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ARTICLE INFO ABSTRACT

Keywords: This study presents a novel two-dimensional analytical solution for solute transport in homogeneous porous
Solute transport media accounting for the effects of anisotropy in presence of adsorption and decay. The solution is derived using
Anisotropy

Green’s function for an infinite domain and extends existing analytical formulations by relaxing several
simplifying assumptions commonly adopted in literature. In particular, the proposed analytical solution accounts
for the effects of mechanical dispersion along the non-principal direction of groundwater flow as well as for the
dependency of the dispersion tensor on the actual groundwater velocity field, without simplifications or
convenient orientations of the model domain. The solution is also general as allows to account for: i) bi-
directional groundwater velocity field and its variation over time; ii) source terms of different geometries (e.
g., point, line, and surface sources) and temporal variability; iii) general initial concentration distributions of the
contaminant concentration. The proposed analytical solution is also tested over benchmark problems conceived
with a well-known numerical model for flow and transport in porous media (COMSOL Multiphysics®), and the
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agreement between the two is excellent.

1. Introduction

Globally, groundwater resources meet half of the freshwater demand
for domestic use and about 25% for irrigation, for a total of trillions
cubic meters per year (United Nations, 2022). However, this precious
resource is not spread evenly across the globe, and numerous countries
are witnessing its depletion and deterioration due to increasing water
stress and contamination (Hibbs and Sharp, 2012; Li et al., 2021, and
references therein; Osuoha et al., 2023; Sridhar and Parimalar-
enganayaki, 2024, and references therein; United Nations, 2024;
D’Aniello et al., 2026).

Although costly, difficult, and time consuming, groundwater moni-
toring and remediation is essential to protect and recover such precious
water resources. Among the numerous activities involved in the reme-
diation of contaminated aquifers, groundwater and contaminant trans-
port modeling is indeed crucial to predict the fate of contaminants and to
plan proper monitoring and remedial actions. Numerical models are
often preferred over analytical models because they have less restrictive
assumptions on aquifer properties, domain geometry, and on boundary
and initial conditions, thus better handling the heterogeneous and
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complex nature of the subsurface and of groundwater flow (Istok, 1989;
Batu, 2006). However, numerical models require a high computational
burden, are time consuming, and do not provide an exact solution to the
mathematical problem solved, with results generally affected by nu-
merical diffusion (Zheng and Bennett, 1995). On the other hand,
analytical solutions are faster, do not need to be solved for the entire
model domain, and provide an exact solution to the mathematical
problem (Istok, 1989; Batu, 2006). Therefore, analytical solutions can
still be appealing, especially when a high number of simulations need to
be performed, like in contaminant source identification problems
(Moghaddam et al., 2021; Gémez-Hernandez and Xu, 2022). However,
to be useful and applicable at the field scale, analytical solutions must
address a sufficient level of complexity and should not have too many
restrictive assumptions.

In the last decades, the scientific community produced a consider-
ably high number of contributions on the topic, providing several
analytical solutions addressing a variety of theoretical and practical
aspects of solute transport in porous media, like including different
boundary and initial conditions, accounting for steady- or unsteady-
state groundwater velocity fields, and comprising different transport
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mechanisms other than advection, such as dispersion, adsorption, and
decay. Listing and describing all of them would be a daunting task, and
not of much interest here. However, a selection of a few significant
contributions is provided hereinafter, based on the dimensionality of the
problem solved: 1D analytical solutions (Chrysikopoulos et al., 1990;
Yates, 1990, 1992; Basha and El-Habel, 1993; Bosma and van der Zee,
1993; Leij and van Genuchten, 1995; Kangle et al., 1996; Logan, 1996;
Liu et al., 1998; Guerrero and Skaggs, 2010; Guerrero et al., 2013; Shen
and Reible, 2015), 2D analytical solutions (Batu, 1993; Zhan et al.,
2009; Cihan and Tyner, 2011; Yadav et al., 2012; Yadav and Kumar,
2021), and 3D analytical solutions (Goltz and Roberts, 1986; Leij et al.,
1991, 1993; Batu, 1996; Sim and Chrysikopoulos, 1999; Yadav et al.,
2012). The interested reader might also find useful and informative the
collections of one-, two-, and three-dimensional analytical solutions for
solute transport in porous media provided by Wexler (1992), Park and
Zhan (2001), and Batu (2006). Although each of these solves specific
solute transport problems for different combinations of aquifer proper-
ties, boundary and initial conditions, transport mechanisms, ground-
water velocity fields, and domain dimensions, all the above consider the
porous medium to be isotropic, thus neglecting the effects of mechanical
dispersion along the non-principal direction of groundwater flow. This is
generally done by considering the solution domain oriented along the
main groundwater flow direction or by considering groundwater flow
oriented along one of the axes of the domain. As a result, the off-diagonal
components of the dispersion tensor are set to zero. This represents a
significant restrictive assumption that reduces the applicability of the
analytical solutions available in literature to real-world problems. Up to
now, the study of Rajput & Singh (2021) is the only one available in
literature that provides an analytical solution including the effects of the
off-diagonal components of the dispersion tensor. Using Laplace trans-
form (Cimorelli et al., 2015), they obtain an analytical solution solving
the two-dimensional solute transport problem in a semi-infinite and
initially contaminated aquifer accounting for off-diagonal dispersion
components, steady-state groundwater velocity field, different contam-
inant sources, the presence of adsorption and decay, and the effects of
heterogeneity on both groundwater velocity and dispersivity. However,
in their study, the spatial variability of background contaminant con-
centration, groundwater velocity, and dispersion components is
modeled through specific nondimensional functional expressions, and
there is a loose link between the components of the dispersion tensor and
groundwater velocities.

