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1. Introduction

Let © be a bounded, open and convex set in R™. We consider the following problem

—Apu = —div(|Vu"*Vu) = Ay s(Q)|uf’*u  in Q

50 _ (1.1)

[Vaul|? 2—u—|—6|u|p *u=0 on 09,
v
where € R, 1 < p < +o0.
The fundamental eigenvalue of the Robin Laplacian on € is defined by
/|Vw|pdac + 5/ fo|? A
App(Q) = min 2 o (1.2)
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and a minimizer u in (1.2) satisfies the equation (1.1) in the weak form if
/ VT ds+ / [ul g dH" = Xy / [l Pupda, Vi € WH(Q).

It is well-known (see for instance [29,6] for the Dirichlet case) that the first eigenvalue (1.2) is simple and
that in the case of a ball, the corresponding eigenfunction is radially symmetric (see [12, Remark 3.1]).

In this paper, we want to study the different behavior of eigenvalues in the case § > 0 and g < 0. For
the sake of completeness, we recall that, in the case of § = 0, we recover the Neumann boundary condition,
for which the first eigenvalue is zero and the associated eigenfunctions are constants.

In the case 8 > 0, Bossel [7] and Daners [18] proved a Faber-Krahn inequality for the first eigenvalue
of the Robin-Laplacian in two and higher dimensional case, respectively. In particular, they proved that
among sets of given volume, the one which minimizes the first Robin-eigenvalue is the ball, i.e.

Ao,6 () < Xap(Q), (1.3)

where QF is the ball, centered at the origin, having the same volume as €. This result was generalized
by Bucur, Daners, Giacomini and Trebeschi in [10,11,14-16,21] to the eigenvalues of the p-Laplacian with
Robin boundary conditions.

This Faber-Krahn inequality for fixed volume and the following rescaling property (see [13])

ps(192) <

wl}—l

Ap.s(Q) < App(Q), VE>1, (1.4)
give a Faber-Krahn inequality for fixed perimeters, i.e.
Ap,s(27) < Ap 5(Q2),

where Q* is the ball having the same perimeter as §2.
Our aim is to give a continuity bound, in terms of the isoperimetric deficit, to the ratio

)‘pﬂ(Q) _ Ap,ﬁ(Q*)
)‘p,B(Q) 7

indeed, we prove

Theorem 1.1. Let B be a positive parameter. Let € be a bounded, open and conver set in R™ and let Q*
be the ball, centered at the origin, such that P(Q) = P(Q*) = p. Denote by A\, () and X\, g(2*) the first
etgenvalues of the p-Laplacian operator with Robin boundary conditions respectively on Q0 and Q*, and by v
a positive eigenfunction associated to A, g(S2*), then

Ap8(€) — Ap,p(€2%) )
> . Scnapvﬂap 1- _n_ ’ 1.5
W) ( ) PO (1.5)

o2 |Q*
where wy, is the measure of the unitary ball in R™, and C(n,p, 5, p) = ||||°°W|
v
p
It is possible to give a uniform bound to the constant in (1.5) from above with a constant independent
of the parameter § and the perimeter, indeed it holds
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Voo |2 |O2*
C(”a%@ﬁ) < C(TLJ)) = w7 (16)

lveolly

where vy, is the first Dirichlet eigenfunction. Thanks to the rescaling property of Dirichlet eigenvalues and
eigenfunctions, C(n,p) does not depend on the perimeter. For more details see Remark 3.1.

We observe that this result can be seen as a generalization to the Robin case of the result in [8], which
holds true in the case of Dirichlet eigenvalues of the p-Laplacian. Incidentally, let us mention that the
anisotropic case is studied in [19].

When § is a negative parameter, the authors in [12] proved a reverse Faber-Krahn inequality for the first
eigenvalue of the Robin-Laplacian among convex sets of given perimeter. In particular, they proved that
among convex sets of given perimeter the ball 2* maximizes the first Robin eigenvalue of the p-Laplacian,
ie.

/\pﬁ (Q) < /\pwﬁ’ (Q*) (1~7)

For completeness’ sake, we quote that in [4], the authors already proved that the disc maximizes the first
eigenvalue under a perimeter constraint, among C? domains in R?, while the question remained open in
arbitrary dimension.

