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RIS-Aided Radar for Target Detection: Clutter
Region Analysis and Joint Active-Passive Design
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Abstract—Reconfigurable Intelligent Surface (RIS) brings a
transformative potential to radar systems by providing a new
dimension to control electromagnetic waves. This paper focuses
on enhancing target detectability through the design and analysis
of RIS-aided radar. A comprehensive signal model is established,
recognizing both Line of Sight (LoS) and Non-Line of Sight
(N-LoS) returns, factoring in RIS location and range gate shifts.
This modeling enables an examination of the RIS-dependent
effect of enlarged clutter region, underscoring the essential need
for precise RIS phase optimization. A joint design problem
encompassing transmit waveform, receive filter, and RIS phase is
then formulated with the aim to optimize Signal-to-Interference-
plus-Noise-Ratio (SINR), complying with practical waveform
constraints and discrete RIS phase alphabet. For this nonconvex
problem, an iterative algorithm is developed to monotonically
enhance SINR, ensuring convergence by alternately updating
the radar waveform and RIS phases. Through the majorization-
minimization framework, radar waveform updates are achieved
using the feasible point pursuit technique, while a quasi-closed
form solution is employed for the RIS phases. Simulation results
demonstrate the efficacy of the proposed design, revealing the
crucial role of RIS in the system.
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I. INTRODUCTION

RECONFIGURABLE Intelligent Surfaces (RISs) are pla-
nar structures consisting of a series of reflective units -

made of metamaterials - which can change the amplitude and/or
the phases of an incoming signal with little or no power con-
sumption [1], [2], [3], [4]. Proper deployment of an RIS may
henceforth yield a viable means to “reshape” the communica-
tion channel, thus enhancing the reliability of wireless services
and the efficiency of resource utilization.

A. Related Work

Current research on RIS mainly focuses on exploring its po-
tential to improve various Quality of Service (QoS) in wireless
communication applications. In [5], the fundamental capac-
ity limit of point-to-point RIS-aided Multiple-Input-Multiple-
Output (MIMO) systems is enhanced by jointly optimizing the
RIS phase shifts and MIMO transmit autocorrelation matrix.
For a RIS-aided Multiple-Input-Single-Output (MISO) system,
preliminary results on optimizing the phase shifts to maxi-
mize the ergodic spectral efficiency are provided in [6], where
a closed-form solution to the resulting optimization problem
is given. In [7], the communication scenario between multi-
antenna base station and single-antenna multiple users aided by
RIS is considered, and the transmit power is minimized under
Signal-to-Interference-plus-Noise-Ratio (SINR) constraints by
joint design of active and passive beamforming. Concerning
practical hardware limitation, [8] extends the work in [7] to
the case where the RIS phase shifts are only allowed to vary
in a discrete alphabet. In the context of RIS-aided point-to-
point MIMO links, [9] reduces the bit error rate through joint
optimization of transmit coding and RIS phase shifts. The chan-
nel estimation task with the assistance of RIS is investigated
in [10]. In [11], the physical layer security issue of Single-
Input-Multiple-Output (SIMO) transmission with the assistance
of RIS is considered, where receive beamforming, active jam-
ming, and RIS-aided beamforming are jointly optimized to
achieve enhanced security performance. Assuming propaga-
tion blockage between the users and base station, [12] uses
RIS to create a linking path and jointly optimize base station
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transmit beamforming and RIS phase shifts from a deep rein-
forcement learning perspective to maximize the ergodic sum
rate of downlink links in multi-user MISO systems. In addition
to the above-mentioned works, RIS deployment has been ad-
vocated as a viable means to improve Dual-Functional Radar-
Communication (DFRC) systems, where the radar may benefit
from the RIS’s present in the scene [13], [14], [15], [16], [17],
[18], [19], [20], [21], [22].

Undoubtedly, as a novel means to affect the propagation
channel, RIS brings new Degrees of Freedom (DoF) to the
optimization of a wireless propagation system. Although RIS
was originally proposed and well-studied in wireless commu-
nications, its ability to influence signal propagation indicates its
potentials in assisting radar operations, as suggested by some
early contributions concerning radar detection in traditional
[23] and distributed MIMO [24] architectures. The study [25]
considers the influence of signal bandwidth, carrier frequency,
and the size and relative position of RIS, radar, and targets on
the signal model and provides preliminary suggestions on the
deployment scheme of RIS for target detection tasks. The work
[26] further generalizes the work in [25] to the MIMO radar
situation, coming to the conclusion that RIS should be in close
proximity to radar transceivers. The contribution [27], instead,
proposes the exploitation of a suitably placed RIS to generate
Non-Line of Sight (N-LoS) paths. A multi-target scenario is
considered in [28], stating and solving a power allocation prob-
lem - along with joint design of radar beamformer and RIS
phase shifts - as multiple RISs are present in the scene, while
the issue of sidelobe control is tackled in [29] with reference
to an active RIS-assisted monostatic radar. The possibility of
emulating a MIMO radar by incorporating an illuminator and
a RIS is verified in [30], where the beampattern is designed
in the space-frequency domain through the design of source
signals and RIS phases. On parallel tracks, the potentials of
RIS deployment in target parameter estimation has also been
recently explored [31], [32], [33].

Notice that early studies on RIS-aided radars regard an RIS as
a mirror able to re-focus an impinging pre-determined signal to
a given point of the space. A definitely more attractive approach
is to regard the radar transmitter and the RIS as a unique system,
so that the transmitted waveform and the RIS phase shifts are
jointly designed in order to optimize the chosen figure of merit
[34], [35], [36], [37]. Such an idea has been applied to the
detection of multiple targets in RIS-assisted architectures in
[34], where in the RIS phase shifts and radar waveform are
jointly optimized under a constraint on the transmit energy and
assuming that no clutter (i.e., signal-dependent reverberation)
affects the received signal. Clutter is instead accounted for in
[35], [36], wherein, the RIS phase shifts are assumed to vary
in a continuous alphabet, which is in some contradiction with
RIS hardware limitations.

B. Motivation of This Work

The present contribution is aimed at shedding some light on
the interplay between RIS and clutter: in principle, it is indeed
inevitable that the clutter undergoes the same effect as the useful
signal, whereby a RIS would inevitably scatter towards the

radar receiver also the echo from random scatters populating
the scene. Thus both the target and clutter centers produce LoS
and N-LoS returns, which are inevitably not range-aligned due
to the different propagation paths.

For example, suppose a monostatic radar with 3 GHz carrier
frequency is aided by a 64-element RIS with half-wavelength
element spacing, the radar bandwidth is 50 MHz and pulse
duration is 1 μs (lead to 20 subpulses), the target is located 5 km
far from radar and the distance between radar and RIS center
is 100 m, the angle formed by linking target, radar and RIS
center is 70◦. In this case, the range gate shift of the N-LoS
path compared with the LoS path reaches 16 units (i.e., 80%
of the entire pulse). Moreover, due to the N-LoS propagation,
the behavior of the signal-dependent clutter can be distinctly
more complicated, as will be shown in this paper. Therefore, it
is essential to optimally utilize the DoF at both the radar and
RIS ends under a more general and practical model to resolve
the above introduced issues.

C. Contributions of This Work

In detail, the main contributions of this paper are summarized
as follows:

1) We Present a General Signal Model for RIS-Aided Radar
Systems in Clutter: We establish an articulated signal model for
RIS-aided radar, accounting for the strict relationship between
phase and range gate shift among various returns. Such model
can account for scenarios where signals from both LoS and
N-LoS paths are resolvable in the time domain. Leveraging
the model, we introduce and investigate the extricate effect of
enlarged clutter region that emerges when integrating RIS into
conventional radar systems. Our analysis reveals that, in addi-
tion to careful selection of RIS location, both the radar transmit
waveform and RIS phase shifts must be judiciously designed
to overcome the Signal-to-Clutter Ratio (SCR) degeneration
caused by the aforementioned effect.

2) We Offer a Practical Formulation for Joint Radar-RIS
Design in Target Detection: From the point of view of system
design, we exploit the design DoF at both radar and RIS ends
to maximize the SINR: in our setup, this amounts to jointly
designing the transmit waveform, the receive filter and the phase
shifts of the RIS. In particular, we constrain the radar waveform
to possess constant modulus, on top of meeting constraints on
similarity with some standard radar waveforms and spectral
compatibility. We also assume the RIS phase shifts to belong
to a finite alphabet, which is a key hardware limitation in
RIS realization.

