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ABSTRACT
In recent decades, there has been growing interest in innovative vibration control strategies to improve the structural reliability of
buildings and civil structures against earthquakes, windstorms and other dynamic excitations. One of the most effective methods
for reducing dynamic responses is the implementation of tuned mass dampers (TMDs), which leverage the interaction between
primary and secondary subsystems. Most optimization procedures in the literature use a Kelvin–Voigt (KV) link to model this
interaction. Still, when frequency-dependent devices like viscoelastic dampers and isolation bearings are involved, more refined
models should be adopted. This paper extends existing optimization approaches by using the standard linear solid (SLS) model
to more accurately represent the connection between the dynamic absorber and the primary structure. We also emphasize the
importance of accounting for the damping in the primary system, which is often overlooked but can significantly affect the overall
primary–secondary dynamic interaction. Additionally, we explore the sensitivity of optimal TMD parameters to multi-chromatic
excitations, which are typically neglected, using the Kanai–Tajimi model to simulate realistic seismic accelerograms. To validate
our approach, we performed time-history analyses on lumped-mass models using a selection of natural seismic events, comparing
the uncontrolled configurations with KV- and SLS-type TMDs. Our results demonstrate that incorporating the frequency content
of seismic inputs is crucial for optimizing the structural control system and show the potential and the effectiveness of our
analytical/numerical strategy in facing general viscoelastic TMD design problems considering any kind of seismic excitation.

1 Introduction

Over the past 50 years, engineers and architects have faced
increasingly complex challenges in achieving more stringent
safety standards for new and existing buildings while minimizing

construction costs and reducing the carbon footprint. As a
consequence, new materials and structural systems have been
proposed and pioneered. For structures exposed to significant
dynamic actions such as earthquakes and windstorms, the scien-
tific community has explored various solutions, including base
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FIGURE 1 Kelvin–Voigt (a) and standard linear solid (b) model
for the primary-to-secondary mass link in the 2-DoF model of a TMD-
controlled structure (c).

and inter-story isolation, re-distribution of masses and lateral
resisting systems, energy dissipation devices and the utilization
of non-linear dynamic phenomena such as rocking and energy
sinks.Within this general framework, the presentwork employs a
combination of analytical and numerical methods to analyse and
optimize the dynamic response of structures equippedwith tuned
mass dampers (TMDs) incorporating linear viscoelastic memory.
These linear devices are characterized by ‘relaxation’ processes
in the time domain, leading to frequency-dependent stiffness and
damping properties.

As is well-known, a TMD is a secondary mass attached to a
structure to control the vibration of the primary system. In clas-
sical TMD applications, the dynamic properties of the primary
structure are assumed to be known, and the optimization problem
consists of finding the mechanical properties of the TMD that
minimize the primary system’s response to a given dynamic input.
Owing to the simplicity of this vibration control strategy, classical
TMDs with low secondary-to-primary mass ratios have been
widely adopted against wind excitations. More recently, non-
conventional TMDswith largemass ratios have been investigated,
since it has been demonstrated that they can be very effective
in reducing the seismic response of structures under both far-
and near-fault earthquake groundmotions. Largemass ratios can
be easily obtained by employing a part of the structure/building
as a dynamic vibration absorber, for example, in the case of
inter-story isolation systems (IIS), heavy double-skin façades
and mega sub-controlled structures (MSCS) [1–10]. In all these
applications, the primary and secondary masses are generally
connected through devices incorporating high-damping rubber
or other energy dissipation mechanisms and refined mechanical
models are required for capturing their viscoelastic behaviour.

Since Den Hartog’s seminal work [11], numerous optimization
strategies have been proposed for linear TMDs, typically mod-
elled via a Kelvin–Voigt (KV) approach [12–21] (Figure 1a).
Conventional TMD designs [13–15] often assume purely viscous
damping, neglecting viscoelastic memory effects. Indeed, the role
of viscoelasticity in structural dynamics and the effectiveness of
dynamic vibration absorbers extend across civil, mechanical and
biomedical engineering [22–30].

For non-conventional TMDs, the KV model fails to accurately
capture the mechanical behaviour of isolation bearings, which
depends on excitation frequency andmotion amplitude, as shown
experimentally [31]. Therefore, more accurate damping models
are thus needed when frequency-dependent materials are used
for connecting primary and secondary masses. To address this
gap, this paper employs the standard linear solid (SLS) model
(Figure 1b), which consists of an elastic spring (representing the
quasi-static ‘equilibrium modulus’) in parallel with a Maxwell
element—an elastic spring in series with a viscous dashpot—
resulting in frequency-dependent behaviour and fading memory
in the time domain. This model is widely used to study stress
relaxation and creep in viscoelastic materials, as well as in
passive control devices like high-damping elastomeric bearings
and fluid viscous dampers [32–38]. For such systems, the com-
plete knowledge of their history before a certain time instant
is required [39–41]. Several studies [42–46] have highlighted
the limitations of purely viscous damping, as modelled by the
KV link. For instance, to overcome these issues, Adhikari and
Woodhouse [44] defined new methodologies to identify non-
viscous damping models involving an exponentially decaying
relaxation function, while Makris and Zhang [45] employed the
Biotmodel to capture the viscoelastic behaviour of soil structures.

The optimization of a dynamic vibration absorber connected
via an SLS model to an undamped main system was first
studied by Asami and Nishihara [47], who analytically and
experimentally characterized an air-damped absorber. Later, they
demonstrated that the viscoelastically damped TMD outper-
forms the conventional KV-type absorber [48]. Starting from the
investigations by Xu [49, 50] on the mathematical modelling
of the viscoelastic dampers in reducing the earthquake-induced
vibrations on civil structures, further studies on SLS-type TMDs
have been carried out. Among these, Muresan et al. [51] and
Barone et al. [35] employed fractional models to trace back the
viscoelastic behaviour of primary-to-secondary mass links. More
recently, by using a Den Hartog-inspired fixed points approach,
Batou and Adhikari [52] derived optimal parameters for the SLS-
type TMD, assuming negligible damping in the primary structure.

Although civil engineering structures typically exhibit non-
negligible damping, most of the literature on viscoelastically
damped TMDs disregards the damping of the primary structure,
despite its significant effect on the system’s dynamic response.
Additionally, aside from the work by Dai et al. [53] where only
some specific numerical case studies are provided, the influence
of coloured excitations with non-uniform power spectral density
(PSD), for example, seismic accelerations, on viscoelastic TMDs
is often overlooked. Therefore, despite the fact that the scientific
debate is very vivid about this topic, it seems to the best
authors’ knowledge that a complete and rigorous overview on
how optimizing viscoelastic TMDs, considering the damping of
primary structures and addressing the specific characteristics of
earthquake inputs, is missing. More details on the limitations
of the inherent literature and the novelty of the present study
are reported in Section 3 of the Supporting Material, where
a synoptic comparison between existing procedures and the
proposed methodology is illustrated.

To address the limitation above discussed and to establish a
comprehensive design methodology for generalised viscoelastic
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TMD structures subjected to coloured excitations, this study
first revisits the classical 𝐻2 optimization criterion proposed
by Asami et al. [48]. The formulation is reformulated using
a novel set of non-dimensional parameters and is extended
to incorporate systems with non-negligible primary damping.
Specifically, closed-form expressions are derived for the optimal
design parameters—two stiffness ratios and a non-dimensional
relaxation parameter—under the assumption of zero primary
damping, while graphical solutions are provided for cases with
nonzero damping. Two canonical excitation scenarios are consid-
ered: (i) external force applied to themainmass, representative of
wind actions in preliminary design phases, and (ii) base excitation
through ground acceleration, modelling seismic input. Within
this framework, the performance of optimal SLS-type TMDs is
systematically compared to that of traditional KV TMDs. This
is done through frequency response analysis and the evaluation
of expected values of displacement of the primary masses, even
for systems with inherent damping, as further illustrated in the
supporting material.

To numerically validate the effectiveness of the proposedmethod-
ology, time history analyses have been carried out on lumped
mass models by selecting a set of natural seismic accelerograms,
showing that SLS-type TMDs almost always perform better than
the conventional KV-type ones. Within this framework, the
provided analyses are not to be intended as mere parametric
analyses of specific case studies but rather as a class of optimal
solutions obtainable from considering the application of the same
proposed strategy under different conditions.

Finally, to gain further insights into the system’s behaviour under
coloured excitations, the Kanai–Tajimi (KT) filter is employed to
model earthquake inputs, and a heuristic optimization procedure
is used tominimize the seismic response of the primary oscillator.
Comparisons also in terms of time history responses between
optimal configurations derived from white noise inputs and
those based on excitations with non-uniform PSD reveal that
input frequency content significantly influences the optimization
results, and neglecting it can lead to sub-optimal configurations.
Although linear elastic assumptions have been considered for
obtaining optimal configurations, the validity of the proposed
approach has been proved also in the non-linear regime, as
detailed in Section 2 of the Supporting Material.