This question is related to the conjecture of Bareket (see [5]) claiming that the ball maximizes A, g(£2)
among all Lipschitz sets with given volume. Freitas and Krejcifik in [23] proved that the conjecture is false,
giving a counter-example based on the asymptotic behavior of the eigenvalues on a disc and an annulus of
the same area when § — —oo. They also proved that among sets of area equal to 1, the conjecture is true,
provided f is close to 0. For more details see [28].

In [17] the authors proved a quantitative version of the reverse Faber-Krahn (1.7) in the case p = 2
among convex sets of fixed perimeter following the Fuglede’s approach introduced in [24].

In this paper, we recover the result in [17] obtaining a quantitative version of (1.7) for all p € (1, +00),
but using a different approach. Indeed, following the method introduced by Payne and Weinberger in [32]
and Pdlya in [33], which has proved to be adaptable to many problems such as in [8,12,20,31], we establish
a comparison using the so-called parallel coordinates method. In particular, we firstly prove a lower bound
in terms of perimeter and measure of 2, that is

Theorem 1.2. Let 8 be a negative parameter. Let Q2 be a bounded, open and convex set in R™ and let Q*
be the ball, centered at the origin, such that P(Q) = P(Q*) = p. Denote by A\, g(2) and X, g(2*) the first
etgenvalues of the p-Laplacian operator with Robin boundary conditions respectively on 2 and Q*, and by v
a positive eigenfunction assoctated to A, g(2%), then

1
nTwr Q|

Apﬁ(Q*) _ )‘p,ﬁ(Q) >

n,p,Bp) |1 ———=— | (1.8)
1Ap.8(2)] P(Q)7-T
p *
where w, is the measure of the unitary ball in R™, and C(n,p, B, p) = ﬁ"”p | with v, = I?Zinv,
U *
P

In this case, the constant C'(n,p, 5, p) cannot be replaced by a constant independent of 5 and the perime-
ter, as it is shown in Remark 3.2.
Then we prove the quantitative result as in [17].

Theorem 1.3. Let n > 2, p > 0 and 8 < 0. Then, there exist two positive constants C(n,p,3,p) > 0 and
do(n,p, B, p) > 0, such that, for all @ C R™ bounded and convezx with P(QY) = p and Ay g(2%) — A, () < do,
it holds
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Aps(27) = Ap,p(Q2) = C(n,p, B, p)g(A3,(2)) (1.9)

where 0* is a ball with the same perimeter of Q, A3, is the Hausdorff asymmetry defined in (2.3) and g is
defined in (2.7).

The paper is organized as follows: in Section 2 we recall some preliminary results and useful tools for our
aim; in Section 3 we provide the proof of our main results.

2. Notations and preliminaries

Throughout this article, | - | will denote the Euclidean norm in R™, while - is the standard Euclidean
scalar product for n > 2. By H*(.), for k € [0,n), we denote the k-dimensional Hausdorff measure in R™.

The measure and the perimeter of 2 in R™ will be denoted by || and P(£2), respectively, and, if
P(Q) < oo, we say that Q is a set of finite perimeter. In our case, 2 is a bounded, open and convex set;
this ensures us that ) is a set of finite perimeter and that P(Q2) = H"~1(92). Moreover, if (2 is an open set
with Lipschitz boundary, it holds

Theorem 2.1 (Coarea formula). Let f : Q@ — R be a Lipschitz function and let u : Q@ — R be a measurable
function. Then,

[u@iws@lde= [a [ uwanio). (2.1)
Q R (Qnf=1()

Some references for results relative to the sets of finite perimeter and the coarea formula are, for instance,
[2,30].

2.1. Asymmetry index A*(E)

In the case § < 0, we want to prove a quantitative result, so we need a geometric quantity that gives
us information about the shape of Q. We will consider the Hausdorff asymmetry index, as already done in
[17], so we recall some basic notions about the Hausdorff distance.

If £, F are any two convex sets in R™ the Hausdorff distance between E and F' is defined as

dy(E,F):=inf{e>0: EC F+¢eB, F C E+¢eB},

where B is the unitary ball centered at the origin and F' + B is the well-known Minkowski sum. For any
measurable set E of finite perimeter, we define two isoperimetric deficits

D(E) := P(E) - P(E®), M(E) = |E*| - |E], (2.2)

where Ef and E* are the balls with the same measure and the same perimeter of F, respectively.
Moreover, we will consider the following Hausdorff asymmetry indices

A5y (E) = min {dy(E, B (x). P(2) = P(B,(x))} . (2.3)
and
Asy(B) = min {dy(E, B.(x), |9] = |B.(2)]} (24)

Lemma 2.9 in [27] tells us how these two indices are related one to the other.
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Lemma 2.2. Let n > 2 and let E C R"™ be a bounded, open and convex set with D(E) < §, then
A (B) < C(n) Al (E). (25)
With these definitions, we can recall the quantitative isoperimetric inequality proved in [24,25].

