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We study a stochastic version of the Wilson-Cowan model of neural dynamics, where the response function
of neurons grows faster than linearly above the threshold. The model shows a region of parameters where two
attractive fixed points of the dynamics exist simultaneously. One fixed point is characterized by lower activity
and scale-free critical behavior, while the second fixed point corresponds to a higher (supercritical) persistent
activity, with small fluctuations around a mean value. When the number of neurons is not too large, the system
can switch between these two different states with a probability depending on the parameters of the network.
Along with alternation of states, the model displays a bimodal distribution of the avalanches of activity, with
a power-law behavior corresponding to the critical state, and a bump of very large avalanches due to the high-
activity supercritical state. The bistability is due to the presence of a first-order (discontinuous) transition in the
phase diagram, and the observed critical behavior is connected with the line where the low-activity state becomes
unstable (spinodal line).
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I. INTRODUCTION

Criticality and bistability are two fundamental features of
the dynamics of cortical neural networks. The former shows
up in the scale-free distribution of bursts of activity, first
discovered by Beggs and Plenz in organotypic cultures from
coronal slices of rat cortex [1], and confirmed in many other
systems since then, in vivo [2–8] and in vitro [9–13], sug-
gesting that the cortex operates at the edge of the critical
phase transition between an ordered and a disordered phase
[14–17]. This type of dynamic is believed to optimize dy-
namic range [18], information transmission, and information
capacity [19]. Scale-free avalanches were reproduced also in
many computational models of neural activity [20–23], among
which is a stochastic version of the Wilson-Cowan model [24].
Recently, it has been shown [25] that the scale-free activity in
the last model is connected to the presence of a continuous
second-order transition in the attractive fixed point of the
dynamics, where the characteristic size and duration of the
bursts of activity scale with the system size, and the critical
exponents of the scale-free distributions coincide with those
of the critical branching model, as observed experimentally.

In some conditions, the dynamics of neural networks is
characterized by the presence of a bistable activity that mani-
fests as a bimodal distribution of avalanches of activity. This is
usually found with the addiction of picrotoxin, which reduces
inhibition in the system, or under epileptic or hyperexcitable
conditions [1,9,26,27]. The bimodal distribution of avalanches
reveals that the system switches between two states of the net-
work, one characterized by critical avalanches, distributed as a
power law, and another by very large, supercritical, avalanches
[28]. Notably, recent results in magnetoencephalography [29]

show that bistable criticality is a functionally significant
feature of healthy awake resting-state brain dynamics, and
clinically informative as a putative pathophysiological mech-
anism in epilepsy.

Here we exploit the Wilson-Cowan model of neural dy-
namics to explore the possibility that such bistability is due to
a superlinear behavior in the activation function of neurons,
such that the activation probability of a neuron grows faster
than linearly with the input received from synapses [30].
Such superlinearity produces for some values of the param-
eters the simultaneous presence of two attractive fixed points
in the dynamics, and a first-order discontinuous transition in
the network activity as a function of a network parameter,
for example, the strength of the synapses. Fluctuations in
the dynamics, when the number of neurons is not too large,
can produce transitions between the two states in the region
of bistability, with the lifetime of states growing with the
number of neurons. Near the instability line of the low-activity
state, one observes a power-law distribution of the avalanches
of activity, together with the presence of intervals of high
activity (the supercritical state) whose duration depends on
the parameter that defines the nonlinearity in the activation
function. Differently from what was found in Ref. [25], the
cutoff of the avalanche distribution is limited by the lifetime
of the low-activity state, because very long avalanches switch
with high probability to the high-activity state, characterized
by an exponential distribution of the sizes. Note that the model
we consider here is characterized by all-to-all connectivity
between neurons, and therefore is suitable to describe the
behavior of a single highly connected region of the brain.
Therefore, beyond some system size, the behavior of the
model might not be biologically relevant.
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II. THE MODEL

We study a stochastic version of the Wilson-Cowan model
of neural network [24,25,31], with NE excitatory and NI in-
hibitory neurons. The deactivation rate is α for all the neurons,
while the activation rate is given by the activation function
f (si ), where si = ∑

j wi ja j + hi is the synaptic input of the ith
neuron, wi j is the synaptic strength between neurons j and i,
and a j = 0, 1 if the neuron is active or quiescent. The external
“fields” hi represent the input to the ith neuron coming from
neurons outside the considered network (for example, sensory
neurons), and in principle may be a function of the neuron
and of the time. Following the original formulation of the
model, we set hi = h for all the neurons and constant in time.
Moreover, we consider connections that depend only on the
kind of presynaptic neuron, wi j = wE

NE
if j is excitatory and

wi j = −wI
NI

if j is inhibitory. Therefore, the network is fully
connected and the input si ≡ s is equal for all the neurons. We
emphasize here that in this case the only dynamical variables
that have a role in the evolution of the system are the fractions
of active excitatory and inhibitory neurons, so that the descrip-
tion in terms of individual neurons is strictly equivalent to the
description in terms of populations.

