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Abstract: Starting from a model of nonlinear magnetoelasticity where magnetization is defined in the Eule-
rian configuration while elastic deformation is in the Lagrangian one, we rigorously derive a linearized model
that coincides with the standard one that already appeared in the literature and where the zero-stress strain
is quadratic in the magnetization. The relation of the nonlinear and linear model is stated in terms of the I'-
convergence and convergence of minimizers.
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1 Introduction

Magnetoelasticity is a characteristic observed in certain solids wherein there is a significant interdependence
between their mechanical and magnetic properties. This coupling manifests as reversible mechanical deforma-
tions that can be induced by applying an external magnetic field. This phenomenon holds considerable practical
value, especially in the design of sensors, actuators, and various innovative functional-material devices; see
e.g. [30].

The origin of magnetoelasticity can be traced to the intricate interplay between the crystallographic
structure of the material, where different crystals exhibit distinct easy axes of magnetization, and magnetic
domains [33]. In the absence of external magnetic fields, these magnetic domains align to minimize long-
range dipolar effects, leading to a generally minimal or even negligible magnetization of the medium. Upon
the application of an external magnetic field, the magnetic domains undergo a reorientation towards it. This
reorientation leads to the emergence of a macroscopic deformation since magnetizations are linked to specific
stress-free reference strains. As the magnetic field’s intensity increases, an increasing number of magnetic
domains align themselves so that their principal axes of anisotropy align with the magnetic field in each region,
eventually reaching saturation. For a deeper exploration of the foundational aspects of magnetoelasticity, we
refer to [16, 25, 33].

Magnetoelasticity is a dynamic area of mathematical research which reflects modeling in linear and non-
linear regimes [21, 42], analysis in the static and quasistatic setting [6, 11, 13] while also being coupled with
thermal and other phenomena, e.g. [39]. Moreover, dimension-reduction problems covering lower-dimensional
structures in various scaling regimes were recently as well analyzed; for instance, see [11, 20].
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The aim of our contribution is to establish a relationship between nonlinear and linear models of magne-
toelasticity in the static case. To our best knowledge, it is the first situation where this program is undertaken
in the combined Eulerian and Lagrangian description.

Let Q be a (connected) bounded domain in RY (d > 2) with Lipschitz boundary Q, representing a reference
configuration occupied by an elastic body. We fix an open subset I' of dQ such that H4~(I') > 0, where H?!
denotes the (d — 1)-dimensional Hausdorff measure. We consider the magnetoelastic energy of the following
form [13, 16, 34, 41]:

Sy, m) = j W(Vy, moy)dx + % I VP dz + £2 j|v\;m|2 dz (11)

Q y(Q) R4

for a deformation y € WP(Q; R?) with p > d, detVy > 0 a.e,, y is injective a.e. in Q, and y = yo on I, where
yo € WP(Q; RY) is a given boundary datum, and a magnetization m € Wh2(y(Q) \ y(0Q); R%). In (1.1), the
first term represents the elastic energy, the second term is the exchange energy, and the last term stands for
magnetostatic energy; uo is the permittivity of void and vy, is the magnetostatic potential generated by m. In
particular, vy, is a solution to the Maxwell equation V - (-=¢oVv, + xy@ym) = 0 in R4 with Xy the character-
istic function of y(Q). Furthermore, we can assume that the specimen temperature is fixed and therefore the
Heisenberg normalized constraint

[moy|detVy =1 a.e.inQ 1.2)

holds for all deformations [16, 34].

Let us point out some peculiarities caused by the mixed Eulerian-Lagrangian formulation. First, to cor-
rectly define the composition m -y, we must identify y with its continuous representative, due to Sobolev
embeddings theorems [36, Section 1.4.5]. Second, as it is conventional in magnetoelasticity [13, 15, 41], we define
m e Wh2(y(Q) \ y(aQ); RY), since y(Q) \ y(dQ) is an open set and it differs from y(Q) just on a set of measure
zero, i.e. [y(Q)] = [y(Q) \ y(0Q)]; see for example [27] or [13, Lemma 2.1].

As in [26, 43], we suppose the deformation gradient F can be multiplicatively decomposed into magnetic
and elastic parts F = FinFe) with the magnetic part Fr, being volume-preserving, i.e., det Fy, = 1. In our setting,
we assume Fy, = exp(-E(M)), i.e., FI;} = exp(E(M)), where E(M) is defined as

EM):=-M®M + %1.

Here, M € R? is a placeholder for the Lagrangian magnetization whose length |M| satisfies M - M = [M|* = 1,
and I is the identity matrix in R%*4 Note that tr E(M) = 0, so that, indeed, det lE'][‘n1 = 1. In view of the Heisenberg
constraint (1.2),

M(x) = m(y(x)) det Vy(x) 1.3)

satisfies |M(x)| = 1 for x € Q. Consequently, using the change-of-variables formula for Sobolev mappings [31]
(considering that y is a.e. injective and satisfies the Lusin (N)-condition) for w c Q, it holds

jM(x) dx = J m(z) dz.

w y(w)

Therefore, M and m transform as volume densities in the reference (Lagrangian) and the deformed (Eulerian)
configurations, respectively.
We define e: R4 x RY — R as

e(F,m) = —(det F)>’mem + %I.