3) We Design and Assess an Effective Algorithm to Tackle
the Non-Convex Joint Design Problem: We develop an effec-
tive optimization algorithm, each iteration of which involves
the alternating update of radar waveform and RIS phase shifts,
respectively. For the subproblem of the radar waveform, by
adopting the Majorization-Minimization (MM) framework in
conjunction with the Feasible Point Pursuit (FPP) technique,
we find a suboptimal solution satisfying the Karush-Kuhn-
Tucker (KKT) conditions. For the subproblem of RIS phases,
our derivations indicate that it can be tackled by solving a se-
ries of non-convex optimizations, admitting quasi-closed-form
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TABLE I
GLOSSARY OF NOTATIONS

Notations Description Notations Description

Gt Beam gain towards target. σ̇E Expectation of target RCS.
GRIS,n Beam gain towards n-th element of RIS. ϕ̇ Target LoS return phase.
dr,t Distance between radar and target. ϕ̇n Target N-LoS return phase (through RIS n-th element).
dr,n Distance between radar and n-th element of RIS. α̈k LoS channel propagation coefficient of k-th scatter.
dr Distance between radar and RIS center. dr,c,k Distance between radar and k-th scatter.
dt,n Distance between target and n-th element of RIS. Gc,k Beam gain towards k-th scatter.
dt Distance between target and RIS center. σ̈k RCS of k-th scatter.
dRIS Inter-element spacing of RIS array. ψ̈k Phase of k-th scatter.
θRIS
t Direction of target w.r.t the RIS array. ϕ̈k LoS delay of k-th scatter.
θt,r,RIS Angle formed by radar-RIS center and radar-target. ϕ̈k,n N-LoS delay of k-th scatter (through RIS n-th element).
DRIS RIS dc,k,n Distance between k-th scatter and n-th element of RIS.
Dt Target size. fs Radar sampling frequency.
ṙn Range gate shift of target N-LoS return (through

RIS n-th element).
α̈k,n N-LoS channel propagation coefficient of k-th scatter

return (through RIS n-th element).
rdata Length of data containing target information. r̈k Range gate shift of k-th scatter LoS return.
α̇ LoS channel propagation coefficient of target. σ̈E

k Expectation of k-th scatter RCS.
α̇n Target N-LoS channel propagation coefficient

(through RIS n-th element).
r̈k,n Range gate shift of k-th scatter N-LoS return (through

RIS n-th element).
P Radar transmit power. σ̇RIS,n RCS of RIS n-th element radiated from target.
σ̇ Target RCS. σ̈RIS,k,n RCS of RIS n-th element radiated from k-th scatter.
ψ̇ Target phase.

solutions. Furthermore, we discuss the initialization of our
derived algorithm and analyze its convergence and complexity.

4) Simulation Validation and Analysis: Through extensive
simulations, we demonstrate the benefits of the RIS-aided radar
architectures in the presence of clutter, offering a thorough anal-
ysis of the interplay among the system parameters. Of course,
this performance boost is not universally guaranteed with a
mere RIS deployment. Our simulation indicates that unwise RIS
phases design may severely undermine the original radar func-
tionality, which highlights the importance of a comprehensive
design approach when integrating RIS into radar systems.

The remainder of this paper is organized as follows. Sec-
tion II establishes the signal model for RIS-aided radar system.
Section III formulates the joint design problem of radar trans-
mit waveform, receive filter and RIS phase shifts. Section IV
develops a novel algorithm to enhance the SINR of RIS-aided
radar while guaranteeing complex waveform properties and
polyphase shifts. Numerical experiments and analyses are given
in Section V. Finally, in Section VI, conclusions are drawn.

Notations: (·)T , (·)∗, (·)† denote transpose, conjugate
and conjugate transpose, respectively. C

N is the set of
N -dimensional complex space. �{·} and arg(·) obtains the
real part and the phase of a complex argument, respectively.
E {·} is the expectation operator. For a Hermitian matrix A,
A� 0 means A is positive semi-definite. IN denotes N ×
N -dimensional identity matrix. �a� provides the lowest integer
no smaller than the real number a. The readers’ easy reference,
the main notations utilized is tabulated in Table I.

II. RIS-AIDED MONOSTATIC RADAR: SIGNAL

MODEL AND ANALYSIS

In this section, we will first establish a detailed signal model
for RIS-aided radar, where a strict relationship between the

Fig. 1. Pictorial representation of the operation scene where a RIS is
deployed to aid the radar.

phases and range gate shifts are accounted. Based on the model,
we discuss its generality by extending it to the multipulse case
in Section II-B. Furthermore, we introduce and investigate the
effect of RIS-dependent clutter region in Section II-C.

A. Signal Model for the Monopulse Case

As shown in Fig. 1, a monostatic radar is aided by an
N -element RIS deployed in the scene to detect targets in the
presence of some strong scatters. Suppose that the radar pos-
sesses one transmit beam pointing towards the target, and two
receive beams pointing towards the target and the RIS1, re-
spectively. The radar transmits a pulse signal coded by the
waveform vector s= [s1, s2, . . . , sL]

T ∈ C
L, where L is the

fast-time sample number. Assume that the radar beam gains
towards the target and the n-th RIS element are Gt and
GRIS,n, respectively. Denote the distances between radar and
target, radar and n-th element (array center) of RIS, target and
n-th element (array center) of RIS by dr,t, dr,n (dr) and dt,n
(dt), respectively. Without loss of generality, it is assumed that

1With reference to real implementation, such requirement can be realized
by utilizing a phased array or an antenna with good directivity [25], [38].
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Fig. 2. Illustration of the parameters involved in the RIS-aided scene.

N is an odd number. As depicted in Fig. 2, we have dt,n =
dt +

(
n− N+1

2

)
dRIS sin θ

RIS
t based on the far-field assump-

tion, where dRIS is the spacing between the RIS reflecting
units and θRIS

t is the direction of the target w.r.t the RIS array.
Denoting θt,r,RIS the angle formed by the two receive beams
(i.e., the radar-target and the radar-RIS directions), it follows

that dt =
√

d2r,t + d2r − 2dr,tdrcosθt,r,RIS.

Fig. 2 highlights the relationships of the diverse system pa-
rameters. Before proceeding further, we make the following
assumptions and considerations:

• The RIS is deployed relatively close to the radar, compared
with its far distance from the target, i.e., RIS is in the far-
field of the target (min{dt,n}Nn=1 ≥

2max{D2
RIS,D

2
t }

λ with
DRIS and Dt being the size of RIS and target)2.

• The RIS position and orientation with respect to the
radar are known in advance and can be treated as
prior information.

• For target and clutter centers, the Radar Cross Section
(RCS) from the LoS path and the N-LoS path are identical.

• The N-LoS returns of the target overlap with the LoS
return at some range gates. Mathematically, this relation-
ship can be expressed as min

n
{ṙn}< L, n= 1, 2, . . . , N ,

where ṙn =
⌈
(dr,n+dt,n+dr,t)fs

c

⌉
−

⌈
2dr,tfs

c

⌉
is the range

gate delay between the N-LoS path (through the n-th ele-
ment of the RIS) and the LoS path of target return3, fs is
the fast time sampling frequency of radar system and c is
the speed of light.

The echo data at the receiver end after down-conversion and
digital sampling can be given as

y = yt + yc + n ∈ C
rdata , (1)

where yt is the target return component, yc is the signal-
dependent clutter item that contributes to y, n∼ CN (0,Rn) is
the signal-independent disturbance accounting for the noise and
interfering signals, rdata = maxn {ṙn}+ L indicates the length

2The benefit of RIS’s close placement w.r.t the radar is supported by the
conclusion given in [25], [26]. Moreover, from applicability perspective, it is
justified to deploy RIS nearby radar platform in a target surveillance mission.

3We utilize diacritical marks ˙(·) and (̈·) to distinguish between the target
and clutter related parameters, respectively.

of data containing target information since the target return from
LoS and N-LoS path are distributed in different range gates.

The signal from the target yt is composed of an LoS and an
N-LoS component, the latter reflected from the RIS. Thus, yt

is further written as

yt =
√
σ̇ejψ̇

(

α̇ejϕ̇J0 +

N∑

n=1

α̇nφne
jϕ̇nJṙn

)

s

=
√
σ̇ejψ̇Ht (φ) s ∈ C

rdata , (2)

where α̇=

√
PG2

tλ
2

(4π)3d4
r,t

and α̇n =

√
PGtGRIS,nλ2σ̇RIS,n

(4π)4d2
r,td

2
t,nd

2
r,n

are the

channel propagation coefficient of the LoS and of the N-LoS
path, respectively, P is the radar transmit power,

√
σ̇ejψ̇ is the

target complex backscattering coefficient with σ̇ being the RCS
and ψ̇ being the phase, σ̇RIS,n stands for the RCS of the RIS
n-th element radiated from the target, ϕ̇=−4π

dr,t

λ and ϕ̇n =

−2π
dr,t+dr,n+dr,n

λ with λ being the wavelength of the transmit
waveform. The matrix Ht (φ) is

Ht (φ) = α̇ejϕ̇J0 +

N∑

n=1

α̇nφne
jϕ̇nJṙn , (3)

where φ= [φ1, φ2, . . . , φN ]
T ∈ C

N is defined as Reflection
Coefficient Vector (RCV) with φn being its n-th element, and
Jr ∈ C

rdata×L is the shift matrix

Jr (m,n) =

{
1,m− n− r = 0
0,m− n− r 
= 0

. (4)

Let us now consider the signal-dependent echo yc introduced
by clutter centers embedding the target. Suppose there are K
undesired scatters, then yc =

∑K
k=1 yc,k with yc,k being the

return from the k-th scatter. The k-th return yc,k can be further
expressed as

yc,k =
√

σ̈ke
jψ̈k

(

α̈ke
jϕ̈kJr̈k +

N∑

n=1

α̈k,nφne
jϕ̈k,nJr̈k,n

)

s

=
√
σ̈ke

jψ̈kHc,k (φ) s ∈ rdata , (5)

where α̈k =

√
PG2

c,kλ
2

(4π)3d4
r,c,k

with dr,c,k the distance between

the radar and the k-th scatter and Gc,k the radar beam
gain towards the k-th clutter center,

