ,N$


$\phi ^i=\Delta t$


$\alpha ^i=1$


$i=1,\ldots ,N$


$\alpha $


$\alpha ^i\ge {f^i}(x)/{f^i_-}(x)$


$i=1,\ldots ,N$


$x\ge 0$


\begin {align}&x^i_{k+1}\left (1- \alpha ^i \,\frac {\phi ^i \,f^i_-}{x^i_{k}}\right )= x^i_k+\phi ^i \,f^i - \alpha ^i \,\phi ^i \,f^i_-=x^i_k+\phi ^i \, \left (f^i - \alpha ^i \,f^i_-\right ), \nonumber \\ &x^i_{k+1}=\frac {x^i_k+\phi ^i \, \left (f^i - \alpha ^i \,f^i_-\right )} {1- \alpha ^i \,{\phi ^i \,f^i_-}/{x^i_{k}}} , \label {eq:xi_alphai_NSFD_method}\end {align}


$f$


$\phi $


$x_{k}$


$(\Delta t,x_{k})$


\begin {equation*}x^i_{k+1}\ge 0 \quad \iff \quad {x^i_k+\phi ^i\, \left (f^i - \alpha ^i \,f^i_-\right )} \ge 0\,.\end {equation*}


$\alpha ^i\ge \frac {f^i}{f^i_-},\ i=1,\ldots ,N.$


\begin {align*}x^i_{k+1}&=\frac {x^i_k+\phi ^i \, \left (f^i - \alpha ^i \,f^i_-\right )}{1- \alpha ^i \,{\phi ^i \,f^i_-}/{x^i_{k}}}= x^i_k+\phi ^i\,f^i\, \frac {1}{1- {\alpha ^i\,\phi ^i\,f^i_-}/{x^i_{k}}}.\end {align*}


$1/(1-x)=1+x+x^2+\cdots $


\begin {equation*}x^i_{k+1} = x^i_k+\phi ^i\,f^i\, \bigl (1+ \alpha ^i\,\phi ^i\,f^i_-/x^i_{k}+(\alpha ^i\,\phi ^i\,f^i_-/x^i_{k})^2+\cdots \bigr ).\end {equation*}


$\phi ^i$


$\phi ^i=\Delta t+\frac {1}{2}\,(\phi ^i)''\,\Delta t^2+\frac {1}{6}\,(\phi ^i)'''\,\Delta t^3 +{\cal O}(\Delta t^4)$


\begin {align}x^i_{k+1}&= x^i_k+ f^i\,\Delta t +\left (\tfrac {1}{2}\,(\phi ^i)''f^i+\alpha ^if^if^i_-/x^i_{k}\right )\,\Delta t^2 \label {Taylor2}\\ & + \bigl (\tfrac {1}{6}\,(\phi ^i)'''f^i+\alpha ^i(\phi ^i)''f^if^i_-/x^i_{k} + (\alpha ^if^i_-/x^i_{k})^2f^i \bigl )\,\Delta t^3 + {\cal O}(\Delta t^4)\label {Taylor3}.\end {align}


$\phi ^i$


$i=1,\ldots ,N$


$\alpha $


\begin {equation}\label {eq:order2condalpha} (\phi ^i)''(0,x) = \frac {\partial f^i(x)}{\partial x^i} +\sum _{\substack {j=1 \\ j\neq i}}^{N}\frac {\partial f^i(x)}{\partial x^j}\frac {f^j(x)}{f^i(x)} -2\,\alpha ^i\,\frac {f^i_-(x)}{x^i_k} ,\end {equation}


$x \in \mathbb {R}_{+}^N$


$f^i(x) \neq 0, \ i=1,\ldots ,N$


$\alpha $


$\mathcal {O}(\Delta t^3)$


$x^i_{1}$


\begin {equation}\label {eq:numseriex2} x^i_{1} =x^i_0 + \Delta t\,f^i(x_0) + \left (\frac {1}{2} { f^i(x_0) (\phi ^i)''(0,x_0) }+\frac {\alpha ^i\,f^i(x_0)f^i_- (x_0)}{x^i_0} \right )\,\Delta t^2 +{\cal O}(\Delta t^3)\,.\end {equation}


$\phi ^i$


$\alpha ^i$


$\phi ^i=\Delta t$


\begin {equation*}\alpha ^i \bigl (=\alpha ^i(x)\bigr ) = \frac {x^i_k}{2f^i_-(x)} \Bigg (\frac {\partial f^i(x)}{\partial x^i} +\sum _{\substack {j=1 \\ j\neq i}}^{N}\frac {\partial f^i(x)}{\partial x^j}\frac {f^j(x)}{f^i(x)} \Bigg ),\end {equation*}


$\alpha ^i$


$\alpha ^i(x)$


$\alpha $


$E_0=(0,0)$


$g(1)>d$


$E_1=(1,0)$


$g(1)<d$


$\alpha ^i\ge \bar \alpha ^i$


$\bar \alpha ^i = 1/2$


$i=1,2$


$E_1$


$\bar E=(\bar x^1,\bar x^2)$


$g(1)>d$


$b+a\bar x^2 g'(\bar x^1 )>0$


$\bar E$


\begin {equation}\label {eq:alphabars} \alpha ^1 \ge \bar \alpha ^1:= \frac {\bar x^1 \left (b+a\,\bar x^2 g'(\bar x^1 )\right )}{2b}\qquad \text {and}\qquad \alpha ^2 \ge \bar \alpha ^2:= \frac {a\,\bar x^2 \left (g(\bar x^1 )+\bar x^1 g'(\bar x^1 )\right )}{\bar x^1 \left (b+a\,\bar x^2 g'(\bar x^1 )\right )}\,.\end {equation}


$g(1)<d$


$b+a\bar x^2 g'(\bar x^1 )<0$


$\bar E$


\begin {equation}\label {eq:numsol2NEW} x^i_{k+1}= x^i_k+ \frac {\phi ^i\,f^i}{1- {\alpha ^i\,\phi ^i\,f^i_-}/{x^i_{k}}},\quad i=1,2 \,.\end {equation}


$\alpha $


$x=(x^1,x^2)$


$J^D(x)=(J^D_{ij} (x))$


\begin {equation}\label {eq:RMmodel} J^D_{ij}(x)=\delta _{ij}+\frac {\phi ^i(\Delta t,x)\,J^C_{ij}(x)}{1-\alpha ^i\,\phi ^i(\Delta t,x)\,f_i^-(\Delta t,x) /x^i},\end {equation}


$J^C=(J^C_{ij})$


\begin {equation*}J^D(x)= \left ( {\begin {array}{@{}cc@{}} 1+\dfrac {\phi ^1(\Delta t,x)\, (b-2bx^1-ax^2(x^1g'(x^1)+g(x^1)))}{1+\alpha ^1 \,\phi ^1(\Delta t,x) (bx^1+ag(x^1)x^2) } & \dfrac {\phi ^1(\Delta t,x)\, (-ag(x^1)x^1)}{1+\alpha ^1 \,\phi ^1(\Delta t,x) (bx^1+ag(x^1)x^2) } \\[2ex] \dfrac {\phi ^2(\Delta t,x)\, (x^2(x^1g'(x^1)+g(x^1)))}{1+\alpha ^2\,\phi ^2(\Delta t,x) \,d} & 1+\dfrac {\phi ^2(\Delta t,x)\, (g(x^1)x^1-d)}{1+\alpha ^2\,\phi ^2(\Delta t,x) \,d} \end {array} } \right ).\end {equation*}