Whenever m and M are two magnetic fields related by (1.3), then e(Vy, m o y) = E(M) in Q.

In the case F = I, we simplify the notation by setting e(m) := e(I, m) = -me@ m + %I . Next, we assume that
the elastic energy density is of the form W(F, m) = ®(exp(e(F, m))F) = ®(F¢). We recall that the matrix expo-
nential exp(A) = Y52, A¥/k! is defined for every A € R4, setting also A® = I. Here, @ is a nonnegative function
that is minimized precisely at the set of proper rotations. This form of the energy density is inspired by energy
expressions in the papers [1-3, 22] on nematic elastomers.
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In the small-strain regime, we set y. = id + eu and assume that the influence of the magnetization on
the elastic deformation of the specimen vanishes along € — 0 in the sense that Fp ¢ = exp(-¢E(M)) and
limg_,o Frn,e = I. Then we consider the rescaled energy

Ge(u, m) i= é j W(Id + eVu(x), m(x + eu(x))) dx + % J Vvm(z)|* dz + % JlVVm(Z)|2 dz
o (@) R
= é I @ (exp(eE(M))(I + eVu(x))) dx + % j IVm(z)|* dz + % JIVVm(Z)IZ dz.
o ye(Q) R

We formally get the expression for the elastic strain
Feie = FylVye = exp(eE(M)) - (I + eVu) ~ I + &(Vu + e(m)).

Moreover, a formal Taylor expansion shows that the limit energy is, as in [21], of the form

So(u, m) := % J(C(e(u) +e(m)) : (e(u) + e(m)) dx + % JIVmIZ dx + % J|wm|2 dz, (1.4)
Q Q R4

where .
e(u) := E(VuT +Vu)

is the symmetric part of the displacement gradient and C := D?>®(I) is the elasticity tensor. Note that (1.4) sug-
gests a decomposition of the total strain e(u) into the magnetic part —e(m) = m ® m — I/d and the elastic part
€(u) + e(m). This decomposition has already been used, e.g., in [21, 35, 37]. The aim of this contribution is to
derive (1.4) rigorously by means of I-convergence.

We use the following assumptions for p > d:
(a) @ is frame-indifferent;
(b) @ belongs to C% in some neighborhood of SO(d);
(c) ®(F)=0if F € SO(d);
(d) ®(F) = gp(dist(F, SO(d))) for some p, where

2(0) {% ifo<t<1, (L5)
A N U ) ‘
F + 7~ 1_7 lft > 1,
(e) thereexista > 1and C > 0 such that
1 dxd
cp(F)ZC((detF)a 1) for every F € R,
Let us notice that g, satisfies the following properties: g, is convex,
gp(t) < %min{t”, 2}, gp(s+10) < Clgp(s) + %) (1.6)

for some constant C > 0 depending on p, and for any C; > 0, there exists a constant C; > 0, depending only on p
and on Cy, such that

Frame-indifference (a) implies that W(F, m) = W(F, -m) = W(QF, Qm) for all F ¢ R™? all Q € SO(d), and
all m e R%. Moreover, for every F € R%*,

D*®(D)[F, F] = D*®(I)[Fsym, Fsym].
Together with (d), this implies that D*®(D[F,F] =0if F= -FT and

DZCD(D [Fsym, Fsym] 2 |Fsym|2-
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Above, Fsy, stands for the symmetric part of F. Condition (b) together with ®(I) = D®(I) = 0 leads to
1
®(I +F) 2 5 D*®(DIF, F] - n(|FI)IF’,

where 1 is an increasing nonnegative function such that n(¢) < Crt for |t| < Rand R > 0.
In what follows, the mechanical loading is modeled by a continuous linear functional .#: L?(Q; RY) - R
and the magnetic loading is described by a functional .# : L2(Q; R?) x L*(R%; R%) — R,

L) = Jf-ydx and ./(y, m) = j h-mdz,
Q y(Q)

where f € L2(Q; R?) is abody force and h € L*(R%; R?) represents an external magnetic field, while ./ is called
the Zeeman energy.

Ify € W'P(Q; RY) represents the deformation of the elastic body, the stable equilibria of the elastic body are
obtained by minimizing the functional jg W(Vy, moy)dx — Z(y) — .4 (y, m), under the prescribed boundary
conditions. The area of interest of this paper is the case where the load has the form £.#, and to study the
behavior of the solution as ¢ tends to zero. We write y, = id + eu and assume the Dirichlet boundary condition
of the form y, = id + ew, K4 1-a.e. on T, with a given function w € w2eo(Q; RY). Denoting a set of functions
satisfying boundary conditions as

WiP(QRY) = {u e WHP(Q;RY) : u=w, H%-ae onT},

WP RY) = {u e W2°(Q;RY) : u=w, H%-ae onT},
the corresponding minimum problem for (u, m) becomes

min” W(I + eVu(x), m(x + eu(x))) dx - e (eu) — . (id + eu, m) :

@ (u,m) € WiP(Q; RY x W(ye(Q) \ y(0Q); Rd)}.