√
σ̈ke

jψ̈k stands for the
complex backscattering coefficient of k-th scatter with σ̈k

and ψ̈k accounting for the RCS and phase, ϕ̈k =−4π
dr,c,k

λ ,
ϕ̈k,n =−2π

dc,k,n+dr,n+dr,c,k

λ , dc,k,n represents the distance be-
tween the k-th scatter and the n-th element of RIS, α̈k,n =√

PGc,kGRIS,nλ2σ̈RIS,k,n

(4π)4d2
r,c,kd

2
c,k,nd

2
r,n

with σ̈RIS,k,n being the RCS of RIS

n-th element radiated from k-th scatter, r̈k =
⌈
2dr,c,kfs

c

⌉
−

⌈
2dr,tfs

c

⌉
and r̈k,n =

⌈
(dc,k,n+dr,n+dr,c,k)fs

c

⌉
−

⌈
2dr,tfs

c

⌉
are

the range gate delays from LoS path and N-LoS path (through
the n-th element of RIS) compared with the target LoS path,
Hc,k (φ) = α̈ke

jϕ̈kJr̈k +
∑N

n=1 α̈k,nφne
jϕ̈k,nJr̈k,n

.
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Substituting the above expressions into (1), we have

y (φ, s) = yt +

K∑

k=1

yc,k + n

=
√
σ̇ejψ̇Ht (φ) s+

K∑

k=1

√
σ̈ke

jψ̈kHc,k (φ) s+ n.

(6)

Direct inspection of (6) reveals the following facts:
• Compared with the signal model of traditional radar

systems, the propagation environment may be reshaped
through a wise selection of φ, so as to take advantage of
the N-LoS return for performance enhancement.

• The structure of the matrix Ht (φ) indicates clearly that
the role of RIS is not only the RCV φ, but also the dr,t
and dt,n play an important role at the system design stage.

• Furthermore, the model considers explicitly the range gate
shift caused by the RIS-introduced N-LoS propagation,
which enable us to investigate quantitatively the range gate
overlapping between the N-LoS and LoS returns and the
effect of enlarged clutter region. This issue has not been
considered in the models presented in the literature, and
we will investigate it in Section II-C.

B. Extension to the Multipluse Case

The above model can be extended to the multi-pulse scenar-
ios, as concisely outlined in this subsection. Assume that the
radar transmits M pulses to detect a moving target with velocity
v̇. Denote by θ̇ the included angle between v̇ and

−→
TR, and

θ̇′ the included angle between v̇ and
−→
TS, where

−→
TS and

−→
TR

are unit vectors along target-radar and target-RIS directions,
respectively. At the m-th pulse, denote by the modulus of v̇
as v̇, the target return at the receive end can be expressed as

yd
t,p =

√
σ̇ejψ̇

(

α̇ejϕ̇J0e
jḟ(m−1)Tr

+
N∑

n=1

α̇nφne
jḟ

′
(m−1)Trejϕ̇nJṙn

)

sm ,

where sm stands for the baseband waveform emitted by radar at
m-th pulse and Tr represents the Pulse Repetition Time (PRT),
ḟ = 2v̇ cos θ̇

λ and ḟ
′
= ḟ

2 + v̇ cos θ̇′

λ are the LoS and NLoS target
Doppler frequency, respectively. Collecting all the M pulses
into a vector yields

yd
t =

√
σ̇ejψ̇

(

α̇ejϕ̇
(
Ṗ⊗ J0

)
+

N∑

n=1

α̇nφne
jϕ̇n

(
Ṗ

′ ⊗ Jṙn

)
)

s

=
√
σ̇ejψ̇Hd

t (φ) s, (7)

where

Ṗ= diag

{[
1, ejḟTr , ..., ejḟ(M−1)Tr

]T}

and

Ṗ
′
= diag

{[
1, ejḟ

′
Tr , ..., ejḟ

′
(M−1)Tr

]T}

Fig. 3. The relationship between the contributing clutter and target return.

represent the Doppler steering matrices for LoS and N-LoS
paths, respectively. The matrix Hd

t (φ) is given by

Hd
t (φ) = α̇ejϕ̇

(
Ṗ⊗ J0

)
+

N∑

n=1

α̇nφne
jϕ̇n

(
Ṗ

′ ⊗ Jṙn

)
.

(8)

The mathematical structure of Hd
t (φ) clearly reproduces that

of Ht (φ) from the monopulse case (refer to Eq. (3)). Notably,
Hd

t (φ) simplifies to Ht (φ) with just one transmitted pulse. In
a similar vein, the clutter components in the multipulse scenario
closely resemble those in the single-pulse case. Consequently,
the multipulse signal model retains the mathematical structure
of the single-pulse case, suggesting analogous SINR expres-
sions in both. Our study, therefore, concentrates on the single-
pulse case, on the understanding that the multi-pulse case can
be easily derived with straightforward modifications.

C. RIS-Dependent Clutter Region

Assuming the radar position as reference, the clutter con-
tributions to the LoS path come from the range interval[(

−L+ �2dr,t fsc �
)

c
2fs

,
(
L− 1 + �2dr,t fsc �

)
c

2fs

]
contribute

to the target return. In the presence of an RIS (see Fig. 3)
extra returns contributing to the N-LoS paths with different
propagation delays are generated, eventually resulting in an
enlarged clutter region. The following proposition gives the
expression of this clutter region.

Proposition 1: Taking the line linking radar and target as
reference direction, the lower and upper boundaries of the con-
tributing clutter region along direction θ can be given as

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dr,B =
2dr,nB

fs
c − �2dr,t fsc �+ L

(
dr,nB

cos(θ̇nB
−θ)+dr,nB

�2dr,t
fs
c � c

fs
−L c

fs

− 1

)
c

2fs

dr,D =

(
L− 1 + �(dr,t + dt,nD

+ dr,nD
)
fs
c
�
)

c

2fs

, (9)

where
⎧
⎨

⎩

nB = argmax
n

{dB′,n + dr,n}

nD = argmax
n

{dt,n + dr,n}
. (10)
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In other words, the returns from scatters within (dr,B, dr,D]
overlap with the target return at direction θ.

Proof: See Appendix A.
Remark: Based on the fact that dr,nB

cos(θ̇nB
− θ) + dr,nB

≤
2dr,nB

and dt,nD
+ dr,nD

≥ dr,t, a closer observation of (9)
reveals that

⎧
⎪⎪⎨

⎪⎪⎩

dr,B ≤
(
−L+ �2dr,t

fs
c
�
)

c

2fs

dr,D ≥
(
L− 1 + �2dr,t

fs
c
�
)

c

2fs

(11)

stands. Such results indicate that the deployment of RIS actually
enlarges the clutter region that contributes to the target return
compared with the no-RIS case.

Therefore, although RIS brings extra information about the
target through the target N-LoS return, additional clutter is also
involved in the data to be processed. To provide more intuitive
explanations of the clutter issue for RIS-aided radar, we now
define the SCR at the receiver, whose expression is given as

SCR=
E

{
‖yt‖22

}

∑K
k=1 E

{
‖yc,k‖22

}=
σ̇Es†H†

t(φ)Ht (φ) s
∑K

k=1 σ̈
E
k s

†H†
c,k(φ)Hc,k (φ) s

,

(12)

where σ̇E = E {σ̇}, and E
{√

σ̈k1

√
σ̈k2

}
= σ̈E

k1
δk1k2

with
σ̈E
k = E {σ̈k} under the assumption of independent scatters4. To

assess the impact of the clutter region size over the SCR, we
rotate the 128-element RIS around the radar to change θt,r,RIS

from 35◦ to 85◦ while keeping the inclination of RIS placement
direction w.r.t x-axis as 30◦ and dr = 200 m, as illustrated in
Fig. 4. The resulting SCR and clutter region boundary behavior
along target direction are plotted in Fig. 5, where a 32-length
Linear Frequency Modulated (LFM) signal is chosen as the
radar waveform and RIS phase shifts are randomly generated.
It is clearly observed that as θt,r,RIS varies from 35◦ to 85◦,
clutter from further scatters are involved due to the longer target
data length. The results also reveal that the SCR exhibits a
degradation behavior with the enlargement of the clutter region.
This can be explained as follows: As θt,r,RIS increases, the
attenuation of the target return from the reflection path becomes
weaker due to longer propagation. Although the clutter strength
is also weaker, the contributing clutter region is enlarged re-
sulting in an overall decreasing trend of the SCR value. Based
on the analysis above, a preliminary conclusion can be drawn
that, from the radar perspective on target detection, shortening
the target N-LoS propagation is advantageous to avoid a large
clutter region.

III. PROBLEM FORMULATION

Recall that the LFM waveform is simply used throughout the
previous analysis on the clutter region issue. It raises a conjec-
ture naturally that, beyond shortening the clutter region through

4It is worth pointing out that the distribution information of these undesired
scatters can be estimated based on a cognitive paradigm, by combining the
terrainmap data and the RCS clutter models [39], [40], [41], [42], [43].

Fig. 4. Illustration on RIS position change.

Fig. 5. SCR behavior versus θt,r,RIS.