Theorem 2.3 (Fuglede). Let n > 2, and let E be a bounded open and convez set with |E| = w,,. There exists
0p,C, depending only on n, such that if D(E) < §p then

D(B) > Cy( A4, (E)), (2.6
where g is defined by
s? ifn=2
g(s) = F s> ifn=3 (2.7)
st ifn>4

and f(t) = \/tlog(3) for 0 <t <e~l.
We are interested in a modified version of this theorem, in terms of M(E), so we have

Lemma 2.4. Let E C R"™ be a bounded, open and convez set and let E* be the ball satisfying P(E) = P(E*) =
p. Then, there exist 0,C, depending only on n and p, such that, if

M(E) = |E*| - |E| <6, (2.8)
then
M(E) = Cg(A3(E)),

where g is the function defined in (2.7).

|E|

Proof. Let us start by setting § < , SO

E*
|E| > u (2.9)
2
Let us divide the proof in two steps. First we assume that |E| = w,. By the differentiability of the

function h(t) = "% there exists £ € (|E|, |E*|) such that

n—1 n—1 n—1
B[ — B[ = (&) (B - |B]) < — (|E*| - |E]). (2.10)
nwy,
Moreover,
n—1 n-1t  P(FE n-1t  P(FE P(E! D(E
B B = (L)—|E|"= (L)_ (J: (l). (2.11)
nwyy nwyy Wy nwn

Hence, by (2.10) and (2.11), we get
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D(E) < (n — 1)M(E).

dr(n)

So, choosing § < 1 where dp(n) is the one provided by Theorem 2.3, we can apply the aforementioned
n—

Theorem to write

P(E) > nw, (1 + v(n)g(AgH(E)))v

obtaining
N P(E)7-1 =
215l = PE s w, (1 mg ()T -
nn-Twy !
1w, y(n)
Z ﬁg(AE{(E)),

where in the last step we used Bernoulli’s inequality
1+2)" >14+rz z>-1,r>1.
Applying Lemma 2.2, we eventually have
Q] = [ = C(n)g (A3 (%))

Now we treat the general case. Let us rescale the set E as

oo\ A
5 (2)'s
|

so we have
* Wn |
M(Er) = [ET| — |E1| = E'E | —wn
w 2w
— M) < 22 M(E),
£ | £

where the last inequality follows from (2.9).
In order to apply the previous case to the set 1, we need

Ja

<
M(E) < n—1’

which is guaranteed if we choose

B

2.2. Quermassintegrals
Let us recall some basic facts about convex sets. For the content of this section, we will refer to [34]. Let

K C R™ be a non-empty, bounded, convex set, let B be the unitary ball centered at the origin and p > 0.
We can write the Steiner formula for the Minkowski sum K + pB as
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K + pB| = Xn: (7;) Wi(K)p'. (2.12)

=0

The coefficients W;(K) are known in the literature as quermassintegrals of K. In particular, Wy(K) =
|K|,nW1(K) = P(K) and W, (K) = w,, where w,, is the measure of B.

Incidentally let us mention that if K has C? boundary, the quermassintegrals can be written in terms of
principal curvatures of K.

Formula (2.12) can be generalized also to the other quermassintegrals, obtaining

n—j .
Wj(K—FpB):Z( ; )Wj_,_i(K)p j=0,...,n—1 (2.13)
i=0
For j =1 we have
n—1 n—1 )
P(K‘i‘PBl):nZ( ; )Wi+1(K)PZ
i=0

=P(K)+nn—1)Wa(K)p+...+nW,(K)p",
from which follows

P(K + pB) — P(K)

lim =n(n — 1)Wa(K). (2.14)
p—0 p
Furthermore, Aleksandrov-Fenchel inequalities hold true
Wi (K)\ 753 Wi (K)\ 7=t
<]()) > <()) 0<i<j<n-1, (2.15)
Wn, Wh,

where equality holds if and only if K is a ball. When ¢ = 0 and j = 1, formula (2.15) reduces to the classical
isoperimetric inequality, i.e.

