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Abstract: We propose nonlinear semi-discrete and discrete models for the elastic energy induced by a finite
system of edge dislocations in two dimensions. Within the dilute regime, we analyze the asymptotic behavior of
the nonlinear elastic energy, as the core-radius (in the semi-discrete model) and the lattice spacing (in the purely
discrete one) vanish. Our analysis passes through a linearization procedure within the rigorous framework
of I-convergence.
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Introduction

We introduce some variational nonlinear models for the elastic energy induced by a finite system of edge dis-
locations in two dimensions, proposing and analyzing a purely discrete model settled in the regular triangular
lattice, together with (and relying on) a variant of the core radius approach in [26].

We start by describing our variational discrete model in absence of defects. We assume to have a finite
portion of the regular triangular lattice, with lattice spacing ¢ (eventually vanishing), occupying a reference
configuration @ c R?. In this framework, deformations are described through discrete strain fields  which
are defined on the nearest neighbor bonds of the lattice. In the defect-free case, these strains are in fact discrete
gradients of some implicitly defined (by integration) deformation function defined on the nodes. The underlying
compatibility condition is that the discrete circulation of § around each triangular cell is trivial. In the present
formulation the discrete energy is thus a function of the deformation strain f and is given by the sum of two
contributions: a two-body interaction potential accounting for the elongation of the bonds, and a three-body
interaction term penalizing changes of area of the triangular cells. In the thermodynamic limit (as the lattice
spacing vanishes), this model gives back nowadays classical continuous nonlinear models, where the energy
density behaves like the squared distance of the strain from the set of rotations; in the small strain limit, one gets,
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by linearization, the classical isotropic (continuous) linearized elasticity (we refer to [5, 8, 27] for discrete-to-
continuum and linearization results in the context of short and long-range interaction energies). Remarkably,
by tuning the pre-factors in front of the two contributions of the nonlinear discrete energy, the simultaneous
discrete-to-continuum limit and linearization process yield in the limit functional all possible Lamé coefficients
(see formula (2.6)).

In this framework, edge dislocations can be introduced as topological singularities of the discrete strain
field B, namely, on each cell €T, we enforce the circulation of 3 to belong to (a rotation of) the e-spaced trian-
gular lattice. If non-zero, such a vector represents the so-called Burgers vector €, which detects and quantifies
the presence of an edge dislocation in the triangle eT. We thus identify such a dislocation with the weighted
Dirac mass €£6y,,, where x.r denotes the barycenter of the triangle eT. A finite distribution of edge disloca-
tions, centered at the points x" and having Burgers vectors ££" € R?, can be then identified with the empirical
measure u = €y, {"Sx». For any given configuration of dislocations y, the class of admissible strains is given by
those discrete strain fields whose discrete circulation around each triangle €T is given by u(eT). The presence
of edge dislocations enforces some distortion on any admissible strain: since pure rotations become incompat-
ible, a resulting stored elastic energy is induced. For a single dislocation, such an energy is of order &2|log &|.
Our analysis is performed in a dilute regime of edge dislocations, where the total stored energy is bounded
by Ce?[log ¢, which is consistent with the presence of a finite number of dislocations. This energy regime has
been widely analyzed in terms of I-convergence, both for continuous models, also referred to as semi-discrete
models, (see [14, 16] for the linear case and [26] for a nonlinear one) and for discrete linear energies [4]. (For
analogous results in the linear scalar framework of screw dislocations and of vortices in superconductivity we
refer the interested reader to [1-3, 13, 21, 25].)

Asthelattice spacing vanishes, the discrepancy between discrete and continuous models should also vanish;
similarly, since we are dealing with a vanishing energy regime of order £%|log ¢, also the energy gap between
nonlinear and linearized models should vanish. The purpose of this paper is to rigorously prove these facts, by
proposing a purely discrete nonlinear model (the first to our knowledge) and building a bridge from discrete
to continuous and from nonlinear to linear edge dislocation models. For this purpose, we first introduce and
analyze a slight variant of the (nonlinear) continuous model studied in [26], which will be instrumental to the
discrete problem. Then we introduce our purely discrete nonlinear model, inspired from the linear discrete
models in [4, 6, 17], and we show that it behaves like the continuous one, as € — 0.

The nonlinear continuous model we consider is based on the so-called core-radius approach: Given a con-
figuration of dislocations u = € ), £"8x», we drill an e-disc around each dislocation x™ and set

Qe(u) = Q\ | JBe(X".

Here, ¢ is (proportional to) the lattice spacing and the discs B(x™) represent the so-called cores of the disloca-
tions x", where plastic effects take place. Removing the cores means to neglect such plastic effects, whose energy
contribution is expected to be a lower order perturbation with respect to the elastic energy computed outside
the cores, namely, in Q. (u). The admissible strains, in analogy with the discrete setting, are those fields § defined
on Q.(u) whose circulation around each B.(x") is equal to €£". The corresponding elastic energy of § (and, in
turn, induced by u) behaves like the integral on Q. (u) of the squared distance of § from the set of rotations SO(2).

Now we describe the further kinematic condition that we impose on the admissible strains. To this end,
assume for the time being that the distribution of dislocations is given by a single dislocation ££°8,0, with x° € Q
and &° belonging to the R%-rotation of the regular triangular lattice. In such a case, the rigidity estimate [15]
together with the energetic bound, guarantees that f5 is close to a constant rotation R € SO(2) plus an e-multiple
of a linear strain B!" satisfying the circulation condition

Bhntdg{l — EO'
0B.(x0)

In general, the rotation R around which the linearization takes place and the rotation R associated to the
Burgers vector are decoupled. However, if R # R, the Burgers vector is in general not consistent with the under-
lying rigidly rotated lattice, providing then a physically unacceptable configuration. This suggests to incorporate
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in the model some extra compatibility condition between the Burgers vectors and the admissible strains in order
to prevent such unphysical configurations. In this respect which options are best suited is in fact still question-
able, and a canonical choice seems to be missing in the present literature. The main reason is that, in contrast
with purelylinear models, here we are trying to combine the linear circulation condition, which is built upon the
additive decomposition of the linear strain, together with the nonlinear energetic framework. In this respect, it
would be preferable to adopt a multiplicative decomposition of the strain in a plastic, and an elastic part [22, 23],
but at the present it is not clear to us how to implement it in a purely discrete framework. Moreover, while in the
limit as € — 0 we obtain a fixed rotation, for positive € nonlinear deformations make unavailable a clear notion
of local orientation for the deformed lattice. In order to overcome this lack of rigidity, in the present formulation
we impose that, in the annulus of radii € and & (with y € (0, 1)) around each dislocation point, the average of
the admissible strain fields coincides with the rotation associated to the corresponding Burgers vector. For pos-
itive ¢, rigidity arguments show that such a consistency between the orientation of the Burgers vector and the
underlying lattice holds, not only in average, but actually pointwise up to a small error. In fact, such an average
condition guarantees, in the compactness result, that the limit constant rotation R of the admissible fields S,
is also the limit of each of the rotations associated with each Burgers vector. Such a condition leads us to work
under the well separation assumption, namely, to restrict the class of admissible empirical measures to that for
which the distance of two dislocations is larger than (a multiple of) &”.

Within the framework described above, we prove that a given sequence {u.}. of admissible configura-
tions of edge dislocations, satisfying the energy bound Ce?[log |, has (once scaled by &) uniformly bounded
mass; therefore, up to subsequences, ”—; converges (in the weak star topology) to a finite sum u = ¥, K8y«
of ]Rz-weighted Dirac deltas. Furthermore, a sequence of admissible strains {8}, compatible with {u,},, con-
verges, up to subsequences, to a constant rotation R that is compatible with g, i.e., the weights &K lie in the
R-rotated regular triangular lattice. Eventually, we show that S, ~ R + £+/[log €|, for some far-field linear
strain B, which is curl-free. This is the content of Theorem 1.1. The corresponding I'-convergence result, Theo-
rem 1.7, shows that the I'-limit of the energy functional with respect to the convergence described above, is given
by the sum of a self-energy plus the linearized (around R) elastic energy of the limit field g The self-energy
for such a nonlinear model takes the form of ¥, ¢(RT&X), where ¢ is a positively 1-homogeneous function that
is obtained by a cell-formula through a relaxation procedure accounting for the underlying lattice structure.
We highlight that such a density ¢ depends only on the corresponding linearized elasticity tensor and on the
lattice structure and hence it coincides with the one computed in linear models [16]. Loosely speaking, our result
shows that the nonlinear elastic energy outside of the cores in the energy regime £?[log €| can be linearized thus
obtaining the same I'-limit as in the corresponding linear model.