Defining k and l respectively as the number of active exci-
tatory and inhibitory neurons, with 0 � k � NE , 0 � l � NI ,
in the Gaussian noise approximation [24,32] one obtains the
evolution equations

dk

dt
= −αk+(NE − k) f (s)+

√
αk + (NE − k) f (s) ηE (t ), (1a)

dl

dt
= −αl + (NI − l ) f (s)+

√
αl + (NI − l ) f (s) ηI (t ), (1b)

where ηE (t ) and ηI (t ) are white noises, with 〈ηi(t )〉 = 0,
〈ηi(t )η j (t ′)〉 = δi jδ(t − t ′), and s = wE

NE
k − wI

NI
l + h. Deter-

ministic terms in Eqs. (1) are proportional to the numbers of
neurons NE and NI , while the stochastic terms are proportional
to N1/2

E and N1/2
I . The fixed points of the dynamics correspond

to the vanishing of the deterministic terms. Defining the to-
tal activity � = 1

2 ( k
NE

+ l
NI

), and the imbalance � = 1
2 ( k

NE
−

l
NI

), the input is given by s = w0� + (wE + wI )� + h, where
w0 = wE − wI . The fixed points correspond to � = 0 and
� = �0 satisfying the equation

α�0 = (1 − �0) f (s0), (2)

where s0 = w0�0 + h. To check if the fixed point is at-
tractive or repulsive, one has to define � = �0 + N−1/2ξ� ,
� = N−1/2ξ�, make a system size expansion of Eqs. (1) in
powers of N , and consider only the leading terms, obtaining
[24,25,31,32]

d

dt

(
ξ�

ξ�

)
=

(−1/τ1 wff

0 −1/τ2

)(
ξ�

ξ�

)
+

√
α�0

(
η� (t )
η�(t )

)
,

(3)

where τ−1
1 = α + f (s0) − (1 − �0)w0 f ′(s0), τ−1

2 = α +
f (s0), wff = (1 − �0)(wE + wI ) f ′(s0), and s0 = w0�0 + h.
While τ2 is always larger than zero, the sign of τ1 determines
if the fixed point is attractive (τ1 > 0), repulsive (τ1 < 0), or
marginal (τ1 = 0). Note that, because connections depend
only on the presynaptic neuron, the eigenvalues of the

coupling matrix are always real, so that the system cannot
display (at least in the linear regime) an oscillatory activity.

We consider here the activation function

f (s) =
{
β tanh(s + γ s2) if s > 0
0 if s � 0.

(4)

The case γ = 0 has been largely studied [24,25,31]. In par-
ticular in Ref. [25] it was shown that the model undergoes a
continuous transition for w0 = wc, where wc = β−1α. Indeed
for w0 < wc, in the limit h → 0, the fixed point is always
given by � = 0, while for w0 > wc such a fixed point be-
comes repulsive, and another attractive fixed point with � > 0
appears. Here we consider the case of a nonzero value of γ ,
that accounts for superlinear effects in the activation function
[30].

In Fig. 1(a), we show the function f (s) for different values
of γ . The effect of a nonzero value of γ is that of producing
the possibility of the simultaneous presence of more than one
attractive fixed point in the dynamics [see Fig. 1(b)]. For a
fixed value of w0, above some critical value of γ a solution
with � > 0 appears discontinuously, as shown in Fig. 1(c).

This kind of bistability is a feature of any activation func-
tion f (s) that is convex in some interval of the input, as
for example the sigmoidal f (s) ∝ (1 + e−s)−1. The function
that we have considered here, however, combines this feature
with the presence of a threshold, below which the activation
function is zero. This means that the low-activity fixed point
corresponds to a value of the activity that vanishes in the limit
of external input h → 0, so that the dynamics of the network
is characterized by avalanches with a scale-free distribution,
and a cutoff that scales with the number of neurons [25]. We
expect, therefore, that for γ > 0 the network shows a coexis-
tence between scale-free behavior alternating with intervals of
(supercritical) high activity.