In this framework, the aim of the present work is to expand the class
of available analytical solutions for solute transport in porous media to
better tackle the complex nature of the migration of contaminants in the
subsurface, although under controlled and idealized conditions. In
particular, the current study presents a novel two-dimensional analyt-
ical solution for solute transport in porous media accounting for the
effects of anisotropy. The solution is derived using Green’s function and
includes the following features: infinite domain, homogeneous and
anisotropic porous medium, dispersion varying according to the
groundwater velocity field, time-varying (i.e., unsteady-state) bi-direc-
tional groundwater flow, adsorption, decay, different types of contam-
inant sources, and the presence of a potential background contaminant
concentration. In the remainder of the article, the theoretical setting of
the novel analytical solution is given first, followed by the steps required
for its derivation. In the results section, the analytical solution is then
tested over benchmark problems created with a well-known numerical
model for flow and transport in porous media. Finally, the theoretical
and practical implications of the proposed analytical solution are
discussed.

2. Mathematical formulation
2.1. General solution

In presence of a bi-directional groundwater velocity field, anisot-
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ropy, mechanical dispersion, adsorption, and decay, considering an
infinite domain €] —oo, +oo[, y€] —c0, +oo[ and t € [0, 0], the two-
dimensional solute transport equation reads as follows:

o°C o°C azc ac aC  _aC

—Dy=——2Dy~———D
o 52 5 3xay yyayz + &y+R +RAC = S(x,y,t)
(@)

where x and y are the reference Cartesian axes, t is the time, C is the

solute concentration, v = vﬁ-&-vy}' is the vector of the pore water ve-
locity field, Dy, Dy, Dy, are the components of the dispersion tensor,
R=1 +% the retardation factor assuming a linear isotherm describing
the adsorption process, with ¢ the effective porosity, p, the porous
medium bulk density, K, the equilibrium distribution coefficient, 1 is the
solute decay constant, and S is the source/sink term. Molecular diffusion
is here neglected because its contribution is generally negligible, except
at low groundwater velocities (Wexler, 1992).
Considering the following boundary and initial conditions:

= 0§C(X7}'70) = y(x7y)
(2)

under the assumption of unsteady groundwater velocity field in time
but uniform in space (e.g., typical of seasonal variations of the
groundwater velocity field), the velocity components can be described
via a dimensionless function of time f(t), and the components of the
dispersion tensor become (Batu, 2006):

lim C(x,y,t) = 0; lim C(x,y,t) = 0; imC(x, y, t)
X—too y—too —00

Vi(t) = uof (t) (3a)
Vy(t) = vof (£) (3b)
Do = WA ) ) (30

\/UO +V0

(aL —ar) UgVo

D, =~ 0y =D t 3d
Dy =B LAY ) by (3¢)
Vud + v
with ap, ar the longitudinal and transverse dispersivity.
Therefore, Eq. (1) becomes:
’Cc @c ”C oaCc aC oc
—Dyo=— — 2D D =
( 05 xyoaxay yoayz + U 0 + Voay)f(t) +R o + RAC
=S(x,y,t)
(C))

To find a suitable analytical solution, Eq. (4) needs to be reduced into a
known form. To this end, a functional transformation C = z(x,y, t)e " is
performed so that the term RAC disappears:

Pz &z Pz 0z 0z 0z _,
(Do~ 2Dy P g w0 R
=S(x,y,t) 5)

with transformed boundary and initial conditions:
=0; Z(xv.yv O) = ]/(X7y)
(6)

lim z(x y,t) =0; lirin Z(x,y,t) = 0;}imz(x7y, t)
Yoo oo

X—+
t

Then, using the time variable transformation T = [f(r)dr = F(t)
0

(Crank, 1975) to eliminate f(t) from the differential operator and
dividing the whole equation by R, Eq. (5) becomes:
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It is worth pointing out that with the Crank transform of the time vari-
able it is required that the function f(t) is non-negative and such that T =

(S
Jf(z)dr = oo so that the new time variable has the same domain as the

original. This condition is satisfied by a broad class of physically
meaningful functions, including constant, periodic, and smoothly
varying functions commonly used to represent transient groundwater
flow conditions.

This ensures that the transformed boundary and initial conditions are
the same as the original problem, that is:
lim z(x,y, T) = 0; llrn z(x y,T) =

X—+oo

0; limz(x,y, T) = 0;2(x,¥,0) = 7(x,)

®

However, the presence of the second partial derivative makes Eq. (7)
more difficult to solve. Therefore, to further reduce the problem
complexity, the following space variable transformation is used:

f=x
_ Do ©
n= Dy, x+y
Applying the new space variables defined above, Eq. (7) becomes:
0’z a2 0z 0z 0z
—Di— — - = , T 1
5652 Wa 2+v5()§+v'la oT (/)(514 ) ( 0)
where the parameters appearing in the equation are defined as:
Dy 1 D;Z(yo Uo 1 D 0
D5=?;D4=§<Dyo—D—xo ;ngi;v'lzﬁ VO—UOD)Z) (11

Again, since the new space variables have the same domain as the
original one, boundary and initial conditions in the new space variables
remain unchanged:

Am z(&,n, T) = 0; lim z(¢,, T) = 0; limz(¢, 7, T) = 0;2(¢,7,0) = r(§, )

(12)