The class of admissible deformations is given by
Y= {y e WP(Q;RY) : detVy > 0 a.e.in Q, y is a.e. injective in Q}.
For w € W%°(Q; RY) and ¢ > 0, define the class of admissible states as
AY = {(u,m) € Wy (RY) x L2RERY) @y, :=id + eu € Y, m e WH2(ye(Q) \ ye(8Q); RY),
[moy.|detVy, =1a.e.in Q},

and
AY = W@ RY) x wh(Q; 840,

The main result of this work is the following I'-convergence statement.

Theorem 1.1. Let W: R4 x R? — [0, co] satisfy conditions (a)-(e) for some p > d, and let w € W (Q; R%).
For every ¢j — 0, we have that
r .
S¢; = G0 asj— oo
in the weak topology of W'2(Q; RY) x L?(R%; RY).
Remark 1.2. In view of the compactness properties stated in Proposition 3.1 and in order to state the I'-con-

vergence in W2(Q;R?) x L2(R%; RY), in Theorem 1.1, we identify m, with yy,qm, for (ue, me) € AY and
Ve = id + €u,. Similarly, in the limit as € — 0, we identify the magnetization m with yom.

Theorem 1.1 is completed by the following theorem, stating the convergence of minima and minimizers. Here,
we consider loading terms as well. In particular, for every € > 0 and every (u, m) € AY, we set

Fe(u, m) ;= Ge(u, m) - £(u) - . (id + eu, m).
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Theorem 1.3. Under the hypotheses of Theorem 1.1, for every € > 0, define s := inf{F¢(u, m) : (u, m) € A¥} and
let (ug, mg) € AY be a sequence such that

Fe(ue,mg) =s.+0(1) ase — 0. (1.8)

Then ue — uo weakly in WH2(Q;RY), yy.@@me — yomo in LA RERY), and yy,)Vme — yoVmo weakly in
LY(RY R%4), where (ug, mo) € AY is the solution to the minimum problem

so := min{Fo(u, m) : (u, m) € Ay},
where Fo(u, m) = Go(u, m) - £(u) - #(id, m) and Gy is defined by (1.4). Moreover, s; — So.

Theorem 1.4. Under the hypotheses of Theorems 1.1 and 1.3, let (us, m¢) € AY satisfy (1.8). Then, up to a subse-
quence, (Ug, Xy,@)Me) — (Uo, YaMo) strongly in WH2(Q; RY) x LE(R% RY).

The proof of Theorems 1.1-1.4 is postponed to Section 4. Compactness issues are discussed in Section 3.

Remark 1.5 (Discussion for the case p < d). Letus notice that the p-integrability of deformations’ gradients plays
an essential role only for the compactness. The result of this paper can be extended for the case p = d using the
means of quasiconformal analysis; see details in, e.g., [32]. In this case, an admissible deformation y € Y is con-
tinuous and differentiable a.e., and a continuous representative satisfies the Lusin (N)- and (N)~'-conditions.
Thus, the composition m - y is well defined, and the change-of-variables formula is valid for the chosen repre-
sentative. Second, instead of y(Q) \ y(8Q), one needs to consider the interior of y(Q) to define m properly; see
e.g. [5]. Finally, there is no uniform convergence y, — y, only locally uniform convergence. Therefore, the proof
of compactness in Proposition 3.1 needs more refined estimates.

There are several options in the literature coming from [38], which offer ways to deal with the case
p > d — 1. However, a stronger coercivity condition is needed to guarantee weak convergence of determinants.
For instance, one may use the approach prohibiting cavitations as in [6, 12]. Another option is to consider defor-
mations with finite surface energy as in [6], (INV)-condition, or weak limits of homeomorphisms [10, 23]. We
refer an interested reader to the paper [14], which studies magnetoelasticity in the case p > d — 1. For the case
p = d — 1, admissible deformations may be considered within the limits of homeomorphisms [24] or mappings
with finite surface energy [7, 8], although this case appears to be much more difficult.

2 Auxiliary results

The homogeneous Sobolev space L%(RY) is defined as the space of ¢ € L2 (R?) such that Vo € L%(R%; RY). We

loc
equip the space L2(R%) with a seminorm |[Vo|| 2 (re:re)- It can be as well supplied with a norm

lolrizmwaey = IVOlr2re:re) + 19112(w)s

where w ¢ R? is an arbitrary bounded open nonempty set. For more details, the interested reader is referred
to [36, Chapter 1]. The magnetic potential v, € L2(IRY) generated by magnetization m exists, unique up to
a constant, and continuously depends on m.

Proposition 2.1. For every f € L*(R%; RY), there exists Vr € LV2(RY), which is unique up to additive constants,
such that

j(—va +f)-Vodz=0 forallg e L"*(RY) and [Vvflze < |Ifllge.

R4
Moreover; if f; — f strongly in L2, then Vvj; — Vvy strongly in L*(R?, R%).

Proof. This proposition is classical; see for example [6, Proposition 8.8 & Theorem 8.9] or [41, proof of Theo-
rem 4.1]. N

Let us now recall sufficient conditions for a deformation to be injective if the gradient of the displacement is

small enough in the operator norm, i.e., |Blo = SUp,cgra %.
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Theorem 2.2 ([17, Theorem 5.5-1]). Let @ ¢ R? be an open set.