$E_0 =(0,0)$


\begin {equation*}J^D(0,0)= \left ( {\begin {array}{@{}cccc@{}} 1+ {b\,\phi ^1(\Delta t,0,0)} & 0 \\ 0 & 1-\dfrac {\phi ^2(\Delta t,0,0)\, d}{1+\alpha ^2\,\phi ^2(\Delta t,0,0)\,d}\end {array}}\right )\,.\end {equation*}


$\lambda _1=1+b\,\phi ^1>0$


$E_0$


$J^D$


$E_1=(1,0)$


\begin {equation*}J^D(1,0)= \left ( {\begin {array}{@{}cccc@{}} 1-\dfrac {b\,\phi ^1(\Delta t,1,0)}{1+\alpha ^1\,\phi ^1(\Delta t,1,0) \,b} & \dfrac {-a\,g(1)\phi ^1(\Delta t,1,0)}{1+\alpha ^1\,\phi ^1(\Delta t,1,0) \,b} \\[2ex] 0 & 1+\dfrac {\phi ^2(\Delta t,1,0)\, (g(1)-d)}{1+\alpha ^2\,\phi ^2(\Delta t,1,0) \,d} \end {array} } \right )\,.\end {equation*}


$g(1)-d>0$


$\lambda _2>1$


$E_1$


$g(1)-d<0$


$-1<\lambda _1<1$


$-1<\lambda _2<1$


\begin {equation*}\alpha ^1 >\frac {1}{2}-\frac {1}{b\,\phi ^1}\qquad \text {and} \qquad \alpha ^2 >\frac {1}{2}-\frac {2+\phi ^2}{2 d\,\phi ^2},\end {equation*}


$g(1)<d$


$\alpha ^i\ge 1/2$


$i=1,2$


$E_1$


$\bar E=(\bar x^1,\bar x^2)$


$g(1)<d$


$\bar E$


\begin {equation*}J^D(\bar E)= \left ( {\begin {array}{@{}cccc@{}} 1-\dfrac {\phi ^1\bar x^1 (b+a\bar x^2\thinspace g'(\bar x^1 ))}{1+b\,\alpha ^1\,\phi ^1} & \dfrac {-a\,d\,\phi ^1 }{1+b\,\alpha ^1\,\phi ^1} \\[1.5ex] \dfrac {\phi ^2\bar x^2 (g(\bar x^1 )+\bar x^1\thinspace g'(\bar x^1 ))}{1+d\,\alpha ^2\,\phi ^2} & 1 \end {array} } \right ),\end {equation*}


$\phi ^i$


$(\Delta t, \bar x^1 ,\bar x^2 )$


\begin {align*}p(\lambda )&= \lambda ^2-\text {Tr}(J^D(\bar E ))\,\lambda +\text {det}(J^D(\bar E )) \\ &= \lambda ^2- \left (2-\frac {\phi ^1\bar x^1 (b+a\bar x^2\thinspace g')}{1+b\,\alpha ^1 \,\phi ^1} \right )\,\lambda + \left ( 1-\dfrac {\phi ^1\bar x^1 (b+a\bar x^2\thinspace g')}{1+b\,\alpha ^1 \,\phi ^1} + \dfrac {a\,d\,\phi ^1 }{1+b\,\alpha ^1 \,\phi ^1} \dfrac {\phi ^2\bar x^2 (g+\bar x^1\thinspace g')}{1+d\,\alpha ^2\,\phi ^2} \right ),\end {align*}


$g$


$g'$


$\bar x^1$


$-1<\lambda _1<1$


$-1<\lambda _2<1$


\begin {equation*}\text {det}(J^D(\bar E )) <1,\quad 1\pm \text {Tr}(J^D(\bar E ))+\text {det}(J^D(\bar E )) >0\,.\end {equation*}


\begin {align}\text {det}(J^D(\bar E )) <1&\Leftrightarrow -\dfrac {\phi ^1\bar x^1 (b+a\bar x^2\thinspace g')}{1+b\,\alpha ^1\,\phi ^1} + \dfrac {a\,d\,\phi ^1 }{1+b\,\alpha ^1\,\phi ^1} \dfrac {\phi ^2\bar x^2 (g+\bar x^1\thinspace g')}{1+d\,\alpha ^2\,\phi ^2} <0\nonumber \\ &\Leftrightarrow \dfrac {a\,d\, }{1 } \dfrac {\phi ^2\bar x^2 (g+\bar x^1\thinspace g')}{1+d\,\alpha ^2\,\phi ^2} < \dfrac { \bar x^1 (b+a\bar x^2\thinspace g')}{1 } \nonumber \\ &\Leftrightarrow {a\,g\, \bar x^1 }{\phi ^2\bar x^2 (g+\bar x^1\thinspace g')}<{ \bar x^1 (b+a\bar x^2\thinspace g')}({1+d\,\alpha ^2\,\phi ^2})\nonumber \\ &\Leftrightarrow - (b+a\bar x^2\thinspace g')- (b+a\bar x^2\thinspace g')(d\,\alpha ^2\,\phi ^2)+ {a\,g\, }{\phi ^2\bar x^2 (g+\bar x^1\thinspace g')}<0\,.\label {ineq1}\end {align}


$(\bar x^1~g)'=g+\bar x^1 g'\ge 0$


$b+a\bar x^2 g'\ge 0$


\begin {equation}\label {ineq2} - (b+a\bar x^2 g') d \,\alpha ^2 + {a\, }g\,{ \bar x^2 (g+\bar x^1 g')}= - (b+a\bar x^2 g') \bar x^1 \,\alpha ^2 + {a\, }{ \bar x^2 (g+\bar x^1 g')}\le 0\end {equation}


\begin {equation*}\alpha ^2 \ge \frac { {a\, }{ \bar x^2 (g+\bar x^1\thinspace g')}}{\bar x^1 (b+a\bar x^2\thinspace g') }\,.\end {equation*}


$1- \text {Tr}(J^D(\bar E ))+\text {det}(J^D(\bar E )) >0$
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in different models. However, in the mentioned works the authors propose NSFD methods that preserve positivity and asymptotic
stability with order two at most and, to our knowledge, there are no methods of order three with such characteristics. In this paper, we
propose a new general procedure that can improve existing first and second order NSFD methods, preserving positivity and asymptotic
stability. Furthermore, thanks to the new procedure, we show that it is also possible to obtain third order NSFD methods.
Let us describe below a biological model and an epidemiological system, both of which are often discussed in the literature.
Rosenzweig-MacArthur predator-prey model is studied in detail in [4,5,16]. There the authors consider a logistic intrinsic growth
of the prey population of the form

1
% — fl(xl,Xz) = bxl(] —xl) — ag(xl)xlxz, xl(o) = x(l) >0,
3
2
L = P =g R - a0 =3 20,

We summarize below the main features of system (3). For more details, see [4,5,16]. If all the parameters are positive and the function
g satisfies

gxh >0, gxh<o, (x]g(xl))’ >0, x'g(x!)is bounded asx' - oo,

then, the solution is positive. The origin E, = (0,0) is always an equilibrium point (unstable). The boundary point E; = (1,0) is also an
equilibrium point (asymptotically stable if g(1) < d, and unstable if g(1) > d). Finally, if g(1) > d, there exists an interior equilibrium
point E = (x!, x?) given by

17 _ =l

gz =d, —

This interior point is asymptotically stable if b + ax?g’(x!) > 0 and is unstable if b + ax?¢’(z!) < 0.
We also mention a simple version of the compartmental Kermack-McKendrick SIR model [7,13,17,18]. This epidemiological
system is described by equations

1

‘% = flet, X2, %) = pl = xh) - px3xl,

dx? 200l 22 3 . 2 2 2.1

sz(x,x,x).:—ﬂx —yx +fxx, 4
3

L~ P ) = 4y 2,

where x!(1), x?(t) and x’(t) represent positive quantities of people over time and u, f and y are positive parameters of the model.

