
Bi-forms Approach to Potential Functions 
in Information Geometry 

Florio M. Ciaglia1, Giuseppe Marmo2,3, Marco Pacelli3,4(B), 
Luca Schiavone3,5, and Alessandro Zampini3,4,5 

1 Department of Mathematics, University Carlos III de Madrid, Leganés, Madrid, 
Spain 

fciaglia@math.uc3m.es 
2 Dipartimento di Fisica “E. Pancini”, Universitá di Napoli Federico II, Naples, Italy 
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Abstract. Contrast functions play a fundamental role in information 
geometry, providing a means for generating the geometric structures 
of a statistical manifold: a pseudo-Riemannian metric and a pair of 
torsion-free conjugate affine connections. Conventional contrast-based 
approaches become indeed insufficient within settings where torsion is 
naturally present, such as quantum information geometry. This paper 
introduces contrast bi-forms, a generalisation of contrast functions that 
systematically encode metric and connection data, allowing for arbitrary 
affine connections regardless of torsion. It will be shown that they provide 
a unified framework for statistical potentials, offering new insights into 
the inverse problem in information geometry. As an example, we con-
sider teleparallel manifolds, where torsion is intrinsic to the geometry, 
and show how bi-forms naturally accommodate these structures. 

Keywords: Contrast Function · Torsion · Bi-form · Teleparallel 
Manifold 

1 Introduction 

Contrast (or divergence) functions on a smooth manifold play a fundamental 
role in both mathematical theory and applications, providing a measure of dis-
tinguishability between probability distributions [ 4]. A crucial feature of con-
trast functions is that they naturally induce a pseudo-Riemannian metric g and 
a pair of g-conjugate and torsion-free affine connections (∇, ∇†) on the under-
lying manifold M [ 4]. The resulting structure defines a statistical manifold in 
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the sense of Lauritzen, capturing the essential mathematical features of para-
metric statistical models [ 11]. Within such paradigmatic examples, the metric g 
coincides with the Fisher-Rao metric, while the torsion-free affine connections 
∇ and ∇† correspond to the (±1)-connections. While this framework is well 
suited to many applications, there are cases where the torsion-free condition 
does not naturally hold. A key example arises from quantum finite level sys-
tems, where the geometry of the space of faithful quantum states suggests that 
torsion is an inherent feature rather than an anomaly [ 2, 9]. This motivates the 
introduction of a broader class of statistical structures. A statistical manifold 
admitting torsion (or, simply, SMAT) is a triple (M, g, ∇), where ∇ is required 
to be torsion-free, whereas ∇† may exhibit torsion. Such structures have been 
explored in connection with estimation theory [ 8] and in attempts to formulate 
a geometric framework for quantum information theory [ 10]. Extending the idea 
of SMATs, in this paper we introduce what we call Lauritzen manifolds, that is, 
triples (M, g, ∇) in which both ∇ and ∇† may possess torsion. A natural question 
then arises: can these structures still be derived from a potential? As anticipated 
above, contrast functions are not suitable candidates, since Schwarz’s theorem 
forces any connection derived from a contrast function to be torsion-free. This 
limitation has been the starting point to explore alternative formulations for 
potentials. We limit ourselves here to recall that Henmi and Matsuzoe [ 7] intro-
duced pre-contrast functions to generate SMATs, while Zhang and Khan [ 16] 
proposed super-contrast functions as potentials for Lauritzen manifolds, both 
extending the standard theory of contrast functions in order to accommodate 
torsion. In this paper, we propose an alternative method for generating Lau-
ritzen manifolds. Instead of relying on super-contrast functions, we adopt the 
formalism of bi-forms [ 5, 6,13,15] and introduce the notion of a contrast bi-form 
as a suitable potential. This approach, in our opinion, offers two key advantages. 
First, it provides a unified framework for describing potentials, since contrast, 
pre-contrast, and super-contrast functions come as specific instances of bi-forms. 
Second, it offers a natural framework to address what we call the inverse problem 
in information geometry: given a statistical or Lauritzen manifold, determining 
whether a potential can generate it. While this problem is well understood in the 
case of statistical manifolds [ 1,12], it remains largely unexplored for SMATs and 
Lauritzen manifolds. Upon using the general framework of bi-forms, and devel-
opping from [ 7,16], we aim to establish a solid foundation for a systematic theory 
of potentials in information geometry. This provides a unified approach for both 
classical and quantum settings. Due to the space limitations of the present issue, 
we will describe the details and present full proofs of the statements and results 
discussed here in a forthcoming publication. 