Some comments are in order. The proof of our result follows the lines of that in [26], where the authors focus
on a finite system of fixed (i.e., independent of ¢) edge dislocations, whose Burgers vectors lie in the unrotated
lattice. As mentioned above, our varying measures satisfy a uniform bound on the total variation; therefore,
from the point of view of compactness properties, our case does not differ much from the case of a fixed system
of singularities. Nevertheless, the situation slightly changes when looking at the I'-limit of the elastic energy.
Indeed, whereas for a fixed measure no relaxation takes place in the computation of the self-energy, in our
model two or more different singularities for positive &€ may converge to the same limiting singularity, thus
lowering the value of the self-energy. This means that our I'-limit could be smaller than that computed in [26].
Furthermore, we stress that the average condition on the strain fields described above is not present in [26],
where a possible discrepancy between the (limit) rotation around which the linearization is performed and the
rotation (that is actually the identity matrix) of the lattice where the Burgers vectors lie, may occur. However, as
explained in [20] (see also [10]), such a gap is not unphysical if one interprets Q as the deformed configuration
instead of the reference one. Having in mind such an interpretation, an admissible strain field  can be locally
understood as an inverse deformation gradient, so that its circulation turns out to be a vector of the reference
lattice (without any rotation). In fact, while it is quite accepted that the Burgers circuit should be drawn in the
deformed configuration, the correct notion of Burgers vector is rather questionable. The one corresponding to
the circulation of the (local) inverse of the deformation gradient on a closed path in the deformed configuration
isusually referred to as the true Burgers vector [18, formula (1-5)] and, as already explained, it has the advantage
to have a topological nature, being quantized on the reference lattice, without being effected by any sort of
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small elastic fluctuations. On the other hand, the so-called local Burgers vector, defined as the circulation of
the deformation gradient on a closed path in the reference configuration, besides being very popular, has a
direct constitutive relation with the deformation field. Our proposal of notion of Burgers vector represents a
kind of compromise between the two, being defined on the reference configuration but belonging to a rotation
of the lattice. In fact, such a procedure is borrowed from linear models [6, 9, 14, 16], where the (local) Burgers
vector is (somehow tacitly [18, p. 21]) assumed to belong to the (unrotated) reference lattice. Adopting the notion
of true Burgers vector within a purely discrete model seems to be a challenging task; in this respect, it would
be interesting (also in the linear framework) to introduce discrete models defined directly on the deformed
configuration, combining the discrete formalism of [19] with the analysis in [10].

Summarizing, our model is meant to be a first attempt to combine sound and efficient techniques available
in the linear framework together with fundamental discrete nonlinear models. Specifically, it relies on the pres-
ence of a reference configuration, it is implicitly based on an additive decomposition of the strain, although the
energetic setting is nonlinear. The resulting modeling choice has a flavor of compromise: we have shown that
canonical arguments in linear elasticity theories of dislocations can be pushed to and exploited in a nonlinear
framework as well, at the price of some extra care needed to relieve the conflict generated by such an unusual
combination.

Our contribution represents a first attempt to rigorously analyze in terms of I-convergence a purely discrete
nonlinear model for edge dislocations in two dimensions.

Notation. Let X be an Euclidean space. For every p > 0 and for every x € X, B,(x) denotes the open ball centered
at x with radius equal to p (with respect to the Euclidean metric). Furthermore, for every x € X and for every
0 < r < R, the symbol A, z(x) denotes the (open) annulus Br(x) \ B,(x). In what follows, {eq, e;} denotes the
canonical basis of R%,ie, e; = (1 0)Tande; = (0 1)T. Moreover, SO(2) is the set of rotations of R?, i.e., the
set of matrices R € R¥? such that RTR = Id and det R = 1. Finally, throughout the paper the symbol C denotes
a positive constant that may change from line to line. Whenever we want to stress the dependence of C on some
parameters p1, ..., py (with J € IN) we write Cp, ., o

1 The semi-discrete model

In this section we introduce and analyze the nonlinear semi-discrete model for the elastic energy induced by
a family of edge dislocations.

1.1 Description of the problem

Here we introduce the main notations that will be used throughout the paper. Let @ ¢ R? be a bounded, open,
and simply connected set with Lipschitz continuous boundary. Let S ¢ R? be a finite subset of R? and set
S := spany S. Here S represents a reference underlying lattice. We set

I(S) := U RS
ReS0O(2)
and
J(S) := {R € SO(2) : RS = S}.

Let 0 < y < 1. Denoting by M(RR?; R?) the class of R?-valued Radon measures on R?, for every ¢ > 0 (which is
a parameter tuning the lattice spacing) we define the class of admissible edge dislocation measures X} (Q) as

N
X/ (Q) := {y e MR%ERY) :u=¢) &8n, NeN, x" € Q, " ¢ I(S),
n=1
(Wh))

[x™ — x| > 4e¥ whenever ny # ny, dist(x", 0Q) > 2¢¥ foralln=1,...,N}.
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Moreover, for every R € SO(2), we set

K
XR(Q) = {y e M(R%;R?) = z &8, KeN, xkeQ, & e RS}.
k=1

Forevery0 < ¢ < 1and for every u = ¢ Zﬁ’:l R"D"8n € XL (Q), with b" € §$ and R" € SO(2), we set
N [
Qe(u) =@\ | JB:(x")
n=1

and we define the class of admissible strains associated to u as

U B¢(x), Curl B = 0in Q. (u), } B dx € R"I(S),

ASL(u) = {B e LX(Q;R®?): B=0in
Xesupp u Agvgy (x")

1.2)
BtdH' = eR"b" foreveryn=1,... ,N]»,
0B (x")

where, here and below, the operator Curl acts row-wise and is understood in the distributional sense, ¢ denotes
the tangent vector field to dB.(x") and the integrand ft is intended in the sense of traces (see, for instance,
[12, Theorem 2, p. 204]). Notice that the weight of any admissible singularity cannot be uniquely decomposed
into a product Rb with R € SO(2) and b € $ (as an example, if § = 72, then e; can be written also as the clock-
wise Z-rotation of e;); this is why the condition on the average of f in (1.2) is written in terms of an inclusion
(into R™J(S)) rather than an identity.

We now introduce the nonlinear energy density. Let W € C(R?*?; [0, +00)) satisfy the following assump-
tions:

w(d) =0, (§9)
W(RM) = W(M) for every M € R¥?, R € SO(2), (i)
W(MR) = W(M) for every M € R®>?, R € 1(S), (iii)
there exists a constant ¢ > 0 such that: W(M) > ¢ dist*>(M, SO(2)) for every M € R>?, (iv)
W € C? in a neighborhood of SO(2). W)

Condition (i) states that the reference configuration is stress-free and condition (ii) is the so-called frame indiffer-

ence. Condition (iii) says that the energy density W is invariant with respect to the symmetry group of rotations

of the underlying lattice (while, if assumed for all rotations, would be an isotropy condition). Condition (iv) is

a coercivity assumption that guarantees compactness properties whereas condition (v) serves to linearize the

energy around the equilibria. We highlight that, combining conditions (i), (ii) and (iv), the well of W is SO(2).
In view of property (v), we can define the 2 x 2 x 2 x 2 linearized elasticity tensor associated to W as

2w
C:= W(Id). (1.3)

For every 0 < ¢ < 1 we define the energy functional 5% : M(R?; R?) x L%(Q; R¥?%) — [0, +00] as

W(B)dx if u e X} (Q)and B € AS) (),
Fe(, B) = {aiw (1.4)

+00 otherwise.

1.2 Compactness

Here we state and prove the compactness result for the semi-discrete energy in (1.4).
Theorem 1.1. Let {(u¢; Be)le € M(R?; R?) x L?(Q; R?*?) be such that

FY(Ue, Be) < Ce*|loge| forevery e > 0, (15)
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for some constant C > 0. Then, up to a subsequence, there exist {R:}. c SO(2), a rotation R € SO(2), a measure
i € X®(Q), and a field B e L*(Q; R¥?) with Curl B = 0, such that:

Re — R, 0

F 2y, W
BE - R N ﬁCf in LZ(Q, IRZXZ). 2
ev/|log €|

Definition 1.2. In the following, we write (Ug; Be; Re) — (U5 ﬁCf ; R) if conditions (0), (1), and (2) of Theorem 1.1
are satisfied.