Observe that in systems like (3) or (4) the right hand side f = f, + f_ can be split into two terms, where f, is the positive part
and f_ the negative one. In this work we construct general NSFD schemes applied to this kind of problems and obtain second order
NSFD methods that can preserve both the positivity of solutions and the local asymptotic stability of equilibria. Besides, we introduce
a new class of «-NSFD methods, depending on some parameters ¢;, that allows to achieve a third order scheme. The parameters q;
are added in such a way that: when «; = 0 we recover the standard forward Euler scheme, which is not necessarily positive; when
a; = 1 we get the classical NSFD method that ensures unconditional positivity of the numerical solution. Finally, we also show the
construction of a third order positive NSFD scheme from a two-stage Runge-Kutta method, named «-NSFDRK. As an example of use,
the developed theory is employed to derive new methods for the Rosenzweig-MacArthur predator-prey model (3).

The paper is organized as follows. In Section 2 we review NSFD methods applied to models like (3)-(4). In Section 3 we propose
a generalization of positive NSFD methods for problem (1) where the function f can be split into positive and negative terms, and,
for these methods, we obtain conditions to get second order. A new class of a-NSFD schemes is presented in Section 4, where the
parameters «; allow us to control the positivity of the numerical solution. The new schemes not only preserve the positivity, but also
are elementary stable and can achieve third order. In Section 5 we extend these ideas to Runge-Kutta methods in order to obtain
other high order positive methods. We illustrate our results by numerical examples in Section 6.

2. Nonstandard finite difference methods

NSFD methods allow to approximate the function f in a different way than the classical case [4,5,7,12,13,15]. By defining the
discrete grid {7, =1, + kAt, k=0,...,K; tx =T}, being x; ~ x(1), the two fundamental rules on which these schemes are based can
be written for the scalar case as follows.

1. In the approximation of x/(¢,), the discretization step-size At is replaced by a non-negative scalar function ¢(Ar) = Af + O(Atz),
giving rise to

X1 — Xg

x(tk)zw.

2. The function f in (1) is non-locally modified, i.e. some of its terms can be reshaped using different grid points. For example, terms
such as x> can be approximated with Xy41X instead of xi (see [4,5,13,15] for more details).
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These representations can improve the stability properties of the standard methods, allowing the nonstandard numerical scheme to
preserve qualitative characteristics of the model like positivity or elementary stability. We recall below these two desirable properties
for the numerical scheme.

We say that the numerical method preserves the positivity of the continuous scheme (2) if the numerical solution satisfies

x>0, k=1,...,K, given x5>0,

where the inequality must be understood componentwise.

Similarly, a numerical method is called elementary stable if, for any value of the step-size Az, its fixed-points are those of the
differential system (1), and if the linear stability properties of each fixed point are the same for both the differential system and the
discrete method.

Following the above rules 1 and 2, the NSFD methods present in the literature are constructed for specific problems. We report
some examples below and, in the next section, we derive a general class of NSFD methods for systems like (3)-(4), where the function
f can be split into positive and negative terms.

NSFD methods were considered in [19] to overcome some difficulties of standard numerical methods on the preservation of the
dynamic properties of differential equations. First NSFD schemes correctly preserve these properties but most of them are convergent
only up to the first order. Burchard et al. considered the Patankar trick [20] and modified Patankar technique to get positive and
conservative second order schemes for fully conservative production-destruction systems in [21]. Based also on the Patankar trick,
Dimitrov and Kojouharov [4,14] constructed positive and elementary stable nonstandard (PESN) schemes for the predator-prey model
(3) of the form

1 1

Frl ~ %k 1 11 1, .2

oA bxy —bx,xp —ag(xg)x, X3 -
Xi+l _Xi 1 1.2 2

P2(A1) =g(x)xg —dxg, ),

where ¢'(Af) = At + O(Ar?). This scheme preserves positivity and it is elementary stable, though it achieves just order one. Some work
has also been done on the SIR model in the field of nonstandard methods. For example, Mickens [15] proposed the following NSFD
method for SIR problem (4)

1 1

X — X

k1~ Nk 1 2.1

—qbl(At) —”(l_xk+1)_ﬁxkxk+l’

2 2

X — X

el ~ % 2 2 2 1

RGBT X TN ©
3 _ .3

Yert "% 3 tyal

TGy H X TV Xpeyr

with the same functions ¢/(At) = ¢(At) in the denominator. This scheme, analogous to modified Patankar technique [16,20], is positive
and preserves the mass M, := x; + x2 + x; of the system.

Blanes et al. got second order methods [1] that unconditionally preserve positivity, but biological problems like (5) have also
stability properties that should be preserved. In the recent papers [12,22] the authors obtained new explicit second order modified
NSFD methods for solving some biological systems. The new schemes are elementary stable, but nothing is said about other properties
of the solution. Also in a recent paper [5], Hoang, et al. obtained a positive second order NSFD method for the Rosenzweig-MacArthur
predator-prey model that preserves the asymptotic stability of the equilibrium points.

In this work we obtain a new class of positive, elementary stable and second order a-NSFD methods, depending on some parameters
«a;, for general problems. The parameters «; can be used to minimize the local error, being possible in some problems to achieve
positive, elementary stable third order schemes.

3. Second order NSFD for general problems

Egs. (5) and (6) are particular examples of positive NSFD methods [14,15]. Below we derive a procedure for constructing positive
NSFD methods for general problems, by observing that both these schemes can be expressed in a unified framework. For the general
nonlinear differential system (1) it is possible to write the corresponding NSFD method like
x}<+1 =X

i
k

P
1 %k
(AL, x;)

where we have split the function f = f, + f_ into a positive f, and a negative f_ term. For example, in system (3)

flx) + fleg), i=1,...,N, 7
f+(xls x%) = (bx!, g(x"x'x?), Fo(h x?) = (—bx'x! — ag(xhHx'x%, —dx?).
For large dimension problems it is worth writing the general NSFD scheme (7) in vector notation like this
&~ (AL X )Oy = Xp) = FO0) = fe) + DF (X)) Xy = f1(Xi0) + DF (6) X1 ®
where we have denoted ¢(At, x,) = diag(¢'(At, x,)) and Df (x;,) = diag(fi(xk)/x;().
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Remark 1. Observe that, if ¢/(At, x;) = At in Eq. (7), then this scheme coincides with Patankar Euler scheme (PE) considered in [21]
for fully conservative problems.

We prove below the positivity of the general NSFD scheme (7) derived in this section.