n—1
n

P(K) > nwit | K

In the following, we will use (2.15) for i = 1 and j = 2, that is

n—2 —L1_ n—2

Wo(K) >n™ »tw; ' P(K)»=1. (2.16)

2.8. Some useful lemmas
Let © C R™ be a convex set, for ¢ € [0,rq] we denote by
Q={zecQ:dz)>t},
where d(z) is the distance of x € Q from the boundary of 2 and rgq is the inradius of 2, that is to say, the
radius of the biggest ball contained in 2. By the Brunn-Minkowski Theorem ([34, Theorem 7.4.5]) and the

concavity of the distance function, the map

t s P(Q) 7T,
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is concave in [0,7q], hence absolutely continuous in (0, 7q). Moreover, there exists its right derivative at 0
1

and it is negative, since P(€);) -7 is strictly monotone decreasing, hence almost everywhere differentiable.

The following two results are contained in [8], we report them here for the reader’s convenience.

Lemma 2.5. Let Q be a bounded, convex, open set in R™. Then for almost every t € (0,1q)

f%ngznmeW%m% (2.17)

and equality holds if Q2 is a ball.
Proof. For every s € (0,t) it holds
Q + 8By C Qg

and if € is a ball, the two sets coincide. The monotonicity of the perimeter with respect to the inclusion of
convex sets and formula (2.14) give, for almost every ¢ € (0,7q),

d . P(Q_s) — P()
——P(Qy) =1
a0 = . ;
P(Q By) — P(Q
> i DBy (t)=Mn—UWﬂm) O
s—0t S
Combining the chain rule, the previous lemma and the fact that |Vd(z)| = 1 almost everywhere, we

obtain

Lemma 2.6. Let f: [0,+00) — [0,+00) be a strictly increasing C* function with f(0) = 0. Set u(z) = f(d(x))
and

Er={recQ:ul®)>t}=Qr1y),

then

d LTS
P(E:) > ( 1) Nl

o (2.18)

In particular, we observe that the map ¢ — P(FE;) is absolutely continuous since it is obtained by
composing the map ¢ — f~1(¢) which is a C! function and the map s — P({) which is absolutely
continuous.

2.4. Monotonicity of eigenfunctions
Tt is clear from the definition of the eigenvalue (1.2) that for fixed 1 < p < 400 and 2 C R", the map
BeR = Apps ()
is increasing and it holds (see for instance [3])
Ap, N < Apg < Ap.Ds VB € (0, +0),

and
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lim Ay, 3 =X, v =0, lim A\, 3 =X\, D,
S0+ D, p, N B5+oo D, p,D
where A\, v and )\, p are the first eigenvalues of the Neumann p-Laplacian and Dirichlet p-Laplacian re-
spectively.
Now we want to observe that, if we consider a ball B and we fix the value of the eigenfunction in the
origin, the map

B — vp, such that v, ) = C,
is decreasing, in the sense that
if ﬂl < 52 = Up, By (IL‘) > Up,Ba (x), Vx € Bpg. (219)

With this aim, let us recall that the first eigenvalue of p-Laplacian is simple and that the corresponding
eigenfunction is radially symmetric, i.e. there exists h: [0, R] — R such that v, g(x) = h(|z]). In the
following, we will denote with v, 3 both the eigenfunction and the function h.

In order to prove the monotonicity in (2.19), we first prove an intermediate lemma. This result is not
new in the literature (see for instance [10, Proposition 4.2]), but it is not usually stated as proposition or
lemma.

Lemma 2.7. Let0 <r < R, 1 <p < 400, B € R. Let us denote by A, g the first eigenvalue of the p-Laplacian
on the ball B defined in (1.2) with boundary parameter § and let v, g be the corresponding eigenfunction.
Then, v, g|B, s the first eigenfunction of the p-Laplacian on the ball B, with boundary parameter

v slP )y ()

- -1
vy (7)

Proof. Let us suppose p = 2, the general case is analogous. For sake of simplicity, we denote by Ag := Az 5
and vg := v 8.
By the radiality of vg, we can infer that it is a solution to

7A1)5 = )\ﬁvﬁ in BT

0
% +7yvg =0 on 0B5,.