In the following, we will often express the activity of
the network in terms of R(t ), the instantaneous firing rate
per neuron. This is a simple function of � and �, namely,
R = (1 − �) f (s).

Numerical simulation methods

Unless otherwise stated, we set α = β = 0.1 ms−1, h =
10−6, and wE + wI = 13.8, and study the behavior of the
model for different numbers of neurons N = NE = NI , values
of w0 = wE − wI , and γ . We consider here the case NE = NI

as in the original formulation of the model (see, for example,
Ref. [24]), although this is not realistic for typical biologi-
cal neuronal systems. However, the overall behavior of the
model depends mainly on the total input of neurons. Taking
a different fraction of inhibitory and excitatory neurons, and
compensating accordingly the relative strength of the connec-
tions, does not change in a critical way the outcome of the
model. In particular the fixed-point equations do not change.

The network dynamics can be simulated in two ways,
which are equivalent as soon as the number of neurons is not
too small (with the exception of escape rates and probability
of rare events; see Ref. [33]). The first is to simulate directly
individual neurons, that is, to simulate the master equation of
the system. This can be done by means of the event-driven
Gillespie algorithm [34]. The steps of the algorithm are the
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FIG. 1. (a) Activation functions f (s) for γ = 0, 1, 2, 3, 4 (from bottom to top). (b) Plot of the two terms of Eq. (2), α� (dashed line) and
(1 − �) f (s) (solid curves), where s = w0� + h, for α = β = 0.1 ms−1, w0 = 0.9, h = 0, and γ = 0, 1, 2, 3, 4 (from bottom to top). Attractive
fixed points correspond to the crossing points where the solid curve has a lower derivative than the dashed line. For γ < 2.33 there is only
one attractive fixed point at � = 0, while for γ � 2.33 another fixed point appears (discontinuously) at higher values of �. Inset: Zoom of the
crossing of the curves at � = 0. (c) Values of � at the attractive fixed points, for w0 = 0.9, h = 0, and 0 < γ < 4. At γ = 2.33 a fixed point
with � > 0 appears discontinuously.

following: (1) for each neuron i compute the transition rate
ri: ri = α if neuron i is active, or ri = f (si ) if it is quiescent;
(2) compute the sum over all neurons r = ∑

i ri; (3) draw a

time interval dt from an exponential distribution with rate r;
(4) choose the ith neuron with probability ri/r and change its
state; and (5) update the time to t + dt .

FIG. 2. Comparison between the dynamics of the network simulated by (a) the continuous-time Markov process and (b) the Langevin
equations (1), for γ = 2, w0 = 1, N = 104 (dark blue), and N = 107 (light cyan). In (a) the state of individual neurons is simulated using the
event-driven Gillespie algorithm, while in (b) one uses the Gaussian noise approximation to simulate directly the variables k and l , representing
the number of active excitatory and inhibitory neurons. While for N = 104 fluctuations are larger and the system switches frequently between
different attractive fixed points, for N = 107 fluctuations are small and the switching is very unlikely (no switching is observed in the time
window of the figure).
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FIG. 3. Mean field phase diagram for h → 0 and α = β. The red
dashed line is the continuous transition between the phase of low
activity where �0 = 0, and the phase of high activity where �0 > 0.
The lower blue solid line corresponds to the points where a solution
�0 > 0 appears discontinuously, and the upper blue solid line to the
points where the solution �0 = 0 becomes unstable. Between the
blue solid lines there are two attractive fixed points of the network
dynamics.

The second way to simulate the system is to integrate
directly the Langevin equations (1). As said before, when
the system is fully connected as in the present case, the
only dynamical variables are population variables, namely,
the fractions of activated excitatory and inhibitory neurons,
k/NE and l/NI . We can therefore directly compute the mean
variations of k and l in a given interval of time, with a random
Gaussian term that takes into account the expected fluctua-
tions in the variations. The two approaches coincide when the
number of neurons is not too small, with some exception as
said above. In Fig. 2 we show a comparison between Gillespie
algorithm [Fig. 2(a)] and Langevin equations [Fig. 2(b)] for
w0 = 1, γ = 2, N = 104 (blue), and N = 107 (cyan). In both
cases the two approaches give rise to the same dynamics. For
N = 104 even the switching time (that could be different in
the two approaches) is similar. Of course the agreement holds
in a “statistical” sense, because random noises are different in
the two cases, but it can be verified quantitatively looking at
averages and correlation functions (see Ref. [25]).