2 Statement of the Problem

2.1 Governing Equations

The dynamics of the SLS-type TMD can be studied through a
2-DoF linear lumped-mass model represented in Figure 1. In a
mixed time-frequency domain, the equations of motion of the
system subjected to two excitations, that is, the force 𝐹1(𝑡) and
the ground acceleration 𝑢̈g(𝑡), can be written as follows:

⎧⎪⎪⎨⎪⎪⎩
(𝑚1 +𝑚2) 𝑢̈1(𝑡) +𝑚2 𝑢̈2(𝑡) + 𝑐1 𝑢̇1(𝑡) + 𝑘1 𝑢1(𝑡)

= 𝐹1(𝑡) − (𝑚1 +𝑚2) 𝑢̈g(𝑡)

𝑚2[𝑢̈1(𝑡) + 𝑢̈2(𝑡)] + 𝑘d(𝜔) 𝑢2(𝑡) = −𝑚2 𝑢̈g(𝑡)

(1)

where 𝑚𝑖 and 𝑢𝑖(𝑡) are the masses and relative displacements
of the two DoFs (i.e., 𝑢2(𝑡) is the displacement of the mass 𝑚2

relative to the mass 𝑚1), 𝑐1 and 𝑘1 are the equivalent viscous
damping coefficient and elastic stiffness of the primary oscillator
and 𝑘d(𝜔) is the complex-valued dynamic stiffness of the linear
viscoelastic device connecting primary and secondary masses,
which in general depends on the frequency of vibration 𝜔.

In the second of Equation (1), the mixed time-frequency product
𝑘𝑑(𝜔) 𝑢2(𝑡) represents the reaction force 𝑓d(𝑡) experienced by the
viscoelastic device. In the frequency domain, this force can be
expressed as a complex-valued product:

𝑓d(𝜔) = ℱ[𝑓d(𝑡)] = 𝑘d(𝜔)ℱ[𝑢2(𝑡)] , (2)

in whichℱ [⋅] is the Fourier Transform.

Alternatively, the reaction force 𝑓d(𝑡) can be expressed in the time
domain via a convolution integral:

𝑓d(𝑡) = ∫
𝑡

−∞
𝜑d(𝑡 − 𝑠) 𝑢̇(𝑠) d𝑠 , (3)

where the real-valued function 𝜑d(𝑡) is the relaxation function of
the viscoelastic device, defined as follows:

𝜑d(𝑡) = ℱ−1
[
𝑘d(𝜔)

𝚤 𝜔

]
, (4)

in which ℱ−1 [⋅] is the inverse Fourier transform and 𝚤 =
√
−1 is

the imaginary unit.

If the classical KV model is used for the primary–secondary link
(Figure 1a), that is, an elastic stiffness 𝑘2 in parallel with a viscous
dashpot 𝑐2, then its dynamic stiffness particularises as 𝑘d(KV)(𝜔) =
𝑘2 + 𝚤 𝜔 𝑐2 and the corresponding relaxation function becomes
𝜑d(KV)(𝑡) = 𝑘2 𝜃(𝑡) + 𝑐2 𝛿(𝑡), where 𝜃(𝑡) is the Heaviside’s unit step
function and 𝛿(𝑡) = d𝜃(𝑡)∕d𝑡 is the Dirac’s delta function. In
both time and frequency domains, the KV model exhibits a neat
separation between purely elastic (∝ 𝑘) and purely viscous (∝ 𝑐)
behaviours, which is not always observed in actual viscoelastic
materials and devices.

By adopting the SLS model for the link primary-to-secondary
mass (Figure 1b), the dynamic stiffness 𝑘d(𝜔) particularises as
follows:

𝑘d(SLS)(𝜔) = 𝑅0 + 𝑅1
𝚤 𝜏1 𝜔

1 + 𝚤 𝜏1 𝜔
, (5)

which depends on three parameters, namely: (i) the equilibrium
modulus 𝑅0, representing the stiffness of the device when sub-
jected to pseudo-static input; (ii) the rigidity coefficient 𝑅1 and
relaxation time 𝜏1 = 𝑐0∕𝑅1, 𝑐0 being the damping coefficient of the
Maxwell element.More in detail, it is known thatwhen 𝜏1 tends to
+∞, a purely elastic behaviour occurs; conversely, when 𝜏1 tends
to zero, the relaxation function of Equation (4) goes to infinity,
thus implying that the link assumes a purely viscous behaviour.
In the latter case, hence, the SLS link (Figure 1b) reduces to theKV
model (Figure 1a), thus confirming that the SLS link generalizes
the classical KV case [45, 54, 55].
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In the frequency domain, by considering the dynamic stiffness
reported in Equation (5), the dynamic response of the primary
mass𝑚1 can be calculated as follows:

ℱ[𝑢1(𝑡)] = 𝐻11(SLS)(𝜔)ℱ[𝐹1(𝑡)] (6)

where𝐻11(𝜔) is the complex-valued frequency response function
(FRF) of the first DoF, with units of an inverse stiffness, given by
the rational expression:

𝐻11(SLS)(𝜔) =
𝑁11(𝜔)

𝐷11(𝜔)
, (7)

in which numerator 𝑁11(𝜔) and denominator 𝐷11(𝜔) are the
following functions:

𝑁11(𝜔) = 𝑚2𝜏1𝜔
3 − 𝚤𝑚2𝜔

2 + 𝜔(−𝑅0𝜏1 − 𝑅1𝜏1) + 𝚤𝑅0 (8a)

𝐷11(𝜔) = −𝑚1𝑚2𝜏1𝜔
5 + 𝜔4(𝚤𝑐1𝑚2𝜏1 + 𝚤𝑚1𝑚2) + 𝜔3(𝑐1𝑚2

+ 𝑘1𝑚2𝜏1 +𝑚2𝑅0𝜏1 +𝑚2𝑅1𝜏1 +𝑚1𝑅0𝜏1 +𝑚1𝑅1𝜏1)

+ 𝜔2(−𝚤𝑐1𝑅0𝜏1 − 𝚤𝑐1𝑅1𝜏1 − 𝚤𝑘1𝑚2 − 𝚤𝑚2𝑅0 − 𝚤𝑚1𝑅0)

+ 𝜔(−𝑐1𝑅0 − 𝑘1𝑅0𝜏1 − 𝑘1𝑅1𝜏1) + 𝚤𝑘1𝑅0 (8b)

Analogously, the frequency response of the relative displacement
between the two masses can be expressed as follows:

𝐻21(𝑆𝐿𝑆)(𝜔) =
𝑁21(𝜔)

𝐷21(𝜔)
(9)

where

𝑁21(𝜔) = 𝑚2𝜏1𝜔
3 − 𝚤𝑚2𝜔

2; 𝐷21(𝜔) = 𝐷11(𝜔) (10)

Similarly to Equation (6), the frequency-domain solution of the
equations of motion in the case of ground excitation can be
expressed as follows:

ℱ[𝑢1(𝑡)] = 𝐻1g(SLS)(𝜔)ℱ
[
𝑢̈g(𝑡)

]
, (11)

where 𝐻1g(𝜔), with units of a squared time, can be expressed as
follows:

𝐻1g(SLS)(𝜔) =
𝑁1g(𝜔)

𝐷1g(𝜔)
(12)

in which

𝑁1g(𝜔) = 𝑚1𝑚2𝜏1𝜔
3 − 𝚤𝑚1𝑚2𝜔

2 + 𝜔(−𝑚1𝑅0𝜏1 −𝑚2𝑅0𝜏1

−𝑚1𝑅1𝜏1 −𝑚2𝑅1𝜏1) + 𝚤𝑚1𝑅0 + 𝚤𝑚2𝑅0; 𝐷1g(𝜔)

= 𝐷11(𝜔) (13)

Finally, the transfer function of 𝑢2(𝑡) in the case of ground
excitation 𝑢̈g(𝑡) can be calculated as follows:

𝐻2g(SLS)(𝜔) =
𝑁2𝑔(𝜔)

𝐷2𝑔(𝜔)
, (14)

where

𝑁2g(𝜔)= 𝚤𝑐1 𝑚2𝜏1𝜔
2 +𝑚2 𝜔(𝑐1 + 𝑘1𝜏1)− 𝚤𝑘1 𝑚2; 𝐷2g(𝜔)=𝐷11(𝜔).

(15)

2.2 Non-Dimensionalization

The transfer functions presented in the previous sub-
section depend on a large number of input variables. Given the
complexity of the problem, the application of the Buckingham
𝜋 theorem allows us to define a set of non-dimensional
combinations of the design parameters that establish simplified
input–output relationships.