1) Lety=id+u: Q — RY be differentiable in x € Q. Then |Vu(x)|p < 1 = detVy(x) > 0.

(2) Let @ c R be a bounded domain with Lipschitz boundary. Then there exists a constant ¢(Q) such that any
y =id + u € CY(Q; RY) with sup,5|Vu(x)lo < c(Q) is injective.

To establish compactness, we need the following geometric rigidity, proven in [28, Theorem 3.1] for p = 2 and in
[18, Section 2.4] for p € (1, +00).

Theorem 2.3. There exists a constant C = C(Q, p) > 0 such that, for every v € WLP(Q; RY), there exists a constant
rotation R € SO(d) satisfying

JIVV -RPdx<C I gp(dist(Vv,S0(d))) dx,

Q Q
where g, is defined by (1.5). In particular, we may choose R such that

é[ v dxl - dist(Ld—(Q) i vvdx, SO(d)). @1)

- mw

Proof. Itis enough to resort to the classical rigidity estimates for p € (1, +c0) and notice that
i(tl’ +t9) < 1max{tl’ 2} < gy(t) < 1max{tl’ %} < 1(t!’ +t%)
2p “p L ) T2 '

The particular choice of R as in (2.1) can be ensured arguing, e.g., as in [4, Theorem 3.1]. O

3 Compactness

This section is devoted to the proof of the following compactness result for sequences with bounded energy G;.
Proposition 3.1 (Compactness). Under the assumptions of Theorem 1.3, let (ug, mg) € AY be such that

sup Ge(ug, me) < +00. 3.1
>0

Then there exists (1o, mg) € W2 (Q; RY) x WL2(Q; $9-1) such that, up to a subsequence,
Ve = id + eu, — id strongly in WP (Q; RY),
Up — Up weakly in WH2(Q; RY),
Xyu@Me — xomo  strongly in LA(R% RY),
Xy VMe — xoVmy  weakly in LA(RYE RPY),
Mg oy — My strongly in L' (Q; RY),
Mg o ye detVy, — mg strongly in L (Q; RY) for every 1 < r < co.
Before proving Proposition 3.1, we show the following lemmas, which provide boundedness of the displacement

variable in terms of the energy G..

Lemma 3.2. Under the assumptions of Theorem 1.1, there exist positive constants C1 = C1(,d,p) >0 and
Cy = Co(Q, d, p) > 0 such that, for every € € (0,1) and every (u, m) € AY, it holds

£2G:(u,m) > C; Jgp(dist(Vyg, S0(d)) dx — Cy & (3.2)
Q

forye =id + eu.

Proof. Let (u, m) € A} and ¢ € (0, 1). By assumption (d), we can estimate

e2G.(u,m) > C J gp(dist(exp(ee(Vye, mo y¢))Vye; SO(d))) dx. (3.3)
Q
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By definition of e(Vye, m o y;), by the properties of the exponential map, and by the fact that det Vy /m o y,| =1
in Q, we have that, for x € Q and R € SO(d),

dist(Vye; exp(—ge(Vye, mo ye)) SO(d)) < [Vy, — exp(—ge(Vye, Mo ye))R|
< lexp(-€e(Vyg, moy.))|lexp(ee(Vye, moy,))Vy. — R|
< Clexp(ee(Vyg, mo y:))Vy: — R|.

This implies that, for a.e. x € Q,
dist(Vye; exp(—ee(Vye, m o y,)) SO(d)) < Cdist(exp(ge(Vye, M o Ye))Vy,; SO(d)).
Again by the properties of the exponential, we further estimate
dist(Vye; SO(d)) < Cdist(Vy,; exp(-ge(Vyg, mo y,))SO(d)) + Ce a.e.in Q. (3.4)
Combining (3.3)(3.4) and the properties of g, (1.6)-(1.7), we get (3.2). O

Lemma 3.3. Under the assumptions of Theorem 1.1, there exists a positive constant C = C(Q, d, p) > 0 such that,
forevery € > 0, every (u, m) € A}, and every € > 0, the following estimates hold:

JIVuIZ dx < C(gg(u, m) + I|w|2 d3ed-1 4 1), (35)
Q T
JleVulp dx < C82<95(u, m) + I|w|2 gt 4 1). (36)
Q T

Proof. Along the proof, we denote by C a generic positive constant depending only on Q, d, and p, but not on ¢
and on (u, m) € AY.

Let us prove (3.5). For (u, m) € AY, we set y, := id + eu. Applying the Geometric Rigidity Theorem 2.3 and
Lemma 3.2, we deduce that there exists R, € SO(d) such that

JlVye ~R|*dx<cC j gp(dist(Vyg; SO(d))) dx < Ce*(Se(u, m) + 1).
Q Q

By triangle inequality, we continue with

JlVya — 1% dx < C(€%(Se(u, m) + 1) + |R: — I1?). (3.7
Q

Arguing as in [19, Proposition 3.4], we get that

Re— I < Cez(gg(u, m) + j|w|2 At 4 1), 3.8)

T
which, together with (3.7), implies (3.5).

