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—— Abstract

Skeletal call-by-need is an optimization of call-by-need evaluation also known as “fully lazy sharing”:

when the duplication of a value has to take place, it is first split into “skeleton”, which is then
duplicated, and “flesh” which is instead kept shared.

Here, we provide two cost analyses of skeletal call-by-need. Firstly, we provide a family of terms
showing that skeletal call-by-need can be asymptotically exponentially faster than call-by-need in
both time and space; it is the first such evidence, to our knowledge.

Secondly, we prove that skeletal call-by-need can be implemented efficiently, that is, with bi-linear
overhead. This result is obtained by providing a new smooth presentation of ideas by Shivers and
Wand for the reconstruction of skeletons, which is then smoothly plugged into the study of an
abstract machine following the distillation technique by Accattoli et al.
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1 Introduction

Call-by-need evaluation of the A-calculus was introduced by Wadsworth in 1971 as an
optimization of the untyped A-calculus [41]. It combines the advantages of both call-by-name
and call-by-value: it avoids diverging on unused arguments, as in call-by-name, and when
arguments are evaluated they do so only once, as in call-by-value. Such a combination is
trickier to specify than call-by-name or call-by-value. In particular, Wadsworth’s original
presentation via graph reduction was not easy to manage.

In the 1990s, call-by-need was adopted by the then new Haskell language, and more
manageable term-based calculi were developed by Launchbury [35] and Ariola et al. [21],
and extended with non-determinism by Kutzner and Schmidt-Schaufl [34]. Additionally,
Sestoft studied abstract machines for call-by-need [38]. In 2014, Accattoli et al. introduced
the CbNeed linear substitution calculus (CbNeed LSC) [4], a simplification of Ariola et al’s
calculus resting on the at a distance approach to explicit substitutions by Accattoli and
Kesner [14]. It became a reference presentation, used in many recent studies [31, 24, 5, 33, 26,
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13, 32, 25, 17, 16]. As far as this paper is concerned, the study in [4] is particularly relevant:
beyond introducing the CbNeed LSC that we shall use, it also relates it with abstract
machines for CbNeed, building a neat bisimulation between the two, deemed distillation.

Skeletal Call-by-Need. CbNeed was introduced together with a further optimization usually
called fully lazy sharing and here rather referred to as Skeletal CbNeed (because fully lazy
sharing is not really descriptive). The idea is to refine the duplication of a value v so as to
duplicate only the skeleton of v while keeping its flesh shared, thus ending up sharing more
than in ordinary call-by-need. As an example, if v = A\x.\y.zzx(yz) then the skeleton of v is
skel(v) := Az.\y.wz(yz) and its flesh is the context flesh(v) := let w = zz in (). That is,
the flesh collects and removes the maximal (non-variable) sub-terms of v that are free, i.e.
such that none of their free variables is captured in v.

Skeletal CbNeed is less studied than CbNeed because it is even trickier to define, as it
requires to compute the skeletal decomposition of a value (that is, the split into skeleton and
flesh). Early works by Turner [40], Hughes [30], and Peyton Jones [36] focus on implementative
aspects. In the last ten years or so, various works provided operational insights. Balabonski
developed an impressive theoretical analysis of Skeletal CbNeed, showing the equivalence of
various presentations [22] and studying the relationship with Lévy’s optimality [23]. Soon
after that, Gundersen et al. showed that the atomic A-calculus, a A-calculus with sharing
issued from deep inference technology, naturally specifies the duplication of the skeleton [29].
Next, Kesner et al. [32] merged the insights of the CbNeed LSC and the atomic A-calculus
obtaining a Skeletal CbNeed LSC, that is, a presentation at a distance of Skeletal CbNeed.

This Paper. The present work extends the operational research line of Balabonski, Gun-
dersen et al., and Kesner et al. with cost analyses of Kesner et al’s Skeletal CbNeed LSC,
aiming at closing the gap with some of the earlier implementative studies at the same time.
Generally speaking, we aim at adding Skeletal CbNeed to the list of concepts covered by the
theory of cost-based analyses of abstract machines and sharing mechanisms by Accattoli and
co-authors [4, 10, 19, 5, 7, 27, 12, 11, 8, 15]. We provide two analyses.

First Analysis: Exponential Time and Space Speed-Ups. The first analysis shows that in
some cases Skeletal CbNeed is considerably more efficient than CbNeed. For that, we exhibit
a family of A-terms {¢, }nen such that t,, evaluates in (2") time and space in CbNeed, while
requiring only O(n) space and time in Skeletal CbNeed. The literature only shows examples
of single A-terms where Skeletal CbNeed takes a few steps less than CbNeed, but never proves
any asymptotic speed-up nor deals with space. Lastly, proving that our family evaluates
within the given bounds requires a fine, non-trivial analysis of evaluation sequences.

Second Analysis: Bi-Linear Overhead. The second analysis shows that Skeletal CbNeed
can be implemented efficiently, with an overhead that is bi-linear, i.e. linear in both the
number of G-steps and the size of the initial term. This time, the same is true for CbNeed.
The insight is that computing skeletons does require additional implementative efforts, but
it comes at no asymptotic price. This work was indeed triggered by showing that the
operational reconstruction of the skeleton at work in Gundersen et al. [29] and Kesner et
al. [32] can be implemented in linear time. Their specifications rest on side conditions about
variables in sub-terms that lead to non-linear overhead, if implemented literally. In fact, the
linear time reconstruction of skeletons by Shivers and Wand [39], from 2010, avoids the side
conditions and pre-dates the recent works. The insightful study in [39], however, is technical
and not well-known. Here we simplify it, recasting it in the context of abstract machines.
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Efficient Skeletal Decompositions, or Shivers and Wand Reloaded. Shivers and Wand
present their ideas using graph-reduction for A-terms. They reconstruct the skeletal decom-
position via a visit of the value to skeletonize seen as a graph, based on two key points:

1. Bi-directional edges: all the edges of their graphs can be traversed in both directions.
When term graphs are seen as mathematical objects, edges are often directed but the
theoretical study can also look at edges in reverse. At the implementative level, however,
things are different. For a parsimonious use of space, most graph-based implementations
(e.g. the proof nets inspired ones in [5, 8, 20]) indeed restrict some edges to be traversed
in one direction only (namely, parent to children), thus sparing some pointers. Therefore,
bi-directional edges are an unusual approach, usually considered redundant.