2 Contrast Bi-forms 

The theory of contrast functions is based on the geometry of the Cartesian 
square of a manifold. Given a manifold M , its Cartesian square is the product 
manifold M × M equipped with the canonical projections πL : M × M → M and
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πR : M × M → M , which extract the left and right components, respectively: 

πL(m, n) =  m and πR(m, n) =  n . (1) 

This geometric framework was first used by Eguchi [ 4] to geometrically describe 
an algorithm that associates a pseudo-Riemannian metric g and a pair of g-
conjugate, torsion-free affine connections to a suitable class of 2-point functions 
on M , i.e., smooth real-valued functions defined on the product manifold M ×M 
known as contrast function. In the terminology commonly used in information 
geometry, these functions are also referred to as divergence functions or poten-
tial functions. While these terms may have slightly different technical meanings 
depending on the context or the class of functions considered, they all share the 
property of inducing the geometric structures (g, ∇) on  M . 

In this section, we introduce a more general formulation of these geometric 
objects using the formalism of bi-forms. 

2.1 Bi-Forms 

A bi-form on a manifold M is a section of a tensor bundle over its Cartesian 
square M × M . More precisely, given (p, q) ∈ N0 × N0, a (p, q)-bi-form on M is 
a smooth section of the vector bundle: 

p∧
π∗ 

LT ∨M ⊗M ×M 

q∧
π∗ 

RT ∨M , (2) 

where τ ∨ 
M : T ∨M → M is the cotangent bundle projection of M . The space of 

(p, q)-bi-forms is denoted by Ωp,q(M | M). 
A (p, q)-bi-form � can be interpreted as a (p + q)-multilinear real-valued 

fiber-wise function on (TM)p+q that is skew-symmetric in the first p and in the  
last q entries. This leads to a pairing between bi-forms on M and vector fields 
on M . Given  a (p, q)-bi-form � and vector fields {Xi}p 

i=1 and {Yj}q 
j=1 on M , 

we define:

�(X1, . . . , Xp | Y1, . . . , Yq)(m, n) 
= �(X1(m), . . . , Xp(m) | Y1(n), . . . , Yq(n)) . (3) 

Furthermore, this pairing provides a systematic method for generating block-
wise alternating covariant tensors on M , i.e., sections of the tensor bundle over 
M whose total manifold is: 

p∧
T ∨M ⊗M 

q∧
T ∨M . (4) 

Both pseudo-Riemannian metrics and the torsion tensors of affine connections 
– when interpreted as 3-covariant tensors via the musical isomorphism – are of 
this type. These can be systematically obtained from bi-forms via the diagonal 
embedding ι : M → M × M , defined by: 

ι(m) = (m, m) . (5)
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Indeed, this map induces the operator: 

ι∗ : Ωp,q(M | M) → Ωp(M) ⊗C∞(M ) Ω
q(M) , (6) 

where the tensor product is taken over the ring of smooth functions on M . This 
operator assigns to any (p, q)-bi-form � on M the block-wise alternating tensor: 

(ι∗�)(Z1, . . . , Zp+q) =  ι∗
(
�(Z1, . . . , Zp | Zp+1, . . . , Zp+q)

)
, (7) 

where {Zi}p+q 
i=1 are vector fields on M . Since the pairing is local, the operator 

ι∗ naturally restricts to the space of (p, q)-bi-forms that are defined on an open 
neighborhood of the diagonal submanifold ΔM of M × M . We denote this space 
by Ωp,q 

ΔM 
(M | M). 