Let us suppose by contradiction that Ag is not the first eigenvalue of the Robin Laplacian with boundary
parameter . So we can choose

Ay < Ag, (2.20)

the first Robin eigenvalue with boundary parameter v and w, the associated eigenfunction, that is

[ vz [ utane [Iver sy [ urane
A, =2 95: = min By o8 (2.21)
/w?y de Ppewt (Br) /wQ d.’E
B, B,

We know that w., is unique up to a multiplicative constant, so we can choose the constant such that
vg = wy on 0B,.
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Let us consider the function

~ Jwy(z) ifzeB,
U )_{vﬁ(m) if x € B\ By,

we can use it as a test function in the definition of Ag. In particular, we have

[1vie+s [ ane
Br OB,
/f2dx
Br
/\Vw7|2+ / Vosl? + 8 / o K
B,

Ag <

Br\B, OBRr

/w,%dx—}— / v%dm

B, Br\B,

If we add and subtract 7 / w,2y dH"™! and |va|2 dz, and we recall that vg achieves (1.2) on Br with

OB, By
value Ag and w.,, achieves (1.2) on B, with value A\, we have

)\W/wider)\g/vgdzf’y/wid%"717/|Vv5|2dx

s < B, Br 9B, B,
/w,% dzr + / v% dxr
B, Bgr\B-,

Since vg = w, on 9B, and vg is an eigenfunction on B, with eigenvalue \g, we get

)\W/wzdx—i—)\g/v%dx—)\g/v%dx

Ao < B, Br B,
g =
/wg/ dx + / v% dx
B Br\B,
A 24 2
7/11)7 T+ Ag / v dx
B, Br\B,
/w?v dr + / v% dxr
B, Bgr\B,
/w2 dzr + / w? dz
B Br\B;
/w2 dr + / w? dx
B, Br\B.

where in the last formula we use (2.20), and we get a contradiction. 0O
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Now we are in position to prove (2.19).

Proposition 2.8. Let R > 0, 1 < p < 400 and B1 < f2. Let us denote by A\, g, and A, g, the eigenvalues
defined in (1.2) and let v, g, and v, g, be the corresponding eigenfunctions normalized such that vy g, (0) =
vp g, (0) > 0, then

Upp, (T) 2 vpp,(¥)  Vz € Br. (2.22)
Proof. Let us suppose p = 2, the general case is analogous. For sake of simplicity, we denote by Ag, := A2 g,

and vg, 1= v2.3,.
Since both vg, and vg, are radial, we can write the Laplacian in polar coordinates, that is

" Au(r) = (r" T (r)) r € [0, R]. (2.23)
Therefore function ug,, for i = 1, 2, satisfies
/ 1 n—1
v, (r) = e s"T g, vg, ds|. (2.24)
0

Since Ag, < Ag, and vg, (0) = vg,(0), by continuity there exists o > 0 such that
)‘511}51 (S> < )‘527}52 (S) Vs € <O7 0)7

and by (2.24)

v, (5) > v, (s) s€(0,0).
Hence, integrating the previous inequality and recalling vg, (0) = vg,(0), we obtain

va,(8) > vs,(s) s€(0,0). (2.25)
Let us define

A= {71 >0 v (71) = UBQ(T)}7

we want to prove that A is empty, so by (2.25) we get the claim. Let us suppose by contradiction that
A # @, hence there exists

t = inf A.

By continuity vg, (t) = vg,(t), and this, combined with (2.25), leads to

v, (t) < v, (t). (2.26)
Let us set
= _Ulﬁi (t)
1 T b
g, (1)

by (2.26) we have v; > 7s.
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By Lemma 2.7, vg, and vg, are the first eigenfunctions of the Robin Laplacian in B; with eigenvalue \,,
and A,, with parameter y; and -, respectively. Therefore by monotonicity of eigenvalues with respect to
the boundary parameter, we get

A = Ay > Ay, = Ap,
which is a contradiction. O
Remark 2.1. We highlight that, if we fix the value v, 3(0), (2.22) implies that
ﬂ = ||’UP7/B||p

is non-increasing, while the map

vp,6(0)[27]

[vp,8 |£

ﬂHC(,nﬂp?/B?p):

is non-decreasing, for all g € R.
3. Proofs of main results

Let us prove the continuity estimate in the case of a positive boundary parameter (.