2. Abstractions, occurrences, and upward reconstruction: in most graphical representations,
there are edges between abstractions and the occurrences of their bound variables, usually
directed only from the occurrences to the abstraction. Shivers and Wand’s insight is that,
with bi-directional edges, one can move from the abstraction back to the occurrences of
the variable and then reconstruct the skeleton by visiting upward from the occurrences.

Shivers and Wand’s study is graph-based and low-level, interleaved with code snippets. Here,

we provide a new neat presentation of their algorithm as a simple high-level rewriting system

over terms, circumventing graphs and low-level details. The reformulation of their study is
the main technical innovation of this paper. While the key concepts are due to Shivers and

Wand, we believe that our new presentation is a notable contribution in that it allows their

concepts to blossom, simplifying their study and making them more widely accessible.

Distillation. We then smoothly lift the distillation-based study of CbNeed by Accattoli
et al. [4] to Skeletal CbNeed, providing an abstract machines using the reloaded algorithm
for skeletal decompositions as a black-box. The new abstract machine is then shown to be
implementable within a bi-linear overhead, completing the second analysis.

The overall insight is that the apparently linear space inefficiency of adding pointers for bi-
directional traversals of terms/graphs enables optimizations — namely, skeletal duplications —
that can bring, in some cases, exponential speed-ups for both time and space.

Implementation. We provide an OCaml implementation of the abstract machine, and in
particular of the reloaded skeleton reconstruction algorithm it rests upon. The implementation
is there to validate the complexity analyses, as well as to integrate the low-level aspect of
Shivers and Wand’s study. The implementation is discussed in Appendix A.

Proofs. A long version with proofs in the Appendix is on arXiv [18].

2 Background: Call-by-Need

In this section, we recall CbNeed, presented as a strategy of the CbNeed linear substitution
calculus (shortened to LSC). For the sake of simplicity, we do not distinguish here between
the strategy and the calculus, and use CbNeed LSC to refer to both.

Accattoli and Kesner’s LSC [1, 6] is a micro-step A-calculus with explicit substitutions.
Micro-step means that substitutions act on one variable occurrence at a time, rather than
small-step, that is, on all occurrences at the same time. The CbNeed LSC was introduced by
Accattoli et al. [4] as a simplified variant of Ariola et al’s presentation of CbNeed [21]. The
simplification is the use of rewriting rules at a distance — that is, adopting contexts in the
root rules — that allow one to get rid of the commuting rewriting rules of Ariola et al.
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TERMS Aes Dt,u = z|v|tu|tfz—u] ‘ VALUES wv,v" == MztwithteA
SUBSTITUTIONS CTXS &3 5,8 = ()] S[z<u]
CBNEED EVALUATION cTXS &€ 3 E,E' u= ()| Eu| E[z+u] | E{z)[z<FE’]
ROOT RULES
DISTANT S8 S(Az.t)u e S(t[zu])
CBNEED LINEAR SUBST.  E{z)[z<S{v)] +na1s S{E{v)[z<v])
REWRITING RULES NOTATION
—a = E(>as) ‘ —na1s = E(nais) —Fneed = —ap U —naas

Figure 1 The Call-by-Need Linear Substitution Calculus (CbNeed LSC).

Terms and Contexts. The set of terms of the A-calculus is noted A. The CbNeed LSC
is defined in Fig. 1. The set of terms of the CbNeed LSC is noted Ags. They add explicit
substitutions t[x<u] (shortened to ESs) to A-terms, that is a more compact notation for
let £ = w in ¢, but where the order of evaluation between ¢ and w is a priori not fixed;
evaluation contexts shall fix it. The set fv(t) of free variables is defined as expected, in
particular, fv(t[fz<u]) := (£fv(¢) \ {z}) U fv(u). Both Az.t and t[zr<u] bind z in ¢, and
terms are identified up to a-renaming. A term ¢ is closed if £v(t) = (), open otherwise.
Meta-level capture-avoiding substitution is noted t{z«<u}. The size [t| of ¢ is the number of
its constructs.

Note that values are only abstractions; this choice is standard in the literature on CbNeed.
Note that, moreover, their bodies are A-terms without ESs. This is in order to avoid dealing
with calculating the skeleton of ESs in the next section. It is a harmless choice because
evaluation (that creates ESs) never enters inside abstractions.

Contexts are terms with exactly one occurrence of the hole (-), an additional constant,
standing for a removed sub-term. We shall heavily use two notions of contexts: substitution
contexts S, that are lists of ESs, and evaluation contexts F.

The main operation about contexts is plugging E(t) where the hole () in context E
is replaced by t. Plugging, as usual with contexts, can capture variables; for instance
((()t)[zu])(x) = (zt)[z<u]. We write E(t) when we want to stress that the context E does
not capture the free variables of .

Rewriting Rules. The reduction rules of the CbNeed LSC are slightly unusual as they use
contexts both to allow one to reduce redexes located in sub-terms (via evaluation contexts
E), which is standard, and to define the redexes themselves (via both substitution S and
evaluation contexts E'), which is less standard. This approach is called at a distance and
related to cut-elimination on proof nets; see Accattoli [2, 3] for the link with proof nets.
The notion of evaluation context E used for CbNeed is exactly the one by Ariola et al. [21],
that extend call-by-name evaluation contexts with the production E{z)[x<FE’], which — by
enterings ESs — is what enables the memoization aspect of CbNeed.

The distant beta rule —4p is essentially the S-rule, except that the argument goes into a new
ES, rather then being immediately substituted, and that there can be a substitution context
S in between the abstraction and the argument. Example: (A\x.y)[y<t]u —n y[zu][y<t].
One with on-the-fly a-renaming is (Az.y)[y<t]y —n z[z<y][z<t].

The linear substitution rule by need —pq.15 replaces a single variable occurrence by a copy
of the value in the ES, commuting the substitution context around the value (if any) out of
the ES. Example: (zz)[z<I[y<t]] —na1s (Iz)[x<I][y<t].
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The use of substitution contexts S in the root rules is what allows one to avoid the
two commuting rules of Ariola et al. [21], namely (rephrasing their let-expressions as ESs)
tlzeslu e (tu)[x<s] and tly—u[zes]] —iera tly—u][z<s].