Note that for a very large number of neurons, namely,
for N � 107 with this set of parameters (cyan curve), the
system fluctuates very near to an attractive fixed point. Even if
more than one fixed point exists, fluctuations are too small to
make the system switch to another one during the observation
time. In this case the dynamics can be well described also
by the linearized form (3) of the Langevin equations. In the
following, unless otherwise stated, the system is simulated
using the full master equation and Gillespie algorithm.

III. RESULTS

In Fig. 3 we show the mean field phase diagram of the
model for small values of the external input h. With “mean
field” behavior we mean that we only look at attractive fixed
points of the dynamics, that is, solutions �0 of Eq. (2) that cor-
respond to negative eigenvalues of the matrix in Eq. (3). We

FIG. 4. Probability distribution of the firing rate R for NE = NI =
104, on the critical line w0 = 1 and different values of γ .

call a fixed point such that the value of �0 analytically goes
to zero when h → 0 a “low-activity fixed point,” and a fixed
point that goes to a finite value when h → 0 a “high-activity
fixed point.” In the first case, for any number of neurons, there
will be a value of the external input h so small that �0 is equal
to or smaller than the fluctuations of �, so that the activity
frequently hits the value � = 0, and the dynamics of the
network will be characterized by isolated bursts (avalanches)
initiated by the small value of the input. In the second case,
there will be a minimum value of N such that the network
of neurons is able to sustain a continuous firing even when
the external input goes to zero, so that the dynamics will be
characterized by a self-sustained collective activity.

For γ � γc, where γc = α−1β, the behavior of the model
does not change with respect to the case γ = 0. There is
always one attractive fixed point, and a continuous transition
at w0 = wc, with wc = β−1α. For w0 � wc the fixed point
is a low-activity one, so that �0 goes to zero when h → 0,
while for w0 > wc it is a high-activity one, and remains finite
when h → 0. The line w0 = wc, γ � γc (red line in Fig. 3)
therefore can be seen as a line of second-order (continuous)
phase transitions between a region of low activity and a region
of high activity. On the other hand, when γ > γc, there exists
a region ws(γ ) < w0 < wc (the region between the blue lines
in Fig. 3) where two attractive fixed points simultaneously
exist. At the lower line w0 = ws(γ ), a high-activity fixed point
appears discontinuously and coexists with the low-activity
one. The latter in turn becomes unstable on the upper line
w0 = wc.

When the network behavior is characterized by the low-
activity fixed point, and therefore by isolated avalanches of
activity, we expect a power-law distribution of avalanche sizes
and durations, with a cutoff that depends on the distance
from the critical value w0 = wc, that corresponds to the point
where the low-activity fixed point becomes unstable [25]. This
should hold both in the case of a second-order transition,
as on the red line of Fig. 3, and in the case of a first-order
transition on the “spinodal line” w0 = wc, as on the upper
blue line of Fig. 3. When the network dynamics, on the other
hand, is characterized by the high-activity fixed point, the
activity fluctuates around its mean value, hitting zero only if a
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FIG. 5. Firing rate R(t ) as a function of time for NE = NI = 104, on the critical line w0 = 1 and (from left to right) γ = 1, 2, 3. The red
dashed line marks the value of the minimum in probability distribution of R (see Fig. 4). Lower row: Firing rate R(t ) with an enlarged scale to
put in evidence the short bursts of activity that characterize the critical low-activity state.

large fluctuation occurs, which becomes less and less probable
when the number of neurons grows.

In the bistable region, where two attractive fixed points
exist, and for a finite number of neurons, the network activity
can switch from the low-activity state to the high-activity one,
therefore displaying an alternation of states.

We first study the probability distribution of the instanta-
neous firing rate R(t ), in a network simulated by the Gillespie
algorithm. In Fig. 4 we show the probability distribution for
NE = NI = 104, on the critical line, for different values of
the parameter γ . While the peak at R = 0 Hz (low-activity
critical state) is always present, for γ > 1 a peak at values of
R around 40 Hz develops, corresponding to the high-activity
(high-activity Poissonian state) fixed point.