Another useful operator on bi-forms arises in terms of a distinguished map 
associated to the Cartesian square of a manifold, namely the swap map s : M × 
M → M × M defined by: 

s(m, n) = (n, m) . (8) 
This map interchanges the roles of the left and right projections, providing a 

systematic way to mirror properties between left and right components. Since s 
induces a fiber bundle isomorphism between πL and πR, it induces the operator: 

s∗ : Ωp,q(M | M) → Ωq,p(M | M) , (9) 

which acts on a (p, q)-bi-form � on M as: 

(s∗�)(X1, . . . , Xq | Y1, . . . , Yp) =  s∗(�(Y1, . . . , Yp | X1, . . . , Xq)
)
, (10) 

where {Xi}q 
i=1 and {Yj}p 

j=1 are vector fields on M . Since the pairing is local and 
s fixes the diagonal submanifold ΔM of M × M , also the operator s∗ restricts 
to s∗ : Ωp,q 

ΔM 
(M | M) → Ωq,p 

ΔM 
(M | M). 

Finally, we discuss a structure on the space of bi-forms that has an inter-
esting interpretation from the statistical point of view, that is the commutative 
bi-complex of bi-forms. The vertical distribution induced by πR defines a flat 
generalized Ehresmann connection on the fiber bundle πL, inducing a decom-
position of the tangent bundle of M × M as the Whitney sum of the vertical 
distributions corresponding to πL and πR. This decomposition naturally gives 
rise to a pair of differential operators dL and dR acting on bi-forms, that we 
define as follows. 

The left differential operator dL increases the left degree and is given by: 

dL : Ωp,q(M | M) → Ωp+1,q(M | M) , (11) 

with the explicit action: 

dL�(X0,X1, . . . , Xp | Y1, . . . , Yq) 

= 
p∑

i=0 
(−1)iLXL 

i

(
�(X0, . . . ,  X̌i, . . . , Xp | Y1, . . . , Yq)

)

+
∑

0≤a<b≤p 

(−1)a+b�([Xa,Xb],X0, . . . ,  X̌a, . . . ,  X̌b, . . . , Xp | Y1, . . . , Yq) ,(12)
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where � is a (p, q)-bi-form on M , the elements {Xi}p 
i=0, {Yj}q 

j=1 are vector fields 
on M , and  XL denotes the πL-horizontal lift of the vector field X. The check 
notation indicates omission of the corresponding vector field. It is possible to 
prove that dL satisfies the cohomology condition dL ◦ dL = 0, which means that 
bi-forms can be studied within a differential complex. 

We introduce the right differential operator dR, which increases the right 
degree, and is given by: 

dR : Ωp,q(M | M) → Ωp,q+1(M | M) . (13) 

Instead of writing its full expression explicitly, which would be analogous to (12), 
we use the swap map s∗ to define it as: 

dR� = s∗(dL(s∗�)
)
, (14) 

where � is a (p, q)-bi-form on M . As for the case of the dL operator, the operator 
dR satisfies the cohomology property dR ◦ dR = 0. Furthermore, these two oper-
ators commute, i.e. dL ◦ dR = dR ◦ dL. Thus, the space of bi-forms is endowed 
with the structure of a commutative bi-complex. 

2.2 Contrast Bi-forms 

Contrast functions, as characterized by Eguchi, are 2-point functions inducing 
pseudo-Riemannian metrics. Similarly, 2-covariant tensors on a manifold M arise 
from (2, 0), (1, 1), (0, 2)-bi-forms. Since pseudo-Riemannian metrics are symmet-
ric, the only suitable choice for encoding such a structure is a (1, 1)-bi-form. 

A contrast bi-form is an element � ∈ Ω1,1 
ΔM 

(M | M) such that ι∗� defines a 
pseudo-Riemannian metric, denoted by g� = ι∗� (cf. (7)). The associated affine 
connection ∇� is defined implicitly by: 

g�
(∇�

Z X, Y
)

= ι∗
(
LZL

(
�(X | Y )

))
, (15) 

where X, Y, Z are vector fields on M and ZL denotes the πL-horizontal lift of Z. 
The dual affine connection is induced by s∗�, and we denote it as �† = s∗�. 

Remark 1. Viewing � as a fiber-wise bilinear function TM  ×TM  → R is coher-
ent with the definitions of super-contrast functions of Zhang and Khan [ 16]. 