In our approach, we used the primary vibration frequency 𝜔1, the
acceleration of gravity 𝑔 and the primary mass𝑚1 as the basis for
non-dimensionalization. This choice offers several advantages as
follows:

∙ the natural frequency 𝜔1 governs the structure’s dynamic
response, particularly in relation to resonance phenomena, as
well as the frequency ranges where elastic or inertial forces
dominate the system’s behaviour;

∙ normalizing with respect to 𝑔 enables a meaningful com-
parison of vibration-induced forces with gravitational forces,
facilitating generalization across different intensity measures
of dynamic input;

∙ the primary mass 𝑚1 captures the inertial properties of the
structure, which are critical for scaling the dynamic response.

Thus, we defined the unit length as [𝐿] = 𝑔∕𝜔21, the unit mass
as [𝑀] = 𝑚1 and the unit time as [𝑇] = 𝜔−1

1 . Accordingly, for
instance, the dynamic stiffness of the vibration absorber reported
in Equation (5) could be re-written as follows:

𝑘d(SLS)(Ω) =
𝑘d(𝜔1 Ω)

𝑚1 𝜔
2
1

= 𝜌0 + 𝜌1
𝚤 𝜏̄1 Ω

1 + 𝚤 𝜏̄1 Ω
, (16)

where 𝑖 is the imaginary unit, 𝜌0 = 𝑅0∕
(
𝑚1 𝜔

2
1

)
and 𝜌1 =

𝑅1∕
(
𝑚1 𝜔

2
1

)
are the non-dimensional values of the rigidity coef-

ficients in the SLS model; 𝜏̄1 = 𝜔1 𝜏1 is the non-dimensional
relaxation time of the Maxwell element and Ω = 𝜔∕𝜔1 is the
non-dimensional frequency of vibration. Similarly to the work
by Palmeri and Muscolino on viscoelastically damped founda-
tions [56], the non-dimensional parameters are employed in this
study to provide clearer insights into the dynamic behaviour of
the SLS-type TMD.

In addition to the commonly used secondary-to-primary mass
ratio 𝜇 = 𝑚2∕𝑚1 and the equivalent viscous damping ratio of
the primary structure 𝜉1 = 𝑐1∕(2𝑚1𝜔1), the newly introduced
non-dimensional parameters enable a more generalized anal-
ysis. These three parameters constitute the minimum number
required to fully describe the system while accounting for the
physical constraints and interdependencies inherent to the SLS
TMD. By framing the problem in a non-dimensionalized form,
we ensure that the chosen parameters capture all relevant aspects
of the system’s dynamic behaviour, while maintaining a clear
physical interpretation. This makes the results applicable to
various scales, configurations and loading conditions, without
the need for design-specific recalibration. Furthermore, these
non-dimensional parameters facilitate easier comparisons among
different structural solutions, enhancing the assessment of TMD
performance across diverse engineering scenarios.

3247 of 3264

 10969845, 2025, 12, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/eqe.70025 by U

ni Federico Ii D
i N

apoli, W
iley O

nline L
ibrary on [17/10/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



3 Optimal Design Parameters for an Undamped
Main Structure

3.1 Minimizing RMS Displacements of
Undamped Primary Systems Under White Noise

To explore the dynamics of the coupled primary–secondary
system and highlight the impact of the viscoelastic device on the
structural responses of interest as the design parameters change,
sensitivity analyses on the 2-DoF system of Figure 1 were initially
performed. Themass ratio𝜇was assumed a priori, with 𝜌0, 𝜌1 and
𝜏̄1 treated as the design parameters. In fact, unlike the classical
KV-type TMD that involves only two design variables (the tuning
and damping ratios), this system considered herein depends on
three non-dimensional design parameters.

The results of the sensitivity analyses are shown in Figure 2,
where the dynamic amplification factor of the primary mass—
defined as the magnitude of the FRF given by either Equation (7)
or Equation (12)—is plotted as a function of the dimensionless
excitation frequency Ω for several parametric scenarios.

In all plots, the mass ratio is fixed at 𝜇 = 0.1, and the damping
of the primary system is neglected (𝜉1 = 0). The remaining
dimensionless parameters—namely, 𝜌0, 𝜌1 and the normalized
relaxation time 𝜏̄1—are varied individually within realistic engi-
neering ranges. Figure 2 reveals that, for both excitation types
(i.e., external force 𝐹1(𝑡) and ground acceleration 𝑢̈g(𝑡)), the
dynamic response amplitude exhibits significant variability, often
by several orders of magnitude, even with small changes in
these design parameters. This sensitivity strongly emphasizes
the need for a robust optimization approach to ensure reliable
structural performance.

Interestingly, Figures 2c and 2f show that, as the non-dimensional
relaxation time varies within the range 0.005 ≤ 𝜏̄1 ≤ 1, all plots
intersect at the same three points, which are known in the
literature as fixed points [11, 52]. As discussed by Batou and
Adhikari [52], these fixed points form the foundation of the
classical 𝐻∞ optimization approach, which is designed to min-
imize the peak response across the entire frequency spectrum,
thereby ensuring robustness. In contrast, 𝐻2 optimization seeks
to minimize the system’s total vibrational energy, focusing on
overall performance rather than extreme robustness. However,
once damping is introduced into the primary system, these
fixed points no longer exist. Therefore, in the remainder of this
study, we adopt the 𝐻2 optimization strategy, which not only
complements existing results for undamped systems but also
extends the analysis to a broader range of practical applications
where primary damping cannot be disregarded.

Following a similar approach as the one suggested by Asami and
Nishihara [48], the two excitations𝐹1(𝑡) and 𝑢̈g(𝑡) aremodelled as
zero-mean Gaussian white noises, with frequency-independent,
non-dimensional PSD level 𝑆̄W. The root mean square (RMS) of
the steady-state displacement of the mass𝑚1 can be calculated as
follows (e.g., [57, 58]):

𝔼
[
𝑢21(𝑡)

]
=
(
𝑔∕𝜔21

)2
𝑆̄W

+∞

∫
−∞

||𝐻̄1𝑥(SLS)(Ω)||2dΩ, (17)

in which 𝔼 [⋅] is the expectation operator, while the subscript
𝑥 of 𝐻̄1𝑥 refers to either 𝑥 = 1 or 𝑥 = g depending on the
dynamic excitation acting on the system. Furthermore, the over-
bars on 𝑆̄W and 𝐻̄1𝑥 indicate their non-dimensional forms. For
instance, 𝐻̄11(Ω) = 𝑘−11 𝐻11(𝜔1 Ω) for the driving force 𝐹1(𝑡) and
𝐻̄11(Ω) = 𝜔−2

1 𝐻1g(𝜔1 Ω) for the ground acceleration 𝑢̈g(𝑡). It is
worth highlighting that the optimization procedure proposed in
what follows is also applicable to a harmonic signal characterised
by a PSD corresponding to a Dirac delta function. This implies
that the signal exhibits energy concentrated at a single frequency,
resulting in a discrete spectral component. The optimization
framework remains valid in this case, as the mathematical for-
mulation and constraints are inherently compatible with signals
characterized by such a spectral profile. Substituting Equation (7)
into Equation (17), the closed-form expression of the variance of
the displacement of the undamped main system subjected to the
driving force 𝐹1(𝑡) (i.e., 𝑖 = 1) can be made explicit as follows:

𝔼
[
𝑢21(𝑡)

]
=

𝜋 𝑔2 𝑆̄W

𝜇2𝜌1 𝜏̄1 𝜔
4
1

[
𝜇(𝜌0 + 𝜌1 − 2)(𝜌0 + 𝜌1)𝜏̄21 + 2𝜇(𝜌0 − 1)𝜌0

+ 𝜌20 + 𝜇2
(
𝜏̄21 + (𝜌0 − 1)𝜌0 + 1

)
+ (𝜌0 + 𝜌1)

2
𝜏̄21

]
(18)

Similarly, in the case of the ground acceleration 𝑢̈g(𝑡), the RMS
particularizes as follows:

𝔼
[
𝑢21(𝑡)

]
=

𝜋 𝑔2 𝑆̄W

𝜇2𝜌1 𝜏̄1 𝜔
4
1

[
(𝜇 + 1)2𝜌0

(
𝜇2 + (𝜇 + 1)2𝜌0

)
+𝜇2 − 2(𝜇 + 1)2𝜇𝜌0 + 𝜇2𝜏̄21 + (𝜇 + 1)3(𝜌0 + 𝜌1)

2
𝜏̄21

−2𝜇(𝜇 + 1)(𝜌0 + 𝜌1)𝜏̄21
]

(19)

To optimize the dynamic response of the primary system, the
mass ratio 𝜇was selected as a known parameter, and a minimiza-
tion procedure was applied to the RMS of the random process
𝑢1(𝑡) with respect to the three design variables as follows: 𝜌0,
𝜌1 and 𝜏̄1. From a mathematical point of view, the considered
optimization problem can be formally made explicit as follows:

⎧⎪⎨⎪⎩
min𝜌0,𝜌1,𝜏̄1𝔼

[
𝑢21 (𝜌0, 𝜌1, 𝜏̄1; 𝜇, 𝜔1)

]
,

subject to: 𝜌0 > 0, 𝜌1 > 0, 𝜏̄1 > 0,

given: 𝜇, 𝜔1, 𝜉1, 𝑆̄W.