The bimodal distribution of the network activity reflects
itself in the bistable behavior of the network dynamics as
a function of time. In this case one can observe transitions
between the states of low and high activity of the network. In
Fig. 5 we show the firing rate R(t ) of the network as a function
of time. While at low values of γ the system remains in the
low-activity state, where the activity is characterized by short
bursts (avalanches) above zero, initiated by the external input
h, for higher values of γ the system makes frequent switches
to a state where the activity fluctuates around a constant value,
and the network dynamics is self-sustained. The red dashed
line marks the value R∗ of the firing rate corresponding to the
minimum in the probability distribution function (see Fig. 4).
In the lower row of Fig. 5 we show the firing rate with an
enlarged scale, to put in evidence that the short bursts of
activity that characterize the critical low-activity state do not
change notably when the parameter γ is increased.

On the other hand, the average time that the system spends
in the two states changes markedly with γ . For the values
of γ where the probability distribution of the firing rate R

is bimodal and has a minimum, we define the value of R at
the minimum as the threshold that discriminates between the
two states. We then partition the time of the simulation in
intervals where the system is continuously below or above the
threshold, and compute the probability distribution of the du-
rations of the intervals, shown in Fig. 6 for N = 104, 2 × 104

and different values of γ on the critical line w0 = 1. Both the
distribution of the duration of low-activity and high-activity
states can be well fitted by exponential functions (not shown),
showing that the process of switching between the two states
is Poissonian. This is what one may expect, considering that,
inside the basin of attraction of a fixed point, dynamical vari-
ables decorrelate on a time scale much shorter than the time
needed to escape from the basin due to a fluctuation of the
noise. The average time of the states is shown in Fig. 7(a).
By increasing the parameter γ for a fixed number of neurons,
N , the average lifetime of the high-activity state, which corre-
sponds to an attractive fixed point, increases quickly. On the
other hand, the lifetime of the low-activity fixed point, which
is marginal on the critical line w0 = 1, decreases moderately.
It is interesting to investigate how the lifetimes of the states
depend on the number of neurons of the network. In Figs. 7(b)
and 7(c) we plot the lifetimes as a function of N for two
different points of phase space. In Fig. 7(b) for a point on the
critical line, γ = 3, w0 = 1. The lifetime of the state corre-
sponding to the attractive fixed point increases exponentially
with the number of neurons, while that of the critical low-
activity state, whose fixed point is marginal, slowly decreases.
In Fig. 7(c) we show instead the case of a point well inside the
bistability region, γ = 4, w0 = 0.84. In this case both fixed
points are attractive, and the lifetimes of the states increase
with the number of neurons both for the low-activity and for
the high-activity state. Note that the exponential dependence
of the lifetimes of attractive fixed points can be also derived
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FIG. 6. Probability distribution of the lifetime of [(a), (c)] low-activity and [(b), (d)] high-activity states, for N = 104, 2 × 104, w0 = 1,
and different values of γ .

analytically using a Wentzel-Kramers-Brillouin (WKB) ap-
proximation [33]; however, this is quite burdening in the case
of two populations, as in the present case.

A characteristic feature of systems displaying a first-order
transition is that the state of the system depends on the past
history. This can be put in evidence by simulating a hysteresis
loop, in which the parameter w0, measuring the difference
between excitatory and inhibitory synapses, changes continu-
ously from a low to a high value, and then back to the starting
point. We simulate a system of N = 105 neurons, starting
from w0 = 0.7 and increasing the value of w0 continuously to
the value w0 = 1.1 in 50 s, then decreasing it back to the initial
value in another 50 s. In Fig. 8 we show the results for γ = 0
[Fig. 8(a)] and γ = 4 [Fig. 8(b)]. The red (blue) line shows
the firing rate per neuron when w0 is increased (decreased).
When γ = 0 the system crosses a continuous (second-order)
transition at w0 = 1, so that only one attractive fixed point
exists for any value of w0, and the activity of the system
does not depend on the past history. On the other hand, for
γ = 4, the crossing of a first-order (discontinuous) transition

reflects on the history-dependent behavior of the network
activity.

Avalanche distributions and shapes

When w0 = 1 and the external input h tends to zero, the
low-activity fixed point is marginal, which means that one of
the eigenvalues of the coupling matrix in Eq. (3) vanishes.
This holds both on the second-order transition line (w0 = 1,
γ < 1) and on the higher spinodal (w0 = 1, γ > 1) of the
first-order transition line. In this case, the correlation time
τ1 and the fluctuations of the activity diverge in the linear
approximation, which holds when the number of neurons
N → ∞, so that we expect that the system is characterized
by a scale-free behavior with a cutoff that diverges with
the number of neurons. This behavior should reflect on the
distribution of the avalanches. Note, however, that, on the
spinodal where the low-activity state has a finite lifetime,
we do not expect a diverging cutoff of the first power-law
regime, because very large avalanches will switch with high
probability to the high-activity state, where the distribution of