The two root rules +4p and +>yq.15 are then closed by evaluation contexts E. In Fig. 1,
we use the compact notation —gg:= E(>4p) to denote that —4p is defined as E(t) —qz E{u)
if t —>4g u, and similarly for the other rule.

3 Skeletal Call-by-Need

In this section, we present our version of Skeletal CbNeed, which is a very minor variant
of the one by Kesner et al. [32] (the difference is discussed at the end of the section), itself
defined by tweaking the CbNeed LSC via the notion of skeleton.

The basic idea of skeletal CbNeed is that every value v := Azx.t can be split in two: the
skeleton Az.u, which is a sort of sub-term of ¢, and the flesh S, which is a substitution context
collecting the maximal sub-terms of v that do not depend on z. The flesh is extracted from
v before duplicating it, as to avoid duplicating the code (and possibly redexes) of the flesh,
thus increasing sharing. Some definitions are in order.

Free Sub-Terms. Extractable sub-terms are called free sub-terms, defined next. We actually
need a parametrized notion of free sub-term, which is relative to a set of variables V that are
supposed not to occur in the sub-term.

» Definition 1 (Maximally free sub-terms). Let t € A and V be a set of variables. A sub-term
u of t is (the term part of) a decomposition t = C{u) for some context C; additionally, u
is V-free in t if no variable in £v(u) is captured by C and if £v(u) NV = 0, and maximally
V-free if it is not a strict sub-term of any other V-free sub-term in t.

Skeleton. The skeletal decomposition of a term ¢ is the splitting of ¢ into its maximal free
sub-terms on one side, collected as a substitution context S called the flesh, and what is left of
t after the removal, that is, its skeleton. As for free sub-terms, we rather define parametrized

notions of skeletal decomposition and skeleton. Then, we specialize the definitions for values.

» Definition 2 ((Relative) Skeleton). Let V be a set of variables. The skeletal decomposition of
t relative to a set of variables V is the pair (u,S) of an ordinary A-term u and a substitution
context S defined as skdec'(t) := (z, (-)[w<t]) with x fresh, if £v(t) NV =0 and t is not a
variable, otherwise:

skdec'(z) = (z, ("))
skdec'(\z.u) := (M\z.s,S)  where skdec" {7} (u) = (s,5)
skdec'(us) = (rp,S'(S)) where skdec"1*}(u) = (1, S) and skdec"{#}(s) = (p, 5)

The skeleton, the flesh, and the skeletal decomposition of Ax.t are defined respectively as
skel(A\x.t) := Az.u, flesh(A\x.t) := S, and skdec(Ax.t) := (skel(Ax.t),flesh(Ax.t)), where
skdect®}(t) = (u, S).

Skeletal CbNeed. We adopt the presentation of skeletal CbNeed by Kesner et al. [32]
(refered to as fully lazy CbNeed by them), that adds a new skeletal (explicit) substitution
t{x<v) containing skeletal values, that is, values that are equal to their skeleton. The
language of terms and the strategy is defined in Fig. 2. The new set of terms is noted Ag.
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TERMS Axdt,u == z|v|tu]|tfzeu]|t{z—v) with v = skel(v)
VALUES v,v' = AxtwithteA
SUBSTITUTIONS CTXS S 3 5,5 = ()| Slz<u] | S{z<v)
SKELETAL EVAL. CTXS &g D E,E' == ()| Bu| E[lz<u] | E{z<v) | E{z)[z<FE']
RooT RULES
DISTANT 3 SAz.tyu e S{tlx<u])
SKELETONIZATION E{z)[z<S(v)] e S{S(E{x)({z<0v'))) with skdec(v) = (v', ")
SKELETAL SUBST. E{z)(z<v) s E{v){z<v)
REWRITING RULES NOTATIONS
—exan = Esx{ras) e = Eex(rsx) —rskneed = —skaB U s U —ss
—rss = Eax(rras) [x«t] stands for either [x«t] or (x<v)

Figure 2 The skeletal CbNeed strategy —sk-need-

ROOT STRUCTURAL EQUALITIES
EXPL. SUBST. FE(t[z<s]) =1 E(t)[z<s] if dom(E)Nfv(tjz<s]) =0 and = ¢ £v(FE)
SKEL. SUBST. E(t{z<v)) =2 FE(t){z<v) if dom(FE)Nfv(t{z<v)) =0 and z ¢ £v(F)

CLOSURE RULES
t=1u t=2u ref t=u sym t=u u=s t=u

t=u =u t=t u=t t=s E(t) = E{u)

Figure 3 Structural equivalence =.

Notation: when we need to treat explicit and skeletal substitution together, we use the
notation [z«t], which stands for either [z«<t] or (with a slight abuse) (z+v).

The CbNeed substitution rule —44.15 for a redex E{x)[z<S(v)] is refined via two rules.
The first skeletonization rule — ¢, does three further mini tasks at once: firstly, it decomposes v
in its skeleton v’ and its flesh S’ (thus obtaining E{z)[x<S(S'(v))]); secondly, it re-organizes
the term commuting S and S’ out of the ES (obtaining S(S’(E{z)[z+<v']))); thirdly, it turns
the ES into a skeletal substitutions, finally producing S{S"(E{z)(z<v'}))).

The second skeletal substitution rule —g¢ simply replaces x with v’.

Note that evaluation contexts F are adapted to include skeletal substitutions, but that
they do not enter inside them, since their content is always a value. The distant 3 rule for
Skeletal CbNeed is noted —gx.qp to distinguish it from the one for CbNeed. The Skeletal
CbNeed reduction —gy.neeq is the union of —gy.qp, —>sx, and —rgs.

The next proposition is an easy adaptation of the one for CbNeed in Accattoli et al. [4].

» Proposition 3. The reduction —sy.neea 45 deterministic.

Structural Equivalence. To study the relationship with abstract machines, we shall need
the concept of structural equivalence, defined in Fig. 3. The concept is standard for A-calculi
with ESs at a distance, and it also standard to use it in relationship with abstract machines,
as systematically done by Accattoli et al. [4]. Intuitively, structural equivalence allows one to
move explicit/skeletal substitutions around because the move does not change the behaviour
of the term. This fact is captured by the following strong bisimulation property, proved by
an immediate adaptation of the similar property in [4].