(20)

In the case of an undamped primary structure (i.e., 𝜉1 = 0),
closed-form optimal solutions can be derived. For the sake of
clarity, the detailed calculation steps used to analytically obtain
Equations (18) and (19) are provided in the Supporting Material:
Section 1. Analytical optimal solutions are also summarized in
Table 1. It is worth highlighting that Asami and Nishihara [48]
have already derived closed-form solutions for an undamped
S-DoF oscillator optimally controlled by an SLS-type TMD by,
however, adopting a different set of design parameters. In the
present paper, by minimizing the RMS of 𝑢1(𝑡) with respect to
the dimensionless ratios 𝜌0, 𝜌1 and 𝜏̄1, we propose optimal for-
mulations that consistently recover the ones provided by Asami
et al. [48] when the same set of design parameters is chosen.
Therefore, the approach does not represent a fundamentally
novel formulation, but rather a generalization that consistently
falls into the classical viscously damped case when the relaxation
time tends to zero. These compact closed-form expressions
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FIGURE 2 Sensitivity analyses of SLS-type TMDs: amplification factors of the main system as a function of Ω for the two types of excitation: 𝐹1
(a)–(c) and 𝑢̈g (d)–(f). In all graphics, except when vary, the following non-dimensional parameters are assumed: 𝜇 = 0.1, 𝜉1 = 0, 𝜌0 = 0.05, 𝜌1 = 0.05

and 𝜏̄1 = 0.05.

TABLE 1 Closed-form optimal values of the undamped SLS-type TMD for 𝐹1(𝑡) and 𝑢̈𝑔(𝑡) excitations.

Excitation type 𝛒𝟎,𝐨𝐩𝐭 𝛒𝟏,𝐨𝐩𝐭 𝝉̄1,opt

𝐹1(𝑡)
𝜇
(
1 + 𝜇 −

√
𝜇 (1 + 𝜇)

)
1 + 𝜇

2𝜇2√
𝜇 (1 + 𝜇)

√
1 +

7𝜇

2
+ 2𝜇2 −

5 + 4𝜇
2

√
𝜇 (1 + 𝜇)

𝑢̈𝑔(𝑡)
𝜇 − 𝜇

√
𝜇

(1 + 𝜇)2
2𝜇

√
𝜇

(1 + 𝜇)2

√
1 + 𝜇 − 1

2
(1 + 𝜇)

√
𝜇
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FIGURE 3 A comparison of the amplification factors |𝐻11(Ω)| (a) and |𝐻1g(Ω)| (b) among optimal KV- and SLS-type TMDs by assuming 𝜇 = 0.1

and 𝜉1 = 0. In plot (a), the curves obtained from the 𝐻2 optimization procedures by Asami et al. [48]—this work (AS-TW) and Warburton (W) are
compared with the𝐻∞ ones provided by Batou and Adhikari [52] and Den Hartog [11]. In plot (b), the curves derived by the𝐻2 optimization procedures
by Asami et al. [48]—this work (AS-TW) and Warburton (W) are compared with the𝐻∞ one provided by Argenziano et al. (AR) [59].

serve as an effective and rigorous basis for preliminary design,
allowing for the straightforward identification of optimal SLS-
TMD parameters under broadband excitation scenarios and for
a given mass ratio.

3.2 Comparison Between Optimal SLS- and
KV-Type TMD Configurations

To provide insights into the performance of different TMD types
(viscously and viscoelastically damped), optimal SLS-type TMDs
are compared with optimal KV-type TMDs by applying the
optimization procedures proposed in this work and consolidated
methods selected from the literature. In Figure 3, the optimal
dynamic amplification factors |𝐻11(Ω)| and |𝐻1g(Ω)| are plotted
as functions of the non-dimensional vibration frequency Ω. The
optimal design parameters were calculated using the methods
detailed in Refs. [11, 13, 48, 52, 59] and the present study. Two key
observations arise as follows: (i) For the SLS-type TMD optimal
curves, all procedures yield comparable results regarding vibra-
tion amplitudewithin the relevant frequency range; (ii) compared
to the classical KV-type TMD optimal curves, the viscoelastic
SLS device, when properly tuned, consistently exhibits enhanced
vibration mitigation capabilities for both the driving force 𝐹1(𝑡)
and ground acceleration 𝑢̈g(𝑡). Despite the increased analytical
complexity, the additional parameter in the SLS model (i.e.,
the relaxation time) provides a consistent improvement in the
optimization results over the simpler KV model.

4 Optimal Design Parameters for a Damped
Main Structure

4.1 Minimizing RMS Displacements of Damped
Primary Systems Under White Noise Excitation

Introducing damping into the primary oscillator reduces the
overall structural response of the system of Figure 1. While

many studies assume zero damping in primary systems of
TMD-controlled structures [13, 17, 47, 48, 52], real-world civil
engineering structures always exhibit some level of damping. To
better capture the actual dynamic behaviour of SLS-type TMDs, a
non-zero viscous damping ratio 𝜉1 was included in the primary
system, and sensitivity analyses were conducted to assess its
impact on the overall structural response.

From a mathematical perspective, no strict constraints are
imposed on the variation of 𝜉1. However, for practical purposes,
the following analyses and the numerical results provided focus
on a viscous damping ratio of the primary structure ranging
between 0 and 0.10, being 0.10 a limit value that widely includes
typical values encountered in civil engineering applications. As
shown in Figure 4, even small values of 𝜉1 significantly affect the
dynamic response to both 𝐹1(𝑡) and 𝑢̈g(𝑡).

Specifically, as well-established, increasing the damping ratio
substantially attenuates the resonant peaks of the amplifica-
tion factors—often by several orders of magnitude—for both
considered mass ratio values. From a mechanical perspective,
although the influence of the damping parameter 𝜉1 becomes
more pronounced as the mass ratio 𝜇 increases, the amplification
factors corresponding to both forced and ground-excited cases
at 𝜇 = 0.5 remain consistently higher than those at 𝜇 = 0.05. In
greater detail, comparing the effect of the TMD to that of the
primary system’s damping ratio reveals that while 𝜉1 effectively
reduces the amplitude of both resonant peaks (with a particularly
greater reduction observed in the second peak for 𝜇 = 0.5), the
mass ratio 𝜇 exerts a stronger influence on the overall frequency
response of the system. Specifically, as 𝜇 increases to 0.5, the
resonant peaks associated with both 𝐹1(𝑡) and 𝑢̈𝑔(𝑡) responses
broaden and their amplitudes grow significantly compared to the
lowmass ratio case. Across all panels of Figure 4, higher damping
ratios (e.g., 𝜉1 = 0.10) consistently lead to smoother response
curves withmarkedly lower peak amplitudes, thereby confirming
that damping plays a critical role over the entire frequency range.
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FIGURE 4 Plots in logarithmic scale of the amplification factors |𝐻11(SLS)(Ω)| and |𝐻1𝑔(𝑆𝐿𝑆)(Ω)| by assuming 𝜌0 = 0.05, 𝜌1 = 0.1 and 𝜏̄1 = 0.1 and
by varying 𝜉1 from 0.00 to 0.10 for two mass ratio values 𝜇 = 0.05 and 𝜇 = 0.5.

These observations imply that neglecting the damping ratio of the
primary structure can result in a substantial overestimation of the
system’s response, leading to sub-optimal TMD designs.

This sub-section extends our 𝐻2 optimization to SLS-type TMDs
attached to a damped primary structure. By following the
minimization procedure formulated in 20, the same sensitivity
analyses from Section 3.1 were repeated by now incorporating
the direct impact of the additional non-dimensional parameter
𝜉1. Results are shown in Figure 5. Specifically, by comparing
Figures 2 and 5, the following two key effects are evident:
(i) the amplitude of the primary oscillator’s response is signif-
icantly reduced across the entire frequency range of interest,
and (ii) the fixed points independently proposed by Asami and
Nishihara [48] and Batou and Adhikari [52] no longer occur
in presence of a damped primary structure. Additionally, by
observing panels (a) and (d) of Figure 5, one can notice that
when 𝜌0 increases, the resonant peaks tend to converge in a
unique one and the amplitude response slightly shifts. With
reference to the parameter 𝜌1, as it increases, the maximum
values of the frequency response are drastically decreased and
larger values of 𝜌1 also enhance the energy dissipation, reducing
the response amplitude across the whole frequency range and
contributing to a smoother curve, while suppressing secondary
peaks. Finally, the parameter 𝜏̄1 governs the relaxation time
of the system, therefore, as it increases, the resonance peaks
become less sharp and flatter. This behaviour highlights the trade-

off between peak suppression and broadening of the frequency
response. It is worthing to emphasize that in all subplots of
Figure 5, the configuration corresponding to 𝜌0 = 𝜌1 = 𝜏̄1 = 0.05

(red curve) exhibits a well-balanced trade-off between peak
amplitude suppression and frequency bandwidth, demonstrating
almost the same response across both excitation types, while
avoiding excessive amplification at off-resonance frequencies.