FIG. 7. (a) Lifetimes of low- and high-activity states for N = 104, w0 = 1, as a function of γ . (b) Lifetimes of low- and high-activity states
for γ = 3, w0 = 1, as a function of the number of neurons. (c) The same for γ = 4, w0 = 0.84.
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FIG. 8. Hysteresis loops for a system of N = 105 neurons, with (a) γ = 0 and (b) γ = 4. The parameter w0 increases from w0 = 0.7 to
w0 = 1.1 in 50 s, and then decreases back to the value w0 = 0.7 in another 50 s. The lower red (upper blue) line shows the firing rate per
neuron when w0 is increased (decreased).

sizes and durations is an exponential and not a power law. We
study the distribution of avalanches by the protocol commonly
used in experiments; namely, we divide the time series of the
activity of the network in time bins of width δ, and identify
an avalanche as a continuous series of nonempty time bins.
A time bin is empty if the number of spikes (neurons that
pass from the inactive to the active state) is zero during the
interval. The duration of the avalanche is defined as the num-
ber of contiguous time bins multiplied by the width δ, while
the size of the avalanche is defined as the total number of
spikes.

When the activity of the network is bistable, and the sys-
tem switches from the low- to the high-activity state, we
expect two different kinds of avalanches: the first are “nor-
mal” avalanches, given by bursts of activity that do not cross
the threshold with the basin of attraction of the high-activity
state, so that the system remains in the low-activity state;
these should be distributed as a scale-free power law. The
second kind of avalanche (large “anomalous” avalanche) oc-
curs when the system crosses the threshold and falls in the
high-activity state. In this latter case, we do not expect a
scale-free distribution, but rather a Poissonian (exponential)
tail of the durations (and sizes) with a very long charac-
teristic time and size. The results are shown in Fig. 9, for
a system with N = 104, w0 = 1, and γ between 0 and 4.
For γ � 2, where the system is bistable and the distribution
of the activity is bimodal, one observes correspondingly a
bimodal distribution of avalanches. The first part of the dis-
tributions, corresponding to the marginal “low-activity” state,
can be well fitted by power laws, P(S) ∝ S−α and P(T ) ∝
T −β , with exponents respectively α � 1.47 and β � 1.93.
Exponents were measured in the case γ = 3, with the POW-
ERLAW package [35], considering sizes in the interval 50 <

S < 5000 and durations in the interval 5 < T < 300 time
bins.

In Fig. 9(b) we fit the long tail of the distribution with
an exponential Poissonian distribution, to show that the long
tail is indeed Poissonian. The characteristic times are be-
tween two and three times larger than those in Fig. 7(a),
because when the system reaches the minimum in the bi-
modal distribution of the activity (and the high-activity state,
as it is defined in Fig. 7, ends) it has a finite probability of

returning back in the high-activity state without hitting the
zero activity that ends the avalanche as we have defined it
here.

In Fig. 9(c) we show the mean size 〈S〉(T ) of the
avalanches having duration in a small interval around T . Also
in this case we observe two characteristic regimes. In the
first regime, corresponding to smaller avalanches character-
istic of the scale-free low-activity state, the mean size scales
as 〈S〉(T ) ∼ T k , with k = 2, as expected from the relation
k = (β − 1)/(α − 1), originally predicted in the theory of
crackling noise [36,37]. In the second regime, corresponding
to larger avalanches characteristic of the high-activity state,
the exponent decreases to k = 1. Note that the same exponent
characterizes large avalanches also for γ � 1, where only the
low-activity fixed point of the dynamics exists, showing that
it is a common feature of avalanches larger than the cutoff of
the scale-free distribution, with an exponential distribution of
durations, as already noted in Refs. [38,39]. The same behav-
ior, with an exponent k = 2 for short avalanches and k = 1
for longer ones, was recently observed via electroencephalo-
gram during sleep [40], in experiments on nonhuman primates
[8] and in the cortex of awake mice [41]. In particular, in
Ref. [41], a flattening of the shape of avalanches was observed
for longer avalanches, also in this case in agreement with our
results (see below).