As for (3.6), we notice that, by Theorem 2.3 and Lemma 3.2, for the same rotation R, it holds

Iwyg _RPdx<C j £, (dist(Vye; SO(d))) dx + Ce? < CeX(Se(u, m) + 1),
Q Q

Hence, recalling (3.8), we deduce that

j|gVu|p dx < 2p_1<J|V)’a —R;|Pdx + R, —Ilp) < C(%Ge(u, m) + €% + |Re — IP)
Q Q
< C(e2 ettt m) + &+ |Re = I1%) < C&2(Geat,m) + 1w a1 +1),
r

where we have used the fact that p > d > 2 and that R, € SO(d), so that [R; — I| < 2+/d. This concludes the proof
of the proposition. O
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We are now ready to prove the compactness result of Proposition 3.1. We closely follow the arguments
of [11, Proposition 4.3] (see also [15, Proposition 3.7]).

Proof of Proposition 3.1. Let us notice that the Poincaré inequality and Lemma 3.3 guarantee, up to a subse-
quence, weak convergence u; — uUp in wh2(Q, R?). Moreover, (3.6) implies that

2
IVye —Ili» < Cer (3.9)

for some positive constant C independent of &. And thus, strong convergence y, — id in WP (Q, RY).
For simplicity of notation, let us set A, := exp(ge(Vyg, M, o y,))Vy,. Then, by the assumptions on @, we have
that

1 1 d 2 d
= w ° Q Q). 1
j (detVy;)a dx J (det Ag)d dx < CJ (Vye, Mg 0 ye) dX + CLYUR) < Ce"Ge(Ye, Me) + CLUR).  (3.10)
Q Q Q
Thus, 1/det Vy, is equi-integrable in Q.
For 6 > 0, let us set
Qs :={x € Q:dist(x,0Q) > 6} and y‘g = XosMe.

Without loss of generality, we may assume that Qs is a Lipschitz set. Since y, — id in W'P(Q; R?) and p > d,
we have that y, — id in C%(Q; RY). Hence, for € > 0 small enough, we may assume that Qs < y.(). Without
going into details about the degree theory, see [27], let us provide rather a standard argument to prove this fact.
For y,, let us define the topological degree deg(x, y., Q) as a topological degree of its continuous representative.
Notice that h¢(x) = tye(x) + (1 — t)xis a homotopy between y, and id, and by the uniform convergence y, — id,
for any x € Qg, it holds that x ¢ y.(9Q) for any small enough €. Thus, deg(x, y,, Q) = deg(x, id, Q) > 0; in other
words, X € yg(Q).
Next, by change of variables, using the equality |m, o y.| det Vy, = 1 a.e. in Q, we get that

Jluiflzdx: Jlmslzdx

R4 Qs
2 = o 2 =
< J [mg|* dx = J|mg Vel“detVy, dx J ety dx (3.11)
Ye(Q) Q Q
Moreover, by definition of 9, it holds
[ivuttars [ 1vmedr < Geye mo). (312)

Qs Ye(Q)

Therefore, we have that yﬁ is bounded in W'%(Qs; RY) uniformly for all § > 0. By a diagonal argument, we find
mg € Wfof(sz; RY) such that ué — m, weakly in Wllo’f(sz; RY). While the Sobolev embedding theorems provide
that

Me(X) = yﬁ(x) — my(x) fora.e. x e Qs. (3.13)

We further deduce that my € W2(Q; RY), passing to the liminf as € — 0 and then to the limit as § — 0 in (3.11)
and (3.12). Note further that the second line in (3.11) ensures that yy, @)m. is bounded in L%(R%; RY), and thus con-
verges weakly to some u € LY(RY; RY). Using pointwise convergence (3.13), we conclude xy, )M (X) — yamo(x)
a.e. in R%. Therefore, u = yomy a.e. and, up to a subsequence,

Xy @Me — yomo weakly in L(R% RY). (3.14)

Now it is not difficult to see that | )(yg<9)mg|2 converges in measure and, moreover, is equi-integrable by (3.10)
and (3.11). Thus, applying the Lebesgue-Vitali Convergence Theorem (see [9, Theorem 4.5.4] or [40, Chapter 6,
Exercise 10]) to [y, (q)me |2, we obtain convergence of norms || Xye@Mellzz — llxamollr2. This, together with weak
convergence (3.14) guarantees strong convergence yy,()Me — YoM in L2(R%; RY). Since the weak convergence
in L%(Q; RY) of m, Xy.(@) t0 mg has been already shown, we deduce the strong Lz-convergence.
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By (3.1), we know that yy, ) Vm, is bounded in L2(R%; R%%). For every test ¢ € L2(R% R%?), we consider

J(Xyg(g)Vmg - xoVmp) 1 pdx = J()(yg(g)Vmg —-xeVmp) : pdx + J Xy:(@)Vme — xoVmg) : ¢ dx.
RY Qs RAN\Qs
Then the first integral tends to 0 since Qs € y.(Q) N Q, m; = ud in Qs, and u® — mp weakly in W"2(Qs; RY). As
for the second integral, we have that
| i@ vme - xo7mo) : o x| < Clioliaccy,
RN\Q;

where Cs = {x € R? : dist(x, 8Q) < §}. Since L4(Cs) — 0as § — 0, we infer that yy, o) Vm, converges to yoVmy
weakly in L%(R%; R9),
We now show that m, o y. converges to mg in L'(Q; RY). For § > 0 and € « 1, we write

Ilma oYe —Mpldx < Jlms o ye — US| dx + Jluﬁ - mp| dx. (3.15)
Qs Qs Qs

For the second integral on the right-hand side of (3.15), we simply have that u$ — mg in L?(Qs; RY). As for the
first term on the right-hand side of (3.15), we notice that m, o y. and ¢ are equi-integrable in Q5. Thus, for n > 0,
there exists p > 0 such that, for every A ¢ Qs measurable,

LA <p = limsupj|m£ oye — uSldx < n.