In order to further investigate the effect of the primary damping
𝜉1 on the values of the optimal parameters, the variance of
the primary structural response 𝑢1(𝑡) was calculated. Explicit
expressions of the stationary mean square 𝔼

[
𝑢21(𝑡)

]
were derived

following the frequency-based approach proposed by Crandall
and Mark [60] as reported in the Supporting Material: Sec-
tion 1 for both 𝐹1(𝑡) and 𝑢̈g(𝑡), modelled as zero-mean white
noise excitations.

The introduction of the damping parameter 𝜉1 significantly
increases the analytical complexity of the optimization problem
compared to previous studies. As a consequence, no closed-form
solutions could be obtained for a damped primary structure
coupled with an SLS-type TMD, even for the simplest case
of broadband inputs. To address this challenge, a numerical
minimization procedure was adopted to determine the optimal
TMD parameters. To enable this approach, Equation (1) was first
reformulated into a convenient state-space representation using
the previously defined non-dimensional parameters:
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FIGURE 5 Sensitivity analysis of the 2-DoF SLS-type TMD system in terms of the amplification factor of themain system as a function of the forced
frequency ratioΩ for the two types of excitation: 𝐹1 (a)–(c) and 𝑢̈𝑔 (d)–(f). In all graphics, except when vary, the following non-dimensional parameters
are assumed: 𝜇 = 0.1, 𝜉1 = 0.10, 𝜌0 = 0.05, 𝜌1 = 0.05 and 𝜏̄1 = 0.05.

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝑦 ′1(𝑠) = 𝑦3(𝑠)

𝑦 ′2 (𝑠) = 𝑦4(𝑠)

𝑦 ′3 (𝑠) = 𝜌1 𝜆(𝑠) + 𝜌0 𝑦2(𝑠) − 2 𝜉1 𝑦3(𝑠) − 𝑦1(𝑠) + 𝐹̄1(𝑠) − 𝑎̄g(𝑠)

𝑦 ′4 (𝑠) = 𝑦1(𝑠) + 2 𝜉1 𝑦3(𝑠) −
1 + 𝜇
𝜇

(𝜌0 𝑦2(𝑠) + 𝜌1 𝜆(𝑠)) − 𝐹̄1(𝑠)

𝜆 ′(𝑠) = 𝑦4(𝑠) −
1

𝜏̄1
𝜆(𝑠)

,

(21)

where the prime represents differentiation with respect to the
non-dimensional time 𝑠 = 𝜔1 𝑡, that is, (⋅)

′ = d (⋅) ∕d𝑠, 𝑦𝑖(𝑠) =
𝜔21 𝑢𝑖(𝑡)∕𝑔 and 𝑦𝑖+2(𝑠) = 𝜔1 𝑢̇𝑖(𝑡)∕𝑔 are the non-dimensional dis-
placement and velocity of the mass𝑚𝑖 (with 𝑖 = 1, 2), 𝑔 being the
acceleration of gravity, 𝐹̄1(𝑠) = 𝐹1(𝑡)∕ (𝑚1 𝑔) and 𝑎̄g(𝑠) = 𝑢̈g(𝑡)∕𝑔

are the dimensionless dynamic inputs and 𝜆(𝑠) is an additional
internal variable (AIV) adopted for the linear SLS link [39],
representing then non-dimensional deformation of the Maxwell
element in the TMD.
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Let now 𝐲(𝑠) = {𝑦1(𝑠), 𝑦2(𝑠), 𝑦3(𝑠), 𝑦4(𝑠), 𝜆(𝑠)}
⊤ be the time-

dependent array collecting the non-dimensional state-space
variables that fully characterize the dynamic problem.
Equation (21) can then be re-arranged in the following matrix
form:

𝐲 ′(𝑠) = 𝐀 ⋅ 𝐲(𝑠) + 𝐯 𝑊̄(𝑠), (22)

where𝐀 is the (5 × 5)matrix of dynamic coefficients, given by the
following:

𝐀 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1 0 0

0 0 0 1 0

−1 𝜌0 −2 𝜉1 0 𝜌1

1 −
1 + 𝜇
𝜇

𝜌0 2 𝜉1 0 −
1 + 𝜇
𝜇

𝜌1

0 0 0 1 −𝜏̄−11

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (23)

and 𝐯 is the (5 × 1) load vector, which particularizes as
𝐯 = {0, 0 , 1 ,−1 , 0}⊤ for the case of external force and 𝐯 =
{0 , 0 ,−1 , 0 , 0}⊤ for the case of ground acceleration. In both cases,
𝑊̄(𝑠) represents the stationary, zero-mean white noise associated
with these dynamic inputs.

The stationary mean square vector of the non-dimensional state-
space variables can be evaluated as follows (e.g., [57]):

𝐦2,𝐲 = 𝔼[𝐲(𝑠) ⊗ 𝐲(𝑠)] = −2𝜋 𝑆̄𝑊 𝐀−1
2 ⋅ 𝐯2 , (24)

in which the (52 × 52) matrix 𝐀2 and the (52 × 1) vector 𝐯2 are
defined as follows:{

𝐀2 = 𝐀⊗ 𝐈5 + 𝐈5 ⊗ 𝐀

𝐯2 = 𝐯 ⊗ 𝐯,
(25)

where 𝐈5 is the identity matrix of size 5, and ⊗ is the Kronecker
product (e.g., [61]). The first component of the (52 × 1) vector
𝐦2,𝐲 is the steady-state variance of the non-dimensional primary
displacement 𝑦1(𝑠), that is,

{
𝐦2,𝐲

}
1
= 𝔼

[
𝑦21(𝑠)

]
. The minimiza-

tion of this quantity with respect to the non-dimensional design
parameters 𝜌0, 𝜌1 and 𝜏̄1 represents the objective function of the
optimization problem. Within the MATLAB environment [62],
both genetic algorithms and particle swarm optimization [63–
68] were applied to minimize the target function. In detail, as
well-established, both genetic and particle swarm algorithms
are susceptible to local minima, which can lead to suboptimal
solutions. To overcome this, the algorithm variables are set
in order to trace back the optimal parameters’ trends of the
undamped configuration (𝜉1 = 0) for which analytical solutions
are available, as reported in Table 1. This strategy ensures that the
global optimum is correctly identified also for slightly damped
primary systems (𝜉1 up to 0.10). Figures 6 and 7 show the
results of the proposed optimization strategy, respectively, for
the forced excitation 𝐹1(𝑡) =𝑊(𝑡) and the ground acceleration
𝑢̈g(𝑡) =𝑊(𝑡).

To assess the effectiveness of the approach, a non-dimensional
performance index 𝑃𝐼 is introduced, that is,

𝑃𝐼 =
𝔼
[
𝑦21,𝑜𝑝𝑡(𝑡)

]
𝜋 𝑆̄𝑊∕(2 𝜉1)

, (26)

that is the ratio between the RMS of 𝑦1(𝑠) for the optimal
TMDs and that of an uncontrolled S-DoF system. In Figures 6a
and 7a, this index 𝑃𝐼 is plotted as a function of the mass
ratio 𝜇, with the equivalent viscous damping ratio 𝜉1 varying
between 0.00 and 0.10. It can be observed that, for mass ratios
𝜇 between 0 and 0.4, a relatively low damping in the primary
oscillator leads to a significant reduction in the non-dimensional
variance (proportional to 𝑃𝐼), that decreases monotonically as
the mass ratio 𝜇 increases for all values of damping, being
instead the effect of 𝜉1 less pronounced for large mass ratios.
For both excitation cases, when 𝜉1 = 0, the performance index
𝑃𝐼 vanishes (Figures 6a and 7a), while the optimal parameters
design parameters (Figures 6b–d and 7b–d) exactly match the
analytical solutions (Table 1) derived for the undamped system
and somehow existing in the inherent literature [48].

Additionally, while the optimal parameters 𝜌0,opt, 𝜌1,opt and 𝜏̄1,opt
exhibit minimal sensitivity to variations in 𝜉1 under forced exci-
tation (see Figure 6b–d), the damping ratio plays a significantly
more prominent role in the case of ground motion excitation
(see Figure 7b–d). In this context, structural damping affects
how effectively the system transmits the frequency content of the
ground acceleration to both the primary and secondary masses,
thereby enhancing overall energy dissipation.

Overall, the findings indicate that assuming zero damping in the
primary system can lead to significant inaccuracies in determin-
ing the optimal TMD parameters, even for low primary viscous
damping ratios (𝜉1 ≤ 0.10). Therefore, the optimal parameters,
presented graphically as functions of the mass ratio 𝜇 (see
Figures 6 and 7), should be used for the initial design of SLS-
type TMDs, especially when the dynamic input can be considered
a broadband excitation. It is worth again highlighting that,
although the results refer to some values of mass ratios and
damping of the primary system limited to ranges of interest
for civil engineering applications, the proposed strategy can be
readily generalised to any value of 𝜇 and 𝜉1.