Theorem 1. The NSFD method (7) preserves the numerical positivity of the model (1) for all the values of the step-size At, that is, x; >0
for all k > 1 whenever x, > 0.

Proof. The proof is done by induction. Since x;, > 0, we assume that x; > 0 and show that x;; > 0. To get that we write Eq. (7) into
explicit form by collecting the x, ., terms

i ¢ s i i i i i i i g i i i i i x2+¢"fjr
] Rl Rl A Al A e e e B s Yot = T g i
k - k

where all the functions f are evaluated at x,;, and ¢ > 0 is evaluated at (At, x;). As the difference f — f_ = f, is always positive, we

i
>
conclude Xy = 0. O

Remark 2. Note that, from the last equation, we can write x;( 4 88

xS xS & fi
Xjp1 = — = —— =X, + —,
L=¢' f1/x 1=¢' f1/x, L=¢' f1/x

or in vector notation

Xpp1 = (l - ¢Df(xk))7l(xk + ¢f+) =X+ (1 - ¢Df(xk))7l¢f~
This will be useful in the following to get the Taylor series of x; ;.

Next we get conditions on the functions ¢‘(At, x) in the denominator of (7) so that the scheme achieves second order. To get
that we need the expansion of the exact and the numerical solutions. Then, as an example, we will apply this general result to the
differential problems (3) and (4).

Theorem 2. If the functions ¢/, i = 1, ..., N, of the NSFD method (7) satisfy the conditions
of' ), i o1'(x) f1Gx) _ I100)

ox! ox/  fi(x) x;;

@)"(0,x) = ; 9

J=1
J#i

fordlx e Rf and fi(x)#0, i=1,..., N, then, the local truncation error of the NSFD method (7) is O(A#?).
Proof. Expanding the exact solution of (1) into a Taylor series, we get

& 0 (xg)

0% £I(x0) AP + O(AP). (10)
oxJ

x'(Af) = X'(0) + At £i(xg) + %
j=1

If we consider ¢'(At, x) = At + % (@) (0, x) A> + O(Ar?), then, from Remark 2 and the expansion of the function 1/(1 —x) =1+
x 4 x* + -, it is easy to get the Taylor expansion of the numerical solution x’i in (7)

T/ &) L@ x0)> AP +O(AP). an

X/

x’i =x6+Atf[(x0)+<
0

Comparing both series (10) and (11), we get the conditions (9) on the second derivative. O

Example 1. In the particular case N = 2, the conditions (9) coincide with the ones obtained in [5, Eq. (22)] for the predator-prey
scheme (5). If N = 3, we can apply the result to the discretized SIR model (6), and the conditions (9) on the second derivative (¢')"
are

204! 1 ) L
@) (0,x!,x2,x3) = WP = D)+ p G, = Dxg + B x; (Blx, +x7) = 7)
o uCxg = 1)+

2 2 1 2,102 1
WA2Zpy+y +puflx, — D+ B7x (xp — x))
(‘1’2)”(0”‘}(7’61%2) — k kNk k

H+y = Bx,
vy = Bx)xg + i,

3\ 1,2 .3
(@) (0,x;.x7.x;) = > ;
—yxk+uxk
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4. a-NSFD methods

Theorems 1 and 2 ensure positivity and second order for the numerical solution in (7). However, the continuous problem (1) may
have other properties that should be preserved. In [5,12,13,15,22] the authors consider NSFD schemes like (5) or (6) with particular
elections of the functions ¢’ for different purposes. In [12] second order NSFD methods that preserve elementary stability are obtained,
while in [5] the addition of some weights in the discretization allows to preserve both, positivity and elementary stability, for the
new second order NSFD methods proposed.

The general scheme (7), based on the Patankar-trick [20,21], is unconditionally positive, but in some problems it may lead to
time lag effects on the numerical solution (see [21, Figs. 13 and 14] for details). It is possible to relax the positivity requirement by

adding some parameters o' > 0, i = 1,..., N, in the numerical scheme (7) in the following way
X —xi » XX
d)f.&—”") =f'(xk)+a'%kfi<xk), i=1,..,N. 12)
> X

k
As shown below, the new schemes, namely a-NSFD methods, can still be second order for any value of the parameters and, what is
more, for certain values of o/, these methods are unconditionally positive.

Remark 3. Observe that the case a' =0, i = 1,..., N, corresponds with the basic explicit Euler method (if ¢' = Ar), while o' =1,
i=1,..., N, gives us the unconditionally positive scheme (7).

Theorem 3. The a-NSFD method (12) preserves the numerical positivity of the model (1) if o' > fi(x)/fi(x), i=1,...,N, x > 0.

Proof. The proof is analogous to that in Theorem 1. Now, Eq. (12) in explicit form is

k
LA e
L —d gl Sl
where all the functions f and ¢ are evaluated at x;, and (A7, x,), respectively. As the denominator is positive, we get the following
inequality

) P fE ) o S ) o o
x;+,<1—a' . )=x;+¢'f'—a'¢'f'=x'k+¢'(f'—a’f'),

13)

X, 20 = x+d(f-dfl)20.
In particular we get positivity if « > ;—: i=1,...,N. O
Remark 4. The Taylor series of the numerical solution in (12) is easy to get if we write (13) like
. M (-ar) |

X = ——— =xt+¢' fl—r .
k+1 1—al ¢ f1/x] et L—a @' f1[/x,

Then, from the expansion of the function 1/(1 —x) = 1 + x 4+ x* + ---, we get
xj(ﬂ = x;; +¢' 1 (1 +a ¢ fi/x;( + (@ ¢ fi/x;c)2 + )

Considering the expansion of ¢ up to third order ¢' = Af + % (@) A2 + é (@) Af? + O(Ar*), we can finally write

X = x4 A+ (% @'+ a"f’fi/x’k) AP (14)
+ (2 @) T+ @) L+ @ fLx)P ) AP+ Orh). (15)
Theorem 4. If the functions ¢/, i = 1,..., N, of the a-NSFD method (12) satisfy the conditions
. N . . i
i af'(x) af'(x) f7(x) CfL(x)
N0, x) = - ; - -2a — 16
@70, %) oxi +,§1 ox) fi(x) “ X, (16)
J#i
for all x € RY and f'(x) #0, i =1,..., N, then, the local truncation error of the a-NSFD method (12) is O(A).
Proof. The proof is analogous to that in Theorem 2. Now, according to (14), the Taylor expansion of x'i in (12) is
) ) ) ) ) a fi(xg)fl(xg)
X = X+ At i) + (%f’(xo)(qﬁ’)”(O, x0) + M) A +OGF). a7
0

Finally, by subtracting the expansions (10) and (17), we get the statement (16). O

Remark 5. The election of the functions ¢’ such that (16) is satisfied, allows to get second order for any value of the parameters o'.
Note that, in particular, we can reach second order by choosing ¢ = At and

i . N . .
o x 0/ (x) 9f'(x) f/(x)
P i — k
o (= a'(x)) 70 ( o + ; o 110 )
J#i
i.e. by varying the values of a’ during the time integration. In the numerical tests, we have used also this method, namely a/(x)-NSFD2.

5
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Once we have guaranteed second order and positivity, we analyze conditions on the parameters so that the «-NSFD method also
preserves other properties of the problem. In the theorem below we give sufficient conditions on the parameters so that the scheme
(12), applied to the predator-prey model (3), is elementary stable.