In order to prove Theorem 1.1 we follow the lines of the proof of [26, Proposition 3.5]. The following result
provides uniform rigidity estimates d la Friesecke, James and Miiller [15] for a suitable class of domains with
holes. It can be proven by arguing verbatim as in [26, Lemma 3.1].

Lemma 1.3. Let E c R? be a bounded, open set with Lipschitz continuous boundary. Then there exists a constant
C > 0 depending only on E such that the following property holds true. Let r > 0 and let {x", ..., x"} c E be such
that |x™ — x| > 4r for every ny,ny = 1,..., N with ny # ny and dist(x", dE) > 2r foreveryn =1, ..., N. Setting
E,:=E\ Uf[zl B-(x™), for every u e H\(E,; R?) there exists R € SO(2) such that

[Vu = Rl r2(g,;r2x2y < Clldist(Vu, SO(2))r2(k,)-
Proof of Theorem 1.1. By the energetic bound (1.5) we have that u € X2(Q) and B € ASL(ug). For every
0<e<1let
Ne
le=e) RIS

n=1

. le
We start by proving the compactness property for the measures <. We set

log &l ‘1J'

N
K= [a-ns

Yy
Letn e {1,..., N} be fixed. We have that A¢ v (x}) > Ulk(io Agig or15(X3). As a consequence of [15], there exists
a constant C > 0 such that for every k = 0,1,..., Ké’

j dist?(Be, SO(2))dx > C j |Be - Ryl2dx (16)

Agkeg g1 (XE) Agk okr1(Xg)

for some rotations Ry; in fact, (1.6) has been proved in [15] for gradient fields defined on sets with Lipschitz con-
tinuous boundary; moreover, the constant C is invariant with respect to homotheties of the domain. Actually, in
our case f3; is not a gradient, but one can still deduce (1.6) either covering Ak, ox+1.(XF) with two overlapping
simply connected sets with Lipschitz continuous boundary, and applying on each of them [15], or introduc-
ing a suitable cut in Ajx, ox+1.(X}) and applying directly [15] on the resulting simply connected cut annulus. By
summing (1.6) over k and over n, using (1.5) and property (iv), we deduce that

Ne Kl

Ce’lloge| > C Z Z J |Be — Ric|* dx
L W) 1.7)

He

= |

N,
: 1
2CY) sz|bg|251(1<3 +1)log2 > Ce*[loge|(1-y)
n=1

where the last but one inequality follows by applying Fubini’s Theorem, Jensen’s inequality and using the very
definition of AS)(u¢) combined with Stokes’ Theorem. By (1.7), we deduce that |% |(Q) is uniformly bounded
and hence that there exists a measure g, consisting in a finite sum of vectorial weighted Dirac deltas, such that,
up to subsequences, property (1) holds.
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Now, we pass to the proof of property (2). To this end, we define the maps B, : @ — R?*? as

X — X}

Be(x) = exe, ye>(x)Z(R"b") Tt

where ] is the counter clockwise 7-rotation. One can check that

Ne
J |Bel® dx < Ce*Ne ) |b;[*|log e| < Cye*[log e, (1.8)
Qe (ute) n=1

where the last inequality follows by (1.7). By construction, we have that jaU(Bg — Be)t A" = 0 for every open
set U ¢ Q with U ¢ Q.(u) smooth; hence, there exists a map u, € H'(Q¢(ue); R?) such that B — e = Vu,
in Q¢(ue). By Lemma 1.3 we thus get that there exist a constant C > 0 independent of ¢ and a sequence of
rotations {R.}. ¢ SO(2) such that

[1Be-RePax<2 [ 1ge-Be-Refdrez [ [Bilaxs el

Q Qe(Ue) Qe (Ue)

<2 I IVitg — Ref? dx + Cyé?[log e]
Qe (te)

<cC J dist2(Vie, SO(2)) dx + Cye¥{log e] 1.9
Qe(Ue)

<c J dist2(Be, SO(2)) dx + Cye?lloge]
Qe(Ue)

< Cye?|logel,

where we have used also (1.7), (1.8), property (iv), and (1.5). By (1.9), up to a subsequence, we get E% — B“f
in L2(Q; R¥?) for some B € L2(Q; R**?), so that property (2) holds true.

Now we prove that Curl 8 = 0 in the distributional sense. To this end, let ¢ ¢ C1(£2) and let {¢} c H, 1(Q)
be a family converging to ¢ strongly in H, 1(Q) and such that ¢, = ¢(x}) in B¢(x}) foreveryn =1, ..., N.. Then,
by (1.7), we get

¢ 1 Be
(Curl g, 9) = lim WO—( % 9. ) = lim |loge|<cur18’¢£>
L T REDIGOE)
£—0 |]0gg|

by the arbitrariness of ¢ we have that Curl < = 0 in the distributional sense.

Furthermore, since SO(2) is compact, up to a subsequence R, — R for some R € SO(2). In order to conclude
the proof of the theorem it remains to show that u € XR(Q). First, for everyn=1,...,Ng,let RQ € J(S) be such
that

][ Be dx = RIR™.
Ager (X7)

In view of (1.7), we can assume, up to a subsequence, that N, = N for some N € N independent of ¢. For every
fixedn=1,...,N,itholds

2

IRPR™ - R,|? = I { (Be — Re)dx| < Cye™logel, (1.10)

As,ey (X?)

where the last inequality is a consequence of Jensen inequality and of (1.9). Since J(S) is compact, we have that,
up to a further subsequence, R? — R" for some R" € J(S). This fact together with (1.10), yields that R? — R(R™)T
as & — 0 and hence u € XX(Q). O
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Remark 1.4. In this paper, the assumption that Q is simply connected is used to guarantee that the class of L2
curl-free matrix fields on Q coincides with the class of gradients of functions in H*(Q;R?). Such an assump-
tion can be dropped if we replace, in the compactness result above and in the I'-convergence result below, the
condition B € L%(Q; R?*%) with Curl 8 = 0 by the condition f = Vu for some u € H*(Q; R?).

Remark 1.5. As mentioned in the introduction, the condition on the average of the strain field in (1.2) is needed
in Theorem 1.1 to guarantee the compatibility condition that R is both the asymptotic rotation around which the
linearization is performed and the rotation of the lattice where the weights of the limit singularities lie. Indeed,
dropping such an average condition from the definition of (1.2), one could consider u, = ebé, (with 0 € Q and
b € §), R an arbitrary rotation in SO(2) and the field 8, = R + eﬁf’R’f (where ﬁ]if is the Green function for the cor-
responding linearized problem, see (1.11) below); such a field (once dropped the average condition of (1.2)) would
be an admissible strain. Now, the weight of the singularity lies on the set §, while f, is linearized around the
arbitrarily fixed rotation R, providing an unphysical lack of rigidity in the class of admissible Burgers vectors.
Furthermore, we stress that such an average condition should be required on “thick annuli” with radii
&, ¢’ and cannot be replaced by a weaker condition on “thin” annuli with radii €, Me for some M > 1 (inde-
pendent of ¢), as shown by the following computation. Let J; : [¢, 1] — [0, 1] be such that J,(t) = 0 in [¢, Me),
J:(t) =1 in [2Me, 1] and J.(t) = ﬁ —11in [Me,2Me) and let u; : A¢1(0) — R? be the function defined by

Ug(x) := R(J:(]x]))x, where
cosd sind
R(9) = (—sinﬁ cos 19)'

By direct computations,

Vue(x) = R(J:(1x])) +

Fe(Ix]) [~ sin I (Ix)x% + cos Fe(IX)x1x2  —Sin I (Ix])X1X2 + €08 e (|x])X3
IX|  \~cosFe(IX)x} —sin I (Ix)x1x2  —sin I(Ix])x3 — cos I (Ix)x1x2 )

whence we deduce that

distA(ViL,, SO(2)) dx < J X2 dx < CM2e2.
M2ge?
Ag1(0) Apte,2me(0)

In this example, the average of Vu, on the annulus A; 5¢(0) is the identity matrix R(0), while Vu, — R(1) (for
instance in L?(Q; R?*?)). The computation above shows that the fields B, = R(J¢) + sﬁl];’f (with b € S), would
satisfy the average assumption with R = R(0) = Id in the annulus A, j1.(0), but converge to the rotation R(1).
Therefore, prescribing the condition on the average of the admissible fields on the annuli of radii € and Me (for
M fixed) does not provide any relationship between the rotation of the lattice where the Burgers vector lies and
the rotation around which the energy is linearized.