The commutative bi-complex structure provides a characterization of torsion 
properties of the induced connections. 

Proposition 1. Let � be a contrast bi-form on a manifold M . The connection 
∇� is torsion-free if and only if ι∗dL� = 0, while the dual connection ∇�† 

is 
torsion-free if and only if ι∗dR� = 0.
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Proof. Recall the definition of the left differential of � (cf. (12)): 

(dL�)(X0,X1 | Y ) =  LXL 
0

(
�(X1 | Y )

) − LXL 
1

(
�(X0 | Y )

) − �([X0,X1] | Y ) , 

where X0,X1 and Y are arbitrary vector fields on M . If we pull such an expres-
sion back along the diagonal map ι, and apply the definition of the induced 
metric and connection, we obtain: 

ι∗
(
(dL�)(X0,X1 | Y )

)
= g�

(∇�
X0 

X1 − ∇�
X1 

X0 − [X0,X1], Y
)
. (16) 

That is: 
(ι∗dL�)(X0,X1, Y  ) =  g�

(
Tor∇�

(X0,X1), Y
)
. (17) 

Since g� is non-degenerate, the vanishing of ι∗dL� is equivalent to the van-
ishing of the torsion tensor Tor∇�

. The statement for ∇�† 
follows similarly by 

considering dR�. 

The bi-complex structure also characterizes SMAT and statistical manifolds, 
as the following results (whose proves we are forced, as already mentioned in the 
introduction, to omit) show. 

Theorem 1. Let � be a contrast bi-form on a manifold M . If � is left-exact, 
i.e. there is S ∈ Ω0,1(M | M) such that � = dL S, then (M, g�, ∇�) is a 
SMAT. Conversely, if the contrast bi-form � induces a SMAT structure on M , 
then there is S ∈ Ω0,1(M | M) such that � and dL S produce the same pseudo-
Riemannian metric and affine connection. Moreover, S can be chosen in such a 
way that ι∗S = 0. 

Theorem 2. Let � be a contrast bi-form on a manifold M . If � is bi-exact, i.e. 
there is F ∈ Ω0,0(M | M) such that � = dLdR F , then (M, g�, ∇�) is a statisti-
cal manifold. Conversely, if the contrast bi-form � induces a statistical manifold 
structure on M , then there is F ∈ Ω0,0(M | M) such that � and dLdR F produce 
the same pseudo-Riemannian metric and affine connection. Moreover, F can be 
chosen in such a way that ι∗dL F = 0, ι∗dR F = 0  and ι∗F = 0. 

Remark 2. Interpreting S as a fiber-wise linear function M × TM  → R gives 
back Henmi and Matsuzoe’s definition of a pre-contrast function [ 7]. Likewise, 
the function F recovers Eguchi’s idea of contrast function [ 4]. 

3 An Example: Teleparallel Manifolds 

This section presents an easy yet significant class of Lauritzen manifolds, allowing 
us to explicitly approach the inverse problem in information geometry within the 
formalism of bi-forms.
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3.1 Teleparallel Manifolds 

Consider a finite-dimensional parallelizable pseudo-Riemannian manifold (M, g), 
and fix a global co-frame B = {αj}dim M 

j=1 of T ∨M . It is well known there exists 
a unique affine connection ∇ on M such that each αj is ∇-covariantly constant, 
and we say that ∇ is teleparallel with respect to B. The torsion of the connection 
∇ is directly related to the closedness of elements in B: the connection is torsion-
free if and only if each αj is closed. The g-dual connection ∇† is characterized 
by the property that each g-gradient vector fields of B is ∇†-parallel. In general, 
both ∇ and ∇† may possess torsion, and such structures provide a natural class 
of Lauritzen manifolds [ 2,17]. 