Theorem 5. For the discrete scheme (12), applied to differential system (3), the following holds true.

. The trivial equilibrium point E, = (0,0) is always unstable.

. If g(1) > d, then the boundary equilibrium point E, = (1,0) is unstable.

. Ifg(1)<d and &' > &, with @ = 1/2, i = 1,2, then the boundary equilibrium point E, is locally asymptotically stable.

. Suppose the interior equilibrium point E = (x!, %) exists (g(1) > d) and b + ax*g’(x') > 0. Then the point E is locally asymptotically
stable if

N WN =~

(b +ax?g (x)) ax? (g +x'g' (&)
al >al = Q and 2 >a? = ( ) (18)
2b ! (b+ax2g(x!))
5. Ifg(1) < d and b + ax*g’(x') < 0, then the point E is unstable.
Proof. The proof is similar to that in [5, Theorem 4]. In this case, the scheme (12) can be written like
i i
x;{+l=x;<+L, l=1,2 (19)
[—al ¢/ [T/,

Consequently, the set of equilibria of the a-NSFD method (12) coincides with the set of equilibria of the continuous-time predator-prey

model (3). If x = (x!, x?) is an equilibrium point of the system (12), applied to problem (3), then from (19) the Jacobian matrix of

(12) evaluated at this point is J2(x) = (J,.? (x)), where
¢'(At,x) J,—f(x)

1 —af ¢'(At,x) f7 (AL, x) /X ’

TP =5+ (20)

and J€ = (Jt.f) being the Jacobian of the predator-prey system (3). Finally, we obtain

1+ @' (A1, x) (b—2bx' — ax?(x'g'(x") + g(x1))) ¢! (A1, x) (—ag(x)x")
7000 = 1 +a! @L(At, x)(bx! + ag(x!)x2) 1+ a! ¢1(AL, x)(bx! + ag(x1)x2)
(AL x) (P(x' g/ (1) + g(x) 1+ P* (A1, x) (g(xDx! = d)
1+ a2 ¢2(At,x)d 1+ a2 ¢2(At,x)d
1. Evaluating the Jacobian matrix at the point E; = (0,0) we get
1+ b¢'(A1,0,0) 0
72(0.0) = 0 | $(40,00d
1+ a2 ¢2(A1,0,0)d
Clearly we get A, = 1 + b¢' > 0, and the point E is unstable.
2. Evaluating J? at the boundary point E; = (1,0) we obtain
_ bl 1,0 —ag()¢'(A1,1,0)
1+a! ¢pl(A1,1,0)b 1+al ¢p1(A1,1,0)b

JP(1,0) =
$2(A1,1,0) (g(1) — d)

0
1+ a2 ¢p2(A1,1,0)d

If g(1) —d > 0, then 4, > 1, and the point E, is unstable.
3. Under the assumption g(1) — d < 0, the inequalities —1 < 4; < 1 and —1 < 4, < 1 are equivalent to

2 2
oz1>%—L and 2 +é

1
at > = R
bo! 2 2d¢?

respectively. Consequently, If g(1) < d and o' > 1/2, i = 1,2, then the boundary equilibrium point E, is locally asymptotically
stable.
4. Remember that the point E = (%!, x?) exists just if g(1) < d. The Jacobian matrix at E is

_P'x (b +ai? g5 —ad ¢!
D Fy _ 1+bal ¢! 1+bal ¢!
e S CURS e . ’
1+da?¢?

where the functions ¢ are evaluated at (At, x', x%). The characteristic polynomial of this matrix is

6
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p(A) = A2 = Tr(JP(E)) A + det(JP(E))

_/12_(2_¢1x1(b+ax2g')>“<l_¢15cl(b+af<2g')+ ad ¢! ¢2y<2(g+y<1g')>
1+bal ¢! 1+bal ¢! l+balg! 1+da2¢? )

where both, g and g/, are evaluated at x! henceforth. According to Theorem 2 in [5] inequalities —1 < M <land -1< 4, <1are
equivalent to

det(JP(E)) <1, 1xTr(JP(E)) +det(JP(E)) > 0.

From the first inequality we get
P'xb+ax’g)  adg' ¢Pe+3i'g)

1+bal ¢! l+ba'¢p! 1+da?¢?

ad $*x*(g+x'g) < b+ ax?g))

1 l+da?¢? 1

sagP?R(g+x'g) <2 b +ax’ g1 +da® )
o —(b+ax’g)—(b+ax’g)da* P?) +agp*x2(g+ %' g') <0. (21)

det(JP(E) <1 o — <0

Remember that (3! g) = g+ x'g’ > 0 and b + ax?g’ > 0 by hypothesis. Consequently, if
—(b+ax’gyda® +agx2(g+x'g) = —(b+ax’g)x' a* + aX*(g + %'g) <0 (22)
holds, then inequality (21) is true. Finally, we can write the sufficient condition (22) as
2 ax(g+x'g)
b+ax?g)

Second inequality 1 — Tr(J P(E)) + det(J P(E)) > 0 is immediate: we just have to write

ad¢g' (g +x'g)
1+bal ! 1+da?¢?

1 = Tr(JP(E)) + det(JP(E)) = >0.

For the last inequality, 1 + Tr(JP(E)) + det(J?(E)) > 0, we have

) 'R (b+ax?g) adp'  P*x2(g+x'g)
1+bal ¢! 1+balgp! 1+da2¢?

1+ Tr(J(E)) + det(JP(E)) =4 — o

As the last term is positive, we obtain the condition

4o Eb+a?e)
1+bal !

And this inequality holds if

s (b + ax? g')
2 ——
5. If b+ ax%g’ < 0, it is immediate that det(JP(E)) — 1 > 0, and this implies that the interior equilibrium point E is unstable. [I

4.1. A third order positive and elementary stable a-NSFD method

Theorems 3 and 4 ensure positivity and second order for the method (12). Also, Theorem 5 ensures elementary stability for
the method (12) on problem (3). Observe that we can still use the parameters o/, i = 1,..., N, to minimize, for example, the local
truncation error (LTE). In fact, it is also possible to annihilate the main term of the LTE along the integration process, thus getting
an explicit third order nonstandard method, namely o(x)-NSFD3. We briefly describe below the general procedure for the election
of parameters « to obtain this third order a-NSFD scheme.

Consider the next O(Af3) terms in the Taylor expansion of the exact solution (10)

N
1 0% fi(x 97 (%) af (Xo) af’ (xo) ;
£ <j 12 o 0 R + Z (;-1 ff(xo))> AP + O, (23)
1:J2 =
and the corresponding terms in numerical solution already obtained in (15)
. . PR PR 2
) ) i ApiN! O, i i i f£i _
<é(¢')”’(o, x4 TP QX ) (a L ,.(x")) f’) AP + O, 24)
XO XO

Comparing (23) and (24), and annihilating the O(A?) coefficients, the «-NSFD method (12), with ¢’ satisfying (16), reaches order
three.
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For the particular case N = 2, like the predator-prey model (3), we report below the values of «! and a? that annihilate the O(A#%)

terms. The corresponding third order method «/(x)-NSFD3 is obtained by choosing

.
Y2 S+

ai(= ai(x))= Y R

i=1,2, (25)

with

W =20 FL 3L = I EP ) L A2 L s = P2 P L L P s L =2 ),
G =20 5 5 3G LI = U B 1 L+ 2 1L = ULP) 22 G+ FA T =205 ),

where, for brevity, we have used the notation

i g i 0f(x) i)
F=reo fy=="07 o= 5ua

In the numerical experiments, we have used the a’(x)-NSFD3 method to solve the predator-prey problem (3). The corresponding

numerical results are shown in Figs. 1-4 and Tables 3 and 6. The implementation of the /(x)-NSFD3 third order method is summarized
in Algorithm 1, and briefly described below.