On the other hand, in order to let our proof (in particular, (1.10)) work, one can see that the average condition
in (1.2) can be weakened by requiring that

dist( { de,R”J(S))sé'g,

Ag ey (X)

for some &, > 0 with §; - 0as e — 0.

1.3 I-convergence

This subsection is devoted to the I-convergence result for the semi-discrete energy in (1.4). In order to define the
I-limit we first introduce the self-energy of an edge dislocation. Let C be a given elasticity tensor in linear elastic-
ity. For every { € R? \ {0}, the corresponding displacement u]if and strain B]‘;;C, induced by the edge dislocation
{6y in the whole plane, have been explicitly computed in the literature (see, for instance, [7, formula (4.1.25)]);
here, we recall some of their properties we need in our analysis. The strain field ﬁﬁi‘f satisfies the circulation
condition

Curl = {8, inR?
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and the equilibrium equation
DivCB=0 inR%.

In polar coordinates, ﬁgf takes the form
B (p, ) = 5 S (1.11)

where (see [16, Remark 7]) T'%C is the unique minimizer of joz TCr:rdo among the functions I' of the form
I'(0) := f(0) ® (—sin B; cos B) + g ® (cos 6;sin B),

with g € R? and f € C°([0, 27t]; R?) satisfying f(0) = f(27r) and fozn flw)dw = . The optimal g%€ and f%€ are
uniquely determined by the vector ¢ and the tensor C.

Remark 1.6. We highlight that I%C ¢ C(R) (see [7, formula (4.1.25)]). Moreover,

2
J r%<(6)d6 = 0, (L12)
0
and hence, forall0 < r < R,
o dx = 0.
Ar,r(0)

Indeed, let /%€ be the 27-periodic extension of € and consider
19€(0) := -T9C(0 + 1) = f*€(6 + 1) ® ( sin 6; cos ) + g5 ® (cos 6; sin 6).

Notice that the circulation of I'“C coincides with that of I'“C. Since, by convexity,

21 1 1 1 1 1 21 1 21 21
[ e(rec+519¢) : (Frec+ 516 o< o [eréciréCan s 5 | eree: 1Cao - [ eréc:récay,
2 2 2 2 2 2
0 0 0 0
by strict convexity we deduce that
T5C(.) = 19C(.) = -T%C(- + m); (1.13)
therefore, I'“C is an odd function and hence (1.12) holds true.
For every { € R? \ {0} we set
21 1 1
c T4C(9) : 1%C = J SCpLs : phs 1. 1.14
) = I SCI>™(0) : T>™(0)do = Tog 7] z(Cﬁ]R DBrrdx, 0<r< (1.14)
0 Ar1(0)
By [14, Proposition 1] (see also [16, Corollary 6]), we have
YeQ = i l/)rl . (1.15)
1
where 1 1
= min —CpB: Bdx. 1.16
(0= 108 22 BeL?(Ar, 1y R j 2P F (119
" curl B=0in Ay, , (0) Ari.r2 (0)
J‘BBMO) ﬂtdg—( {
Moreover, for every ¢ € R? and for every s € R,
YC(sQ) = s (D. (1.17)
Finally, for every b € S we define
I I
% (b) := min{z |zi|YC (b)) 1 zi € Z, bi €S, I € N, Zzibi = b} (1.18)
i=1 i=1

(with ¢€(b) = 0 for b = 0). We are now in a position to state our I'-convergence result for the nonlinear energy
FY defined in (1.4).
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Theorem 1.7. The following T-convergence result holds true.

(i) (T-liminf inequality) Let R € SO(2), u = YX_, &8, € XR(Q), B € L2(Q; R¥?) with Curl B = 0. For every
{(e; Be; Re)}e € M(R?%; R?) x L2(Q; R¥%) x SO(2) such that (ug; Be; Re) — (u; BE; R) (in the sense of Defini-
tion 1.2), it holds

K

1 1

C/pTzk 2 pRTpel . pT pcf i i Y

kZ::l(p (R'¢ )+£ FCRB R dx < liminf o7, o) (1.19)

(ii) (T-limsup inequality) Let R € SO(2), u = Yk, &8, € XX(Q) and B € L*(Q; R¥?) with Curl B = 0. Then
there exists {(ie; Be; Re)}e € M(R?; R?) x L2(Q; R¥*?) x SO(2) such that (ue; Be; Re) — (u; B R) and

K
Y oC(RTE) + J %(CRT[%‘:f : R"B dx > lim sup FY (Ue, Be). (1.20)
k=1

1
) -0 g |10g £|

Before giving the proof of Theorem 1.7 we state and prove the following linearization lemma for curl-free matrix
fields, arguing as in the proof of [26, Proposition 3.11]. We mention that this kind of linearization results in
presence of defects generalizes the case of gradient fields originally treated in [11], all relying on the Rigidity
Estimate in [15].

Lemma1.8. Let r > 1. For every § > 0, let {s € R? and Bs € L*(A1,(0); R*?) be such that JaBl(O) BstdH! = s
and Curl Bs = 0 in A1 7(0). Assume that Bs — R in L?(A1 r(0); R¥*?) and % — { (as § — 0), for some { € R* and
R € SO(2). Then
liminf % j W(Bs) dx > log r p<, (R')). (1.21)
A1,-(0)

Proof. In order to prove (1.21) we argue by contradiction. Assume that there exists a vanishing sequence
{81}1en < (0, +00) and a constant o > 0 such that
1
<2
a0

W(Bs,) dx < logr ¥ (R")) - . (1.22)

By (1.22), in view of property (iv) and of the Rigidity Estimate in [15] (see [26, Proposition 3.3] for a specific
formulation of such a rigidity result suited for curl-free fields on annuli, as well as Lemma 1.3 above), we get
that there exist a constant C > 0 and a sequence of constant rotations {Rs, };en € SO(2) such that

185, = Rsillf2a, ety < ClOET YT (RO} (1.23)
Ry Bs-1d

5 is curl-free, and hence,

Clearly, by triangular inequality, Rs, — R as | — +oo. By assumption, the field
setting
C={(x1;0):1<x1 <1},

we have that there exists a sequence {vs,}ien C H! (A1,(0)\ G R?) such that

Vs, dx =0 and Rg’ﬁ:;—ll_ld =Vvs, inAy,(0)\C
Ay,r(0)
By construction,
[vs] = Ry, (5_6; onC, (1.24)

where [v] denotes the jump of the function v in the sense of traces. By (1.23), we obtain
Vs | dx < Clogr T (R')), (1.25)
A1,r(0)

whence we deduce that, up to a subsequence, vs, — v in H(41,(0) \ G; R?) for some v € H'(A1,+(0) \ G; R?);
moreover, by (1.24) and recalling that Rs, — R, we get

[v]=RT¢ onC. (1.26)
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We are now in a position to linearize the energy around the identity. To this end, we define the sequence {xs, }iew
of characteristic functions
1 if|Vvs| < 6/,
X6 (x) = ..
0 otherwisein A1 ,(0)\ C,

with 0 < a < 1 arbitrarily fixed. By (1.25) it follows that ys5, — 1 in measure and hence we have Vvgys, — Vv
in L2(A1,(0) \ C; R?*2). By Taylor expansion, using (ii), we have

1 1 )
7 W(Bs,) dx > 7 J X6, W(R Bs,) dx
L a0) L a0
1
-5 J X5, W(Id + 8,Vs,) dx )
L a0

1
> J (z(C()(a,Vva,) *(x&Vvs) - %w(&WV&D) dx,
A1,(0)\C :

with%-»Oast-»O*.

Notice that
w(81IVvs,|)

X8 2
— w6V =1V _—

%w( Vs 1) = Vs, |“xs, GVvs, 1)
which is the product of a uniformly bounded sequence ({|Vvs,|*}1en) in L*(A1,+(0)) and a uniformly vanishing
sequence in L*°(A1,-(0)). Therefore, by (1.27) and by lower semi-continuity, we conclude

lim inf% J W(Bs,) dx > j %cw Ly dx = logr v (R1D), (1.28)
—+00 ’
Aq,-(0) A1, (0)\C

where the last inequality follows by the very definition of wf, in (1.16) and by (1.26). Since (1.28) contradicts (1.22),
we have that (1.21) holds true. O

With Lemma 1.8 in hand, we are in a position to prove the I'-lim inf inequality in Theorem 1.7.