We now study the inverse problem in information geometry for (M, g, ∇), 
i.e., we seek a contrast bi-form � such that:

(
M, g�, ∇�

)
= (M, g, ∇) . (18) 

Although this problem makes sense for arbitrary Lauritzen manifolds, we will 
construct explicitly a solution in the teleparallel setting. To this end, we exploit 
the presence of a global frame on TM , namely the g-gradient vector fields of 
elements of B. For  each  αj , we denote by Zj the g-gradient of αj , i.e. the unique 
vector field on M satisfying: 

iZj g = αj . (19) 
This allows us to express any (1, 1)-bi-form on M as:

� = 
dim M∑

i,j=1

�ij π
∗ 
L(βi) ⊗ π∗ 

R(βj) , (20) 

where {βi}dim M 
i=1 is the dual co-frame of {Zj}dim M 

j=1 , and �ij ∈ Ω0,0 
ΔM 

(M | M). In 
such a case, (18) reads as the system of equations:

{
ι∗

(LZL�ij

)
= g

(∇ZZi, Zj

)

ι∗�ij = gij 
i, j ∈ {1, . . . ,  dim M} (21) 

where Z is an arbitrary vector field on M and gij = g(Zi, Zj). Alternatively, one 
can show that the problem is equivalent to:

{
ι∗dL�ij = dgij 

ι∗�ij = gij 
i, j ∈ {1, . . . ,  dim M } , (22) 

A straightforward solution is given by �ij = π∗ 
Lgij , yielding:

� = 
dim M∑

j=1 
π∗ 

L(αj) ⊗ π∗ 
R(βj) , (23) 

where we used the relation: 

αj = 
dim M∑

i=1 
gij β

i . (24)
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3.2 The Manifold of Faithful Quantum States 

An important example of teleparallel manifold is S(H), the manifold of faithful 
quantum states of a d-level quantum system described by a d-dimensional com-
plex Hilbert space H. A Riemannian metric is given by a quantum monotone 
metric tensor gf associated to an operator monotone function f [ 3,14] according 
to: 

gf (X, Y )(ρ) = Tr
(
Xρ K

f 
ρ (Yρ)

)
, (25) 

where ρ ∈ S(H), X and Y are vector fields on S(H), Xρ and Yρ are identified with 
traceless Hermitian operators on H, and  Kf 

ρ is the superoperator Kf 
ρ : B(H) → 

B(H) given by: 
Kf 

ρ (a) =
(
f(LρR

−1 
ρ )Rρ

)−1 
(a) , (26) 

with Lρ(a) =  ρa, Rρ(a) =  aρ, and  f an operator monotone function satisfying 
tf(t−1) =  f(t). 

Finally, ∇ is taken to be the connection associated with the natural convex 
structure of S(H). Let {Ai}d2−1 

i=0 be a basis of the real vector space Bsa(H) of  
Hermitian operators such that A0 = I, Tr(Ai) = 0 and Tr(AiAj) =  δij for each 
i, j ∈ {1, . . . , d2−1}. The connection ∇ is teleparallel with respect to {deAi

}d2−1 
i=1 , 

where: 
eAi

(ρ) = Tr(Aiρ) . (27) 

Although ∇ is torsion-free, the torsion of ∇† depends on the choice of the 
quantum monotone function f ; the torsion vanishes if f corresponds to the 
Bogoliubov-Kubo-Mori metric. 

The solution (23) in this example reads:

� = 
d2−1∑

i=1 
π∗ 

L(deAi
) ⊗ π∗ 

R(βi) , (28) 

where {βi}d2−1 
i=1 denotes the dual co-frame of gf -gradient vector fields of the 

family {eAi
}d2−1 

i=1 [ 2]. 
Since ∇ is torsion-free, the potential generating (S(H), gf , ∇) can be found 

in terms of a (0, 1)-bi-form S: 

S = 
d2−1∑

i=1 
(π∗ 

L − π∗ 
R)(eAi

) π∗ 
R(βi) . (29) 

If f is the Bogoliubov-Kubo-Mori quantum monotone function, then 
(M, gf , ∇f ) is a statistical manifold, and so the potential can be found in terms of 
a contrast function on M , the  von Neumann-Umegaki relative entropy, denoted 
by vNU: 

vNU(ρ, σ) = Tr(ρ log ρ − ρ log σ) . (30) 

This example illustrates how the formalism of bi-forms provides a powerful 
tool for analysing geometric structures in quantum information geometry.
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