RIS placement, optimizing the radar waveform could also im-
prove the target detection performance. In this section, we will
formulate the detection performance enhancement problem for
the RIS-aided radar system through the joint configuration of
RIS phase, radar transmits waveform and receive filter. Based
on the close relationship between target detection probability
and system SINR under Gaussian background [41], [44], SINR
is selected as the objective to optimize in this paper, where
the N-LoS target return reflected by RIS is treated as critical
usable information for performance enhancement. The SINR
expression in this context is given as

SINR (w, s,φ) =
E

{∣
∣w†yt

∣
∣2
}

E

{∣
∣
∣
∑K

k=1 w
†yc,k

∣
∣
∣
2
}
+w†Rnw

, (13)

where w ∈ C
rdata denotes the filter vector. Note that

E

{∣
∣
∣
∑K

k=1 w
†yc,k

∣
∣
∣
2
}
=

∑K
k=1 σ̈

E
k w

†Hc,k (φ) ss
†H†

c,k (φ)w,

we obtain the following exact SINR expression

SINR (w, s,φ)

=
σ̇E

∣
∣w†Ht (φ) s

∣
∣2

w†
(∑K

k=1 σ̈
E
k Hc,k (φ) ss†H

†
c,k (φ) +Rn

)
w
. (14)

Compared with the waveform design problem for traditional
radar systems [41], [42], [45], the additional variable φ is
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involved in the SINR expression for the RIS-aided radar system.
In this context, we consider the joint design of radar trans-
mit waveform, receive filter and RIS phase shifts to improve
the SINR given in (14), and formulate the joint optimization
problem as

P

⎧
⎪⎪⎨

⎪⎪⎩

max
w,s,φ

σ̇E
∣
∣w†Ht (φ) s

∣
∣2

w†
(∑K

k=1 σ̈
E
k Hc,k (φ) ss†H

†
c,k (φ) +Rn

)
w

s.t. s ∈ Ω,φ ∈ Ξ,
(15)

where Ω and Ξ represent the admissible sets of radar waveform
and RIS RCV, respectively. According to P , the optimization
requires prior knowledge about {σ̈E

k }Kk=1 and Rn in the operat-
ing environment, which is admissible once a cognitive scheme
is assumed [43], [46].

In order to define the admissible sets of the problem (15), we
force the following constraints:

a) The transmitted waveform should possess constant enve-
lope [39], i.e., |sl|=

√
et
L , l = 1, 2, ..., L where et is the

total transmit energy.
b) The resulting solution should be sufficiently close to

some standard radar waveform possessing desirable
properties in terms, e.g., of autocorrelation and range
resolution, which implies forcing the similarity con-
straint ‖s− sref‖22 ≤ δ · et, where sref ∈ C

L is the ref-
erence waveform and δ is the parameter ruling the
similarity [47], [48].

c) To control the interference induced on spectrally adjacent
systems, we limit the energy of the optimized waveform
on the frequency bands of other licensed radiators [40],
[41]. Suppose that there are Q frequency bands for as
many licensed radiators with the q-th frequency band
given as [fq

1 , f
q
2 ]. The energy of the waveform at q-th

interval is calculated as s†Rqs, where Rq(m,n) = fq
2 −

fq
1 for m= n and Rq(m,n) = j ej2πf

q
1 (m−n)−ej2πf

q
2 (m−n)

2π(m−n)
for m 
= n. Therefore, the total energy of the trans-
mit waveform in the Q bands can be calculated as∑Q

q=1 βqs
†Rqs≤ esc, where esc gives the maximum per-

mitting energy and βq is weighting parameter for q-th
band. For expression brevity, we reformulate the above
inequality in matrix form, namely s†Rsums≤ esc, where
R̃sum =

∑Q
q=1 βqRq .

In conclusion, the set Ω in (15) is defined as

Ω=

{

s ∈ C
L
∣
∣ |sl|=

√
et
L
, l = 1, 2, ..., L,

‖s− sref‖22 ≤ δ, s†R̃sums≤ esc

}

. (16)

As to the constraints on the RIS phase shifts, we assume that
each element of RIS is able to generate NRCV available phase
shifts uniformly distributed within [0, 2π] with interval 2π

NRCV
.

In other words, the phases of the RCV are assumed to lie in a

finite alphabet set, whereby the feasible set Ξ is composed of
all available RCV and can be given as

Ξ = {φ ∈ C
N | |φn|= 1, ϕn = arg(φn) ∈ Φ,

n= 1, 2, . . . , N} , (17)

where Φ= {0,Δϑ, ..., (NRCV − 1)Δϑ} with Δϑ= 2π
NRCV

.
Based on the analysis above, the joint design problem can be

cast as

P

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max
w,s,φ

σ̇E
∣
∣w†Ht (φ) s

∣
∣2

w†
(∑K

k=1 σ̈
E
k Hc,k (φ) ss†H

†
c,k (φ) +Rn

)
w

s.t. |sl|=
√

et
L
, l = 1, 2, ..., L,

‖s− sref‖22 ≤ δ · et, s†R̃sums≤ esc,

|φn|= 1, ϕn = arg(φn) ∈ Φ, n= 1, 2, . . . , N.
(18)

It is seen that P is a non-convex optimization problem due to
both the complicated objective (three variables are involved)
and the non-convex constraints (especially the polyphase con-
straint for φ), which is NP-hard [49]. To this end, in the fol-
lowing section, an effective algorithm is developed based on
the alternating optimization framework, which converts P into
more addressable subproblems.

IV. DEVELOPED ALGORITHM

In this section, an alternating optimization framework is
devised to monotonically enhancing the SINR for the RIS-
aided radar system with guaranteed convergence. To begin
with, observing that P is actually a generalized Rayleigh quo-
tient w.r.t w, we can easily obtain optimal solution to P
as w = aΨ−1 (s,φ)Ht (φ) s, where a is an arbitrary non-
zero scalar, Ψ (s,φ) =

∑K
k=1 σ̈

E
k Hc,k (φ) ss

†H†
c,k (φ) +Rn.

Therefore, an equivalent form of P can be obtained as

P̃

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

max
s,φ

s†H†
t (φ)Ψ

−1 (s,φ)Ht (φ)s

s.t. |sl|=
√

et
L
, l = 1, 2, ..., L,

‖s− sref‖22 ≤ δ · et, s†R̃sums≤ esc,

|φn|= 1, ϕn = arg(φn) ∈ Φ, n= 1, 2, . . . , N,

(19)

where σ̇E has been omitted for simplicity since it is independent
with the optimization process. However, P̃ is still hard to tackle
directly. Observing the P̃ now is the optimization w.r.t s and
φ, we propose to deal with P̃ by dividing it into two more
tractable subproblems based on an alternating framework. De-
note by the optimization objective of P̃ as f (s,φ). Then, at i-th
iteration, we start the optimization of radar waveform with fixed
RIS RCV φ(i−1), and seek for the admissible waveform s(i)

maximizing f
(
s(i),φ(i−1)

)
; after s(i) is obtained, we search

for the RIS RCV which maximizes f
(
s(i),φ(i)

)
.
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Mathematically, at i-th iteration, the above-mentioned two
subproblems are cast as:

P̃(i)
s

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

max
s

s†H†
t

(
φ(i−1)

)
Ψ−1

(
s,φ(i−1)

)
Ht

(
φ(i−1)

)
s

s.t. |sl|=
√

et
L
, l = 1, 2, ..., L,

‖s− sref‖22 ≤ δ · et, s†R̃sums≤ esc,
(20)

and

P̃(i)
φ

⎧
⎨

⎩

max
φ

s(i)†H†
t (φ)Ψ

−1(s(i),φ)Ht (φ) s
(i)

s.t. |φn|= 1, ϕn = arg(φn) ∈ Φ, n= 1, 2, . . . , N,

(21)

where (s(i−1),φ(i−1)) stands for the optimization result at
the (i− 1)-th iteration. Hence, the subsequent content mainly
focuses on addressing P̃(i)

s and P̃(i)
φ to perform the above-

mentioned alternating optimization.

A. Solving P̃(i)
s

Note that P̃(i)
s is non-convex due to the complex objective

function and non-convex waveform constant modulus restric-
tion. The following proposition reveals that through solving a
sequence of convex problems, a suboptimal solution to P̃(i)

s can
be obtained with some property guarantees.

Proposition 2: The solution to P̃(i)
s can be obtained through

solving a series of convex Quadratical Constraint Quadratic
Programming (QCQP) problems {Ṗs,(m)}∞m=1 to convergence,
where Ṗs,(m) is given as

Ṗs,(m)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max
s,η

fWAVE(s; s(m−1))− ς‖η‖2

s.t. |sl| ≤
√

et
L
, l = 1, 2, .., L,

2�
{
s∗l s(m−1),l

}
−

∣
∣s(m−1),l

∣
∣2 ≥ et

L
− ηl,

l = 1, 2, .., L,

‖s− sref‖22 ≤ δ · et,
s†R̃sums≤ esc,

η � 0,η(m−1) � η,

fWAVE(s; s(m−1))≥ f(s(m−1)),
(22)

where η ∈ C
L is auxiliary variable, fWAVE(s; s(m−1)) =

−
∑K

k=1 σ̈
E
k s

†H†
c,kvv

†Hc,ks+ 2�
{
v†Hts

}
− v†Rnv, v =

Ψ−1
(
s(m−1)

)
Hts(m−1) with s(m−1) be the solution to

(m− 1)-th QCQP problem, ς is a penalty parameter and η is
a non-negative slack variable. Denote the waveform vector at
convergence by s(i), then s(i) is a KKT point of P̃(i)

s .
Proof: See Appendix B.