In Fig. 9(d) we show the dependence of the distributions on
the system size, that is, on the number of neurons, N . When N
is small, we observe only the first regime of small avalanches,
with a scaling of the cutoff of the power-law distribution with
the system size. However, increasing N , avalanches tend to
last longer than the lifetime of the low-activity state. At this
point, very large avalanches switch with high probability to
the high-activity state, so that one observes a saturation of the
cutoff of the initial power-law distribution, and the appear-
ance of the second exponential regime of large avalanches.
In this case, increasing N just increases the lifetime of the
high-activity state, and therefore the cutoff of the exponential
distribution. Correspondingly, the number per unit time of
large avalanches decreases, as evidenced by the lower values
of the probability. Indeed, when N becomes very large, one
expects to observe just a single very long avalanche during the
observation time. However, as pointed out in the Introduction,
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FIG. 9. Avalanche distributions, defined as histograms of the probability that an avalanche has a size or duration within some interval,
divided by the width of the interval (logarithmic spacings). The parameters are taken on the second-order transition line and upper spinodal,
w0 = 1, with N = 104 and γ between 0 and 4. The width of the time bins is δ = 1 ms. (a) Size distribution P(S). The exponent was measured
in the case γ = 3 for sizes 50 < S < 5000. (b) Duration distribution P(T ). The exponent was measured in the case γ = 3 for durations
5 < T < 300. (c) Mean size 〈S〉(T ) as a function of the duration of the avalanche. (d) Dependence of P(S) on the number of neurons, for
w0 = 1, δ = 1 ms, γ = 3, and N = 100 (leftmost) to N = 14 000 (rightmost). (e) Dependence of P(S) on the width of time bins δ, for
N = 104, w0 = 1, γ = 3. Inset: Power-law exponent α measured for avalanches with size 50 < S < 5000. (f) Dependence of P(T ) on the
width of time bins δ, for N = 104, w0 = 1, γ = 3. Exponents were measured with the POWERLAW package [35].

a fully connected network as the one considered here is not
intended to describe the behavior of very large regions of the
brain.

Finally, in Figs. 9(e) and 9(f), we show the dependence of
the distributions on the width δ of time bins. In this case, the
overall normalization (increasing δ decreases the probability
of small avalanches) is only slightly modified, but the value of
the exponent of the first power-law regime is modified more
substantially [inset of Fig. 9(e)].

Beside the low-activity state, one expects a critical behav-
ior also for the high-activity state, near the lower spinodal
of Fig. 3. However, the firing rate in the high-activity state
fluctuates around a mean value, so to define avalanches it is
necessary to define a threshold greater than zero, otherwise
one would find very long Poissonian avalanches, as shown
before. In Fig. 10 we show the result for N = 104, γ = 2, 3, 4.
As already put in evidence in Ref. [25], avalanches defined
with a finite threshold show critical exponents different from

FIG. 10. Avalanche distributions on the lower spinodal, w0 = w(γ ), defined with a finite threshold in the number of spikes in a time
bin, nth = NδR0, where R0 is the firing rate per neuron at the high-activity fixed point. (a) Size distribution P(S) for a system with N = 104,
γ = 2, 3, 4, and the width of the time bins is δ = 1 ms. The exponent was measured in the case γ = 3 for sizes 50 < S < 5000. (b) Duration
distribution P(T ). The exponent was measured in the case γ = 3 for durations 5 < T < 100.
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FIG. 11. Average normalized shape V (t )/V0 of avalanches having durations in a small interval around T , for (a) γ = 0 and (b) γ = 3.

those of the branching model, and characteristic of the random
walk.

Going back to avalanches defined in the low-activity
state, in Fig. 11 we show the average normalized shape of
avalanches as a function of their duration. The different nature
of low-activity scale-free avalanches and high-activity Pois-
sonian ones manifests itself also in the average shape. While
avalanches of smaller duration have a quasiparabolic shape,
those of longer duration tend to assume a flattened shape,
more and more as the duration increases. As said before,
this was recently observed also experimentally [41]. This is
expected on quite general grounds, the effect depending on
the different distribution of durations, that is a power law
for short avalanches, and an exponential characterized by a
cutoff for larger ones [38,39]. As observed for the exponent of
〈S〉(T ), also the shape of avalanches depends quite weakly on
the parameter γ , and therefore on the existence of one or two
fixed points of the dynamics, but mainly on their duration, that
is, if they are shorter or longer than the cutoff of the power-law
distribution.