» Proposition 4 (= is a strong bisimulation). Let a € {dB,sk,ss}. Ift =u and t —, t' then
there exists u' such that u —, v and t’ =u'.
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Difference with Kesner et al's Skeletal CbNeed [32]. There is a small difference between
our definition of Skeletal CbNeed and Kesner et al’s, namely in the definition of skeletons.
For us, the skeletal decomposition of, say, v := A\x.yz(zz) is (Az.yzw, (-)[w<zz]), while for
them it is (Az.y'zw, (-)[y’ <y][w+zz]), that is, they flesh-out also single variable occurrences
while we do not, obtaining a slightly more parsimonious decomposition.

This difference, however, has essentially no impact on the theory, nor on the asymptotic
costs. In particular, the operational equivalence of Skeletal CbNeed with respect to CbNeed
and CbN is preserved. The proof of Kesner et al., indeed, works for all decompositions such
that substituting the flesh into the skeleton recovers the original value; our decomposition
has this property. Therefore, we can import the following result.

» Theorem 5 (Operational equivalence [32]). Two A-terms t and u are CbN observational
equivalent if and only if they are Skeletal CbNeed observational equivalent.

4 Skeletal CbNeed Can Bring an Exponential Asymptotic Speed-Up

In this section, we show that Skeletal CbNeed can be both exponentially faster and use expo-
nentially less space than CbNeed, taking as reference cost models (following the terminology
of Accattoli et al. [15]):

Abstract time, that is the number of (distant) S-steps;

Ink space, that is, the maximum size of the involved terms.
By smoothly adapting results in the literature [37, 9, 28], these can be proved to be reasonable
cost models for time for CbNeed and for (super-)linear space for both CbNeed and Skeletal
CbNeed. In fact, the relevant part of proving that abstract time is reasonable for Skeletal
CbNeed shall be our own Theorem 31 at the end of the paper.

We prove the result by defining a family of terms {¢, },en and showing that ¢, evaluates
in an exponential number of dB steps and producing terms of exponential size in CbNeed,
while it uses only a linear number of sk-dB steps and terms of linear size in Skeletal CbNeed.

The Family. We shall use the abbreviations I := Az.z and 7 := Ay.A\z.yI(yI)z. Next, we
define an auxiliary family {u, }nen as follows: ug := I and uy41 := yu,,. Lastly, the actual
family is defined as t,, := (Az.2I(2I))uy,.

Our result is that the term ¢, evaluates in O(n) —rgx.qp-steps (namely 6n + 4 steps) with
skeletal CbNeed and ©(2") —4g-steps (namely 8 x 2™ + n — 4 steps) with CbNeed. This is
shown via quite technical statements. Firstly, note that ¢, —qgp (zI(2I))[x<uy,]; it is actually
for (zI(x1))[z+wu,] that we shall prove bounds. These bounds are expressed stating that
there are families of evaluation contexts S2¢ and S£¥ (one for CbNeed and one for Skeletal
CbNeed) such that (zI(zI))[z+<u,] reduces to S24(I) and S5(I) (which is a normal form
in both cases) in 6n 4+ 3 and 8 x 2™ + n — 3 steps respectively. The results about space are
obtained by showing that S2¢ has size exponential in n, while S* is linear in n.

Evaluation in Skeletal CbNeed. The skeletal case is, perhaps surprisingly, the easiest case
for which one can find an inductive invariant leading to the bound.

» Lemma 6. Let n € N and s, := (xI(xI))[z+uy,]. Then there is a substitution context S=*

and an evaluation e, : Sp — i neeq So(I) such that |ey|sx.ae = 6n + 3 and |SEE| = O(n).
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MARKED TERMS A, 3 m,n == z|2° | z.m | Xz.m |mn|mon |m"
()| Ae.M | Nxz.M | Mn | mM
|Mon|moM|Mﬂ

MARKED CONTEXTS M>M

Figure 4 Marked terms and contexts.

Evaluation in CbNeed. For the non-skeletal case, the bound is formulated via two families
of substitution contexts. For m € N, the first family is given by Sy := (-}[zo<I] and
Snt1 = Sp{(HTnr1<8ns1]) with sp11 = A\yp.2,I(2,I)y,. The second family S2¢ is defined
in the proof of the lemma, itself relying on an auxiliary lemma in the technical report [18].
The statement is parametrized by an evaluation context E for the induction to go through,
but the relevant case is the one with E empty.

» Lemma 7. Let n € N and E be an evaluation context. Then there exist a substitution
context S and an evaluation e, : E{x,I(2nI))[Tnetun] —ieeq Sn(E(S2I))) such that
len|as =8 X 2" +n — 5 and |S2| = Q(2").

The next statement sums up the results, and is based on the result at the end of the
paper stating that Skeletal CbNeed can be implemented in bilinear time, that is, linear in
the size |t,| of the initial term and in the number of sk-dB steps (Theorem 31).

» Theorem 8 (Instance of exponential skeletal speed-up for both time and space). There is a
family {t, }nen of A-terms such that t,, normalizes in O(n) abstract time and O(n) ink space
with Skeletal CbNeed and 2(2™) abstract time and Q(2") ink space with CbNeed.

Proof.

For CbNeed, by Lemma 7 there is an evaluation sequence:
tn = A2.21(2I))uy —as (21(2I))[2eUpn] —ieeq Sn(SEHI))

taking ky := 8 x 2" + n — 4 = Q(2") dB-steps and such that |S2¢| = Q(2").