Proof of Theorem 1.1. The quantity

is bounded from above by 1, so inequality (1.5) is trivial when

w1
i Twg Q) - 1 _ [|o|%, ||
P(Q)7=T ~ C(n,p,B,p) [olly
We can assume
nTwy Q| 1
- = < . 3.1
P(Q)n=T C(n,p, B,p) (3.1)
Let v be the solution to
—Apv =N ()P ?0 in QF
P (3.2)

90 _
|Vol? 28_Z + B[P 2v =0 on o0,

as we have already remarked, v is positive and radially symmetric.
So the function

g(t) = [V

v=t

is well defined for all ¢ € (vyn, var), where v, = néin vand vy = maxv. Let us define the following function
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G(1) :/ﬁds. Vm <t < a1, (3.3)

Since G~! is strictly increasing, its inverse G is well defined and it is an increasing function satisfying
G(0) = vy,. So we can construct u(x) = G(d(z)) for z € Q. By construction, u € WHP(2) and

. ménu = G(0) = vy, being G increasing;
o |lully < |Glo < var, by formula (3.3);
e the chain rule formula implies

Vul,, = 16/ (@), = |g(G )| =9(t) = V0],

u=t

Let us set
Ei={xeQ: ulx)>t}, Br={rxeQ:vx) >t}

By Lemma 2.6 and formula (2.16), for almost every t € [0, [Ju|| ], we have

2

d Wa(Ey) nme i (P(E))
_EP(Et) >(n—1) o >(n—1)n 1w RO
while for v it holds
gy = o )W B gy maet s (PBO)
P = - T2B) it PO

and P(Ey) = P(By). By direct computations, it holds

1 d 1 d
*ﬁ*P(Bt) S
P(By)n=1 dt P(E;) "=

dtP(Et) a.e. t € [0, [Jul| ]

therefore, integrating and recalling that P(FE;) and P(B;) are absolutely continuous functions, we get
P(E;) < P(B), 0<t<|ul- (3.4)

Denoting by u(t) = |E¢| and by v(t) = |By|, the coarea formula (2.1) ensures us that

/ _ 1 n—1 __
0= ] g M= w

u=t
1 n—1 /
= Vol dH"™ = =V(t),
v=t

for almost every t € (0, ||ul|,,). The first equality holds true since |Vu| # 0 in { vy, < u < ||ul|, } (see [9]).
So the function v — 1 is decreasing in [0, ||u|| ], and

llull o Y

/updx: / ptpfl,u(t)dt:/ptpflu(t)dt
Q 0 0
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_ /pt”_lz/(t)dt—/ptp_l(u(t)—u(t))dtz/v”dm—vﬁ/[(|Q*|—|Q\).
0 0 Q*

Moreover, by (3.4), we get

/ VulP ™t dH = gt P(EL) < g(t)P P(B,) = / Vo aHn
=t

u= v=t

so, if we integrate over €2,

llell o
/|Vu|p dr <
o)

We observe that by construction both u and v are constant on 952, so

/|W|P*1d9¢”*1dtg/|w|f”.
Q*

0 v=t

B[ uPdH" ' =pR P(Q) =3 [ vPdH" L
/ /

o0

We eventually get

/|Vu|pdx+ﬁ/upd7-["_1 /|W|de+ﬂ / P dH" !
o0

)\p,ﬁ(Q) S Q _Q* o0~
/updm /v”dm—vﬁ/[(|9*|—|Q|)
Q O

1

9]\
1- C(n7p7ﬁ7p) (1 - |Q*|>

(3.5)

= Ap,ﬁ(ﬂ*)

The claim follows from (3.1) as the quantity

1€
1-— C(n7p7/67p) <1 - |Q*|> )

is non-negative. O

_ lvl5 1
Remark 3.1. The constant C(n,p, 5, p) = W
v
P
to Proposition 2.8 and Remark 2.1, it is possible to bound the constant C(n,p, 3, p) from above with a
constant independent of the perimeter and /. Indeed, V3 > 0, if we denote by v, o the first Dirichlet
eigenfunction normalized in such a way vy, 5(0) = vp,00(0), we have

depends on the perimeter of the set 2 and on 8. Thanks

Upoo (0)1427]

||Up700||£

C(n,p,B,p) < =:C(n,p)

that is independent of the perimeter thanks to the rescaling properties of the Dirichlet p-Laplacian eigen-
function.