Based on proposition 1, we can effectively obtain the solution
to P̃(i)

s through solving a series of convex problems in polyno-
mial time. The procedure is summarized in Algorithm 1.

Remark: The constraint fWAVE(s; s(m−1))≥ f(s(m−1)) is
imposed to guarantee the monotonically increasing SINR prop-
erty with iterations. It is worth pointing out that although

Algorithm 1 Procedure for solving P̃(i)
s

Input: s(i−1), φ(i−1),
{
σ̈E
k

}K

k=1
, ϕ̇, {ϕ̇n}Nn=1, {ϕ̈k}Kk=1,

{ϕ̈k,n}K,N
k=1,n=1, {ṙn}Nn=1, {r̈k}Kk=1, {r̈k,n}K,N

k=1,n=1, Rn.
Output: s(i).

1: Set m= 1, let s(m−1) = s(i−1) and ς = fWAVE

(
s(i−1)

)
.

2: Compute Ht, {Hc,k}Kk=1.
3: repeat
4: Calculate v based on s(m−1), and solve Ṗs,(m) via interior

point method to obtain s(m).
5: m←m+ 1.
6: until Convergence
7: Output s(i) = s(m).

the convergence of iteration can be still ensured without
this constraint, the SINR performance at convergence has no
theoretical guarantee.

B. Solving P̃(i)
φ

This section mainly concentrate on addressing P̃(i)
φ . To begin,

notice that by defining
{
μt = α̇ejϕ̇J0s

(i−1)

Mt =
[
α̇1e

jϕ̇1Jṙ1s
(i−1), . . . , α̇Nejϕ̇NJṙN s(i−1)

] (23)

we can simplify Ht (φ) s
(i−1) into

Ht (φ) s
(i−1) =

(

α̇ejϕ̇J0 +

N∑

n=1

α̇nφne
jϕ̇nJṙn

)

s(i−1)

= μt +Mtφ. (24)

Furthermore, let M̃t = [Mt,μt], and define a new variable

φ̃= (ejςφT, ejς)
T

, we can further modify (24) into

Ht (φ) s
(i−1) = e−jςM̃tφ̃. (25)

Follow the similar definition, by defining M̃c,k =[
Mc,k,μc,k

]
, where

{
μc,k = α̈ke

jϕ̈kJr̈ks
(i−1)

Mc,k =
[
α̈k,1e

jϕ̈k,1Jr̈k,1
s(i−1), . . . , α̈k,Nejϕ̈k,NJr̈k,N

s(i−1)
]

(26)

we can re-express the matrix inversion item Hc,k (φ) s in the
optimization objective of P̃(i)

φ as

Hc,k (φ) s
(i−1) = μc,k +Mc,kφ

= e−jςM̃c,kφ̃. (27)

Accordingly, the feasible set for φ̃ can be cast as

Ξ̃ =

{

φ̃ ∈ C
N |

∣
∣
∣φ̃n

∣
∣
∣= 1, arg(φ̃N+1) ∈ Φ̄,

ϕ̃n = arg

(
φ̃n

φ̃N+1

)

∈ Φ, n= 1, 2, . . . , N

}

, (28)
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where the angle of φ̃N+1 is constrained in Φ̄ as
limitation5.

Combining the transformations derived above, to obtain solu-
tion for P̃(i)

φ , we can equivalently turn to address the following
formulated problem

Pφ̃

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

max
φ̃

φ̃
†
M̃†

tΨ
−1(φ̃)M̃tφ̃

s.t.
∣
∣
∣φ̃n

∣
∣
∣= 1, arg(φ̃N+1) ∈ Φ̄,

ϕ̃n = arg

(
φ̃n

φ̃N+1

)

∈ Φ, n= 1, 2, . . . , N,

(29)

where Ψ(φ̃) =
∑K

k=1 σ̈
E
k M̃c,kφ̃φ̃

†
M̃†

c,k +Rn. Specifically,

suppose φ̃
�

is a solution to Pφ̃, then it can be verified that

the solution to the original problem P̃(i)
φ can be constructed

as φ
(i)
n =

φ̃�
n

φ̃�
N+1

, n= 1, 2, . . . , N . Therefore, it is reasonable to

investigate on solving Pφ̃ to obtain solution to P̃(i)
φ .

Following the same line of reasoning in Section IV-A, we can
minorize the objective function of Pφ̃ at m-th inner iteration as

fRIS

(
φ̃; φ̃(m−1)

)
=−g†Ψ(φ̃)g + 2�

{
g†M̃tφ̃

}
, (30)

where g =Ψ−1(φ̃(m−1))M̃tφ̃(m−1).
By substituting the exact expression of Ψ(φ̃) into

fRIS(φ̃; φ̃(m−1)), it is easy to check that fRIS(φ̃; φ̃(m−1)) is
tantamount to the following quadratic formulation:

fRIS

(
φ̃; φ̃(m−1)

)
=− φ̃

†
(

K∑

k=1

σ̈E
k M̃

†
c,kgg

†M̃c,k

)

φ̃

+ 2�
{
g†M̃tφ̃

}
− g†Rng. (31)

It is seen that (31) is already a convex quadratic function.
Nevertheless, the non-convex polyphase constraints imposed
on φ̃ make the resultant problem still very hard to tackle. In
the following content, we will show that by further minorizing
fRIS

(
φ̃; φ̃(m−1)

)
into linear form, quasi-closed-form solution

to resultant optimization problem can be given, even though the
polyphase constraints on φ̃ are highly non-convex. To this end,
the following lemma must be introduced.

Lemma 1: Let X1 ∈ C
N be a Hermitian matrix, then ∀ȳ ∈

C
N the following inequality holds:

y†X1y ≤ y†X2y + 2�{y†(X1 −X2)ȳ}+ ȳ†(X2 −X1)ȳ,
(32)

where X2 ∈ C
N is an arbitrary Hermitian matrix satisfying

X2 �X1.
For the detailed proof of lemma 1, readers can refer

to [50], [51]. Following the lemma above, we can fur-
ther minorize fRIS

(
φ̃; φ̃(m−1)

)
. In detail, replace X1 with

∑K
k=1 σ̈

E
k M̃

†
c,kgg

†M̃c,k and let X2 be a diagonal matrix with

5The choice of φ̃N+1 is arbitrary since it is introduced as an auxiliary
variable. It is worth highlighting that the selecting Φ as the admissible region
for angle of φ̃N+1 will benefit us in obtaining quasi-closed-form solution for
ϕ, as shown later in this section.

diagonal elements all being Tr
(∑K

k=1 σ̈
E
k M̃

†
c,kgg

†M̃c,k

)
, it

is seen that the precondition X2 �X1 has been satisfied. More
importantly, since the modulus constraints hold for the RIS
phase shifts, we have that φ̃

†
φ̃=N + 1 and the quadratic

term in the further minorizer can thereby be simplified as
a constant (N + 1)Tr

(∑K
k=1 σ̈

E
k M̃

†
c,kgg

†M̃c,k

)
. In short,

fRIS

(
φ̃; φ̃(m−1)

)
can now be tightly lower bounded by a linear

function f̃RIS

(
φ̃; φ̃(m−1)

)
= 2�

{
φ̃

†
g̃
}
+�, where

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G=
K∑

k=1

σ̈E
k M̃

†
c,kgg

†M̃c,k

− Tr

(
K∑

k=1

σ̈E
k M̃

†
c,kgg

†M̃c,k

)

IN+1

g̃ = M̃†
tg −Gφ̃(m−1)

� =− (N + 1)Tr

(
K∑

k=1

σ̈E
k M̃

†
c,kgg

†M̃c,k

)

+ φ̃
†
(m−1)Gφ̃(m−1) − g†Rng

. (33)

Combining the derivations above, we can further minorize
fRIS

(
φ̃; φ̃(m−1)

)
into the following linear function

f̃RIS

(
φ̃; φ̃(m−1)

)
= 2�

{
φ̃

†
g̃
}
+�. (34)

Therefore, it is clear that f̃RIS

(
φ̃; φ̃(m−1)

)
is a tight mi-

norizer to fRIS

(
φ̃; φ̃(m−1)

)
. Ignoring the constant item, the

optimization problem to deal with at m-th iteration can be
formulated as

Ṗφ̃,(m)

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

max
φ̃

�
{
φ̃

†
g̃
}

s.t.
∣
∣
∣φ̃n

∣
∣
∣= 1, arg(φ̃N+1) ∈ Φ̄,

ϕ̃n = arg

(
φ̃n

φ̃N+1

)

∈ Φ, n= 1, 2, . . . , N.

(35)

Though the polyphase constraints on φ̃ are highly non-convex,
it will be shown that quasi-closed-form solution to the resultant
optimization can be given, which is concluded as the proposi-
tion given below.

Proposition 3: When the feasible set of arg(φ̃N+1) is chosen
as Φ, i.e. Φ̄ = Φ, the constraint set in Ṗφ̃,(m), namely Ξ̃, can be
equivalently cast as

Ξ̃′ = {φ̃ ∈ C
N |

∣
∣
∣φ̃n

∣
∣
∣= 1, ϕ̃n = arg(φ̃n) ∈ Φ,

n= 1, 2, . . . , N + 1} , (36)

In this context, Ṗφ̃,(m) is equal to the following problem
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

max
φ̃

�
{
φ̃

†
g̃
}

s.t.
∣
∣
∣φ̃n

∣
∣
∣= 1, arg(φ̃n) ∈ Φ,

n= 1, 2, . . . , N + 1.