Eq. (10) is now the canonical form of the advection-dispersion equation.
To solve this equation, the Green’s function method (Xu et al., 2007) is
here used. With a slight abuse of notation, the Green’s function G(¢&, 7,
T|&o, 19, To) can be introduced directly into the differential operator and
equated to the impulsive source term §(& — &,)5(17 — 179)8(T — Tp). This is
justified because, although the Green’s function of a non-self-adjoint
operator should rigorously satisfy the adjoint equation Z[G] = §, in
advection—dispersion problems the adjoint operator differs from the
original one only by a reversal of the advective terms and of the time
axis. As a consequence, the Green’s function G" (¢, 1, T|&y, 7y, To) of <
and that of " G(&,n, T|ég,ng, To) are related by a simple exchange of
variables (and a reversal of the time direction):

G*(fﬂ], T|507’707T0) = G(&Ov”OaTO‘ér/v T) (13)

and the same analytical expression can be used in practice when con-
structing the fundamental solution (Appendix A). With that been said,
Eq. (10) becomes:

G G 4G aG aG

50762* 'zWJV °6§+ "0 8(&—&0)8(n —1e)8(T—To) (14

with boundary conditions (Appendix A):
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:1i§1 G(¢,n,T) = 0; lim G(&,n,T) = 0; imG(¢, 7, T) = 0 (15)
—+o0 n—+oo =00

Therefore, the general solution for C in terms of the Green’s function is
given by Eq. (16):

C(é 7]7 T) = e—/lF’l(T) /47(507 ’707 TO)G(§7 '77 T|§Oy '707 TO)déodrIOdTO
0 —oc0—00
+co0
+e D[ 2(E0, 09, 0)G(E,1, TIEo. Mo, 0)dEodn,

(16

where z(&,7,0) = C(&,7,0) is the initial distribution of the contaminant
concentration in the transformed space variables.

In order to find G, the product solutions method (Xu, et al. 2007) is
used:

G(é,l’[, T|§07'707 TO) :X(fv T‘an TO)Y(ﬂv TM()-, TO) (17)
leading to:
62X aX X Y 9y oy
= 8(& —&0)d(n —1)d(T — To) (18)

Due to the right-hand side of Eq. (18), it is not possible to separate the
variables. However, with the additional time variable change T =
T —Top, which is a simple time translation, Eq. (18) is transformed into a
homogeneous equation for T' > 0:

2 2
< D ‘;;f+ ‘3;; g§>Y+ <7D,7‘j)71;+ ,;3Y+s,11:>x 0 19
with initial condition:
X(&[¢0,0)Y (nlro,0) = 6(& = So)d(n —11o) (20)
that allows to separate the variables completely, Eq. (21):
X(£%,0) = 8(£ = &o); Y(nlno, 0) = 6(n — o) (21

Since Eq. (19) must be identically null, then:

02 X ax
_ (35 i 56§+¢)7T/ 0 (22a)
Y dY 9y

ﬂaz+ "6;1+6T/ (22b)

Therefore, the problem is reduced to two one-dimensional advec-
tion—dispersion problems with initial conditions given by Eq. (21) and
boundary conditions as follows:

Jim X(&. &, T7) = 0 lim Y(1.Ino. T') = 0 23)
—+oo n—too

whose solutions (in the time variable T) are given by (Appendix B):

2
H(T - Ty) ei[(&*fo)*V;(T*To)]

X(&, T, To) = 4D;(T-To) (242)
(& Tleo, To) 4D (T — To)
_ L0=n0)—vy(T-To) |
Y(n,Tlno, To) = _HI-To) 4D, (T—To) (24b)
47D, (T — To)

where H(T —Ty) is the Heaviside distribution translated by To. This is
necessary by virtue of the causality of the physical systems and of
Green’s function, as the response of the system cannot anticipate the
input.
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Finally, the desired Green’s function is given by:

[(5*50)*"5(7*'{0) ]2 [(1=n9)—vy(T-To)
- 4D (T—To) - 4Dy (T-To)

H(T—T,)

——(————=¢
47[(T — T()) A /DfD’l

G(§7’77 T|§07710~, TO) =
(25)

With Egs. (16) and (25), the solution is given for any source term and
any initial concentration in the space variables (£,5,T), and it can be used
directly as it is after conversion to the original variables, Eq. (9). It is also
important to notice that if f(t) = 1, then the identity t = T holds true,
and Eqgs. (16) and (25) provide the analytical solution for a steady-state
velocity field.

To show how to use the general solution here described, the solutions
for a time-constant point source term with no initial contaminant con-
centration (sec. 2.2.) and for an initial concentration with no source
term (sec. 2.3.) are provided hereinafter.

2.2. Solution for time-constant point source term with zero initial
concentration

Assuming a constant point source of contaminant injected at x = xp
and y =y, starting at time t = 0, the source term can be expressed as
S = 8(x — x0)8(y — yo)H(t)So, with S a constant contaminant flux, and
transformed to:

eF N5(E — w)d(n — HH(FY(T))S

0

(26)

¢(&nT) =

where @ = xp and = —l%o"xo +Yo are the xo and yj in the &, n coordinate
system. Applying Eq. (16) with initial conditions C(x,y,0) = 0, and
considering thatt =0 => T =0 =>7 =0 = > Ty = 0, the solution
for time-constant point source term with zero initial concentration, in
presence of a bi-directional unsteady velocity field, anisotropy, me-
chanical dispersion, adsorption, and decay, can be expressed as follows:

_ IFY(T, Tore * 3(&0 — W)y — B)po(7)
CEnT) —e <>/0 [m [m s

[(5*50)*"5(7*7)]2 [(n—vo)—v,,(T—r)]z

e T DT dgydy,dr
[tavao] (wp-maop
:efAF"(D/ $o(7) D i (]
o 4n(T —1)\/D:D,

e T g,
dr=e (D / °
o Rf(F'(r))4n(T —7),/D:D,

(00T (g-pwT—oP?
e7 4D¢(T—1) T 4Dy(T-1) dr

27)
Returning to the original unscaled time variable t (using 7 = F(0) = >
dr = f(0)d0) gives:
/ t €S,
o R4n(F(t) — F(0))/D:D,

@) wF@-F©) i =)y, (FO-FO) |*
e D F0-FO) a0,FO-F0)  dg

C&nt)=e™
(28)

The integral in Eq. (28) cannot be obtained in closed form, but it can be
efficiently evaluated using the Gauss-Legendre quadrature method.