Proof of Theorem 1.7 (). We can assume without loss of generality that (1.5) is satisfied. For every € > 0 let
Ue = azfl[il ERbyn € XZ(Q). In view of (1.7), we have that |%|(Q) < Cy, and hence we may assume that, up
to a subsequence, N, = N for some N independent of e. Furthermore, up to passing to a further subse-
quence, we may assume that each of the points x? converges to some point in a finite set {y/ }j=1,..,; € Q (with
K <J <N),wherey/ = x/ forj=1,...,K.Let 0 < p < 1be such that the balls sz(yf) are pairwise disjoint and
Uk_; Bap(x¥) c Q. Then, setting

ghr .- J W(B.) dx, ek .= J W(Be)dx (foreveryk=1,...,K),
AU B0 Qe (1e)NB, (xH)
we have that «
Fh(e, Be) = €+ Y EL. (1.29)
k=1

By arguing verbatim as in the proof of [26, Proposition 3.11], namely, linearizing W around the limit rotation R
and using the lower semi-continuity of the elastic energy with respect to the weak convergence in L2, one can
check that

1
lim inf efar 5 J CRB : RTBE dx. 1.30
my e2[loge| ¢ d B ax 30
QUL B o)
Now we claim that, foreveryk=1,...,K,
1
liminf ———&X > pC(RTE). (1.31)

e—0 &2|log ¢
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Notice that (1.29), (1.30) and (1.31) yield

K
: Y C/pT ck T pcf . pT pcf
lim inf 82|lg8|?(ﬁ8 k;(p (RTEY) + j CR'B : RTB dx,
UL B0

whence (1.19) follows by sending p — 0.
Therefore, in order to conclude the proof it is enough to show that for any fixed k = 1, ..., K, formula (1.31)
holds true. To this end, we fix k € {1, ..., K} and we set

pf=e Y &8
Xg€B,(xK)

trivially, & . £k§ . and

[1£(Bp(x*))
€

Up to a subsequence, we may assume that the cardinality of supp ¥ is given by some N* € IN independent of ¢.
Up to a relabeling, we can also assume that (recall that k is fixed) supp iiK = {xZ, ..., x¥ “}. Let (for £ small enough)
gk ( 'ﬁgi’;ll ,1) — N denote the function that associates to any q € ( 'ﬁgiﬁf , 1) the number gk(q) of connected com-
ponents of Unk1 Bee(x1). We have that gk = N¥ in the interval [y, 1) and g¥ is monotonically non-decreasing
in (%821 1): hence, it can have at most LX < N¥ discontinuities. Up to passing to a subsequence, we can assume

— & ase—0. (1.32)

|log € °
that L %‘ = LK for some L¥ independent of . Let
k1 |log p| )
_ c ,
{qe" =1,k ( llog e] y
denote the set of discontinuity points of the function gk with qlg’l < qi"l” for every I=1,...,L% - 1. There
exists a finite set A == {g&1, ..., g*L"} ¢ (0, y] with gk™ < gkm+1 and £X < L¥ such that, up to a subsequence,
{q®h, converges to some pointin A, as ¢ — 0 for every [ = 1, . .., L*. Moreover, we set ¢*° := 0 and g~L*1 := 1.
Let A > 0 be such that 24 < min{g"™*1 — g™ : m € {0,1, ..., LK}}; then, for £ small enough, the function g¥ is

constant in the interval [¢F™ + A, ¢&™+! — 2], its value being denoted by I5™

One can easily see (in fact, the following arguing is a part of the so called ball construction as done for
instance in [24], to which we refer the reader for further details) that for every m =0,1,..., LK there exists
a family of I™ annuli

CEM™ = B on s (2™ \ B g (8™ (1.33)
with z8™' € By(x¥) and i = 1,...,I¢™ such that the following properties hold true: The annuli C"™" are pair-
wise disjoint, contained in sz(xk) andforallm =0,1,..., L

Nk
| Bexd) < U B gemia; (z8™) .
n=1

Setting £ .= e (B qkmn . (z5™1) in view of (1.32), we have that (for every m = 0,1, . .., L¥)
km Ek,m,i
z 22 L E ase—0. (1.349)
: £
i=1
Up to subsequences, we have that (for everym =0, 1,.. ., ) Ié{’m o LOUBT independent of ; we claim that
k,m,i
LTI, gemi foreveryi=1,...,I6™m, (1.35)
for some vectors
gemi ¢ Rs (1.36)

with

Ik, m

Y gomi < gk, (137)
i=1
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Indeed, up to passing to a further subsequence, by construction, Zf’m’i = ZI,Y:k'lm’l R, for some NX™i ¢ N,
R} € SO(2), and b} € S. By (1.10), we thus have that, foreveryn=1,...,N k.m.l there exists a rotation R € I(S)
such that

IREDY — Re(RM)TH* < €,V [log g

whence, using that (R?)Th" ¢ S and that |R; — R| — 0, we deduce (1.36); finally, (1.37) follows immediately from
(1.34) and (1.35).
Fixr > 1.Foreverym = 0,1, ..., L¥ we set

loge
Hé(’m = l(qk,m+1 _ qk,m _ 2/’{)' 8 |J

logr
k .
and, forevery h=1,...,H. ™ and forevery i = 1,..., %™ we define
k.m,i,h | k,m,i
Ag = Arh*lsqu"”lﬁl’rhqu:m”f/\ (Zg )

k,m,i

Recalling the definition of C;""" in (1.33) and setting

BE™ ) 1= B e Ay 4 2E™) - for every y € A1 4(0),

we get
ijm Hk,m
[ wgoaxs ¥ 2 wigoax= ¥ N T (1.38)
2 € = £2 € B (ri-hgl-gkm1+2y2 € 24 '
Clg{,m,i h=1 Alé,m,i,h h=1 Ay,-(0)
where we have used the change of variable y = r'-"e~0""+(x - z"™).
By construction, B™" e L2(A1 ,(0); R22), Curl B<™" = 0 and
Fhmih . J Blg,m,i,h FdFcL = plhgdvm e J B tdsc! = rl—hg_qk.m+1+A€§,m,i-
0B1(0)

k,m,i
aBrh—lquv”“'l—A (ze7)

By (1.35), we get that
Fhmiih o
rl—h;—q’”"“wl — M ase - 0.

Moreover, by (1.9), we have that

~k,m,i,h _ _gkm+1
1Be - R5|2 dy = (rl he=a M)Z J 1Be - Rs|2 dx
41,(0) lmin

— _gk
< Cy(ri-hel=a

m+1

*22|loge]l - 0 ase — 0,

which implies that 3°™*" — Rin L2(A1,,(0); R>2). Therefore, we can apply Lemma 1.8 with § = r1-hgl-¢""""+2
thus obtaining that
1 Sk,m,ih C (pTzkm,i
I I W(BE™ ) dy > log ry€, (RTEW™) - o (1.39)
A1,-(0)
k,m

for some family {0}, (independent of k, m, i and h) with g, — 0 (as € — 0). Summing (1.39) over h=1,...,H."",
by (1.38), we have that

1 ~ .
S j W(Be) dx > HE™ (log r yS, (RTEV™) — )

ckmi (1.40)

> (¢°™! - g&™ - 22)|log £|( CL(RTERM™L) — loaggr) ~logr Y (RTE™1) + g,.

Notice that by (1.15) and by homogeneity (see (1.17)), |¢fr(0 - ()| < wy|{]? for some modulus of continuity
wr with o, — 0as r — +oo. Now, summing (1.40) first over i = 1,.. ., I%m and then over m = 0,1, ..., Lk, and
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using (1.36) and (1.37) together with the very definition of < in (1.18), we obtain

Ik,m

l-;k
S k E— km+l _ km _ C T £k,m,i
lim inf el > IHSTL%If mZ::O(q q 22) g YL (RTE™T)

e—0 &2|log ¢

Ek
+liminf Y (¢°7 - gbn - 2aren (- 22 )
e—0 m=0

logr
Lk Ikm
+ hm 1nf Z Z ~logry§ J(RTERMD) 4 gp)
|10g | m=0 i=1
ik km
> Z (qk,m+1 _ qk,m _ ZA) Z(IPC(RTE:k,m,i) _ wrlgk,m,i|2)
m=0 i=1

> (1-2M(LK +1))pC(RTEF) - (1 - 2A(LK + 1)) Cowy,
whence (1.31) follows sending r — +oo and A — 0, thus concluding the proof of (i). O
We conclude the proof of Theorem 1.7 by constructing the recovery sequence.