For Skeletal CbNeed, by Lemma 6 there is an evaluation sequence:
tn = A2.21(2I))un —eras (ZT(2D))[TUn] =5 neeq SZ(T)

taking k,, := 6n + 4 = O(n) sk-dB-steps and such that |S$¥| = O(n). Note that the
calculus has no garbage collection rule, so the size of terms diminishes only by sk-dB
steps, and of a constant amount (a sk-dB step removes two constructs and adds one).
Therefore, the maximum size of terms is bounded by the size of the final term plus the
number of steps. That is, the space cost is O(n). <

5 A Rewriting-Based Algorithm for Computing the Skeleton

In this section, we first define marked terms and a marked reformulation of skeletal decom-
positions. Then, we use the marked setting to give a graphically-inspired rewriting system
computing the skeletal decomposition of a value, giving a neat new presentation of ideas first
developed by Shivers and Wand [39]. The rewriting system formalizes an algorithm. It is
presented as a rewriting system as to smoothly manage it as an operational semantics notion.
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Marked Skeleton. Marked terms and contexts are defined in Fig. 4. The idea is to
incrementally mark with a tag o the constructs belonging to the skeleton during a visit of
the term which is allowed to jump from an abstraction to the occurrences of the variables,
since these are usually connected in a graphical representation.

Constructs of the A calculus are then either the usual ones (referred to as unmarked) or
marked with o, which means that the constructor is part of the skeleton. Additionally, there

is an extra up construct " that shall be used to indicate the frontier of the visit of the term.

In the marked setting, we can recast skeletal decompositions by marking as white the
constructs belonging to the skeleton and leaving unmarked all the constructs of the flesh.

» Definition 9 (Marked skeleton). Let V be a set of variables. The marked skeleton of t
relative to V is defined as mskel'(t) :=t if £v(t) NV = (), otherwise:

mskel'(z) = z° mskel'(tu) := mskel'(m)omskel'(n)
mskel'(A\z.t) = A°z.mskel"V{#}(t)

The marked skeleton of \x.t is defined as mskel(\x.t) := \°x.mskell®}(¢).

Example: for v := Az.\y.zzx(yz), one has mskel(v) = A\°z.A\°y.(2z) o 2° o (y° 0 2).

From the Marked Skeleton to the Skeletal Decomposition. Next, we turn marked skeletons
into skeletal decompositions, by extracting unmarked sub-terms and turning them into the
flesh, while removing the marks from the skeleton. We shall do this via a splitting function,
defined below, which operates on (parametrized) marked skeletons. For that, we give a
lemma guaranteeing that the unmarked sub-terms of marked skeletons can be recognized
from their top constructor, that is in O(1), thus removing the need to inspect them.

» Lemma 10 (Being unmarked is downward closed in marked skeletons). Let mskel'(t) = M (m)
with m starting unmarked. Then m has no marks.

The lemma implies the correctness of the first clause of the following definition, as it
ensures that in that case m has no marks.

» Definition 11 (Splitting). Let m = mskel'(t) for some t and V. The following splitting
function separates the skeleton from the flesh and removes all marks:

) = (2 ()=
split(z) = (=, (-));
split(z®) = (z,(}));
split(\°z.n) = (Az.u,
) = (

S) with split(n) = (u, S);
split(my o mo =

tite, S'(S)) with split(mi) = (t1,S5) and split(ma) = (t2,5").

Example: split(A\°z.\°y.(22) o 2° 0 (y° 0 2)) = (Az. Ay.wx(yz), (-)[wezz]).
We can now prove that the marked notions allow one to retrieve the standard ones.

» Proposition 12 (Soundness of the marked skeleton). Let t € A and V be a set of variables.
1. Auxiliary parametrized statement: split(mskel’(t)) = skdec'(t);
2. Soundness: skdec(Az.t) = split(mskel(Ax.t)).

5:9
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INITIALIZATION

PROPAGATING RULES 1
init(Az.t) := Az.t

mhn —prl mont

ma' e mon! CONTEXTUAL CLOSURES
—— "
Azt s )\Ox.m{:m—xoﬂ} —ai= M(—q)
ABSORBING RULES for a € {prl,pr2, pr3,abl, ab2, ab3}
ol
miom  rrap1 MON ALGORITHM

moﬁfr ab2 M OMN

o —1 o —ralg = —pr1 U —pr2 U —pr3 U
Nxm —ap3 ATT.M

—rabl U —rap2 U —>ab3

Figure 5 Rewriting rules for marked terms.

Computing the Marked Skeleton. We shall now define a parallel algorithm for computing
the marked skeleton via a rewriting system on marked terms. The definition is in Fig. 5.
The algorithm shall be applied to abstractions, say to Ax.t. The algorithm is described by
inserting the up symbols {}, denoting where the algorithm is operating, and propagating
through the term. At the beginning, there is exactly one 1, as the algorithm starts on PYRA

The algorithm has two sets of rules. Propagation rules turn the encountered unmarked
constructs into marked ones. The interesting rule is —,r3 for abstractions, that is also the
very first one to be applied on the initial term Av.d". Tts effect is that Az is marked as \°x
and all the occurrences of z in t are also marked, obtaining A°z.t{x<xz°}; this is how we
recast the role played by Shivers and Wand’s bi-directional edges connecting abstractions
and variables. Essentially, propagation rules move f} upwards but they also add 1} at the
bottom of the syntax tree on the variable occurrences associated to marked abstractions.

Absorption rules, instead, remove the 1 symbol when it encounters a marked construct,
as it means that the concerned thread of the algorithm is passing where another thread
already passed before, thus the concerned thread becomes redundant and can be terminated.

Intuitively, the set of {}-sub-terms is the frontier of where the parallel algorithm is
operating. When the algorithm is over, no internal node is marked with 1.

The algorithm is parallel in that the initial substitution t{z«<xz°} and rule .3 might
introduce many occurrences of f}, which can be propagated independently.

As an example, consider v := Az.\y.zzx(yz), for which one has, for instance:

- —
init(v) = )\:B.)\y.zzsn(yz)ﬂ —pr3 /\ox.)\y.zzm"ﬂ(yz)
——% " ————"
—rpr2 Az Ay.(zz) o z° (yz) —pr1 A°T.AY.(22) 0 x° o (yz)
ﬂﬂ ﬂTT
—T ———"
—pr3 Az A°y.(zz) ox® o (y°' z) —pr1 A°TA°Y.(2z)0a°0y® oz
—ab2—rab3  A°Z.A°Y.(2z) oxC o (y° o z)TT = mskel(’u)ﬂ

» Proposition 13. Reduction —a1g is strongly normalizing and diamond (thus confluent).

Proof.