Recalling sec. 2.1., when f(t) = 1 the time transformation reduces to
T =t and F(0) = 6. Introducing the change of variable t —0 = 7, the
solution in presence of a steady velocity field is given by:

2
e S, [eavie]” jgpvel?

t
CcEnt)= | ————e -
&mt) /0 Rénz,/D.D,

4Dt 4Dyt dr. (29)
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Nevertheless, even in this case the integral should be evaluated
numerically using the Gauss-Legendre quadrature method.

2.3. Solution for an initial concentration with no source term

Considering no source term in Eq. (1) and an initial spatial distri-
bution of the solute concentration:

C(x,y,0) =r(x,y) (30)

In Test 3 (sec. 3.), the solute is distributed at t = 0 over a circular surface
according to a truncated Gaussian distribution:

7(X*Xc)2+(yfyc)2 ) 5 P
ey =1 TR+ =r ey

0 if (x*x6)2+(y_}'C)2 >r

with x, and y, the coordinates of the center of the circular surface where
the contaminant is initially present, r the cutoff radius, and ¢ the stan-
dard deviation.

Using Eq. (16) without the source term, and expressing the solution
directly in the original spatial and temporal variables, substitution of Eq.
(31) yields:

* x 2
xetrYe /PP —x)? € =xe ) (Y ye)

e 2 62
C(x,y,t) = e”"/ —_—
., . 47F(t)\/D:D,
Ye=V/ 72— (x" —xe) (32)
o Dy ’
o) VF<t)]2 0=y ), (Xx=x) - F(t)
)T

e DD 4D, F(t)

dy’dx
where x" and y* are the integration variables.
3. Results

Before presenting the benchmark problems, it is useful to clarify the
conceptual framework underlying the proposed analytical formulation.
The analytical solution developed in this study reproduces solute
transport in a homogeneous and anisotropic porous medium, with
dispersion varying according to the groundwater velocity field, time-
varying (i.e., unsteady-state) bi-directional groundwater flow, adsorp-
tion, decay, different types of contaminant sources, and the presence of a
potential background contaminant concentration. In particular, the
assumption of homogeneous porous medium under spatially uniform
groundwater flow, with fixed direction and time-dependent magnitude,
can be interpreted as an idealized representation of contaminant
transport under controlled or quasi-uniform flow conditions, such as
those encountered in laboratory-scale experiments or in intermediate-
scale aquifer settings. Within this framework, the model is primarily
intended to include the effects of anisotropic dispersion and to provide a
physically consistent basis for interpreting solute transport processes in
porous media under well-defined conditions.

Finally, the test cases presented hereinafter are intended as repre-
sentative benchmarks of the general analytical framework. Indeed, due
to the linearity of the governing equation and the Green’s function
formulation, the extension of the proposed solution to more complex
source configurations (e.g., line or surface sources, as well as time-
dependent inputs) follows directly by superposition.

3.1. Description of the benchmark problems

The proposed analytical solution, Eq. (16), is here tested over three
benchmark problems (referred to as Test 1, Test 2, and Test 3) solved
numerically with the software COMSOL Multiphysics® v. 6.4.0.343
(COMSOL, 2025), which solves Eq. (1) by the finite element method. In
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particular, the Transport of Diluted Species in Porous Media interface of
the Subsurface Flow module of COMSOL was used.

The three benchmark problems share the same 2D geometry, namely
a square domain of 3048 m x 3048 m oriented along the x- and y-axis,
resembling a confined aquifer of finite and constant thickness, in pres-
ence of anisotropy and of a bi-directional groundwater velocity field. In
Test 1 and in Test 2 the aquifer is initially pristine and is subjected to a
point source contaminant flux. In Test 3, the aquifer is initially
contaminated and there is no point source contaminant flux (source
term). The extension of the domain is sufficiently large to avoid any
potential influence on the numerical solution of the boundary conditions
along the perimeter of the domain, set to C = 0 according to Eq. (2). The
numerical mesh consists of 1'314'982 unstructured triangular elements,
the maximum time step is set to 0.01 years, and convergence of the
numerical solution is ensured by a relative tolerance of 0.001. The first
benchmark problem (Test 1) is used to test the proposed analytical so-
lution over a stationary condition (Eq. (29), which represents an
extreme condition for Eq. (16), that is steady-state groundwater velocity
field and contaminant plume migration (i.e., solute concentration is
computed over a considerably long time frame, 100 years, to allow
achieving steady-state). Conversely, in the second benchmark problem
(Test 2) the groundwater velocity field is allowed to vary over time (Eq.