(37)
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Algorithm 2 Procedure for solving P̃(i)
φ

Input: s(i), φ(i−1),
{
σ̈E
k

}K

k=1
, ϕ̇, {ϕ̇n}Nn=1, {ϕ̈k}Kk=1,

{ϕ̈k,n}K,N
k=1,n=1, {ṙn}Nn=1, {r̈k}Kk=1, {r̈k,n}K,N

k=1,n=1, Rn.

Output: φ(i).
1: Set m= 1, and let φ(m−1) = φ(i−1).

2: Compute
{
M̃c,k

}K

k=1
, M̃t.

3: repeat
4: Calculate g̃ and h based on φ(m−1).

5: Update the RCV via φ(m),n =
φ̃(m),n

φ̃(m),N+1
, n= 1, 2, . . . , N

where φ̃(m) = ejhΔϑ.
6: m←m+ 1.
7: until Convergence
8: Output φ(i) = φ(m).

Proof: See Appendix C.
Based on lemma 1, it is equivalent to deal with (37)

when we set Φ̄ = Φ. In fact, a closer inspection of (37) re-
veals that it has quasi-closed-form solution given by φ̃=
ejhΔϑ, where h= [h1, h2, ..., hN+1]

T ∈ R
N+1 with hn =

argminh=0,1,...,NRCV−1 |hΔϑ− arg(g̃n)|. To conclude, the
optimization process for solving P̃(i)

φ has been summarized
in Algorithm 2.

C. Initialization

The trigger of developed alternating algorithm requires an
initial pair of waveform and RCV. Thus, it is essential to devise
a suitable procedure to obtain a feasible waveform and RCV as
initialization. To this end, the initial RIS RCV can be directly
generated by randomly choosing some phase shifts from Ξ. The
start waveform can be obtained by addressing

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

min
s

s†R̃sums

s.t. |sl|=
√

et
L
, l = 1, 2, ..., L,

‖s− sref‖22 ≤ δ · et.

(39)

It can be seen that (39) can be effectively solved via similar
procedure utilized for solving P̃(i)

s . It is necessary to highlight
that dealing with (39) also provide a way to check the feasibility
of problem P . Denote by the optimal value of (39) as e�sc, then
P is feasible only when esc ≥ e�sc.

D. Convergence and Complexity Analysis

In general, the convergence of the proposed algorithm is
guaranteed by the alternating optimization scheme. Specifically,
it follows that

f
(
s(i−1),φ(i−1)

)
≤ f

(
s(i−1),φ(i)

)
≤ f

(
s(i),φ(i)

)
. (40)

As the index i increases, f
(
s(i),φ(i)

)
is monotonically im-

proving. At the same time, due to the finite energy of waveform

Algorithm 3 The alternating optimization based framework for
solving P
Input:

{
σ̈E
k

}K

k=1
, ϕ̇, {ϕ̇n}Nn=1, {ϕ̈k}Kk=1, {ϕ̈k,n}K,N

k=1,n=1,

{ṙn}Nn=1, {r̈k}Kk=1, {r̈k,n}K,N
k=1,n=1, Rn.

Output: Optimized receive filter, transmit waveform and RCV
pair (w�, s�,φ�).

1: Set i= 1, initialize s(0) and φ(0).
2: Call Algorithm 1 to address P̃(i)

s , where input includes
s(i−1), φ(i−1) and output is the waveform vector s(i).

3: Call Algorithm 2 to address P̃(i)
φ , where input includes

s(i), φ(i−1) and output is the RCV φ(i).
4: if Converges then
5: Cease the algorithm.
6: else
7: i← i+ 1 and go to step 2.
8: end if
9: Output s� = s(i), φ� = φ(i) and calculate the filter as

w� = αΨ−1 (s�,φ�)Ht (φ
�) s�. (38)

and RCV, f
(
s(i),φ(i)

)
is upper bounded. Thus, the conver-

gence is ensured.
The main complexity of the devised Algorithm 3 is linear

with the number of iterations. In each iteration, Algorithm 1
and 2 are applied to solve P̃(i)

s and P̃(i)
φ , respectively. In terms

of Algorithm 1, its complexity results from solving a series
of formulated QCQP problems, where each optimization can
be completed via interior point method in polynomial time
with a computational cost of O

(
L3

)
[52]. Note that compared

with the solving process of P̃(i)
s , quasi-closed-form solution is

given for Algorithm 2 at each iteration. Such fact reduces the
calculation burden of Algorithm 2 at each iteration but may
lead to larger iteration number since the minorization is linear
and thereby looser. At each iteration, the computational cost
mainly come from the calculation of g̃ and h which is about
O

(
(N + 1)

2
)

.

V. SIMULATION RESULTS AND PERFORMANCE ANALYSIS

This section use a series of simulation experiments to demon-
strate the effectiveness of the considered joint design on en-
hancing target detectability of the RIS-aided radar, in which
the impact of system parameters and their interplay are also
investigated.

The radar operates at the center frequency 3 GHz with 25
MHz bandwidth and 1.28 μs pulse length (leading to N = 32)
and the transmit energy is set to be et = 0.01. The radar beam
gains towards the target and RIS elements are set all iden-
tical as Gt =GRIS,n = 1, n= 1, 2, . . . , N . Unless otherwise
stated, we employ the scenario configuration shown as Fig. 6
and the geometry parameters utilized for simulation are listed
in Table II. The target RCS is chosen as 0dBm. Considering that
the undesired scatters are distributed along target direction and
with identical RCS -20dBm. A LFM signal of the same duration



1716 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 72, 2024

Fig. 6. Scenario configuration used in the simulation.

TABLE II
GEOMETRY PARAMETERS

Parameters Value

Distance between radar and target dr,t 7 km
Distance between radar and RIS center along x-axis dr,x 10 m
Distance between radar and RIS center along y-axis dr,y 10 m
Deviation angle of the RIS normal line from the y-axis 30◦

RIS element spacing interval dRIS 0.05 m

length and energy as the waveform to transmit is chosen as the
reference waveform sref , with chirp rate (25× 106)/(1.28×
10−6) Hz/s. The radar is required to control the Energy Spec-
tral Density (ESD) over two frequency spectrum intervals, i.e.,
[0.3, 0.32] and [0.6, 0.62]. Moreover, we consider β1 = β2 =
0.5. The covariance matrix of signal-independent disturbance
is constructed through 1

α2
T
Rn = σnoiseI+

∑2
q=1

σcom,q

fq
2−fq

1
R̃q +

∑3
q=1 σJam,qRJ,q , where σnoise = 0 dB is the noise level,

σcom,q is energy of the q-th coexisting radiator (σcom,1 =
σcom,2 = 10 dB) and R̃q ∈ C

data with elements calculated fol-
lowing the same rule as Rq , RJ,q is the covariance matrix of
the q-th unlicensed jamming signal and defined as

RJ,q = rJ,qr
†
J,q, (41)

where rJ,q(n) = ej2πfJ,qn with fJ,q standing for the normalized
frequency of q-th jamming source. Here in,we set fJ,1 = 0.1,
fJ,2 = 0.52 and fJ,3 = 0.75, respectively. σJam,q is defined to
account for the power of jamming signals (σJam,1 = σJam,2 =
σJam,3 = 40 dB) [41].

A. Algorithm Convergence and Target Detectability
Assessment

The first example verifies the monotonically increasing prop-
erty and convergence of the proposed optimization algorithm.
Fig. 7 plots the SINR iteration curves under different RIS sizes,
phase shift number and waveform constraints. It is crystal clear
that as the iteration progresses, the system SINR at all condi-
tions monotonically increases and converges within finite itera-
tion number. The results also highlights that with the same RIS
size, larger NRCV offers RIS sophisticated choices on adjusting
its phase shifts and thereby higher SINR can be obtained; the
relaxation of transmit constraints leads to more matched radar
waveform; more RIS elements enhances the target information

Fig. 7. SINR versus iteration number.

Fig. 8. Detection probability versus target RCS (in dBsm).

collected through N-LoS paths and makes the SINR gain more
obvious for RIS-aided radar system.

Note that in Gaussian background, the relationship be-
tween the target detection probability and the SINR can be
described by

Pd = MarcQ
(√

2SINR,−
√

2 log (Pfa)
)
, (42)

where MarcQ(·) is the Marcum-Q function and Pfa is the false
alarm probability. Therefore, we can substitute the optimized
SINR into (42) and derive the detection probability under given
false alarm probability. Fig. 8 depicts the detection probability
curves versus target RCS. For comparison purpose, the conven-
tional radar scheme is added, following the model established
in [41]. The corresponding SINR is calculated via

SINRNoRIS =
σ̇ |α̇|2

∣
∣
∣w̃†J̃0s̃

∣
∣
∣
2

w̃†
(

K∑

k=1

σ̈k|α̈k|2J̃r̈k s̃s̃
†J̃†

r̈k
+R′

n

)
w̃

. (43)
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 esc  esc

 esc  esc

(a) (b)

(c) (d)

Fig. 9. Pulse compression properties of the waveform optimized by the
proposed algorithm. (a)N = 64, δ = 0.08, esc =−45dB, (b)N = 64, δ =
0.6, esc =−70dB, (c)N = 64, δ = 0.6, esc =−45dB, (d)N = 64, δ = 0.6,
esc =−90dB.

where w̃ ∈ C
L and s̃ ∈ C

L are the filter and transmit wave-
form, J̃r ∈ C

L×L and R′
n ∈ C

L×L are the according shifting
matrix and interference covariance matrix matching the size.
It is obvious from the figure that the detection probability
exhibits increasing behavior with larger RIS size and looser
waveform constraints. Compared with conventional scheme, the
RIS-aided radar system achieves significant detection perfor-
mance improvement. Specifically, when δ = 0.6, about 10dBsm
stronger target RCS is required to attain the same detection
performance as the radar system aided by an 128-element RIS.