4.2 Comparison Between Optimal SLS- and
KV-Type TMD Configurations

4.2.1 Frequency Response and Expected Displacement
Values of Primary Masses for SLS- and KV-Type TMD
Systems

The comparison between SLS- and KV-type TMDs, discussed in
Section 3.2, is revisited here by accounting for the effect of viscous
damping in the primary structure on optimal configurations. In
Figure 8, the optimal amplification factors of the main system are
plotted for both excitation types, 𝐹1(𝑡) and 𝑢̈g(𝑡). By assuming
mass ratio 𝜇 = 0.1 and viscous damping ratio 𝜉1 = 0.05, the
optimal configurations of KV-type TMDs are determined using
𝐻∞ and𝐻2 optimization procedures from Ref. [59]:

∙ 𝜈𝑜𝑝𝑡 = 0.9047 and 𝜉2,𝑜𝑝𝑡 = 0.1935 for the forced case;

∙ 𝜈𝑜𝑝𝑡 = 0.8769 and 𝜉2,𝑜𝑝𝑡 = 0.2097 for the ground acceleration
case;
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FIGURE 6 Optimal parameters of SLS-type TMDs as a function of 𝜇 with 𝜉1 varying from 0.00 to 0.10, by assuming a white noise excitation acting
as 𝐹1(𝑡) on the main mass: (a) optimal non-dimensional variance 𝑃𝐼; (b) optimal 𝜌0; (c) optimal 𝜌1 and (d) optimal 𝜏̄1. Since the 𝑃𝐼 index has been
evaluated directly proportional to 𝜉1, it is constantly zero in plot (a) for null damping in the main structure. However, when 𝜉1 = 0, the optimal design
parameters perfectly recover the optimal trend, whose analytical formulations are provided in Table 1 for the forced case.

the coefficients 𝜈𝑜𝑝𝑡 and 𝜉2,𝑜𝑝𝑡, respectively, denoting the optimal
frequency ratio 𝜔2∕𝜔1 and the damping ratio of the secondary
system.

Moreover, the optimal SLS-type TMDs follow the method intro-
duced in Section 4.1. For instance, by selecting the same input
parameters of the previous case, the optimal design parameters
𝜌0,opt, 𝜌1,opt and 𝜏̄1,opt are as follows:

∙ 0.0691, 0.0609 and 0.6847 for the forced case;

∙ 0.0494, 0.0498 and 1.0728 for the ground acceleration case.

From the direct comparison of Figures 3 and 8, the following two
key observations arise: (i) Introducing non-zero damping in the
primary structure reduces the overall amplitude response in both
loading cases, and (ii) as in the undamped case, the optimally
tuned viscoelastically damped TMD consistently outperforms the
classical KV-type TMD in reducing the dynamic response. Fur-
ther details on the comparison between KV- and SLS-type TMDs
in terms of the 𝑃𝐼 parameter have been reported in Section 2 of
the SupportingMaterial, where the expected displacement values
of both configurations normalized with respect to the one of the
non-controlled (NC) structure are represented in Figure S1.

4.2.2 Time History Analyses on LumpedMass Models
Subjected to Natural Seismic Accelerograms

In order to assess the findings of the optimization procedure on
damped main structures, a set of seven natural accelerograms
(see Table S3 in the Supporting Material) has been selected for
providing more specific case studies and realistic comparisons.
In particular, explicit dynamic time history analyses have been
carried out on lumped mass models within the finite element
environment SAP2000 [69], by comparing NC structures with
optimal KV- and SLS-type TMD configurations (as schematically
illustrated in Figure 9a). More in detail, for the numerical
simulations, the data of the primary mass—modelled as a single
unidirectional DoF—are derived from the tall building case study
reported in [9], here recalled:

∙ 𝑚1 = 8.7× 107 kg, 𝑘1 = 1.305× 1010 Nm−1 and 𝑐1 = 3.37× 107
N s m−1.

By adopting the optimal KV- and SLS-type TMD configurations
for the ground acceleration case reported in previous Sub-
section 4.2 and still assuming 𝜇 = 0.1 and 𝜉1 = 0.05, the following
mechanical parameters are obtained for the secondary mass:

∙ 𝑚2 = 8.7 × 106 kg for both KV- and SLS-type TMDs;
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FIGURE 7 Optimal parameters of SLS-type TMDs as a function of 𝜇 with 𝜉1 varying from 0.00 to 0.10, by assuming a ground motion acceleration
𝑢̈g modelled as a white noise input: (a) optimal non-dimensional variance 𝑃𝐼; (b) optimal 𝜌0; (c) optimal 𝜌1 and (d) optimal 𝜏̄1. Also in this case, the 𝑃𝐼
index assumes the zero value in plot (a), when 𝜉1 = 0. In this case, the optimal design parameters perfectly recover the optimal trend, whose analytical
formulations are provided in Table 1 for the ground motion excitation.

FIGURE 8 Comparison between KV- and SLS-type optimal configurations. In plots (a) and (b), the amplification factors |𝐻11(Ω)| (a) and |𝐻1g(Ω)|
obtained from 𝐻∞ and 𝐻2 optimization procedures of KV-type TMDs by Argenziano et al. [59] (AR) are compared to the ones derived for the 𝐻2

optimization for SLS-type TMDs proposed in this work (TW), by assuming 𝜇 = 0.1 and 𝜉1 = 0.05.
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FIGURE 9 Comparison among the dynamic response of the three lumped mass systems (damping ratio 𝜉1 = 0.05) depicted in part (a): maximum
peak displacements 𝑑1 (b) and peak accelerations 𝑎1 (c), resulting from the time history analyses with the set of seven accelerograms carried out on
lumpedmass systems, that is, non-controlled structure (NC), KV- and SLS-type optimal TMD configurations. In part (a), it is emphasized that KVmodel
can be adopted for conventional TMDs, while, when isolation bearings or other viscoelastic devices are employed for disconnecting primary and absorber
mass/masses, the SLS model can be more suitable, also by still considering a reduced-order 2-DoFs system for the several absorber masses (i.e.,𝑚2) and
the main structure (i.e.,𝑚1).

∙ 𝑘2,opt = 1.003 × 105 Nm−1 for the KV-type system and 𝑅0,opt =
6.446 × 107 Nm−1 and 𝑅1,𝑜𝑝𝑡 = 6.498 × 107 Nm−1 for the SLS-
type TMD;

∙ 𝑐2,opt = 1.2398× 107 N sm−1 for theKV-type configuration and
𝑐0,opt = 1.801 × 107 N s m−1 for the SLS-type one.

The results of the analyses are reported in terms of maximum
peak displacements and acceleration of the main mass, respec-
tively, indicated with 𝑑1 and 𝑎1. From the chart of Figure 9a, one
can notice that the maximum peak displacements 𝑑1 are higher
for the NC structure compared to the KV- and SLS-type TMDs
across all the earthquake excitations. Additionally, the SLS-type
system achieves greater displacement reduction compared to the
KV-type TMD, with the sole exception of the signal ID 317x where
peaks appear practically analogous. For the selected set of natural
accelerograms, the SLS system shows particular effectiveness in
the case of the seismic event 341x, where peak displacement
reductions of 63% and 17% are obtained, respectively, with respect
to the NC and the KV-type configurations. Unlike displacements,

the reduction in accelerations 𝑎1 is more balanced between KV-
and SLS-type TMD, where higher acceleration values are dis-
played for some seismic signalswith respect toNC configurations.
However, this can be attributed to the increase in the total mass
of the KV- or SLS-type TMD system compared to that one of the
uncontrolled configuration, as an additional mass equivalent to
10% of the primary mass is introduced. While this results into an
overall reduction of 𝑑1, it may still lead to increased accelerations
in the primary system for certain seismic events, although the
SLS-type TMD almost always achieves lower acceleration values
with respect to the KV-type counterpart.

With the aim of validating the proposed approach, further results
of time history analyses are provided for a representative earth-
quake event, ID 341x (see Table S3 of the Supporting Material). In
particular, Figure 12a reproduces the ID 341x ground acceleration
input (𝑢̈𝑔), while the displacement history of the primary system,
that is, 𝑑1, has been evaluated for the NC structure, KV-type TMD
and SLS-type TMD configurations in Figure 12b, with a focus on
the time interval 16–20 s (see Figure 12b). From the figure, one

3256 of 3264 Earthquake Engineering & Structural Dynamics, 2025

 10969845, 2025, 12, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/eqe.70025 by U

ni Federico Ii D
i N

apoli, W
iley O

nline L
ibrary on [17/10/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



FIGURE 10 Structural 2-DoF SLS-type TMD model equipped with the KT filter, being 𝑐KT and 𝑘KT, respectively, the damping factor and the
stiffness of the KT oscillator.

can observe that the SLS-type TMDalmost always performs better
than the KV-type counterpart, with displacement reduction
of more than 15% in several time instants. For more details
and in-depth discussion of these results, see the corresponding
paragraph of Section 2 of the Supporting Material, where further
findings are displayed in Figure S2.