-0

Let us consider & € (0, 8) such that £4(Q3\ Qs) < p and set As ¢ ::ygl(Qa). For € > 0 small enough, we
have that As . < Q5. We rewrite

jlmg o Ye — [J?l dx = I Mg oye — ugl dx + J [mg oy, — y§| dx. (3.16)
Qs QsNAse Qs\Ase

We notice that, by change of variable,

£4Qs) = L4Uye(Ase) = £4As,) + j (det vy, — 1) dx.
A&,s

Since det Vy, — 1in L1(Q), Ase € Q5,and LUQ5\ Qs) < p, we conclude that

lim sup £4(Qs \Ase) < lim sup(Ld(Qg) - Ld(A(g,g)) =lim sup(Ld(Qg \ Qs) — J (detVye - 1) dx) <p.

&—0 e—0 &—0
AJ,E

In turn, this implies that
lim sup J- Ime o ye —uldx < n. (317
0 Qs\As ¢

To estimate the integral on Qs N As., we fix A € (-1/p,0), extend ¢ from Qs to a map M¢ € WH?(R?; RY)
with ||Mg lwrz(rey < C(Qg)llyg ||%V1,2(96), and use the Lusin approximation of Sobolev functions: for every € > 0,
there exists a set Gs ¢ such that M is e*-Lipschitz on Gs . and

LURY\ Gse) < e J-IVMf *dx < C(Qs)e M ull3yi2qy)- (3.18)

]Rd
Setting Xs ¢ ::ygl(G(g,g) and noticing that m, = Mg on Qs N Gs,¢, we have that

. 2
[ meeye-uflax= [ MIeye- MAdx < ELU@le - idles < F V@),

QgﬂAgygﬂX,g,gﬂGg,g QgﬂAaygﬂX&gﬂGgyg
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Combining (3.18), the convergence rate (3.9), and a change of variable, we infer that
lin’(l)Ld(Qg \Gse) =0 and hn(l) £4Qs\ X5¢) = 0.
E— £—

Thus,
lim sup J )|m‘8s °Ye — y‘gl dx < n. (3.19)
&0 QsNAse\(Xs,eNGs e

Combining (3.15), (3.16), (3.17), and (3.19) yields

lim sup J|mE oy — Mgl dx < 3.

e—0
Qs

Since > 0 is arbitrary, this implies that m, o y. — m in L}(Qs; R?) for every § > 0. By the equi-integrability
of m; o y,, this entails the convergence in LY(Q; RY). Furthermore, since strong Ll-convergence implies conver-
gence a.e., we have m; o y. det Vy, — myg a.e. and |mg o y¢| det Vy, = [mg| = 1 a.e.in Q. Thus, m ¢ W12(Q; ¢ 1)
and m; o y, det Vy, — mg in L7(Q; R?) for any r € [1, +00). O

4 Proof of '-convergence

We are now able to prove Theorem 1.1.
Proof of Theorem 1.1. We divide the proof in lower and upper bound for the I'-convergence.

r-liminf inequality. We start with the lower bound. Let (ug, m¢) € AY be such that sup,. S¢(ug, me) < +co. By
Proposition 3.1, there exist u € WﬂV’Z(Q; R%) and m € Wl2(Q; $%1) such that, up to a subsequence,

U — U weakly in Wh2(Q; R%),
Mg o ye detVy, — m in L"(;RY) forany 1 < r < oo,
Meoye —m in L1(Q; RY),

Xy @VMe — yoVm  weakly in L*(R%; R™?),
Xy@Me = yom  in LAREGRY).

Then, by Proposition 2.1, we have that
lemIde+ levmlzdx <liminf I \Vmel? dz + j|wm£|2dz.
E—
Q RY Ye(Q) R¢

For a fixed 0 < a < 1, define the sets E; := {x € Q : |Vu(x)| < € %}. Then, by the Chebyshev inequality,

LUQNEe) = LU{x € Q1 [Vue(x)| = e7Y) < I IVue(x)| dx < e9QY2 Vel < Ce.

Q\E,

=
Thus, yg, — 11in measure and yg, Vus — Vuin L2(Q; R¥4), Indeed, for 1 < r < 2, we may estimate

1 —r -ra
J Ve - Vul" dx < [Vue - Vulll, - £4Q\E) 7 < Ce 7 — 0.
O\E,

Therefore, yg, Vue = Ve — xo\E, Ve — Vu weakly in L™(Q; R%d), Since the weak limit is unique, we get that
XE.VUue — Vu weakly in L2(Q; R%9),
Moreover, since mg o y. det Vy, — m strongly in L"(Q; RY) for every 1 <r < oo, then

(det Vyg)zmg °oye®Megoy, > mem stronglyin L"(Q; ]Rd).