Proof of Theorem 1.7 (ii). By a relaxation argument (see [14]), it suffices to prove the claim of the theorem for
PYE(RTEF) = pC(RTEX) (for every k =1,...,K) and B e L°(Q; R¥?). Since Q is simply connected and since
Curl Bt = 0, there exists a map uf" e W1 °°(Q R?) such that Bf = Vuf".

Setting C := {(x1;0) : x; > 0}, for every { € R? let u®¢ e C*°(R? \ C; R?) be such that

vuk? = RﬁIRZ , (1.41)
with B € definedin (1.11). Forevery k = 1, .. ., K, setting Ck := xX + C, we define the map u®* € c*(R? \ Ck; R?)
as
uBK(x) = uPRE (x = XK + llog eluf” (xb); (1.42)
then Vi () = RﬁR & €.~ x*) and
[ue ] = fk on Ck (locally in the sense of traces). (1.43)

We define the map uf® € H'(Q.(u) \ UX_, (5 R?) as

K
U0 = ) uPRE o= xK) + | llog elu™ (). 149
k=1

Let ¢ € C'([1,2];[0,1]) be such ¢(1) = 1 and $(2) = 0; we define the function u, € H (. (u) \ UX_, C¥; R?) as

uP*(x) if X € Ag e (xK) for some k,

Xk
Ue(X) = ¢( X EVX l) (x) + <1 ¢( Xl ))uﬁar(x) if X € Agy 260 (xK) for some k, (1.45)
uldr (x) if X € Qo ().

Finally, we set 8¢ := R + eVu, in Q.(u) and B, = 0 elsewhere in Q, so that . € L*(Q; R**?). Notice that, although
Ug jumps across ck, we have that Curl Be = 0in Q¢ (), since, by (1.43), the tangential derivatives of the traces
agree along CX. Setting u, = eu and R, = R for every & > 0, we claim that {(u; Be; Re)}e is a recovery sequence.
First, in view of Remark 1.6, B¢ € AS)(i¢). Second, by the very definition of R, and ., properties (0) and (1)
are trivially satisfied. We now show that this is the case also for condition (2). To this end, we first notice that,
by (1.12),

T gk 1 Tk
IVt o5 0mey < C\llogel,  ——=IVU*F | 5.0y — 0 foreveryk=1,...,K, (146)
o Vllog ¢ .
which implies, in particular,
1 VURRTE (. xk)

(Be = Re)Xa, ) = XA, wody — 0 in L2(Q;R¥%), (1.47)

e+/|log ] Vllog &
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Moreover, recalling (1.42) and (1.44), for every k = 1, ..., K and for every x € Agy 2¢r (x¥), we have that

ue(X)=uR’RTfk(X—X")+<1—¢(|X£X |>><Z uF ' (x ) + [log elu” (X))+¢(|X - I)\/Ilo—g>3luﬁd(xk);

hence, for € small enough and for x € Ag 20 (x¥), we have

|Vu£(x)|sIVuR’RTEk(X—xk)|+|1—¢<|X ! )l(ZIVu R x1)|+\/@|ﬁ°f(x)|)

j#k

+ ‘V( ('X xk ))l(z |uRR E/(x x| + +/|log €] |u/3 x) - uf* (Xk)|) (1.48)
< CeV +C(1+|logel) + Ce™V(1 + 8V\/|10—g€|) <Ce”,

that B e L°°(Q; R**2), and that

where we have used that [VufR'¢ (x)| < it
cf cf
[P (00) — uP” M) < 1B Lo (e X — XK.

By (1.48) we have immediately that

1
1Be = Rellrzca Kypeey = ———— || Vilell 204 KyR22) < —0 ase—0. (1.49)
e /_|10g8| Be ENLA(Agy pey (XF);R*?) og & ellL2(A,y o0 () R22)

log €]
Therefore, by (1.47) and (1.49), using again (1.46), we have that

ﬁe -R; R, 1 far
=- \Qe (Ue - Ry) Ky + ——=V U X0, () (1.50)
8\/|10g8| E\/|10g8|X \Qe(ue) + kzl SW €)X Ag e (xF) og €] e X ()
ie., (2).
Now we conclude by provmg that the sequence {(ug; Be)}e satisfies estimate (1.20). Since W e C°(R?*?) and
IIﬁR & Y Leo(R2\B,(0)r>2) < < for some C > 0 (independent of &), for every A > 1 we have
1 CA®
_-— dx < 0 ase—0. 1.51
eZlloge| J Whe) Ax < fioge) - (15D
As,x\s(x

Moreover, note that, by assumption (v), there exist p > 0 and ¢, > 0 such that
W(M) < ¢p distZ(M, SO(2)) for every M € SO(2) + By(0). (1.52)

Let p > 0 be such that (1.52) holds true, let A > 1 be such that ||[3R & Cll Loo(R2\Bje (0)R22) < ’—E’ andleta € (y,1). By
the very definition of S, using (ii) and (1.52), one can check that for every k = 1, ..., K,

. 1 . 1 RTEKC k
limsup —— J Wi dx = limsup — J W(R.(d + € X —Xx"))dx
ot 2|log e - (6e) i e2llog €| . (Re(ld + &b )
/Ie,aa(x ) As,s”(x ) (153)
< limsu I RECdesCl—a.
&e—0 p |10g8| |ﬁ | ( )
Ajeea(0)

k
Moreover, since ||£Bf:f C o < Cel%in A ¢a,¢v(0), by considering the Taylor expansion of W around the identity,
forany k=1,..., K we have

1 . 1 RTEK, < k
l _ Wi dx =1 _— W(R(1d d
e p £2|log €| J (Be) dx H:l_?élp €2|log J ( +ePp =X dx
angy(xk) Aaa,sy( k)
T k T
i 1opriec. prrgre 1 RTEK, <
mswp s | O AR ot

Aga iy (0)
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with limypg—0 T]%) = 0. Therefore, in view of (1.11) and (1.14), we get
: 1 C/pTzk
tisup o | wigaaxs @-pyerish. (154)

Aga gy (xF)

Furthermore, similar computations (or arguing verbatim as in the proof of [26, Proposition 3.12] for all details)
show that

lim sup

K
P — C/pTzk 1 T pcf . pT pef
nSUP o loge] J W(B,) dx < yk;l/) (REY) + 5 JCR B : R'B% dx. (1.55)

QZe)’ (H) Q
Finally, by (1.49) and (1.52), for every k = 1, ..., K we have

1 4 2
m J W(Be) dx < ngllﬁs - R&‘"LZ(ASVYZEV(XI();IRUZ) -0,
Agy g6y (XK)
which, combined with (1.51), (1.53), (1.54) and (1.55), implies (1.20) (sending a to 1). O
p g

Remark 1.9. Let 0 < y <y’ < 1. For every ¢ > 0, we can define the functional
T MRS RY) x LA(Q RP2) — [0, +00]

as
, W) dx ifu e X/(Q)and B € ASY (u),
Fe" (u, B) = {ew
+00 otherwise.

Clearly, 7% = 5%. By following verbatim the proofs of Theorem 1.1 and Theorem 1.7, one can check that the
same compactness and I'-convergence statements hold true also for the functional 55”’.

Furthermore, for every ¢, §; > 0 with §; < €’ we can define the class A8, s, (1) of admissible strains for
a measure 4 € X} (Q) as in (1.2), with the condition f A, ey B X € R"I(S) replaced by f oy () BAX € RMI(S);
analogously, we can define the energy functional ’ -

W(B)dx ifu e X2(Q)and B € ASes, (1),
3:&}?,(5‘5 (.u: ﬁ) = Qs(.u)
+00 otherwise.

One can check that if §; > £+/[log €], the compactness and I'-convergence results proved for the functional 5%
still hold true. As observed in Remark 1.5, if §; ~ € the coherence of the micro-rotations around each dislocation
with the macroscopic rotation provided by linearization would fail.

2 The purely discrete model

In this section we introduce and analyze the nonlinear purely discrete model for the elastic energy induced by
a family of edge dislocations.

2.1 Description of the problem

Here we introduce the main notation that will be used in this section.