(28) assuming f(t) = 1 + Asin (%), with A =0.3 and P = 0.5 years,

corresponding to F(t) = t + 4F {1 — cos (%)}, and the contaminant

plume migration is evaluated over a time frame of 3 years. It must be
pointed out that f(t) remains strictly positive for all times (i.e., f(t) > 0),
thus avoiding singularities in Eq. (7) and ensuring the validity of the
Crank time transformation. The third benchmark problem (Test 3)
shares the same features of Test 2 except for the fact that there is no
point source contaminant flux, the aquifer is initially contaminated ac-
cording to Eq. (31), and the contaminant plume migration is evaluated
over a time frame of 0.5 years. In all benchmark problems, analytical
and numerical solutions are compared along two sections passing
through the contaminant source location with a spatial discretization of
0.5 m. The first section, here referred to as “longitudinal”, is 900 m long
and is oriented along the main direction of the groundwater velocity
field, whereas the second section, here referred to as “transverse”, is 300
m long and is oriented along the direction perpendicular to the main
direction of the groundwater velocity field. All parameters used for the
benchmark problems are listed in Table 1. Aquifer and contaminant
properties are taken from Wexler (1992) and Batu (2006). Regarding the
proposed analytical solution, the integrals were evaluated using
Gauss-Legendre quadrature with 128 integration points, computations
were performed on a standard desktop workstation, with computational

Table 1
Benchmark problems — Parameters.
Parameter Unit Value Description
b m 30.48 Aquifer thickness
@ 0.25 Aquifer effective porosity
v m/s 2.82107° Pore water velocity
Up m/s 1.69¢10° Pore water velocity, x-component
Vo m/s 2.26010° Pore water velocity, y-component
ag m 9.144 Longitudinal dispersivity
ar m 1.829 Transverse dispersivity
Kq m>/kg 2010 Equilibrium distribution coefficient
Pb kg/m® 1400 Solid phase bulk density
A 1/s 2.2010° Decay constant
Xc m 609.6 Source location, x-coordinate
Yc m 609.6 Source location, y-coordinate
Co kg/m*® 1 Source concentration
Q m3/s 4.10010* Discharge rate
S kg/(sem) 5.38010° Source term.S — Qe Co
¢ L] b
r m 25 Cutoff radius, Eq. 31
4 m 12.5 Standard deviation, Eq. 31
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times on the order of a few tens of milliseconds, and the solutions were
implemented in VB.NET language, using the Mathdotnet library to
perform the Gauss-Legendre quadrature.

3.2. Comparison between analytical and numerical results

The comparison of the results provided by the proposed analytical
solution (sec. 2.1.) with those provided by the numerical model (sec.
3.1.) shows excellent agreement between the two for all benchmark
problems (Figs. 1-3; Table 2). In all cases, the physics of solute transport
in anisotropic porous media in presence of bi-directional groundwater
flow, mechanical dispersion, adsorption, and decay is perfectly caught,
and it is consistent with the boundary and initial conditions set up for
the three benchmark problems (sec. 3.1.).

As expected, in Test 1 (i.e., steady-state groundwater velocity field,
continuous point source contaminant flux, and initially pristine aquifer)
the steady-state concentration profile along the two reference axes (i.e.,
longitudinal and transverse, sec. 3.1.) shows the maximum value at the
source location and a progressive reduction far from it, with higher
concentrations downstream along the main groundwater flow direction
and a symmetric distribution along the transverse axis (Fig. 1). Inter-
estingly, a mismatch between the analytical and the numerical solution
can be noticed just at the source location. However, this issue is well-
documented in literature and does not depend on the proposed analyt-
ical solution itself or on the numerical model used. Indeed, the integral
in Eq. (29) cannot be obtained in closed form, and it is evaluated using
the Gauss-Legendre quadrature method (sec. 2.2.), which is known to
produce unreliable results just at the source location and to its close
proximity because the denominator is null at the source (Wexler, 1992).
Other than this, the match between analytical and numerical solutions is
excellent.

In Test 2 (i.e., unsteady-state groundwater velocity field, continuous
point source contaminant flux, initially pristine aquifer), the ground-
water velocity field is allowed to vary over time (sec. 3.1.) and the
concentration profile is shown in Fig. 2 at 0.5, 1, and 3 years. From 0.5
years onwards, the concentration profile appears to be stable and sym-
metric along the transverse reference axis (sec. 3.1.), whereas on the
longitudinal reference axis (sec. 3.1.) the concentration profile remains
stable before the source location and partly after it from 0.5 years
already, and its progressive increase in the main groundwater flow di-
rection can be tracked over time (Fig. 2). Again, a mismatch between
analytical and numerical solutions is evident at the source location, and
the same considerations as for Test 1 apply here. A slight mismatch is
also evident along the longitudinal reference axis for the solution at 0.5
years at the front of the migrating contaminant plume (Fig. 2). This is
not a concern since it is to be attributed to the spatial/temporal dis-
cretization of the numerical model (sec. 3.1.) that is not fine enough to
perfectly catch the variation of the groundwater velocity field over time
and, thus, the respective effects on the migration of the contaminant
plume. This mismatch disappears over time (Fig. 2), and the agreement
between analytical and numerical solutions is excellent again.

In Test 3 (i.e., unsteady-state groundwater velocity field, no point
source contaminant flux, initially contaminated aquifer), the migration
of the contaminant plume initially present within the aquifer according
to Eq. (31) can be tracked over time by inspecting the concentration
profiles depicted in Fig. 3. As there is no contaminant source, the initial
contaminant plume gradually fades over time along the two fixed
reference axes (i.e., longitudinal and transverse, sec. 3.1.), moving
downstream in the main groundwater flow direction. The agreement
between analytical and numerical solutions is excellent. Extremely small
differences can be noticed at 0.1 years (Fig. 3) and are to be attributed to
the natural numerical diffusion present in the numerical model. An
additional refinement of the spatial and temporal discretization of the
numerical model would completely eliminate any difference.