Thus, we have that e(Vy,, mg o y) — e(m) and yg,e(Vye, Mg oY) — e(m) strongly in L%(Q; RY).
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Let us set
B(e) := (exp(ee(Vye, Mg o y¢)) — I — €e(Vye, Mg 0 Ye))Vye + E2€(VYe, Mg 0 Ye)Vile.
Recalling that [[e(Vye, Mg © V¢)lloo and [lexp(ee(Vye, Mg o Ve))lloo are uniformly bounded and ®(I) = D®(I) = 0,

by Taylor expansion, we have that

1

) J W(I + eVug, mg o y,) dx
Q 1 .

= o) J W(I + eVug, mg o y,) dx + = J W(I + eVug, mg o ye) dx

E. Q\E,

> é J W(I + eVug, Mg o ye) dx = é J @ (exp(ee(Vye, Mg o ye))(I + eVug)) dx
E. E.

= é J O(I + &(Vug + e(Vyg, Mg o Ye)) + B(€)) dx

j C(e(e(ue) + e(Vye, me 0 ye)) + () : (e(e(ue) + e(Vye, me o ye)) + B(e)) dx

E£_ J N(1e(VUe + e(Vye, M o Ye)) + B()])|e(Vite + e(Vye, Me © Ye)) + B(e) | dx
82
E.

C(e(ue) + e(Vye, Mg 0 ye)) @ (€(ue) + e(Vye, mg o y,)) dx

e

-2 j N(1e(Vug + e(Vye, Me o ye) + BE)) (Ve + €(Vye, Me 0 ye)|* + €72 B(€)]%) dx

E.
1 1
Y j CB(e) : B(e) dx + P J C(e(Ug) + e(Vye, mg 0 ye)) : B(e) dx. (%)
E¢ Ee

Since |Vug| < €7 in E and a € (0, 1), we have that [|eVu, + e(Vye, Mg o y¢)llLeo(£,) is bounded. Hence, we esti-
mate
1B(E)Leo(e,) < CE*(1+€7%) (4.2)

for some C > 0 independent of . In particular, also [|f(€)llz(k,) is bounded. Thus, up to a redefinition of C, we
have that

In(le(Vue + e(Vye, me o ye) + BE) | oo e,y < Cle(Vite + e(Vye, me o ye) + B,y < CE4 (4.3)
for € € (0,1). Combining (4.2) and (4.3) and recalling that e(Vy, m¢ o y.) — e(m) in L%(Q;R?) (see Proposi-
tion 3.1), passing to the liminfin (4.1), we infer that
1

= J W(I + eVug, Mg o y,.) dx > % J C(e(u) + e(m)) : (e(u) + e(m)) dx.

Q Q

liminf
-0

I-limsup inequality. We now construct a recovery sequence. Let ug € Wﬁv’“’(g; RY) and my € WH2(Q; $7°1).
Define
Ye(X) = X + eup(x),

Me(X + €up(x)) det Vye(x) = mo(x). 4.9

We want to prove that
Ve — id in whP(Q; RY), 45)
Ue = Uy — U in Wh2(Q; RY), (4.6)
Xye@Me — xomo  in L2 (R%GRY), %)
Xye@VMe = xoVmg  in LA(R%G R™Y), 4.8)

and

lim sup Ge(ue, me) < Go(uo, Mo). (4.9)

e—0
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First, we notice that y, — idin W2 (Q; RY), since lye — id|lwze < €lluollwze. This implies the convergences
(4.5) and (4.6).

The injectivity of y, and the sign condition det Vy, > 0 follow from Theorem 2.2 [17, Theorem 5.5-1], since
ElVupleo < ¢(R) for small enough e. Moreover, y, is bi-Lipschitz for small enough ¢. Indeed, there exist con-
stants 0 < I < L < +oo (that may depend on ug but not on x and ¢) such that, for € > 0 small enough, it holds that
SUPyeq|VYel = Supyeoll + EVUe(X)| < 1+ £sup,qlVup(X)| =: Lg < L with Ly — 1 if € — 0. At the same time,
infyeq det Vy, = infycq det(I + eVug) = 1+ einfyeq tr Vup(x) + o(¢) =: [ > 1> 0 and [, — 1 if € — 0. By the
inverse function theorem, y;! is differentiable and Vy;!(y:(x)) = (Vye(x))™! = I — eVuy(x). Thus, m, defined
in (4.4) can be explicitly written as

1
Me(2) = ———mgoy,'(2) forzey.(Q).

det Vy,
Hence, we have that )
mo(y; (z 1
me() = | eV @) 2
det Vye(ye'(2)! L
By direct computation, we have that
my 1 ( 1 ) 1 1
= = - V .
V( det Vy, ) det Vy, Vimo + Mo ®V det Vy, det Vy, Vo (det Vy,)? Mo ® V(detVye)
This implies that
ll < ) [Vmollz IV det VyllLe
+C
det Vy‘s [ le
for some positive constant C only depending on Q. This inequality, together with the fact that |Vy; 1 (2)| < L&y,
provides
mo(yz'(z
J IVme(2)]? dz = j |v<#(y(l)()z))> Vyel(z)l det Vy:(y;1(2)) dz
ye(Q) ye(@) YelVe
mo(x) )| 1 2
< [|7(Gerosgs )| 19E e det yeo ax
Q
3d-2 Vdet Vye[?o
< 2L154 IVmo(0I2, + c%. 4.10)
& &