Algorithm 1 Pseudocode for the third order a/(x)-NSFD3 method (to solve problem (3)).

Input: 1y, xy, T, At, 6, @', %', f1, f!
1:
2:

3:

0 ® NI R

i (i f =

o Loy Ud 0 =1,2)
initialize t « 1y, k < 0, x; < x,

while r < T do

i 2 i
Fle G 11 Lo, f) < afaf;k), £l % Lj.6=12
o« al(xy), i=1,2 > see (25)
if (3i=12:(d <@ va €C)) A (Vi=12: x| — x| <5|x|) then
o« max(0,a’), i=1,2 > elementary stability control, see Theorem 5
end if
T« (¢))(0, Xi)s i=1,2 > see (16)
¢ — Pi(AL, X)), i=1,2 > see e.g. next (31)
compute x;'m asin (13),i=1,2
if3i=1,2: (X, <0vx; €0 then
o« max(0, f1/f1), i=1,2 B> positivity control, see Theorem (3)
7h— (¢')"(0,x), i=1,2 > see (16)
¢ < PI(ArLxy), i=1,2 > see e.g. next (31)

asin (13),i=1,2

compute x|

end if
te—t+At,k—k+1

: end while

The inputs are: the initial condition x,; the bounds of the time interval ¢, and T} the step-size At; the equilibrium points (x!, %);
the related values a! and @ from Theorem 5; a parameter § > 0, used to control the elementary stability; the functions f' and
their first and second order derivatives f; i fijx .-

Lines 3-4: we select o' to obtain order three, according to (25).

Lines 5-7 (elementary stability control): when the solution is close to the equilibrium point (i.e., when their relative distance is
smaller than §), we check the elementary stability conditions in Theorem 5 and, if necessary, change the o' coefficients accordingly.
Line 10: we compute the numerical solution using the chosen a'.

Lines 11-16 (positivity control): if the numerical solution x,; is negative or complex, exploiting the positivity conditions in
Theorem 3, we change the coefficients «' accordingly and recompute the solution.

The main goal of the proposed implementation lies in preserving positivity and elementary stability by exploiting the conditions

given in Theorems 3 and 5, that provide the values of the &' coefficients in the a’(x)-NSFD method guaranteeing this. Note that if
the numerical solution never becomes negative, and the coefficients «/(x) in (25) at each step are such as to guarantee elementary
stability, we also reach order three. Therefore, always looking primarily at the positivity and stability of the solution, we do not even
sacrifice accuracy unless necessary. A similar idea has been used in [21], where the authors derive unconditionally positive methods
based on the Patankar trick, but propose to slightly modify them by relaxing the positivity requirement when not needed. Indeed,
unconditional positivity can lead to lag effects in the numerical solution, and thus to inaccurate results, see [21, Figs. 13 and 14].

Finally, note that Algorithm 1 is generalizable for any problem, once the user provides the &' values related to the elementary

stability control, as done here in Theorem 5 for the model (3).
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5. a-NSFDRK methods

The NSFD methods (5) and (6) are based on forward Euler scheme, where At has been changed by ¢/(At), i = 1,..., N, and the
function f has been non-locally modified. We have generalized this technique by means of formula (7), and finally we have added
some parameters in (12) to get the new «-NSFD methods. These ideas can also be applied to higher order Runge-Kutta methods as
we describe below. For simplicity, we have considered a simple second order explicit RK method, this is Heun’s method or explicit
trapezoidal rule. The coefficients of the scheme can be displayed in a Butcher tableau

0 0 0
1 1 0 (26)
12 172
and the equations of one Ar-step applied to the autonomous problem (1), from x; = x(7;) to x;,; = x(t; + Ar), are
X =xg,
Xy =x; + At f(X)),
Xar =X+ 3 ALLX) + 2 ALF(X), 27

where X, X, € RY are the internal stages and x,,; € R" is the numerical solution at t = t, + At. This approach is second order, but
does not preserve the positivity of the system. In [21] the authors applied the Patankar trick to Heun’s method to get positivity for
fully conservative problems. In this section we extend the a-NSFD ideas in Section 4 to RK methods. The equations of the new second
order scheme, namely a-NSFDRK method, are

i i Xi

Xz_x Z_X;c ; - N )
¢’(Atx) f(xk)+a k fl(x), i=1,...,N, 282)
Xjepr — X} =1l + 1 Xper1 Xf<k>+ ) + b w1 ~ éf,-(Xz), i=1.....N. (28b)
Pi(At, x;) 2 X& d

Remark 6. If o/ =0,i=1,...,N, and ¢' = A, then the internal stage X, in (28a) is nothing but the numerical approach after a
forward Euler step. Consequently, Eq. (28a) for the stage X, coincides with Eq. (12) for the numerical solution x;_; .

Remark 7. Observe that the case a/ =0, i=1,..., N, and ¢' = At, corresponds with the basic Heun’s method (27), while for a = 1,
and ¢’ = At, we recover the second order Patankar-Runge-Kutta scheme considered in [21] for fully conservative problems.

Below we extend Theorems 3 and 4 in Section 4, now for the new a-NSFDRK method (28). Positivity is obtained under the same
hypothesis made in Theorem 3, while second order can be obtained for the simple case ¢’ = At, not being necessary to calculate
second derivatives (¢)" (0) like those in Theorem 4.

Theorem 6. The a-NSFDRK method (28) preserves the numerical positivity of the model (1) if & > fi(x)/fi(x), i=1,...,N, x > 0.
Proof. Similarly to the proof of the Theorem 3, it is possible to obtain an explicit scheme for the internal stage X, in (28a)

X - X+ ¢ (fi(xg) —al f1 (xo)) (29)
1—al¢ifi/x)

Then, we can also get an explicit expression for the numerical solution x; ; in (28b)

| R0 @) + 5 (10 ) (30)
o=
o L= L0l f1(xg)/ X — Lalgh 1 (X)) X0

In both cases, the denominator is positive for any value of the parameters «'. From the numerator we get the sufficient condition for
positivity, this is f/(x) —a'fi(x) >0. O

Theorem 7. If the functions ¢, i = 1, ..., N, of the -NSFDRK method (28) satisfy ¢'(0) = At, then the method achieves second order for
any value of the parameters o/,i =1,..., N.

Proof. Taylor expansion of the internal stage X ; in (29) gives us

Xi =X+ A fl(x) + MA# +O(AR).
X,
0

Then, the expansion for the numerical solution x 1n (30) is

f(o)

X =X+ A fI ) + 2 2 20 £i(xg) A 4+ O(AP).
j=1

The parameters a' vanished up to Ar> and the method is second order. [

9
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Table 1
Errors and rates of convergence for first order methods in case g(1) < d; for «-NSFD1 we used a = 0.928, and for «'-NSFD1
we used a! =0.8, a2 =0.5.