To quantify the agreement between analytical and numerical results,
the Root Mean Square Error (RMSE) and the Nash-Sutcliffe Efficiency
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Fig. 1. Comparison between analytical and numerical concentration profiles normalized with respect to the concentration at the source along the longitudinal (left)
and transverse (right) reference sections for Test 1.
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Fig. 2. Comparison between analytical and numerical concentration profiles normalized with respect to the concentration at the source along the longitudinal (left
panels) and transverse (right panels) reference sections for Test 2 at 0.5, 1, and 3 years. For the sake of brevity, presented time levels are rounded. Actual time levels
used for comparison with the numerical model are 0.50484, 1.0048, and 3 years.
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Table 2
Benchmark problems — Root Mean Square Error (RMSE) and Nash-Sutcliffe Ef-
ficiency (NSE) index.

Test Time RMSE NSE
[yr]
C/Co C/Co C/Co C/Co
Longitudinal  Transverse Longitudinal Transverse
1 100 2.36010°° 4.08010°3 0.991 0.982
2 0.50484 3.52¢10°° 3.95¢10°° 0.987 0.983
1.0048 2.26010° 2.96010°° 0.995 0.990
3 8.45010™ 151107 0.999 0.997
3 0.10378 3.85¢10 1.8410* 1.000 1.000
0.20868 2.48¢10 4.39¢10°° 1.000 1.000
0.30868 2.36010 2.17010° 1.000 0.999
0.40868 1.7410°* 9.30010°° 1.000 0.999
0.50868 1.16010* 2.88010°° 1.000 0.999
0.3
Longitudinal section - Test 3 —Analytical
t=0.1yr
0.2 4
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o
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0 v >
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Fig. 3. Comparison between analytical and numerical concentration profiles
normalized with respect to the maximum concentration of the initial contam-
inant plume along the longitudinal (top) and transverse (bottom) reference
sections for Test 3 at 0.1, 0.2, 0.3, and 0.5 years. For the sake of brevity, pre-
sented time levels are rounded. Actual time levels used for comparison with the
numerical model are 0.10378, 0.20868, 0.30868, and 0.50868 years.

(NSE) index have been used as indicators:

RMSE = (33)

(34)

where CY and C” are the solute concentrations computed analytically
and numerically at the i-th point, respectively, C, is the mean of the

Journal of Hydrology 677 (2026) 135922

solute concentrations computed analytically, and N is the total number
of comparison points. Comparisons were performed along the selected
profiles using a uniform spatial discretization with a step size of 0.5 m,
resulting in 1801 comparison points along the longitudinal reference
axis and 601 along the transverse reference axis (sec. 3.1.). Solute
concentrations were normalized with respect to the maximum concen-
tration value in each benchmark problem. All points were included in
the comparison, including those in the vicinity of the source.

Overall, the excellent agreement between analytical and numerical
results is also quantitatively confirmed by the RMSE reaching remark-
ably low values and by the NSE index approaching unity (~ 0.982-1) in
the benchmark problems analyzed (Table 2).

4. Discussion
4.1. Theoretical implications

It should be noted that the spatial transformation adopted in this
work, Eq. (9), is not a canonical orthogonal transformation (i.e., not a
rotation of the coordinate system), but rather an oblique shear trans-
formation specifically chosen to eliminate the mixed second-order de-
rivative term while preserving the physical and geometrical structure of
the problem. Although the problem at hand has been formulated in
infinite domain, the proposed transformation is highly suitable for so-
lute transport problems defined in semi-infinite domains with boundary
conditions (inflow or zero—flux) applied to one of the coordinate planes.
In many groundwater transport applications, the computational domain
is semi-infinite and the inflow (or no-flow) boundary condition is
imposed on a plane such as x = 0. In such cases, it is essential that this
boundary remains aligned with one of the axes of the transformed co-
ordinate system. By defining £ = x, the boundary x = 0 becomes exactly
the boundary £ = 0, and a flow entering orthogonally to the plane x =
0 remains orthogonal to the plane & = 0 after the transformation. This
ensures that the physical interpretation of the inflow direction is pre-
served and that the boundary conditions maintain their original and
simple structure.

This property would generally not be maintained under a canonical
orthogonal rotation of the coordinate system. A full rotation mixes the
coordinates, transforming the original plane x = 0 into an oblique line in
the rotated system, which in turn complicates the mathematical treat-
ment of the boundary conditions and obscures their physical meaning.
By contrast, the shear transformation used here modifies only the di-
rection of the y-axis by redefining n, while leaving the x-axis (and
therefore &) unchanged. This allows to achieve the desired mathematical
simplification (namely, the removal of the mixed derivative term)
without modifying the alignment of the boundary plane or the direction
of the incoming flow.

It is also worth noting that if the inflow or zero—flux boundary was
orthogonal to the y-axis (e.g., on the plane y = 0), an equivalent
simplification could be obtained by simply rotating the coordinate sys-
tem by 90° to align that boundary with the x-axis before applying the
same shear transformation.

Therefore, although the transformation employed here is not the
canonical diagonalization of the dispersion tensor, it remains the most
appropriate and physically consistent choice for problems defined in
semi-infinite domains with boundary conditions applied on one of the
coordinate planes.