1. Strong normalization. Let m be a marked term. As terminating measure, consider
(Im]-o, |m|4) where |m|-o and |m|y are the number of unmarked and 1 constructs in m.
Note that the propagation rules decrease |m|-o while the absorption rules decrease |m/4
and leave |m|-, unchanged. Then — .1, is strongly normalizing.

2. Diamond. We prove the diamond property, which implies confluence. Clearly, redexes
cannot duplicate or erase each other. There are only two critical pairs, namely:
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rl al
M (mtat) = M(mon™) M (m"on) 2] M(mon™)
pr2l ab2 ale ab2
M (m™ on) = M{mon) M (m" on) L M(mon)

<

To state the correctness of the algorithm and give a bound on the number of its steps, we
need two definitions.

» Definition 14. Let m be a marked term.
Starts with o/unmarked/{}: m starts with o (resp. unmarked, resp. with 1) if it has
shape x°, \°x.n, or noo (resp. x, \x.n, or no, resp. mn).
White size: the white size |m|o of m is the number of o constructs in m.

The following lemma is the key step in the proof of correctness of the algorithm. It is a
technical lemma, the statement of which is more easily understood by looking at the proof of
the following theorem.

» Lemma 15 (Crucial). Let t be a term, V a set of variables, x € £v(t) \ V, m := mskel'(¢),
and n = mskel" 1=} (). Then:

m{z<z°"} =

k {nﬂ with k = |n|o — |m|o — 1, if m starts unmarked;
alg

with k = |n|o — |m|o, if m starts with o.

» Theorem 16 (Soundness of the algorithm). Let t be a term. Then init(Az.t) —
mskel()\alc.t)TT with n = |mskel(Az.t)|o.

n
alg

Proof. By definition init(\z.t) = Az.f' —pr3 X’x.t{m—?ﬂ}ﬂ = )\Ox.mskelw(t){xeﬁﬁ}ﬂ,
while mskel(\z.t) = \°z.mskel{#}(t). We consider two cases.
Case = ¢ fv(t). Then mskell”}(t) = t and t{xeﬁﬂ} = t, so /\Ox.t{am—ﬁﬂ} =
Noz.t = \°z.mskell™} (1) = mskel(Az.t). Thus, init(Az.t) —pr3 mﬂ. Moreover,

n = 1 = |mskel(Az.t)|o, since the only white construct of mskel(Az.t) is the root
abstraction. X

Case « € fv(t). By Lemma 15, )\Ox.t{w—ﬁﬂ} —>’;1g Nx.mskell®}(t) | where k =
Imske1{#} (t)|, — |t|o — 1 = |mskell®}(t)|, — 1. Therefore:

—— ———
init(A\z.t) —prs Aozt{zez®} — e Mex.mskel{} (1)
7»[} I
—ap3  A°z.mskeli®}(¢) = mskel()\x.t)ﬂ.
Now, n = k 4 2 = |mskel{®} (1), — 1 + 2 = |mskel{#} ()|, + 1 = |mskel(\z.t)]o. <

5.1 Complexity Analysis

We proved that the number of rewriting steps of the algorithm for computing the marked
skeleton mskel(v) is exactly its marked size |mskel(Az.t)|, (Theorem 16), which is the size
of the skeleton (Prop. 12). The complexity of the algorithm is indeed linear but it requires
some discussion, since —,r3 steps are not constant time operations. Moreover, we need to
take into account the cost of splitting.

5:11
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Complexity Analysis 1: Propagation + Absorption. For computing mskel(v) from v,
we assume that abstractions have pointers to the occurrences of the variable, so that the
substitution m{;m—?ﬂ} in —r3 does not require going through the whole of m. This is
Shivers and Wand’s key idea, and also how our implementation works (see Appendix A). A
global argument gives the cost: the algorithm turns |mskel(v)|, unmarked constructs into
o-constructs exactly once, and it generates at most |mskel(v)|, f-constructs that are never
duplicated and are absorbed exactly once, thus it globally requires O(|mskel(v)|o) time.

» Lemma 17 (Cost of propagation + absorption). Computing mskel(v) from v requires time
O(|mskel(v)]o).

Complexity Analysis 2: Splitting. For the cost of splitting, Lemma 10 guarantees that the
unmarked sub-terms of marked skeletons can be recognized in O(1) by only inspecting their
topmost constructor, so that implementing the splitting function takes time proportional to
the number of marked constructors only.

» Lemma 18 (Cost of splitting). Computing split(mskel(v)) from mskel(v) requires time
O(|mskel(v)]o).

The next theorem sums it all up, recasting the obtained costs in the unmarked setting
via the soundness of the algorithm (Prop. 12).

» Theorem 19 (The algorithm is linear in the skeleton). Let v € A be a value. Then the
skeletal decomposition (skel(v),flesh(v)) of v can be computed in O(|skel(v)]).

6 Preliminaries about Abstract Machines

In this section, we introduce terminology and basic concepts about abstract machines, that
shall be the topic of the following sections.

Abstract Machines Glossary. Abstract machines manipulate pre-terms, that is, terms

without implicit a-renaming. In this paper, an abstract machine is a quadruple M =

(States,~>, <+, :) the components of which are as follows.
States. A state Q € States is a quadruple (C,t,S,E) composed by the active term t,
plus three data structure, namely the chain C, the (applicative) stack S, and the (global)
environment E. Terms in states are actually pre-terms.
Transitions. The pair (States,~) is a transition system with transitions ~» partitioned
into principal transitions, whose union is noted ~~p, and that are meant to correspond to
steps on the calculus, and search transitions, whose union is noted ~-ga, that take care
of searching for (principal) redexes.
Initialization. The component < C A x States is the initialization relation associating
closed terms without ESs to initial states. It is a relation and not a function because t<Q
maps a closed M-term ¢ (considered modulo «) to a state Q having a pre-term representant
of ¢t (which is not modulo «) as active term. Intuitively, any two states Q and Q' such that
t<Q and ¢t <Q are a-equivalent. A state Q is reachable if it can be reached starting from
an initial state, that is, if Q' ~* Q where ¢ < Q’ for some ¢ and Q’, shortened as t <Q" ~* Q.
Read-back. The read-back function - : States — Terms turns reachable states into terms
(possibly with ESs, that is, Terms = Ags or Terms = Ag) and satisfies the initialization
constraint: if t <Q then Q =, t.
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A state is final if no transitions apply. A run r : Q ~* Q' is a possibly empty finite sequence
of transitions, the length of which is noted |r|; note that the first and the last states of a run
are not necessarily initial and final. If a and b are transitions labels (that is, ~»,C~> and
~+pC=) then ~sg pi=~+q U~y and |r|, is the number of a transitions in 7, |r|q.p := |7|o +|7|bs
and similarly for more than two labels.