B. Radar Waveform and RIS Beampattern Characteristics

We next check the properties of the radar waveform and
RIS RCV optimized by the proposed algorithm. Fig. 9 and
Fig. 10 show the pulse compression and spectral characteristics
of several optimized radar waveform sets, where NRCV = 8.
Looking over the figures unveils that restricted by the spectral
constraint, the spectrum of optimized waveforms all form ob-
vious concavities within the interval [0.3, 0.32] and [0.6, 0.62].
From Fig. 10(b), 10(e), and 10(f), it can be seen that under the
same δ, as the restriction on the ESD in the above bands is
strengthened, deeper null is formed. Fig. 9 reveals that as δ in-
creases, the pulse compression characteristics of the optimized
waveform become sharper and tend to approach that of the ref-
erence LFM signal. On the contrary, when δ = 0.6, the sidelobe
level of the waveform after matched filtering is high which
leads to poor range resolution. In addition, from Fig. 10(a),
10(b), and 10(c), it can be seen that under the same spectral
compatibility constraint, as tighter similarity is ruled, the overall
spectrum of the optimized waveform becomes flatter and tends
to approach the spectral characteristics of the reference LFM
signal. To provide deeper insights into the interaction within

(a) (b)

(c) (d)

 esc  esc

 esc  esc

Fig. 10. ESD of the waveform optimized by the proposed algorithm versus
normalized frequency. (a)N = 64, δ = 0.08, esc =−45dB, (b)N = 64, δ =
0.6, esc =−70dB, (c)N = 64, δ = 0.6, esc =−45dB, (d)N = 64, δ = 0.6,
esc =−90dB.

the RIS-aided system, we subsequently analyze the RIS beam-
pattern. Specifically, the beampattern of RIS with RCV φ is
calculated via

PRIS(θ) = |w†
RISBPa(θ)|2, (44)

where wRISBP = φ� b with b= [e−j2π
dr,1
λ , e−j2π

dr,2
λ , ...,

e−j2π
dr,N

λ ]T ∈ C
N , and a(θ) = [1, ej2π

dRIS sin θ

λ , ...,

ej2π
(N−1)dRIS sin θ

λ ]T ∈ C
N . With the relative position the

same as Fig. 6, two RIS spacing configurations are employed,
where the inclination w.r.t the x-axis are 20◦ and 30◦ (leading
to θRIS

t =−59.9◦ and θRIS
t =−69.9◦), respectively. As can

be observed from Fig. 11, the main beam points towards the
target direction at all cases. A comparison between Fig. 11(a)
and 11(b) indicates that sharper mainlobe and lower sidelobe
can be obtained through the usage of larger RIS. Moreover,
the beampattern in Fig. 11(c) and 11(d) highlight the benefit of
employing RIS with ability to generate more available phase
shifts, since the sidelobe in Fig. 11(d) is significantly lower
than that in Fig. 11(c) which leads to suppressed clutter energy
and enhanced SINR as the result in Fig. 7 depicts. Based on
the above analysis, a preliminary conclusion can be drawn that
the main role RIS play in the system is to align the target echo
and null the clutter through spatial beamforming6.

C. Impact of the RIS Size and Placement

We now investigate on SINR of the RIS-aided radar system
with different RIS sizes. In this example, the center position and
placement direction of RIS remain the same as before. The other
parameters are set as δ = 0.6, esc =−45dB and NRCV = 8. To
shed light on impact of range gate shift over RIS-aided radar

6If the far-field assumption between RIS and target no longer hold, a range-
dependent two dimension beampattern should be investigated instead.
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(a) (b)

(c) (d)

Fig. 11. RIS beampattern. (a)N = 32, θRIS
t =−59.9◦, NRCV = 32,

(b)N = 128, θRIS
t =−59.9◦, NRCV = 32, (c)N = 128, θRIS

t =−69.9◦,
NRCV = 8, (d)N = 128, θRIS

t =−69.9◦, NRCV = 32.

Fig. 12. SINR versus RIS elements. The geometry configuration is set as
described in Fig. 6. δ = 0.6, esc =−45dB, NRCV = 8.

system, we verify the performance of our scheme in comparison
with that in [35], where the range gate shifts caused by N-LoS
propagation are ignored at the design stage. Moreover, for the
elaboration on the importance of radar waveform and RIS RCV
optimization process, we add another two RIS-aided schemes.
In the former scheme fixed waveform and adjusted RIS RCV are
utilized, as applied in [25]. In the latter scheme the waveform
is optimized but random given RCV are utilized, denoted as
‘RIS-aided (random RIS phase)’. The curves depicted in Fig. 12
clearly emphasize the benefit of larger RIS size on providing
distinct SINR gain. In particular, when the radar is aided by
a 128-element RIS, the maximum SINR gain over the no-
RIS scheme reaches about 10dB. The results also stressed the

Fig. 13. SINR versus dr,y. N = 128, δ = 0.6, esc =−45dB, NRCV = 8.

superiority of our established model since it is observed that
the neglect of range gate shift at the design stage has clearly
lead to SINR losses. A closer inspect into the results reveals
the dependence of system SINR on the transmit waveform. By
transmitting tailored waveform instead of LFM signal, the RIS-
aided radar system achieve more than 2dB SINR improvement
when RIS size is larger than 16. In comparison to that, the
choice of RIS RCV appears further crucial to system SINR,
as the curve corresponding to random φ indicates. Note that in
some cases, the performance of RIS-aided radar with random
φ is even worse than the conventional scheme where no RIS
is employed. In other words, the deployment of RIS without
suitable configuration of its phase shifts can be even counter-
productive. Indeed, the deployment of RIS can enhance SINR
with adjusted RCV. However, mutual cancellation among the
target returns may also be brought with inappropriate RCV and
the original function of radar system can be devastated thereby.

The next example examines the impact of RIS placement on
the SINR of RIS-aided radar system. In particular, with radar
and target kept the same position as before and the placement
direction of RIS unchanged as drawn in Fig. 6, move the 128-
element RIS along the y-axis. Changing dr,y from 10m to 200m,
the SINR behavior is examined with δ = 0.6, esc =−45dB and
NRCV = 8. To verify the robustness of the RIS-aided system
over RIS position, a mismatched scheme is added. That is,
optimize a set of radar waveform and RIS RCV under the
assumption that dr,y = 34m, and calculate the according SINR
of the RIS-aided system at various actual RIS positions. Fig. 13
stresses the advantage of close RIS deployment to radar, since
higher SINR gain can be obtained. This is consistent with intu-
itive understanding. When the distance between radar and RIS
is close enough, RIS-aided radar can be regarded as a multiple
receive array system to some extent. As RIS is deployed far
from radar, the SINR improvement compared to conventional
radar system degrades. From the figure, it can be observed
that the knowledge accuracy on the RIS position is significant.
Specifically, the radar waveform and RIS RCV designed for
dr,y = 34m can achieve pleasant performance in matched RIS
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position, but the SINR loss can be unaffordable in mismatched
cases. Moreover, a obvious SINR degradation of the RIS-aided
scheme with random φ compared with the RIS-aided scheme
is noticed, which stresses again the importance of RCV opti-
mization procedure on system SINR.

VI. CONCLUSION

This paper aims to enhance target detection performance
under clutter background by deploying RIS in the scene and
capitalizing on both the DoF at the radar and RIS. Compared
with the existing works, the developed signal model considers
the impact of the RIS’s presence on the returns based on strict
geometry and propagation rules, especially the range gate shifts
brought by N-LoS propagation, which enhances the applica-
bility of our model to account for more general cases. At the
problem formulation stage, multiple waveform hallmarks and
practical RIS hardware limitation are imposed in the formulated
joint design, which makes the considered design more practical
and represents the main innovation of this paper from the view
of problem formulation. At the analysis stage, insights of the
interplay among radar, RIS and target, in particular, impact
of system parameters and the role RIS play in the system are
given. Future research directions include extending this work
to multiple RIS deployment scenarios and exploring RIS posi-
tion optimization, given its impact on RIS-aided radar system
performance as indicated in [53], [54].

APPENDIX A

PROOF OF PROPOSITION 1

For arbitrary point B′ in the scene, if its N-LoS return (from
the n-th element) can just separate with the target return at the
head, the following condition holds

(dr,B′ + dB′,n + dr,n)
fs
c

=

⌈
2dr,t

fs
c

⌉
− L, (45)

where dr,B′ and dB′,n stands for the physical distance between
the radar and B′, B′ and n-th element of RIS, respectively.