Let us now move to the case of a negative boundary parameter S and let us prove the quantitative
estimate with respect to the isoperimetric deficit.
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Proof of Theorem 1.2. Let v be a positive eigenfunction associated to A, g(2*), then v is a p sub-harmonic
function as A\, g(£2*) < 0. We denote by vy, = v(0) = ming« v and by v = maxg- v.
Let us consider the function ¥ = vj; — v, which is a positive function with zero trace. The function

g9(t) = [Vo|;_,,
is well-defined for all ¢ € (0,vpr — vy ). Let us define the following function

t

Gt = / ﬁ ds.  0<t<vm—vm (3.6)

Since G~! is strictly increasing, its inverse G is well defined and it is an increasing function satisfying
G(0) = 0. So we can construct @(z) = G(d(x)) for z € Q and u = vy — 4. By construction, @, u € WP(L)
and

Uy =maxu = mémx(vM — @) = vy, since @ is a positive function in WP (Q);
o by formula (3.6), it holds

Uy, = MINU = V7 —MAX U > Vpy — MAXV = Minv = vy,
Q Q Q* Q*
e the chain rule formula implies, for u.,, <t < ups

[Vl = Vil = o (G )

= ‘vla"f}:’l)ﬂ/j—t = |VU|U:t = g(t)

=y —t
Let us set

E,={zeQ: a(z) >t} By ={z e Q" : d(x) >t}
E,={xe€Q:ulx)>t}= Q\EUM_t, Bi={xeQ :v(x)>t}=Q" \EUM_t. 7

By Lemma 2.6 and formula (2.16) we have

= ~ n—2
d _ ~ Wa(Er) e
——P(E;) > (n—1 >(n—1n" rntw, ' ——FH—r
while for ¢ it holds
~ ~  n—2
d 5 Wo(Bt) _n=2 1 (P(B))n1
——PBy)=n—-1)———==(n—-1n" ntlw; ' ———r !
(B =(n—1) o) (n—=1) )
and P(Ey) = P(By). By direct computations, it holds
1 d _ ~ 1 d _ ~
———==5 PB) S ——=== 7 P(E)  aetel0,om—uvnl
P(By)n=1 dt P(E,)n=1 dt

therefore, integrating and recalling that P(E;) and P(B;) are absolutely continuous functions, we have
P(E,) < P(By), 0<t<uvy— v (3.8)

Hence
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P(E;) = P(Ey,, 1) < P(Byy—t) = P(By), vm <t <up. (3.9)

Denoting by fi(t) = |E;| and (t) = |By|, the coarea formula (2.1) ensures us that

~—

~/ 1 n—1 P(Et
- (t) = == dH =
W= 10

1
= Wd%"—l = —/(t), 0<t<vy—Un.
o=t

Moreover, setting u(t) = |E¢| = || —f(vay —t) and by v(t) = |Bi| = |QQ*|—P(vpr—t), we have —p/ (t) < =/ (%)
in [V, var]. So the function v — u is decreasing in [vy,, vas], and

UM VM VM

wPdr = | ptP~tu(t)dt = [ ptP~tu(t)dt — [ ptP~H(v(t) — p(t))dt
[rroem [t e |
= [ pt" () dt — [ ptPTH(w(t) — p(t)dt — | ptPH(w(t) — p(t)) dt
[ /
Sﬂfvp dz — v, (12%] — |€2]) =Q[v”dr ll - Hv’ﬁg(lﬁ*\ - IQ)] :

By (3.9), we get

/ ValP "t dHr Tt = g(t)P T P(Ey) < g(t)P T P(By) = [ Vot dH T,
a=t =t

B
so, if we integrate over €2,

8]l o

Il
/|vu|”dx:/\va\f’dx: / /|Vﬂ|p_1d7{”’1dt
Q Q 0 a=t
1] o
< / /|w|p—1cm”*1dt=/|w|p=/|w|P.
.