4.3 Minimum RMS of the Displacement of the
Damped Primary System Under Coloured Excitation

4.3.1 Extension to Non-Uniform PSD Earthquake
Inputs

In the previous sections, the optimization of SLS-type TMDs
was carried out by making reference to both excitations 𝐹1(𝑡)
and 𝑢̈g(𝑡) as modelled as white noise inputs. However, it is
widely known that earthquake ground motions cannot realis-
tically be considered as realization of a white noise, as their
PSD is not uniform across the frequency range of interest. To
more accurately investigate the effects of coloured excitations on
the optimal design of SLS-type TMDs, we here further extend
the proposed theoretical strategy by considering the additional
presence of a filter capable of capturing realistic seismic inputs.
Without loss of generality, we here make reference to the KT
filter, widely employed in the modelling of earthquake ground
accelerations [70, 71]. As well known, the KT model represents
the soil deposit over the bedrock as a linear oscillator, which is
subjected to a Gaussianwhite noise process during seismic events
(see Figure 10). Specifically, the mass 𝑚KT of the KT oscillator
is assumed to be infinite (i.e., much larger than that of the
superstructure), while its damping ratio 𝜉KT and natural circular
frequency 𝜔KT are calibrated based on historical ground motion
records. The seismic acceleration produced by the KT filter can
be expressed as follows:

𝑢̈g(𝑡) = −𝜔2KT 𝑢KT(𝑡) − 2 𝜉KT 𝜔KT 𝑢̇KT(𝑡) , (27)

where 𝑢KT(𝑡) and 𝑢̇KT(𝑡) represent the displacement and velocity
of the KT oscillator relative to the bedrock, respectively. Further-
more, the PSD of the seismic acceleration 𝑢̈g(𝑡) at the base of the
structure is given by the following:

𝑆𝑢̈g (𝜔) =
𝜔4KT + 4 𝜉

2
KT 𝜔

2
KT 𝜔

2(
𝜔2KT − 𝜔2

)2
+ 4 𝜉2KT 𝜔

2
KT 𝜔

2

𝑆𝑊 (28)

where 𝑆𝑊 is the PSD of the Gaussian white noise acting at the
bedrock. In terms of non-dimensional state-space variables, the
filter equations can be expressed as follows:

⎧⎪⎨⎪⎩
𝑧′2(𝑠) = −Ω2

KT 𝑧1(𝑠) − 2 𝜉KTΩKT 𝑧2(𝑠) − 𝑊̄(𝑠)

𝑢̈g(𝑡) = 𝑔 𝑎g(𝑠) = −𝑔
[
Ω2
KT 𝑧1(𝑠) + 2 𝜉KTΩKT 𝑧2(𝑠)

] (29)

where 𝑢KT(𝑡) = 𝑔 𝑧1(𝑠)∕𝜔
2
1, 𝑢̇KT(𝑡) = 𝑔 𝑧2(𝑠)∕𝜔1 and ΩKT =

𝜔KT∕𝜔1.

The adoption of the KT filter results in an enlarged
state-space model. Equation (22) is still valid, but the
array collecting the non-dimensional state variable is
now (7 × 1) and can be block-partitioned as 𝐲(𝑠) =
{𝑦1(𝑠) , 𝑦2(𝑠) , 𝑦3(𝑠) , 𝑦4(𝑠) , 𝜆(𝑠) | 𝑧1(𝑠) , 𝑧2(𝑠)}⊤, where the first
five state variables are those of the primary and secondary
masses (i.e., the same as in Sub-section 4.1) and the additional
two state variables are associated with the KT filter. Similarly, the
(7 × 7)matrix of dynamic coefficients can be block-partitioned:

𝐀 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1 0 0 0 0

0 0 0 1 0 0 0

−1 𝜌0 −2 𝜉1 0 𝜌1 Ω2
KT 2 𝜉KTΩKT

1 −
1 + 𝜇
𝜇

𝜌0 2 𝜉1 0 −
1 + 𝜇
𝜇

𝜌1 0 0

0 0 0 1 −𝜏̄−11 0 0

0 0 0 0 0 0 1

0 0 0 0 0 −Ω2
KT −2 𝜉KTΩKT

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(30)
and the same can be done for the (7 × 1) load vector, which
particularizes as 𝐯 = {0 , 0 , 0 , 0 , 0 | 0 ,−1}⊤.
As the mathematical structure of the problem remains
unchanged (only its dimensionality has increased), the
variance of the target seismic response 𝑢1(𝑡) can still be
calculated using the procedure outlined in Sub-section 4.1;
that is, 𝔼[𝑢21(𝑡)] = (𝑔∕𝜔21)

2 𝔼[𝑦21(𝑠)] = (𝑔∕𝜔21)
2 {𝐦2,𝐲}1. Under the

filteredwhite noise, the array {𝐦2,𝐲} is still given by Equation (24),
but this time its dimensions are (72 × 1).

The optimization procedures detailed in Sub-section 4.1 were re-
applied to design optimal SLS-type TMDs under coloured (rather
than white) excitation. Three different values were assumed for
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FIGURE 11 Optimal parameters of SLS-type TMDs as a function of 𝜇 with 𝜉1 varying from 0.01 to 0.10, 𝜉KT = 0.6 and by employing a KT filter
with ΩKT,𝑖 = 0.25, 0.5, 1: (a-1) optimal non-dimensional variance 𝑃𝐼; (b-1) optimal 𝜌0; (c-1) optimal 𝜌1 and (d-1) optimal 𝜏̄1.

the undamped natural frequency of the KT filter, namely ΩKT =
0.25, 0.5, 1, with the equivalent viscous damping ratio of the KT
oscillator set to 𝜉KT = 0.6. The resulting optimal design parame-
ters are displayed in Figure 11, as a function of the mass ratio 𝜇
and for several values of the primary viscous damping ratio 𝜉1.

A comparison of the optimization results for filtered (Figure 11a)
versus unfiltered (Figure 7) white noise ground motion reveals
notable trends:

∙ For ΩKT = 1, the white noise excitation is filtered by a soil
deposit with dynamic properties similar to those of the main
structure. Consequently, the optimal TMD parameters closely
resemble those derived for direct white noise excitation.
Significant deviations in the optimal values of 𝜌0 and 𝜏̄1 only
occur for relatively high mass ratios.

∙ For ΩKT = 0.25 and ΩKT = 0.5, larger deviations in the opti-
mal parameters are observed, indicating that the system’s
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optimum strongly depends on the frequency content of the
non-uniform PSD input. Interestingly, Figure 11 shows a
reduction in the non-dimensional optimal equilibrium mod-
ulus 𝜌0,opt in the KT case. In the low-to-moderate mass ratio
range, this reduction in the absorber’s elastic stiffness is
compensated by an increase in the optimal non-dimensional
relaxation time 𝜏̄1,opt, implying that the primary-to-secondary
mass link becomes ‘less viscous’ and ‘more elastic’ than in the
white noise case.

∙ Finally, for ΩKT = 0.25, the performance indicator 𝑃𝐼 tends
to become larger than one for large mass ratios and for
primary damping ratios 𝜉1 > 0.07. This suggests that, for such
specific combinations of parameters, the effectiveness of the
viscoelastic vibration absorber diminishes, thus limiting the
benefits of tuning the TMD.

With respect to the rows, further comments can be made:

∙ Row (a): Optimal non-dimensional variance (𝑃𝐼) (a-1), (a-
2) and (a-3) show how this parameter evolves for different
ΩKT values. For lower ΩKT (e.g., 0.25), 𝑃𝐼 demonstrates less
variation as 𝜇 increases. As ΩKT rises to 1.0, the curves
show amore significant decrease with increasing 𝜇, reflecting
enhanced performance at higher mass ratios;

∙ Row (b): These plots represent the variation of optimal 𝜌0 at
differentΩKT, by varying the damping ratio. For allΩKT values,
𝜌0 initially rises to a peak and then tapers off as 𝜇 increases.
The peak shifts slightly with increasing ΩKT, indicating a
dependence on this frequency ratio parameter;

∙ Row (c): The optimal parameter 𝜌1, related to tuning, grows
steadily with 𝜇. This trend is consistent across all values of
ΩKT, but the growth rate becomes more pronounced at higher
ΩKT;

∙ Row (d): Optimal 𝜏̄1 exhibits a decaying trend for all cases.
The decay is steepest for the smallest ΩKT and becomes more
gradual asΩKT increases, suggesting that the time-dependent
characteristics of the TMDaremore stable at higher frequency
ratios.