EE1 PESN1 [4] a-NSFD1 a'-NSFD1
At Error Rate Error Rate Error Rate Error Rate
107! 1.73e-01 - 3.43e-02 - 2.27e-02 - 1.96e-03 -
1072 7.86e-03 1.34 2.75e-03 1.10 1.95e-03 1.07 4.23e-04 0.67
103 7.90e-04 1.00 2.69e-04 1.01 1.92e-04 1.01 4.59e-05 0.96
1074 7.90e-05 1.00 2.68e-05 1.00 1.92e-05 1.00 4.62e-06 1.00

For the new a-NSFDRK method (28), Theorems 6 and 7 ensure positivity and second order. As done in Section 4 for a-NSFD
methods, also for the a-NSFDRK proposed in this section we have analyzed conditions on the parameters so that the scheme also
preserves the behavior of the equilibrium points on problem (3). However, we got that the scheme (28) is not elementary stable, and
the same happens with any other second order RK method. Therefore, in the numerical experiments we have chosen the parameters
a' to annihilate, when possible, the main term of the local error, thus achieving third order. We have named «'(x)-HEUN3 to this
positive third order «-NSFDRK method.

6. Numerical simulations

All the theoretical findings related to positivity, elementary stability and accuracy of the new a-NSFD and «-NSFDRK methods have
been tested in the numerical simulations. We have compared our new schemes with other NSFD methods existing in the literature to
show the advantages of the new ones. In order to make the comparison possible, we have considered the same functions ¢' used in
[4,5], defined by

eri(x)At -1 if ; # 0
P(Atx)={  Ti(x) T #0 (31)
At if  7i(x)=0,

where 7/(x) = (¢')"' (0, x) is the one in Theorem 4 that guarantees order two for any a'. All the numerical methods used in the simula-
tions are listed below. In each case, the ending number denotes the order of the method.

EEE: explicit Euler method.

PESN1: the positive and elementary stable NSFD given in [4,14]. This method coincides with (12) for the particular case ¢’ = Ar and
a=1.

a-NSFD1: the «-NSFD method (12), with a' = a, where « is a-priori fixed, and ¢’ = At.

a’-NSFD1: the a-NSFD method (12), where the o' coefficients are a-priori fixed, and ¢ = At.

PRK2: the positive second order Patankar-Runge-Kutta scheme considered in [21]. This method coincides with (28) for the particular
case ¢' = Atand a = 1.

PESN2: the positive and elementary stable NSFD scheme given in [5]. This method coincides with (12) just for the particular case
o' =0 (in [5, Eq. (8)]) and o' = 1.

a-NSFD2: the «-NSFD method (12), with &' = @, where « is a-priori fixed, and ¢' are given in (31).

a'-NSFD2: the «-NSFD method (12), where the « coefficients are a-priori fixed and ¢' are given in (31).

a'®)_NSFD2:] the a-NSFD method (12) from Remark 5, where the a' coefficients vary along the time integration so as to guarantee
second order, and ¢’ = At. Its implementation has been performed following the same ideas as in Algorithm 1 for method «(x)-
NSFD3.

a’(x)-NSFD3: the a-NSFD method derived in Subsection 4.1, where ¢' are given in (31).

a'(x)-HEUN3: the a-NSFDRK method derived in Section 5, where ¢’ = At.

For the a-NSFD methods with non-variable coefficients, we prefixed a or &' by taking into account the elementary stability conditions
in Theorem 5. Also, all these methods have been implemented with a control on positivity. That is, if at a given grid point the
numerical solution is not positive, then, only at that point, we use a = max (0, f'/ fi):ll, ora’ =max (0, f'/f1),i=1,..., N, according
to Theorem 3.

All the methods have been implemented in Matlab, version R2023b. To calculate a reference solution for the performed tests, we
have used the Matlab function ode15s requiring absolute and relative tolerance equal to eps.

In all simulations we have considered the Rosenzweig-MacArthur predator-prey system (3), like in [4,5], with g(x) = 1/(c + x),
and we have examined two different situation: the first one, g(1) < d, in which there does not exist interior equilibrium point, and
the second one, g(1) > d, with an interior equilibrium point that is asymptotically stable.

6.1. Predator-prey problem when g(1) < d

We consider system (3) with the following set of the parameters:

a=10, b=20, c¢=05 d=60.

10
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g(1)<d: a'(x)-NSFD3 with At=6 and tc[0,60] g(1)<d: a'(x)-HEUNS3 with At=6 and tc[0,60]
2+ ‘ YY I I = | 2+ ! 7 v k7 k7 v 7 B
15}t 1 1.5¢ V.
=
N>< 1 L 4 N>< 1 L i
k4
05} 1 05 ]
7
o l ‘ 1 o»‘ BoAcACAC < 1
(] 0.5 1 1.5 2 (] 0.5 1 1.5 2
X1 X1
d(1)<d: solution by ai(x)-NSFD3 with At=6 5 d(1)<d: solution by ai(x)-HEUN3 with At=6
X,=10.6,2] \ x,=0.6,2]
- = x,=[2,06] ! - = x,=[2,06]
- Xg=[2,2]

30 40 50 60
t t

Fig. 1. Phase plots (top) and x!-solution (bottom) for a'(x)-NSFD3 and a'(x)-HEUN3 methods in case g(1) < d. In the phase plots, the symbol ‘V’
denotes the initial condition, and ‘o’ denotes the numerical solution at ¢ = 60.

Table 2
Errors and rates of convergence for second order methods in case g(1) < d; for a-NSFD2 we used « = 0.661, and for a/-NSFD2 we used a' = 0.5,
a? = 0.873. Also, according to [5, p. 9], we used w' = w? = 0 (in [5, Eq. (8)]) for PESN2.

PRK2 [21] PESN2 [5] a-NSFD2 a'-NSFD2 a'(x)-NSFD2
At Error Rate Error Rate Error Rate Error Rate Error Rate
107! 1.64e-02 - 2.29e-03 - 9.22e-04 - 9.56e-04 - 1.67e-03 -
1072 2.20e-04 1.87 2.33e-05 1.99 1.22e-05 1.88 1.83e-07 3.72 1.62e-05 2.01
1073 2.29e-06 1.98 2.34e-07 2.00 1.25e-07 1.99 9.70e-09 1.27 1.61e-07 2.00
1074 2.30e-08 2.00 2.34e-09 2.00 1.25e-09 2.00 1.07e-10 1.96 1.62e-09 2.00
Table 3
Errors and rates of convergence for third order methods in case
g(l) <d.
a'(x)-NSFD3 a'(x)-HEUN3
At Error Rate Error Rate
107! 2.40e-05 - 1.97e-03 -
1072 1.91e-09 4.10 3.78e-06 2.72
1073 4.16e-12 2.66 4.10e-09 2.96
1074 4.58e-12 - 1.32e-12 3.49
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102 Case g(1)<d: methods of order one Case g(1)<d: methods of order two
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Fig. 2. Convergence results for the first, second and third order methods in case g(1) < d.

Table 4

Errors and rates of convergence for first order methods in case g(1) > d; for -NSFD1 we used a = 0.944, and for «'-NSFD1
we used a' = 0.901, a® = 0.751.