4.2. Practical implications

To the best of the Authors’ knowledge, the proposed analytical so-
lution is the first in literature able to reproduce solute transport in
anisotropic porous media in presence of adsorption and decay without a
series of restrictive assumptions that make other analytical solutions less
general and, so, less applicable. Indeed, the proposed analytical solution
includes the effects of mechanical dispersion along the non-principal
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direction of groundwater flow as well as the dependency of the disper-
sion tensor on the actual groundwater velocity field (here considered bi-
directional and variable over time) and not on specific functions loosely
related to it, generally used to simplify the derivation of the analytical
solution. Off-diagonal terms in the dispersion tensor represent coupling
between orthogonal directions and influence the spreading of the
contaminant plume when the principal axes of anisotropy are not
aligned with the coordinate system. Therefore, with the proposed
analytical solution there is no need to resort to a solution domain ori-
ented along the main groundwater flow direction or to a groundwater
flow oriented along one of the axes of the domain to avoid accounting
for the presence of the off-diagonal components of the dispersion tensor,
as generally done in literature (Wexler, 1992; Park and Zhan, 2001;
Batu, 2006). If the groundwater flow field is bi-directional, neglecting
the effects of mechanical dispersion along the non-principal ground-
water flow direction would result in wider contaminant plumes with
lower concentrations in proximity to the source and higher far from it in
the transverse direction, whereas, in the longitudinal direction it would
result in contaminant plumes of reduced extent with lower concentra-
tions, and, thus, in physically inconsistent predictions of contaminant
migration. Furthermore, the analytical solution proposed here is general
as it can account for time-dependent variations of the groundwater ve-
locity magnitude through a prescribed scalar function, under the
assumption of a spatially uniform groundwater flow field with fixed
direction. The same applies to the initial conditions that can be set ac-
cording to any initial spatial distribution of the contaminant concen-
tration, either as a specific function or as an interpolation of actual field
data. In addition, the source term can also be as general as possible,
potentially varying over time and according to any geometric entity
(point, line, surface) depending on the user needs. Finally, using the
principle of superposition, additional variety in terms of source term
configuration (i.e., multiple sources) and initial conditions can be easily
reproduced.

All these features allow the proposed analytical solution to be used
within a range of controlled scenarios, including laboratory-scale ex-
periments and intermediate-scale aquifer settings. For example, it may
be used for the calibration of solute transport parameters based on
experimental/field evidence, for benchmarking new and existing nu-
merical models, for preliminary assessments of contaminant migration
in endangered aquifers, or for contaminant source identification (CSI)
problems (Moghaddam et al., 2021; Gomez-Hernandez and Xu, 2022),
just to name a few. Especially for these last problems, analytical solu-
tions like the one proposed in this work are particularly attractive as
inverse problems like CSI can require a tremendous number of simula-
tions that might not be feasible using a numerical model. Indeed, by
contrast to numerical models, analytical models are extremely fast (e.g.,
for the benchmark problems analyzed, it took about 40 ms to compute
the analytical solution compared to a maximum of 15 min required by
the numerical model with a 13th Gen Intel(R) Core(TM) i7-13700H
2.40 GHz), do not have convergence issues, their results do not
depend on the spatial discretization, are not affected by numerical
diffusion, and the solution can be computed just where needed, like in
observation points where actual measurements are available, without
the need to compute the solution over the entire problem domain. Of
course, this comes at the expense of model complexity and of the ability
to reproduce faithfully real-world scenarios, as simplifying assumptions
are necessarily introduced in analytical models. Indeed, the proposed
analytical solution is derived for homogeneous porous media and
spatially uniform groundwater velocity fields, and it is therefore pri-
marily intended as a tool for analytical investigation rather than for
direct field-scale analysis. Future efforts will have to deal with these
restrictive assumptions as well. However, as shown in this work, the
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proposed analytical solution already addresses a series of restrictive
assumptions not solved before, moving forward in the direction of
expanding the capabilities of analytical models within their traditional
domain of applicability.

5. Conclusions

In the current study, a novel two-dimensional analytical solution for
solute transport in homogeneous porous media accounting for the ef-
fects of anisotropy in presence of adsorption and decay is presented. The
solution is derived using Green’s function and overcomes a series of
restrictive assumptions that make existing analytical solutions less
applicable. Indeed, the effects of mechanical dispersion along the non-
principal direction of groundwater flow as well as the dependency of
the dispersion tensor on the actual groundwater velocity field are here
explicitly accounted for, without simplifications or convenient orienta-
tions of the model domain. The proposed analytical solution is also
general, as the groundwater velocity field can be bi-directional and can
vary over time through a prescribed scalar function, while maintaining a
fixed flow direction. The same applies to the source term that can vary
over time and according to any geometric entity (point, line, surface),
and to the initial conditions that can be set according to any initial
spatial distribution of the contaminant concentration. Although the
problem is formulated for an infinite domain, the spatial transformation
used to derive the analytical solution is also highly suitable for solute
transport problems defined in semi-infinite domains. Within this study,
the proposed analytical solution is also tested over benchmark problems
conceived with a well-known numerical model for flow and transport in
porous media (COMSOL Multiphysics®), and the agreement between
the two is excellent.

Overall, the contribution of the present work is primarily methodo-
logical, providing an extended analytical framework rather than a direct
field scale modeling tool. Nevertheless, the proposed analytical solution
is applicable to a variety of controlled settings. For example, it could be
used to calibrate solute transport parameters based on experimental/
field evidence, to benchmark new and existing numerical models, to
make preliminary assessments of contaminant migration in endangered
aquifers, or for contaminant source identification problems. Although
some limitations still exist, as aquifer heterogeneity and the spatial
variability of the groundwater velocity field are not addressed, the
proposed analytical solution overcomes a series of assumptions that
restricted the applicability of all existing analytical models available in
literature until now, allowing to make a step forward in making
analytical models more suitable for dealing with real-world problems.
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Appendix A
Some abuse of notation was used in sec. 2.1. on the Green’s function. Let L[] be the differential operator of the solute transport equation in vectors

notation, Q the domain of z, 0Qg the generic boundary of Q with radius R and normal n to its elementary surface element dS. If L is multiplied by the
Green'’s function and integrated over the domain Q:

/GL[z]dQ:/GV-(fEVz)dQ+/Gv~Vde+/G%dQ:/G¢dQ A1)
Q Q Q Q 0T Q

Considering the identity V e ( -DVz G) =GV ( —EVz) —-DVz-VG and applying the divergence theorem, the first integral on the right-hand side
becomes:

/ GV-(—DVz)dQ = / DVz-VGdQ — / GDVz-ndS (A.2)
Q Q

0Qg

Using the identity V e (ZEVG) =2V e (EVG) +DVz e VG and applying the divergence theorem again:

LGV-(ij)dQ _ /ﬂzVo(7§VG)dQ+/

0Qr

(zDVG-n— GDVz n)dS = / zV o (— DVG)dQ (A3)

Q

The last equality holds because both z and G vanish as the radius R goes to infinity. Resorting to the identity V-(Gzv) = GzV-v + 2v-VG + Gv-Vz, the
divergence theorem, and recalling that V-v = 0, the second integral on the right-hand side of Eq. (A.1) becomes:

/Gv~Vde :/ sz-nde/zvVGdQ = f/zv-VGdQ (A4
Q bl Q Q

Finally, integrating by parts the last integral of the right-hand side of Eq. (A.1):
" 0% SR Ao " 0G e oo " 0G
(6510 - /m /m Gale dfdn—/gzﬁdg _ /,m /m Gz\Tzodfdnf/Qza—TdQ (A5)

With the last identity holding because both G and z vanish as T approaches infinity. Putting everything together:
— aG —+00 00 g
/GL[z]dQ = /z Ve(—DVG)—-v-VG—— |dQ— / / Gzlp_odéohy = /G¢d§2 (A.6)
o o oT o Jowo Q
The term within square brackets is called the adjoint differential operator L° of L. According to the Green’s function, L[G] =
(£ —=&0)8(n = 19)8(T — To), and then:

1610 = [ 20 - G)oln - n)(T ~ To)de = (60,10, ) (A7)

As a consequence:
+00 00 00 +00 +00
oo To) = [ [ Galdzar+ [ [ [ Gl Tolen. e, Tidednar 4.8
—o0 —o0 0 — —
Therefore, the solution is obtained in terms of the variables &, 1y, To and the adjoint operator is similar to the original operator but with reversed time
axis and reversed velocity vector. By applying L" to z and by multiplying by the adjoint Green’s function G* and finally integrate over the entire domain
Q:
sent)= [ [ Glodeodior [ [ [ 6 en Ticom, Tobleo. 0, To)dzododT: 4.9
-0 J—0 0 —o0 J —o0
Therefore, it can be concluded that G (£,7, T|&y, 79, To) = G(&o, 1o, Tolé, 7, T). In sec. 2.1., the adjoint Green’s function was used. However, since Eq.
(A.9) shows that the Green’s function of the adjoint operator coincides with that of the original operator up to an exchange of variables, the distinction
between G and G* becomes immaterial for the present problem. This validates the use of the simplified notation G in the main text.

Appendix B

The solution of the one-dimensional advection-dispersion equation over an infinite space domain can be found by means of the Fourier Transform
with respect to the space variable:

FKETIE)] = / X(&,T|&)e *idE = X(w, T) ®.1)



L. Cimorelli and A. D’Aniello

Appling the Fourier transform to Eq. (22a) and its initial condition in Eq. (21), and using the properties:

0X(¢, T'|%)
0%

one gets Eq. (B.3):

PX(E Téo)

7 =

} = iwX(w, T’);y{ } = —0’X(0,T)

n X(w,T)

2D:X(w, T iwX(w, T
@ De (a)7 )+vflw ((D, ) oT

X(w,0) = e %
Eq. (B.3) has the known solution:

X((j) T) _ e—szfoia)vfffiwfo
)

To obtain the solution in the T domain, the inverse Fourier Transform is applied:

+00 +oo
X(£,Téo) = zlfﬂ/X(w, T)e" dw = %/e‘“’szT“"’@‘f"‘VfT)da)

—o0

using a = £ —&,—V;: T and applying the complex exponential formula:

+o0 +o0 +o0
1 2 ; 1 2 i 2 .
o e DTy — o e~ "PT cos(aw)dw +o- e 2T sin(aw)dw
7 v 7
Y —o0 —®

Journal of Hydrology 677 (2026) 135922

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)

The second term on the right-hand side is zero as the integrand is an odd function, while the properties of the even functions can be applied to the

first term to give Eq (B.7):

+o0
1

X(&.T6) = / e 2T cos(aw)dw = I (B.7)

0
To evaluate this last integral, the Feynman trick is used:
dr 1 T s e "PTsin(aw)|” a1 T - a
da= —;/we"” 2T sin(aw)dw = 2D.T ) TRy ;/e"” PeT cos(aw)dw = _2D5T’I (B.8)

0 0
Therefore:
dI a
- I= B.
da " 2D.T 0 (B-9)
The solution of the first order differential equation is given by:
aZ
I=1(0)e T (B.10)
WithI(0) =1 [ e #PTdp — —L_ [eFdo —— 1
T /DT \/4rD;T"
Finally, substituting into Eq. (B9) and substituting T = T —Tp:
2
HT_T [(ed0)ve(r-10) ]
X(&,T|éo, To) = ¥6 #Pe(T=To) (B.11)
47[D5(T - To)
The same procedure can be applied to derive Y (1, T|y,, To) from Eq. (22b).
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