4.3.2 Comparison Between Sub-Optimal and Optimal
Configurations Subjected to Coloured Excitations

To demonstrate the effectiveness of the proposed methodology
and emphasize the critical importance of designing TMD systems
based on the frequency content of earthquake inputs, time
history analyses have been conducted considering the Hyogo-
Ken Nanbu earthquake (ID 411x, see Table S3 of the Supporting
Material) and a comparison between sub-optimal and optimal
TMD configurations is here provided. To do this, the following
set of parameters is considered for the main mass:

∙ 𝑚1 = 8.7 × 107 kg, 𝑘1 = 5.0184 × 1010 N m−1 and 𝑐1 = 2.0910

× 108 N s m−1;

The equivalent KT filter parameters for the accelerogram ID 411x
are given as SW = 0.25 m2 s, 𝜔KT = 12 rad s−1 and 𝜉KT = 0.3 [72,
73], thus obtaining ΩKT ≃ 0.5.

By assuming mass ratio 𝜇 = 0.1 and 𝜉1 = 0.05, the parameters
of the absorber mass of the KV-type TMD resulting from the
H∞ optimization procedure given by Argenziano et al. [59] are
estimated as follows:

∙ 𝑚2 = 8.7 × 106 kg, 𝑘2,opt = 3.8587 × 109 N m−1 and 𝑐2,opt =
7.6889 × 107 N s m−1;

Then, implementing the optimization procedure of the SLS-type
TMDs for both the two modelling strategies of the input, that is,
the white noise and the KT earthquake excitation, two different
sets of optimal parameters can be obtained by assuming the same
mass𝑚2 and particularise as follows:

∙ 𝑅0,opt-WN = 2.4791 × 109 Nm−1, 𝑅1,opt-WN = 2.4992 × 109 Nm−1

and 𝑐0,opt-WN = 1.1171 × 108 N s m−1;

∙ 𝑅0,opt-KT = 7.5277 × 107 N m−1, 𝑅1,opt-KT = 3.387 × 109 N m−1

and 𝑐0,opt-KT = 2.656 × 108 N s m−1;

where the subscripts WN and KT, respectively, refer to the white
noise and the KT filtered model.

The comparative analysis of the structural responses for the KV-
type TMD, the SLS-type TMD optimized with a white noise (WN)
filter and the SLS-type TMD optimized with a KT filter (subjected
to accelerogram ID 411x) is illustrated in Figure 12. In detail,
plot of Figure 12c displays the input ground acceleration ID 411x,
while plots (d) and (e) present the corresponding displacement
responses of the primary system.

The results reveal that both SLS-type TMD configurations out-
perform the KV-type TMD in mitigating displacements, with
the SLS-KT filter showing a slightly better response reduction
compared to the SLS-WN filter. Higher performance of the
SLS configurations is particularly evident in Figure 12e, where
a zoomed-in view emphasizes how oscillation amplitudes are
consistently lower in the SLS-KT system. By comparing the peak
responses, the scatter between SLS-WN and SLS-KT configura-
tions can be greater than 20%, while the difference with respect
to the conventional KV-type TMDs values can even overcome the
25%. In particular, a larger overview of these results is reproduced
also in Figure S3 of Section 2 of the Supporting Material.

Therefore, these observations confirm how the use of KT filter
further enhances the performance of the SLS-TMD by more
effectively accounting for the actual seismic frequency content.

It is important to note that the optimization procedure in this
study was conducted entirely within the linear elastic domain,
as is common in preliminary and pre-sizing design stages of
TMDdevices. However, in some cases, real structuresmay exhibit
significant non-linear behaviours, especially during severe seis-
mic events, including, for instance, constitutive non-linearities,
such as stiffness degradation, material yielding and geometric
non-linearities due to large displacements. To investigate these
effects, additional time-history analyses were performed using
lumped mass models with a Pivot-type non-linear constitutive
law to simulate damage-induced stiffness degradation, as detailed
in Section 2 of the Supporting Material. Results demonstrate
that, even within the non-linear framework, TMD-equipped sys-
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FIGURE 12 Results of the time-history analyses in terms of displacements (𝑑1) of the primary systems. In plot (a) and (d), the selected accelerogram
input, respectively, ID 341x and 411x, are provided. In detail, plot (b) and its corresponding inset, plot (c), reproduce the comparison amongnon-controlled
structure (NC), the KV-type configuration and the SLS-type one set following WN optimization. Additionally, plot (e) and its inset from 22 to 25 s, plot
(f), present the displacements for the primary system using KV-type TMD, SLS-type TMD with white noise (WN) optimization and SLS-type TMD with
KT filter optimization.

tems (KV- and SLS-type) outperform the uncontrolled structure,
with the SLS-type showing superior mitigation of the second
DoF response, achieving up to nearly 30% reduction in peak
displacement and 13% in peak acceleration, confirming the effec-
tiveness of the proposed optimization strategy also in non-linear
regimes.

5 Conclusions

Mass damping systems have long been proven effective in
mitigating the dynamic response of civil engineering structures.

Traditional TMDs typically characterised by a low primary-
to-secondary mass ratio (generally below 1%), offer limited
performance under strong and impulsive seismic excitations.
Recent advances have introduced non-conventional configu-
rations with larger mass ratios, for example, IIS and MSCS.
The practical implementation of such solutions is enabled by
advances in isolation hardware, which allow for controlled
dynamic coupling and decoupling of structural subsystems,
reducing overall responses. These innovations, particularly when
involving viscoelastic components, require more general mod-
elling frameworks to accurately capture complex mechanical and
time-dependent behaviours.
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This study generalises classical viscously damped TMDs by
replacing theKVmodelwith the SLS one, introducing a new set of
non-dimensional design parameters, namely two stiffness ratios
and a relaxation parameter. This enhanced formulation allows
for a more accurate and flexible representation of viscoelastic
damping, addressing current limitations in TMD optimization
under realistic seismic conditions.

The main key contributions and results are summarised here:

∙ Model generalisation:
– classical KV-type TMDs are extended by incorporating the
SLSmodel, introducing two stiffness ratios and a relaxation
parameter;

– the SLS-TMD asymptotically converges to the KV-TMD as
the relaxation time approaches zero, thereby generalizing
existing formulations.

∙ Optimization strategy:
– the optimization problem is formulated as the minimiza-
tion of the variance of the displacement of the primary
system, by assuming the stiffness ratios and the relaxation
dimensionless time as design parameters, given the mass
ratio, the frequency and the damping of the primary
structure;

– damping of the primary system and coloured excitation
spectra are explicitly and directly considered, being these
factors typically overlooked in the existing literature;

– closed-form solutions for optimal design parameters are
derived under the hypothesis of white noise excitation and
negligible primary damping, recovering the case analysed
by Asami et al. [48], by instead adopting a different set of
design parameters;

– a numerical optimization enhancement is proposed for
cases involving non-negligible damping in both primary
and secondary masses.

∙ Performance under white noise excitation:
– the optimally tuned SLS-TMDachieves up to 15% reduction
in peak response compared to KV-TMDs when an excita-
tion with constant PSD is considered (see Figures 8 and S1
of the Supporting Material).

∙ Validation via time-history analysis through lumped mass
models subjected to seven natural seismic accelerograms:
– ∼ 60% reduction in peak displacement compared to the
uncontrolled system (see Figures 9 and S2 of the Supporting
Material);

– ∼ 15% reduction with respect to the conventional KV-
type counterpart (see Figures 9 and S2 of the Supporting
Material);

∙ Coloured excitation and earthquake-specific inputs have been
incorporated in the optimization strategy and the following
findings can be assumed in the linear framework:
– real-life earthquake excitations are modelled using KT
filter to remove the strict and quite unrealistic white noise
assumption;

– as a result, a ∼ 20% additional peak reduction for SLS-
TMDs under coloured input versus the same TMD con-
figuration subjected to the white noise excitation (see
Figure 12);

– globally, a further ∼ 25% reduction compared to the KV-
TMDs under the same coloured input scenario is registered
(see Figure 12);

– importantly, by uploading non-linear constitutive law for
the primary mass, accounting for stiffness degradation
damage-induced, time history analyses show that opti-
mised TMDs outperform with respect to NC configura-
tions, by also achieving better reductions of the secondDoF
response for the SLS-type one compared to the KV-type
system (see Section 2 of the Supporting Material).

These outcomes confirmed that the amplitude and frequency
content of the seismic input play a crucial and far from neg-
ligible role in determining the optimal configuration of these
systems, demonstrating the importance of carefully accounting
for the site’s geotechnical and seismogenic soil characteristics.
The proposed SLS-type TMD optimization framework is shown
to be highly general and adaptable across a wide parameter
space and various input spectra, effectively capturing the role
of primary structure damping and the effects of viscoelastic
coupling. Ongoing research extends this approach toward multi-
objective optimization, multiple TMDs tuned to different vibra-
tion modes and performance assessment under non-stationary
and multi-hazard scenarios, with the goal of enabling practical
implementation through scaled prototypes and detailed finite
element models, by also accounting for possible case-specific
non-linear phenomena that can occur.
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