Thus, m. € Wh2(y.(Q); RY).
Let us define Qs := {x € Q : dist(x, 0Q) > &}. In particular, Qs c Q Ny(Q) for € > 0 small enough, due to
the uniform convergence of y, to the identity. For such ¢ and for z € Qgs, we estimate

Ime(z) —mo(z)| <

mo(y:'(2)  mo(2) H mo(2)
det Vy:(y;1(2)) detVy.(yz(z))! ldetVy.(y;(2))

mo(y:1(2)) -~ mo(2)| + Imo(2)] - |

- mo(Z)‘

1
< — _ 1.
= det Vyg(ygl(z» de tVys(ys (2)) |

Therefore, taking the squares, integrating over Q, and letting € — 0, we infer that m; — mg in L?(Qs; RY), for
every § > 0. Arguing as in the proof of Proposition 3.1, it is not difficult to see that yy,)me — Yomo strongly in
LYAR% RY) and yy, (@) Vme — xoVmo weakly in L2(R%; R¥?). Moreover, by (4.10), we can estimate the exchange
energy as

3d-2 Vdet Vy|?.,
lim sup J [Vme(y)|? dz < lim sup J Le [Vmo(x)|? dx + C% = Jleo(x)|2 dx.
0 i g € o

Thus, (4.7) and (4.8) hold.
For a.e. x € Q, the elastic energy has the following form by Taylor’s expansion and by definition of m,:

1 1
;W(I + &VUg, Mg o y¢) = gtb(exp(ee(VyS, Mg o Ye))(I + VU))
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1

= E(D(exp(ee(mg))(l +&Vuy))

= lztb(l +&(Vug + e(myp)) + 0(¢))
€

1
= 5 C(€(uo) + e(mo)) = (e(uo) + (mo)) + O(1)
with O(1) — 0 as € — 0 uniformly in Q. Then (d) and the Dominated Convergence Theorem give

lim sup é J W(I + eVug, Mg o y,) dx = % J(C(e(uo) + e(my)) : (e(up) + e(mg)) dx.
-0
Q Q

We obtain (4.9), using

lim sup S¢(ug, me) = lim sup 1 J W + eVug, mp) dx + % I |Vme|>dz + % J’ [V, |? dz

£—0 -0 82
Q Ye(Q) R4

< % J C(€(u) + e(my)) : (e(uo) + e(my)) dx + % JIVmOIZ dr+ % J Vi dz

Q Q R
= So(uop, mo),
where, for the convergence of Vv, , we have used Proposition 2.1.
For a general ug ¢ W;;Z(Q; R?), we conclude by a standard diagonal argument. O

We conclude this section with the proof of convergence of minimizers of ¥, to minimizers of F, namely,
Theorems 1.3 and 1.4. We start with the coercivity of F.

Proposition 4.1. Let (ue, m¢) € Ay and K > 0be such that sup,., F¢(ue, me) < K. Then there exists C(K) > 0 such
that sup,.o Ge(Ue, me) < C(K).

Proof. Recall that Fo(ug, me) i= Ge(ue, me) — L (Ug) — A (ye, M), with
|-Z(ue)l < Crlluellzzgrey and  [Z(ye, me)l < Cyllmellzzgy, @)re)-
Moreover, by Lemma 3.3, we have
"uflliz(g;md) < C<9£(u5, mE) + j|W|2 dg{d—l + 1)’

r
while arguing as in (3.11), we deduce from assumption (e) that

1
||m£||iZ(ys(Q);IRd) = J m dx < C(Ge(ue, me) +1).
Q

Summing up the estimates above, we obtain
Ge(ue, me) = Fe(Ue, Me) + L (Ue) + M (Yo, Me) < K + C\|Ge(ue, me) + C.
This concludes the proof of the proposition. O
We are now able to prove Theorem 1.3.
Proof of Theorem 1.3. Consider a sequence €x — 0 and recall that
Se = Inf{Fe(u, m) : (u,m) e AY} and so :=inf{Fo(u, m) : (u, m) € Ay}

It is standard to show that F, has a minimizer (1o, mo) € Wi2(Q; RY) x WL2(Q; $%1) on Ay . Itis also straight-
forward to check that inf F¢, (u, m) is bounded with respect to €. Since the functionals . and .# do not
depend on &, from I'-convergence of G,, we deduce that s;, — so and thus F¢, (ue,, me,) — Fo(uo, mp). Propo-
sitions 4.1 and 3.1 imply that ue, — up weakly in Wy;*(Q; RY), Xyep@Me, = XoMo strongly in LY*(R%; RY), and
Xyep@ Ve, — XoVmg weakly in LX(R% RY), and G, (ug,, me,) — G(uo, mo). O

Proof of Theorem 1.4. Convergence of the sequence u, can be improved to a strong convergence in W2(Q; RY)
arguing as in [29, Subsection 7.2] (see also [15, Subsection 3.2]). O
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