For the machines at work in this paper, the pre-terms in initial states shall be well-bound,
that is, they have pairwise distinct bound names; for instance (Az.z)\y.y is well-bound while
(Az.z)Az.x is not. We shall also write t* in a state Q for a fresh well-bound renaming of t, i.e.
t* is a-equivalent to ¢, well-bound, and its bound variables are fresh with respect to those in
t and in the other components of Q.

Mechanical Bismulations. Machines are usually showed to be correct with respect to a
strategy via some form of bisimulation relating terms and machine states. The notion that we
adopt is here dubbed mechanical bisimulation, and it should not be confused with the strong
bisimulation property of structural equivalence (which actually plays a role in mechanical
bisimulations). The definition, tuned towards complexity analyses, requires a perfect match
between the steps of the evaluation sequence and the principal transitions of the machine
run. Terminology: a structural strategy (—ser, =) iS a strategy —cir plus a relation = that
is a strong bisimulation with respect to — ¢, (see Prop. 4).

» Definition 20 (Mechanical bisimulation). A machine M = (States, ~»,-<-,:) and a structural
strategqy (—str, =) on Agg-terms are mechanical bisimilar when, given an initial state t <Q:

1. Runs to evaluations: for any run r:t<Q~* Q' there exists an evaluation e : t =% .= Q’;

*

y . /
rer W there exists a run r 1t <1Q ~* Q

2. Evaluations to runs: for every evaluation e : t —
such that Q' = u;

3. Principal matching: for every principal transition ~, of label a of M, in both previous
points the number |r|, of a-transitions in r is exactly the number |e|, of of a-steps in the

evaluation e, i.e. |ely = |r|a-

The proof that a machine and a strategy are in a mechanical bisimulation follows from
some basic properties, grouped under the notion of distillery, following Accattoli et al. [4].

» Definition 21 (Distillery). A machine M = (States,~»,-<+,:) and a structural strategy
(—str, =) are a distillery if the following conditions hold:

1. Principal projection: Q ~», Q" implies Q —.= Q' for every principal transition of label a;
Search transparency: Q ~»sea Q' #mplies Q = Q';

Search transitions terminate: ~>g.a terminates;

Determinism: —g¢, s deterministic;

Halt: M final states decode to —sr-normal terms.

R wb

» Theorem 22 (Sufficient condition for implementations). Let a machine M and a structural
strategy (—str, =) be a distillery. Then, they are mechanical bisimilar.

7 The MAD and the Skeletal MAD

In this section, we study an abstract machine for skeletal CbNeed, obtained as a minor
modification of a known machine for CbNeed, that is recalled here. Since the two machines
share most data structures and transitions, they are presented together in Fig. 6 (slightly
abusing notations: the two machines define environments E differently, so the notation of the
common transitions is overloaded).

5:13
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STACKS S == ¢|t:S CHAINS C == €] C:(x,S,E[z+])
MAD ENVS E = €| [z<t]:E States Q := (C,t,8S,E)
SKEL. MAD ENVS E = €| [z<t]:E| (z<v):E INIT. ¢ < (6,t%€€) (#)
COMMON TRANSITIONS
Chain Code | Stack Env | | Chain Code | Stack Env
C tu S E ~sea; C t u:S E
c Az.t | wS E ~3 ¢ t ] [x<u]:E
c z S | E:[w<t]:E || vsea, || C:(7, S, E[z-]) | ¢t € E (%)
C:(z,S,E[z«])| v € E ~~seas ¢ T E:[z<v]:E
MAD SPECIFIC TRANSITION
C | =z | 8 |Efz<v]E ||~ || ¢ | v* | 8 | Efz<vl:E |(#)
i i SKELETAL MAD SPECIFIC TRANSITIONS i N
c x S | E[zev]:E c x S |Ez<v'):Es:E | (%)
C ‘ x ‘ S |E{zev)E || ~es c v ‘ S ‘ Exz<v)E | (#)

(#) t* is any well-bound code a-equivalent to ¢ such that its bound names are fresh
with respect to those in the rest of the state.

(*) If t is not a value (%) Where skdec(v) = (v, S) is the skeletal decomposition of v
(computed as split(mskel(v))), and Eg is S seen as an environment.

READ-BACK
EMPTY e = () ENvs  [z<t]:E = E({(")[z<t])
STACKS S = S{{")t) (x<t):E = E((-)(z<t))
CHans Ci(z,8,E[z—]) = E(C(8(x)))[z()] | Statms (C,t,8,E) := E(C(S(t)))

Figure 6 The Milner Abstract machine by Need (MAD) and the Skeletal Milner Abstract machine
by Need (Skeletal MAD) presented as different extension of a common set of transitions (but be
careful: the common transitions use different notions of environment).

The MAD. The Milner Abstract machine by neeD (MAD) of Fig. 6 implements the CbNeed
strategy —rpeed- It is a CbNeed variant of the Milner Abstract Machine (MAM), itself a
simplification of the Krivine abstract machine (KAM). The MAM is a CbN abstract machine
using a single global environment (sometimes called heap), a stack for arguments, and no
closures — it is omitted here (the KAM instead uses closures and many local environments).
Both the MAM and the MAD are introduced by Accattoli et al. in [4].

The MAD modifies the MAM by adding a mechanism realizing the memoization charac-
teristic of CbNeed. Namely, when execution encounters a variable occurrence z associated to
an environment entry [z«+u] such that w is not a value, then the MAM duplicates v while the
MAD does not. Instead, part of the current state is saved on the new chain data structure C,
and the MAD starts evaluating u inside the environment entry itself; this is transition ~>gea, .
When such an evaluations ends with a value v, the machines resumes the state saved on the
chain, and the environment is updated replacing v with v — this is transition ~+ges, — so that
future encounters of x will not need to re-evaluate u. Both the MAM and the MAD rely on
a-renaming as a black-box operation %, at work in transition ~~gyp.