=t Q Q*
We also observe that by construction both u and v are constant on 952, so
B/up dH" ! = pub, P(Q) = B}, P(Q) = B / P dH™ L
a9 o0~

We eventually get



V. Amato et al. / J. Math. Anal. Appl. 533 (2024) 128002 17

/|vu|”da;+5/upd%”*1 /\vv|”dx+ﬂ / oP dH™ !
Q Q*

Ap’IB(Q) S o0 S Upaﬂ*
/updx /v”dm{l— mp(\Q*|—|QD}
Il (3.10)
Q Q*
N 1

= /\pﬁ(Q ) P :

1 — o= (107 = |€2])
oI,

Hence, by direct calculation

Ap,3 () — )‘pﬂ(Q) vb,

Dos@] = or (1o (3.11)

v 2]
lvll;
from below with a constant independent of the perimeter and (5. Indeed, for example if n = p = 2 and

P(§2) = 2w, we have that

cannot be bounded

Remark 3.2. Unlike the constant in Theorem 1.1, the constant C(n,p, 5, p) =

sl = 1o (\/AolBolel )

where I is the modified Bessel function.
We recall that for z sufficiently large (see [1, Section 9.7]), we have

: 1 9
Io(z)me—[1+—+—+..}

21z 8z  2!(8z2)2
therefore
e B——00
[vs(@)|2 ~ ™
and

(v9)%lBi| _ B oo

0(27276727‘-) = H'U,B”; e*—ﬁ

0.

Remark 3.3. We want to highlight that the constant C' depends actually just on n,p and p% 5. Indeed,
for all © C R™ bounded and convex set with P(€) = p, we can consider

1 1 1
n—1 n—1 n—1
Q) = <%> Q o= ("“’”) O = ( p )
p p nwn,

so P(Q21) = P(Q7) = nw, and we have

/\pﬁ(Q*) - /\p,ﬂ(Q) _ /\pﬂ(th) — )‘p,B(tQI)
*)‘pﬂ(Q) *)‘pﬁ(th)
o )\p’tpflﬁ(QT) - )\p’tp—IB(Ql)

B )‘p,tP*IB(QI)

, 1
- _””'”wﬁ-wm)
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p1 na-Twgy 1|Q>
=C(n,p,pr—1 1l—-—
(Tl p,p B)( P(Q)ﬁ

Eventually, let us prove the quantitative estimate in the spirit of [17].
Proof of Theorem 1.3. If we choose w =1 in the definition of A\, g(2) (1.2), we get

PQ)

(@] 2 18170

and if we combine it with (3.11) we have

Aps(27) = App(2) = [Ap,5(02 )IH ”p(lﬂ*\ 1€2])

P(Q) b, .,
> 8] 5o s (194 — 19)
] v H” (3.12)
T T Vi 1o
> 55— o (1] = 190
pnfl HU P

Now, if we suppose that A, 5(£2*) — A, g(©2) < do, by (3.12) we have
0] = Q2] < K(n, p, p, 5)do.
So by Lemma 2.4 we conclude
Ap.s(07) = Ap () = C(n, p,p, B) 9(A%(2)). O
Remark 3.4. Our result, Theorem 1.3, applies only when
Ap,s (%) = Ap 3(€2) < do.

It is possible to remove this hypothesis, obtaining a weaker result.
In order to obtain it, we need the quantitative version of the isoperimetric inequality proved in [26]

P(Q) > P(Q%) (1 + v(n)a()?) where a(Q2) = min{ |Q|AQ|BT| ’ |B,| = |9 } , (3.13)

and the following result [22, Lemma 4.2]: there exists a constant C'(n) such that if C, W are open and convex
sets such that |C| = |W| and |CAW| < ‘Cl , it holds

A W
d3(C, W) < C(n) [diam(C) + diam(W)] (|C| cI|M) (3.14)
Moreover, we have to recall that
04| = Piﬂ)n; and P(Qﬁ) _ nwﬂ%m -l

nn—1 wﬁl
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so we have

[ na-Twy Q|
ST B (7))
1
>1- —
(1+~(n)a?(Q)) "
1
~ (1+(n)e?(Q))
1(n)a?(Q)

T 1+ 4(n)a2(Q)’

where we used Bernoulli’s inequality
1+2)" >14rz Vo > —1,Vr > 0.

Since 0 < () < 4 we have

2 o (@)

1— AN
2] 7 1+4v(n)

a?(2) = C(n)a?(Q).

If QF is a ball that realizes the minimum in (3.13), then using (3.14) we obtain

dy (Q, QF)"

C(n)a*(@) = C(n [diam(©2) + diam (Q4)] "

and so

dy (2, Q%)%
[diam(€) + diam(©2#)]*"

Ap,s () = Aps(©)
A5

= C(n,p, Bp)C(n)
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