According to (45), we have that

d2B′,n =

(⌈
2dr,t

fs
c

⌉
c

fs
− L

c

fs
− dr,B′ − dr,n

)2

. (46)

On the other hand, as shown in Fig. 14, when the angle
formed by B′, radar and target is θ, the cosine theorem indicates
that d2B′,n = d2r,n + d2r,B′ − 2dr,ndr,B′ cos θ̈n, where θ̈n is the
angle formed by radar-B′ and radar-n-th element of RIS.

Note that θ̈n = θ̇n − θ, where θ̇n is the angle formed by
radar-target and radar-n-th element of RIS. Hence, through
some basic mathematical manipulations, one can easily derive
the expression of dr,B′ as

dr,B′ =

(
2dr,n − �2dr,t fsc �

c
fs

+ L c
fs

)(
�2dr,t fsc �

c
fs

− L c
fs

)

2
(
dr,n cos(θ̇n − θ) + dr,n − �2dr,t fsc �

c
fs

+ L c
fs

) .

(47)

Fig. 14. Illustration of the geometry relationships.

At particular angle θ, there is a one-to-one correspondence
between dr,B′ and n. Denote by B and D the lower and up-
per boundaries of the clutter region in this direction7. More-
over, since the sought point B is the head border (close to
radar) of clutter region for identification of return overlap,
denote the n corresponds to dr,B by nB, nB meets the con-
dition nB = argmax

n
{dB′,n + dr,n} and relationship between

dB′,n and dr,B′ can be reflected as d2B′,n = d2r,n + d2r,B′ −
2dr,ndr,B′ cos(θ̇n − θ). Therefore, at any direction θ, dr,B can
be computed through finding the nB that maximizes dB′,n +
dr,n and substituting n with nB in (47).

Resorting to the similar line of reasoning, we have that if D is
the end border (far to radar) of the clutter region in the direction
θ, then its LoS return just overlaps with the target return which
indicates the following relationship

⌈
(dr,t + dt,nD

+ dr,nD
)
fs
c

⌉
= 2dr,D

fs
c

− (L− 1) , (48)

where nD = argmaxn {dt,n + dr,n}. Therefore, one can di-
rectly get

dr,D =

⌈
(dr,t + dt,nD

+ dr,nD
) fsc

⌉
c
fs

+ (L− 1) c
fs

2
. (49)

Combining (47), (49) and the analysis above, we can give the
clutter region boundaries of RIS-aided radar as

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

dr,B =
2dr,nB

fs
c −

⌈
2dr,t

fs
c

⌉
+ L

(
dr,nB

cos(θ̇nB
−θ)+dr,nB

�2dr,t
fs
c � c

fs
−L c

fs

− 1

)
c

2fs

dr,D =

(
L− 1 +

⌈
(dr,t + dt,nD

+ dr,nD
)
fs
c

⌉)
c

2fs

,

(50)

where
⎧
⎨

⎩

nB = argmax
n

{dB′,n + dr,n}

nD = argmax
n

{dt,n + dr,n}
. (51)

7Here the ends of the clutter region means that the return of any point
within BD will overlap with the target return while these points closer to
radar than B and points farther to radar than D to radar have no contribution
to the target return.
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APPENDIX B

PROOF OF PROPOSITION 2

To begin with, it is necessary to highlight that for matrix
∀X� 0, the quadratic form y†X−1y is actually convex w.r.t
(y,X) [49]. Such result is easy to verify resorting to its Schur
complement form. In light of the convexity of y†X−1y, we
apply the first-order condition to obtain the following inequality

y†X−1y ≥ ȳ†X̄−1ȳ + 2�
{
ȳ†X̄−1 (y − ȳ)

}

− (X̄−1ȳ)†
(
X− X̄

)
(X̄−1ȳ)

=−ȳ†X̄−1XX̄−1ȳ + 2�
{
ȳ†X̄−1y

}
. (52)

It is seen that the right side of (52) provides a linear approxi-
mation to y†X−1y at point (ȳ, X̄). Enlightened by the above
result, we can obtain a minorizer to f(s)8 as

fWAVE

(
s; s(m−1)

)
=−v†Ψ (s)v + 2�

{
v†Hts

}
, (53)

where v =Ψ−1
(
s(m−1)

)
Hts(m−1) with s(m−1) be the opti-

mized waveform at (m− 1)-th inner iteration.
Note that Ψ (s) =

∑K
k=1 σ̈

E
k Hc,kss

†H†
c,k +Rn, we can re-

formulate fWAVE

(
s; s(m−1)

)
into

fWAVE

(
s; s(m−1)

)
=−

K∑

k=1

σ̈E
k s

†H†
c,kvv

†Hc,ks

2�
{
v†Hts

}
− v†Rnv. (54)

It is seen that
{
fWAVE

(
s; s(m−1)

)
≤ f (s) ,

fWAVE(s(m−1); s(m−1)) = f(s(m−1)).
(55)

Based on (55), we have that

f
(
s(m)

)
≥ fWAVE

(
s(m); s(m−1)

)
≥ fWAVE(s(m−1); s(m−1))

= f(s(m−1)), (56)

where f
(
s(m)

)
≥ fWAVE

(
s(m); s(m−1)

)
comes from

the first inequality in (56), fWAVE

(
s(m); s(m−1)

)
≥

fWAVE(s(m−1); s(m−1)) results from the fact that
s(m) = argmaxs fWAVE

(
s; s(m−1)

)
. Hence, it is obvious

that fWAVE

(
s; s(m−1)

)
provides a tight lower bound to f(s)

at point s(m−1).
It is seen that the objective is already a convex quadratic func-

tion and the non-convexity results from the modulus limitation.
Note that the modulus constraint can be split into |sl| ≤

√
et
L

and |sl| ≥
√

et
L , and the non-convexity comes from the latter,

we aim to find convex approximation for it. It is easy to check
that at any point s(m−1) ∈ C

L, 2�
{
s∗l s(m−1),l

}
−

∣
∣s(m−1),l

∣
∣2

provides a lower approximation for |sl|2. However, potential in-
feasibility can be introduced after utilizing such approximation
since the intersection of |sl| ≤

√
et
L and 2�

{
s∗l s(m−1),l

}
−∣

∣s(m−1),l

∣
∣2 ≥ et

L only contains one element. To prevent this,
inspired by the FPP idea [55], [56], [57], [58], we relax the

8We have omitted the function dependence on φ(i−1) for brevity with
some abuse of notation since it remains constant in this part.

constraints by introducing a slack variable η ∈ C
L. Specifically,

the original problem can now be approximated by

Ṗs,(m)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max
s,η

fWAVE(s; s(m−1))− ς‖η‖2

s.t. |sl| ≤
√

et
L
, l = 1, 2, .., L,

2�
{
s∗l s(m−1),l

}
−

∣
∣s(m−1),l

∣
∣2 ≥ et

L
− ηl,

l = 1, 2, .., L,

‖s− sref‖22 ≤ δ · et,
s†R̃sums≤ esc,

η � 0,η(m−1) � η,

fWAVE(s; s(m−1))≥ f(s(m−1)),
(57)

where ς is a pre-defined penalty parameter and η is a non-
negative slack variable. By sequentially updating s through
solving a series of problem {Ṗs,(m)}∞m=1, f(s) can be mono-
tonically improved to convergence. The monotonically increas-
ing property can be guaranteed by the fact that f(s(m))≥
fWAVE(s(m); s(m−1))≥ f(s(m−1)). Moreover, the employed
FPP scheme can provide some guarantees on the property of the
optimized solution. In particular, denote the optimized wave-
form vector at convergence by s(i), then s(i) is a KKT point of
P̃(i)
s [56], [58].

APPENDIX C

PROOF OF PROPOSITION 3

Note that Ξ̃ can be equivalently cast as

Ξ̃ =

{
φ̃ ∈ C

N |
∣
∣
∣φ̃n

∣
∣
∣= 1, arg(φ̃N+1) ∈ Φ̄,

arg(φ̃n) ∈ Φ′, n= 1, 2, . . . , N

}
, (58)

where

Φ′ =
{
arg(φ̃N+1),Δϑ+ arg(φ̃N+1), ...,

(NRCV − 1)Δϑ+ arg(φ̃N+1)
}
. (59)

On the other hand, when the phase of φ̃N+1 is restricted within
Φ, i.e., Φ̄ = Φ, we can assume that arg(φ̃N+1) = hΔϑ with h ∈
{0, 1, ..., (NRCV − 1)}. In this context, the specific form of Φ′

can be given as

Φ′ = {hΔϑ, (h+ 1)Δϑ, ..., (NRCV − 1 + h)Δϑ}

=

{
h

NRCV
2π,

h

NRCV
2π +

2π

NRCV
, ...,

h

NRCV
2π +

(NRCV − 1)

NRCV
2π

}
. (60)

An interesting fact of set Φ′ is that it also uniformly divides
the range [ h

NRCV
2π, h

NRCV
2π + 2π] into NRCV discrete phases

with interval 2π
NRCV

, while the phase of a complex number
is within [0, 2π]. This is equal to divide [0, 2π] with interval

2π
NRCV

regardless of the actual value of h. In other words, Φ′

and Φ describes the same set when Φ̄ = Φ, which gives the
equivalence between Ξ̃′ and Ξ̃.
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