The reference lattice. We setv := %el + ‘/T§82 and n := —%el + %ez. Let T := spany{eq, v} and set

T* :=conv{0,e;,v} and T :=conv{0,eq,-n},
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where, for every a, b, c € R?, the set conv{a, b, c} denotes the convex envelope of the points a, b, c, i.e., the
(closed) triangle with vertices at a, b, c. For every € > 0 we denote by T, the family of the triangles T, of the
form i + eT*, with i € €T. Moreover, we set

Tg(g) = {Tg € Tg . Tg C Q}

and we define Qx, := Uy, c7,(q) Te- Furthermore, we set QY := Q7. n €T and we denote by Q! the family of near-
est neighbor bonds in ., i.e., Q1 := {(i,)) € QA x Q¥ : |i - j| = &}. Trivially, (i, ) € Q1 if and only if (j, i) € Q1.

In the following we will generalize the notation introduced above to general subsets of R? (not necessarily
open). In particular, for every triangle T, € T,, we have

(Te)l = {(i,j) € (Te N eT) x (Te N eT) 1 i # j}.

For every T, € T, and for every map V : (TE)} — RZ%, we define the discrete circulation of V on the “boundary
of T.” as
dV(Te) := V(i,j) + V(, k) + V(k, i),

where (i, j, k) is a triple of counter-clockwise oriented vertices of T.

The admissible strains and the energy functional. For every ¢ > 0 we define the class of discrete strains as
SEN(Q) = {B: Q4 — R* 1 B(i,)) = -p(j, i) for any (i,j) € Q}).

In the following, for every 8 € $35¢7(Q), we set

ulBl="Y dB(Te)8xy,,

TeeT:(Q)

where the point x7, denotes the barycenter of the e-triangle T. For any f sgiscr (Q) and for any T, € T,(Q)
with u[B](Te) = 0 we denote by B¢ the matrix in R?*? uniquely defined by the following property:

B(i,j) = BT=(j—i) for every (i,j) € (Te). 2.1
Moreover, we define the field f7¢ € L%(Q; R*?) as
B = Y B xroe.uipn 22
T,eTH(Q)
y[ﬁ](Ts)ZO

notice that every T, € T¢(Q) with u[B](T,) # 01is contained in B¢(XT,).
Let Y1, P2 € C(R; [0, +00)) be such that ¥;1(0) = ¥;7(0) = {1}, Y1, Y2 € C? in a neighborhood of 1, and
(1), ¥y (1) > 0. Assume moreover that there exist a, b > 0 such that i1 (t) > at? - b, for every ¢ € [0, +co).
We define the discrete energy functional E; : sgim(g) — [0, +00) as

1B, ))I 9 2 .. .

Ec(B):= ) &y —2=)+ DI (B(i,)) A B, k), e3) ),

()€} ( € ) (i), (i heal (\/582 )
(G-DA(K-i),e5)50

where the symbol A denotes the wedge product between vectors in R?, namely,
VAW = (ViWwy — Vawq)es  for each v = (vi;ve), w = (Wq; wy) € R

We remark that, while the two-body interaction potential ¥; accounts for the elongation of the bonds, the three-
body interaction term ¥, acts as a penalization of changes of area of the triangular cells.

We will consider also localized versions of our energy functional E.. More specifically, for every open and
bounded set A ¢ R?, we define E¢(-;A) : 8357 (4) — [0, +co] as

i 2
ega= Y en(T) 5 en( g npi.e)
(i,j)eAl (L) (k)eAl 3¢
(G=DAK—D),e3)>0

so that E¢(B; Q) = E¢(p).
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Let 0 < y < 1be fixed. We set S := {eq, v}, so that, following the notation in Section 1, § = T. We define

xaser oy . {y € XY(Q) :suppu c U {XTE}},
Te€T:(Q)

where the class Xg(sz) is defined in (1.1). ‘
Moreover, for any u = € Y3_; R"D"Sxn € XVUT(Q) with N € N, R" € SO(2), b" € T, and x" € Q, we define
the class of admissible discrete strains associated to u as

‘Asg,discl‘(‘u) - {B c S(giiscr(g) : J: B‘Te dx e an(T), ‘U[‘B] _ ‘U},

Ag ey (X)

where B”¢ is the map defined in (2.2) and J(T) is the group of rotations generated by the % clockwise rota-
tion R(%).
For every 0 < € < 1 we define the discrete energy &) : M(R%; R%) x 835¢7(Q) — [0, +00] as

E.(B) ifuce Xg,discr(g) and B .ASg’discr(y),

+00 otherwise.

e, p) = {

Before stating and proving our I'-convergence result for the functional &%, we first derive the continuous non-
linear elastic energy density associated to the discrete functional E, as well as the corresponding linearized
elasticity tensor.

Remark 2.1. Let B € 835¢7(Q); for every Te € T¢(Q) we define

= 1 1B, I 2 .. .
EBT =5 ) ezwl(ﬁT]) + ) 82w2<\/§ - (B(i. ) A B, k),es>).
(i,)e(To)t (i,),(i,K)€(Te)L €
((-DA(k=i),e3)>0
Note that, for every A c Q,
- 1 i,j
E:(B;A) = Z Ec(B; Te) + 7 z £2¢1<M). 2.3)
4 &€
Te€T, (i,j)eAl
TecAq, ijedAq,

Moreover, for any T, € T.(R) with u[B](T¢) = 0, we easily get that

BB 7o) = [ (91087 exb) + 915D + pr (D) + 3 (et 570
= §£2W(BTE) (2.4)
- | Wi ax,

T,

where BT is the matrix defined in (2.1) and W is given by

4 11
WO = [§(¢1(|Me1|) + P (MY]) + w1(|Mn|>) +3 wz(detM>]. 2.5)

The assumptions on i1, P, yield that the map W : R¥? — R satisfies assumptions (i)-(v). Setting a; := 9’ (1)
and a; := 93 (1), the corresponding tensor C in (1.3) is given by

C§:6:= %[%alﬂeféeﬂz + [V SV + [n*8n1?) + 3agltr 6|2] for every § € R, (2.6)

A straightforward computation shows that

411 /3 , 3 smz) 2] <V§ , V3 5
5= —|-m|= e == 43 ) i sym 2.
C§: 6 \/§[2a1<3|tr6| +4|6 |“) + 3ay|tr 6| 1 ay +4V3ay )|tr 6| + 5 a|8M
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In particular, C is isotropic with Lamé moduli A = —a1 +4V3ay and y = —a1 In such a case, the function y©
defined in (1.14) is given (see, for instance, [9]) by
1 A+ u)
0o0) = 3 B SRbE = Cla, @,

T A+2

and hence, recalling the definition of (pc in (1.18), we have

0% (b) = C(ay, az)min{i |Zil : z1,22,23 € Z, b = z1e1 + Z3V + 2317}. @7
i=1
By (2.4), (2.2) and (2.3), for each u € X2 ¥ (Q) and B e S35 (Q) with u[B] = y, and for every open set A cc @,
for ¢ sufficiently small it holds
Ep)> | WETax 2.8
Ae(W)
By a reflection argument (see, for instance, [4, Lemma 4.3]), one can prove the following result.

Lemma2.2. Lete > 0, i € XLU(Q) and B € ASY™ (1) and let B be the map defined in (2.2). Then there exists
afield B7¢ e L2(Q; R?*2) such that

@ B7 =B inQq,

(i) Curl 7 = 0 in Q¢ (1) (in the sense of distributions),

(iii) Iﬂe W W(B7¢) dx < CE¢(B), for some constant C independent of .

2.2 The main result for the discrete energy

We are now in a position to state and prove our I'-convergence result for the functionals &, as ¢ — 0 in the
[log €| regime.

Theorem 2.3. Let C be the elasticity tensor defined by (2.6) and let ¢ be the function defined in (2.7). The following
I'-convergence result holds true.
() Let {(ue; Be)le, with g € M(R*; R?) and B € 835 (Q) (for every € > 0) satisfy

sup € (e, Be) < Ce*[loge] 29
>0
for some constant C > 0. Then there exist a sequence of rotations {R.}, ¢ SO(2), a rotation R € SO(2), a mea-
sure i € XR(Q), and a field BF e L2(Q; R¥2) with Curl B = 0, such that, up to a subsequence,

(Ue; BT Re) — (3 BLR) ase — 0

in the sense of Definition 1.2.