A notable characteristic of the shape of avalanches in
the critical regime is the rightward asymmetry. This feature
depends on the “inertia” that characterizes the process: a
positive inertia gives rise to a rightward asymmetry [38],
while a negative one gives rise to a leftward asymmetry
[42]. In the present model, the effective inertia is positive,
because an imbalance with an excess of active excitatory or
inhibitory neurons pushes the activity up or down (corre-
sponding to positive or negative velocity, respectively) until
the imbalance is reversed, so the rightward asymmetry is
expected. In this respect, experimental results that show a left-
ward asymmetry [43] represent a question that needs further
investigation.

IV. CONCLUSION

We have studied a stochastic version of the Wilson-Cowan
model with the activation function (4) that combines two
features. It is equal to zero when the input is lower than
some threshold (here taken as zero) and is convex in some
interval of the input above the threshold. In some region of
the parameters w0 and γ , the system therefore is characterized
by two attractive fixed points, one of which corresponds to
activity zero when the external input h goes to zero (which

we call a “critical” or “low-activity” state) while the other
corresponds to a finite activity when h → 0, and therefore
to a self-sustained activity of the network (“high-activity”
persistent state). While for an infinite number of neurons the
ratio of the lifetimes of the two states either goes to zero
or diverges, so that only one of the states is selected, for a
finite number of neurons the system switches between the
two states, and displays a bistable activity. Moreover, as long
as the lifetime of the states is much larger than the inverse
rate of change of parameters, the system displays a hysteretic
behavior.

The two different fixed points are characterized by very
different behavior of the activity as a function of time. While
in the high-activity state the activity fluctuates around a con-
stant value corresponding to the fixed point, in the low-activity
one it is characterized by bursts (avalanches) interspersed by
periods of zero activity (quiescence). Defining avalanches as
periods of time in which the activity is greater than zero,
one therefore finds that their distribution is bimodal, with
a first regime (small avalanches) corresponding to bursts of
activity within the low-activity state, and a second regime
(large avalanches) corresponding to periods of time in which
the system remains in the high-activity state. On the so-called
spinodal line, where the low-activity fixed point becomes
unstable, the first part of the probability distribution be-
comes critical, with exponents characteristic of the mean field
branching process, although with a cutoff that does not di-
verge with the system size, but rather saturates due to the
finite lifetime of the low-activity state. This is due to the
multiplicative coefficient of the noise in Eq. (1), which scales
as the square root of the activity when the activity is near
zero. On the other hand, the presence of the high-activity
state is evidenced by a second regime (large avalanches)
with a Poissonian (exponential) distribution. The two kinds
of avalanches are characterized by a different scaling of the
size as a function of the duration and shape. The size of
critical avalanches scales as T 2, as expected in the branching
process, and the shape is nearly parabolic, although slightly
rightward asymmetric, as expected for a process character-
ized by a positive “inertia.” Avalanches corresponding to
the high-activity state instead are characterized by a size
proportional to the duration, and a flattened shape, as ex-
pected for avalanches that have an exponential distribution of
durations.
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The bistable behavior of a stochastic version of the Wilson-
Cowan model was already studied in Ref. [33], by considering
an activation function with a superlinear behavior, namely,
the sigmoidal function f (s) = (1 + e−s)−1. In that paper the
lifetimes of states were computed using a WKB approxima-
tion, but the distribution of avalanches of activity was not
considered. Indeed, in that case both fixed points are char-
acterized by a finite average activity, so that one could expect
a critical behavior near spinodal lines, but with different ex-
ponents, characteristic of a random walk, as shown here in
Fig. 10 for the avalanches at the lower spinodal. As pointed
out in Ref. [25], the critical exponents of the branching model
are expected only when the mean activity vanishes with the
external input.

The model shows, in the critical state, exponents α �
1.5, β � 2, k � 2, characteristic of the mean field branch-
ing model. These exponents has been observed in different
neural experimental results, including the original results in
cortical slices [1]; however, there are also experimental re-
sults that have found deviations from these exponents [13,44],
and different computational models [45–49] have tried to

account for these deviations. In our model we find mean field
branching model exponents, since the model is characterized
by all-to-all connectivity. However, as shown in Ref. [49],
the value of exponents changes when a different topology of
the connections is considered, for example, short-range con-
nections on a two-dimensional lattice. It should be possible
to put together the spatial topology of the network with an
activation function that gives rise to a bistable behavior, to
produce a model that shows bistability and non-mean-field
exponents.

In conclusion, this model could be relevant in the eluci-
dation of the bistable behavior of neural networks in some
conditions, like reduced inhibition, epileptic, or hyperex-
citable conditions, where a bimodal distribution of avalanches
is observed.
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