EE1 PESN1 [4] a-NSFD1 a'-NSFD1
At Error Rate Error Rate Error Rate Error Rate
107! 1.57e+00 - 6.73e-02 - 2.72e-02 - 1.20e-02 -
1072 8.21e-02 1.84 7.23e-03 0.97 2.40e-03 1.06 7.65e-04 1.20
1073 8.07e-03 1.28 7.28e-04 1.00 2.36e-04 1.01 7.19e-05 1.03
1074 8.06e-04 1.01 7.28e-05 1.00 2.36e-05 1.00 7.14e-06 1.00

In this case there does not exist interior equilibrium point and the boundary equilibrium point E; = (1,0) is asymptotically stable.
The numerical results are summarized in Figs. 1 and 2, and in Tables 1-3.

In particular, in Fig. 1 we report the behavior of the solution also using phase plots to show the stability properties of the new
proposed a'(x)-NSFD3 and «(x)-HEUN3 methods. To get that we have integrated the problem in the time interval [0,60] with several
choices of the initial conditions. As expected, note that, although the o' coefficients vary along the numerical integration with the
aim of increasing the order of convergence, positivity and elementary stability are maintained by the a'(x)-NSFD3 method. Instead,
the a/(x)-HEUN3 method is not elementary stable, in accordance with the developed theory. In any case, to show the non-elementary
stability of the a/(x)-HEUN3 method we had to use a very large time step, as this method preserved the behavior of the equilibrium
points for At < 6. The positivity is instead preserved by «’(x)-HEUN3 method for any choice of At, as expected.

Fig. 2, and Tables 1-3, show the absolute errors in 1-norm obtained by all numerical methods at the point 7 = 1 with initial
condition (x,, yy) = (5,2), by varying the step-size Az, similarly to [5, Section 4, Example 1]. The obtained results testify that the first
and second order a-NSFD methods derived in this paper achieve lower errors than the other schemes from the scientific literature
with which they have been compared. In particular, note that the methods characterized by the lowest errors are those for which it is
possible to choose a different coefficient o' for each component x;( + of the solution. Furthermore, observe that the a’(x)-NSFD3 and

12
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9(1)>d: o'(x)-NSFD3 with At=8 and tc[0,120]
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g(1)>d: o'(x)-HEUN3 with At=8 and tc[0,120]
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Fig. 3. Phase plots (top) and x!-solution (bottom) for a'(x)-NSFD3 and a'(x)-HEUN3 methods in case g(1) > d. In the phase plots, the symbol ‘V’
denotes the initial condition, and ‘o’ denotes the numerical solution at ¢ = 120.

Table 5

Errors and rates of convergence for second order methods in case g(1) > d; for a-NSFD2 we used a = 0.834, and for a'-NSFD2 we used «' = 0.834,
a? = 0.74. Also, according to [5, p. 11], we used ®' = 0.15 and w® = 0.11 (in [5, Eq. (8)]) for PESN2.

PRK2 [21] PESN2 [5] a-NSFD2 a'-NSFD2 a'(x)-NSFD2
At Error Rate Error Rate Error Rate Error Rate Error Rate
107! 1.33e-01 - 1.55e-03 - 1.58e-03 - 1.57e-03 - 1.13e-03 -
1072 1.61e-03 1.92 1.44e-05 2.03 5.47e-06 2.46 5.36e-06 2.47 1.11e-05 2.01
1073 1.64e-05 1.99 1.43e-07 2.00 4.57e-08 2.08 4.57e-08 2.07 1.11e-07 2.00
1074 1.64e-07 2.00 1.43e-09 2.00 5.55e-10 1.91 4.33e-10 2.02 1.11e-09 2.00
Table 6
Errors and rates of convergence for third order methods in case
g(l)>d.
a'(x)-NSFD3 a'(x)-HEUN3
At Error Rate Error Rate
107! 6.84e-05 - 1.98e-02 -
1072 6.64e-08 3.01 3.13e-05 2.80
1073 6.43e-11 3.01 3.52e-08 2.95
1074 2.63e-11 - 9.51e-12 3.57
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Case g(1)>d: methods of order one Case g(1)>d: methods of order two

—=—EE1 —=—PRK2
—6—PESN1 10° [ |—e—PESN2
100 | |—P—a-NSFD1 —p— o-NSFD2
—<¢— /-NSFD1 —4—o/-NSFD2
Slope 1 —*—4(x)-NSFD2
— - Slope 2
S S s |
10° 1
10-10 i
f ‘ ‘ ‘
10® 10 102 10° 106 10 102 10°
At At

Case g(1)>d: methods of order three
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Fig. 4. Convergence results for the first, second and third order methods in case g(1) > d.

a'(x)-HEUN3 methods reach order three, as expected from the developed theory. Although they are of the same order, a'(x)-NSFD3
provides much lower errors than o'(x)-HEUN3. We emphasize that, to our knowledge, this is the first paper in which a positive and
elementary stable nonstandard method, namely «/(x)-NSFD3, is derived also for order three.

6.2. Predator-prey problem when g(1) > d
In this second situation, we consider system (3) with the following set of the parameters:
a=002, b=05 ¢=20, d=025.

In this case, g(1) > d, and there is an interior equilibrium point at E = (2/3,200/9) that is asymptotically stable. The numerical
results are summarized in Figs. 3 and 4, and in Tables 4-6. They confirm what has already been discussed in the previous case.

Note, from Fig. 3, that the a’(x)-NSFD3 method preserves the stability properties of the internal equilibrium point even for the
big time step-size At = 8, according to its elementary stability, unlike the a/(x)-HEUN3 method.

It is remarkable that despite not being elementary stable, a'(x)-HEUNS still preserves positivity for At = 8, as expected. In any
case, we have experimentally seen that for Az < 8, also the «'(x)-HEUN3 method is able to preserve the equilibrium points of the
model and the related properties.

Furthermore, Fig. 4, and Tables 4-6, show the absolute errors in 1-norm obtained by all the numerical methods at the point 7 = 1
with initial condition (x(, yy) = (16,9), by varying the step-size At, similarly to [5, Section 4, Example 3]. As in the previous case
g(1) < d, also for g(1) > d the methods of order one and two characterized by the lowest errors are the new ones derived in this paper,
for which it is possible to choose different o' coefficients for each component of the numerical solution. Furthermore, as expected,
a'(x)-NSFD3 and a/(x)-HEUN3 show order three, but the former seems to be much more convenient than the latter since, as in the
previous case, it achieves significantly lower errors.
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7. Conclusions

In this work, we have proposed a general technique for the construction of positive nonstandard finite difference methods for
initial value problems. We have also considered the introduction of some parameters «' within these new numerical schemes, possibly
variable along the time integration in order to annihilate or minimize the local truncation error at each step, while still ensuring the
preservation of the desired properties of the continuous model, such as the positivity of the solution and/or the stability of the
equilibrium points. This technique has allowed the derivation of nonstandard positivity preserving and elementary stable numerical
methods of order three. To our knowledge, this is the first manuscript in which methods with these features are proposed. Although
this is the major contribution of the paper, we emphasize that, thanks to the proposed technique, we were also able to derive
positivity preserving and elementary stable methods of order one and two which generalize and improve existing numerical schemes
of nonstandard type of the same order. Numerical experiments conducted on a predator-prey model confirmed the theoretical results
proved in the manuscript, and showed the advantages of the new methods with respect to others taken from the scientific literature.

Future research works starting from this paper could concern the use of the new technique for different models of interest, or its
generalization for the preservation of other properties of the solution.
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