(ii) (r-liminf inequality) Let R € SO(2), & = YX_, &8,k € XR(Q), B € L2(Q; R¥*?) with Curl B = 0. For every
{(e; Be; Re)be, with g € X2BT(Q), B, € SU(Q) and R, € SO(2) (for every € > 0), satisfying (ie; B *; Re) —
(u; B R) as & — 0, it holds

Z 9C(RTEX) + J SCRUB - R dx < liminf ———— el (ue, o) 2.10)

k=1 3 e%|log g

(iii) (T-limsup inequality) Let R € SO(2), & = Y5, &8, € XR(Q) and B € L*(Q; R¥?) with Curl B = 0. Then

there exists {(is; Be; Re)}e, with e € XPU(Q), B, € SUT(Q) and R, € SO(2) (for every € > 0), such that
(e; B2*; Re) — (13 B R) as € — 0 and

Z(DC(RTE" J SCRTB : RTBY dx > lim sup ——— &) (e, Be). @11)

; e—0  €2[logel
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Proof. We divide the proof into three parts.
Proof of (i). In view of (2.9), the maps B} provided by Lemma 2.2 belong to AS (i) and satisfy
TL (e, BE) < Celllogeel,

where the functional % is defined in (1.4) for the choice of W in (2.5). Therefore, the conclusion follows by
Theorem 1.1 and Lemma 2.2 (i), once noticed that [|R; [ 12(q\a.,) < Ce.

Proof of (ii). Without loss of generality we may assume that (2.9) is satisfied. In view of (1) we have that
|“—;|(Q) < C for some C independent of ¢, so that, up to passing to a subsequence, |“—;| A it for some measure
i € M(R?; R?) with finite support contained in Q. Let A cc Q be an open set with Lipschitz continuous
boundary such that supp ¢ A. By construction, for sufficiently small € > 0 we have that u.L A € X} (A)
and B;° LA € ASL(A). Then (2.10) follows by (2.8), Theorem 1.7 (i) applied with @ = A, and by the arbitrariness
of A.

Proof of (iii). By standard density arguments in I'-convergence we can assume that ¢©(RT&X) = yC(RT&X) for
every k = 1,..., K and that B € W1°(Q; R??). Let furthermore uf" € W?(Q; R?) be such that g = Vuf".
Foreveryk=1,...,Klet
x%¢ ¢ argmin{|x* - xr, | Te € Te(Q)}
and set f = € Yx_, &8,k Then, for & small enough, u, € XVUT(Qy Moreover, we set R, = R. In order to
construct f;, we proceed as in the proof of Theorem 1.7 (ii). We first construct u. as in (1.45), replacing x with x*-¢

and suitably modifying the radii of the annuli.
More precisely, for every k = 1, ..., K we define the map u®* € c®*(R? \ Ck¢; R?) as

uBK(x) = uP R (x - xK€) + +/[log eluf” (xe),

with Ck¢ := xk¢€ 4 C (with C := {(x1;0) : x; > 0}) and uR¢ satisfying (1.41). Thus, Vu¥™(.) = RB
[u®*] = &k on Ck€ (locally in the sense of traces).
We define the map uf® : Q. (u.) — R? as

K
ul™(x) = Z uRRE (x — xke) 4 \/[log eluf” (x).

k=1
Let¢ € C1([0, 3]; [0, 1]) be such that ¢ =1in[0,1] and ¢ = 0in [2, 3]. We define the function u; : Q;(yg) — R?
as

RT k
]Rf €.~ xk¢)and

uf’k(x) if x € A;,EHS(X’“) for some k,
. [x - Xk’8| R,k |x — Xk’£| f: . k
Ue(X) := ¢<W)u£ (x) + (1 - ¢< e ))usar(x) if x € Agriea(er+e)(X'F) for some k,
ug‘“(x) if X € Qo(ersey(W).
Furthermore, for every k = 1, ..., K we define the slip variable ake . Q} — €T as

—&K it i, j] # 0and (i — X%, e5) <0,
e, j) = 4 +&C if e n[i,j] # 0 and (i — x*¢, ey) > 0,
0 elsewhere,

and we set g; := Y~_, o, Finally, we define the map B, € S35 (Q) as
Be(i,)) == R( — i) + €(ue(j) — ue(i) — 0e(i, ).

We claim that {(ue; Be; Re)}e is @ recovery sequence. By construction, ue = u[B] and, by Remark 1.6 (in partic-
ular, by (1.13)), we have also that B, € Asﬁ"h“r(ua) for every € > 0. Moreover, properties (0) and (1) are trivially
satisfied. We show that this is the case also for (2). By the very definition of ﬁlif in (1.17), there exists a universal

constant C > 0 such that for every { € T,

C C
1BS: (p.0)] < 5192, VBE: (p, 0)] < Sl 2.12)
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Therefore, recalling that g € W (Q; R¥?), for every T, € T(Q) with T ¢ Jx_, Ac o1 e(XFF) U Qo(er ey (Ue)
and for every x € T, it holds

nTe 2
- €
V00| < CEIV el g,

RT
< Ce (Z IVBR I g ey + M08 elllvﬁ“fllimm;w)) 2.13)

K
1
2 §
< Ce ( m+|10g8|>

k=1

for some constant C > 0 independent of ¢. Furthermore, by arguing verbatim as in the proof of (1.48), we have
that, forevery k=1, ..., K,

Bg ‘-R; C
||Vu£"Loo(A%’38y (Xk,e);]RZXZ) + l T LOO(A V ng) szz) E- (2.14)
Therefore, by (2.13)-(2.14) and the fact that |Q \ Q.| < Ce, we readily see that
2
Pe’ ~Re ~ VUeXo, (1) —0 ase— 0. (2.15)
LZ(Q;IRZXZ)
Moreover, by arguing verbatim as in (1.47), (1.49) and (1.50), we have
Vu
THeXOwo) | pet i [2(; RP). 2.16)
log €]
Therefore, by (2.15) and (2.16), we deduce that (u; ,Bg iRe) — (u; B R).
Next we show that also (2.11) holds true. By constructlon we have
E.(Be; Te) < ce* for every T; € T¢(Q) with knlun dlSt(XkE Te) <&, (2.17)
and that for every (i, j) € Q1 with i,j € 9Q,
(i, )
£2w1(|mT])|) < ce. (2.18)
Moreover, by (2.14) and (1.52), for every k = 1,.. ., K, we have
1 - ¢ —R C
o= | W P’ -k E—— 219)
2|log €| Ilog gl LZ(A o 0kere2)  [logel
A%,SEV (ijg) b
Let a € (y,1). By arguing as in the proof of (1.51) and (1.53), one can show that
1 _
limsup — J W(p:*)dx =C(1-a 2.20
nSUp (B:*)dx = C(1 - a) 220)
Agca (Xk’g)
foreach k = 1,..., K. Moreover, since ||[32€ — Rellpo < Ce%in Aga ¢y (x€), by (ii), writing the Taylor expansion
of W around the identity, we find
1 1 Bls-R Bl -R
hm - W(B; ) dx < limsu J —(C(RT £ ) : (RT £ >dx
P 2[log € J (B:") 1P og el gel 2 £ €
Aga gy (xKE) Aga gy (XH0€)
) ) ) (2.21)
+ lim sup I Gfgg B\ e _Rl dx
e—o  [ogeél Bl —rp2! €

Aga gy (x¥)
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with limyao S = 0. By (2.13) and (2.12), we have that

Bsf—Rl
e |7 x—xke

for every x € Aga g (xkey,

whence we deduce that the last lim sup in (2.21) is equal to zero. Therefore, by (2.21), using again (2.13), we get

lim sup

J W(BT) dx

€2|log €|
Aga gy (xK)

1 1
< limsup —— “C(R™Vue) : (R™Vue) + C 2( 1 )d
msup j s CRVUe) 1 (RTVUe) + Ce ke T llogel Jdx

A (59) 2.22)
1 RT k,C RT k’(c
J SCBREC pal S ax
Agazy(0)

= (a-y)YCRTEY),

=limsu
-0 p |10g 8'

where the last equality follows by (1.14). Furthermore, similar arguments yield

K
limsup ——— j WET)dx <y Y yeRTE) + 2 j CR'B : RTB dx. 2.23)
eso  €%|log €| ] 2
QZeV ([15) Q
Finally, combining (2.3), (2.17)-(2.20), (2.22)—(2.23), and sending a — 1, we obtain (2.11). O
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