The presentation in Fig. 6 differs from the MAD in [4] in a very minor point. In [4],
transitions ~~sea, and ~gyp are concatened into a single transition. Splitting them helps in
stating the invariants of the machines.

The Skeletal MAD. The Skeletal MAD, also in Fig. 6, modifies the MAD exactly as the
Skeletal CbNeed LSC modifies the CbNeed LSC, that is, by adding skeletal entries (x<v)
to the global environment and splitting the substitution transtition ~-g, into two: the
skeletonizing transition ~g, that separates the skeleton v’ from the flesh of the value v, and
the skeletal substitution transition ~ss that substitutes the (a-renamed) skeleton v'®
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Notation. For specifying transition ~»g., we use the following notation for the flesh: a
substitution context S = (-)[z1<t1] ... [xp<ti], where each [x;+t;] can be [z;<t;] or (x;<t;),

The union of all the transition rules of the Skeletal MAD (namely, sea;, seas, seas, 3,
sk, and ss) is noted ~gup.

The read-back of (Skeletal) MAD states to terms (possibly with ESs) is defined in Fig. 6.
The definition uses auxiliary notions of read-back for chains, stacks, and environments that
turn them into CbNeed evaluation contexts. For stacks and environments, their read-back is
clearly an evaluation context. For chains, it shall be proved as an invariant of the machine.

Invariants. To prove properties of the Skeletal MAD we need to isolate some of its invariants
in Lemma 24 below. The closure one ensures that the closure of the initial term extends, in
an appropriate sense, to all reachable states. The well-bound invariant, similarly, ensures
that binders in reachable states are pairwise distinct, as in the initial term. To compactly
formulate the closure invariant we need the notion of terms of a state.

» Definition 23 (Terms of a state). Let Q = (C,u,S,E) be a Skeletal MAD state where C is a

of Q are u, every term in S and S;, and every term in an entry of E or E;, for 1 <i <k.

» Lemma 24 (Qualitative invariants). Let t<Q ~»* Q' = (C,u,S,E) be a Skeletal MAD run.

1. Closure: for every term s of Q' and for any variable x € £v(s) there is an environment
entry [xt], (x<v), or [x—] on the right of s in Q.

2. Well-bound: if Ax.s occurs in Q' and x has any other occurrence in Q' then it is as a free
variable of s, and for any substitution [y<t], (y<v), or [y<] in Q' the name y can occur
(in any form) only on the left of that entry in Q'.

3. Contextual chain read-back: C, C(8), E(C) and E(C(S)) are CbNeed evaluation contexts.

Mechanical Bisimulation. The invariants allow us to prove that the Skeletal MAD and the
strategy —sk.neeq Mmodulo = form a distillery, from which the mechanical bisimulation follows
(by Theorem 22). The closure invariant is used for Point 4, the other two for Point 1.

» Theorem 25 (Skeletal distillery). The Skeletal MAD and the structural strategy (—sx-needs =)
form a distillery. Namely, let Q be a reachable Skeletal MAD state.
1. Principal projection:
a. if Q ~p Q then Q —geas=Q'.
b. if Q v Q' then Q —a Q.
C. if Q vss Q then Q =55 Q.
2. Search transparency: if Q ~>sea; seas,sea; Q' then @ = Q.
3. Search terminates: ~>sea; seay,seas 15 terminating.
4. Halt: if Q is final then it has shape (€,v,€,E) and Q 1S —>gk.neea-n0TMAL

» Corollary 26 (Skeletal mechanical bisimulation). The Skeletal MAD and the structural
strateqy (— skneea, =) are in a mechanical bisimulation.

8 Complexity Analysis

In this section, we show that the Skeletal MAD can be concretely implemented within the
same complexity of the MAD, that is, with bi-linear overhead.
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Sub-Term Property. As it is standard, the complexity analysis crucially relies on the
sub-term property, that bounds the size of manipulated (and thus duplicated) terms using
the size of the initial term. The proof requires a similar property about skeletons.

» Lemma 27 (Skeleton and flesh size).

1. Auxiliary parametrized statement: let t € A, V be a set of variables, and skdec'(t) :=
(u,S). Then |u| < |t| and |s| < |t| for any ES [x<s] in S;

2. Main: let v € A. Then |skel(v)| < |v| and |s| < |v| for any ES [x<s] in flesh(v).

» Lemma 28 (Quantitative sub-term property). Let t <Q ~~>&p Q' be a Skeletal MAD run.
Then |u| < |t| for any term u of Q.

Next, some basic observations about the transitions, together with the sub-term property,
allow us to bound their number using the two key parameters (that is, number of S-
steps/transitions and size of the initial term).

» Proposition 29 (Number of transitions). Let r: ¢t <Q ~>&up Q' be a Skeletal MAD run.
1. |r|sk,ss,sea2,sea3 S O(|T|ﬁ); and
2. |rlsea; € Ot - (Ir|s +1))-

Proof.

1. a. |r|seay < |7|s, because every seaq transition consumes one a non-value entry from the

environment, which are created only by § transitions.

b. |7]seas < |7|g, because every seas transition consumes one entry from the chain, which
are created only by sea, transitions, which in turn are bound by [ transitions.

c. |r|ss € O(|r|g), because after a ss transition there can be either a seas transition, a 3
transition, or no transition (if the ss transition is the last one of the run r). Therefore,
|r|ss < |7"|sea3 + |T‘5 +1< 2|r‘5 +1.

d. |r|sx € O(|r|), because every sk transition is followed by a ss transition.

2. Note that sea; transitions decrease the size of the code, which is increased only by
ss and seay transition. By the sub-term property (Lemma 28), the code increase is
bounded by the size [¢| of the initial term. By Point 1, |r|sssea, = O(7|s). Then
[7]sear € O([t] - (I7[ss,seaz +1)) = O(|t] - (7] + 1)) <

Lastly, we need some assumptions on how the Skeletal MAD can be concretely imple-
mented. Our OCaml implementation (see Appendix A) represents variables as memory
locations and variable occurrences as pointers to those locations, obtaining random access
to environment entries in O(1). As already mentioned in Sect. 5, all constructors have
pointers to their parents in the syntactic tree, and in particular variables have pointers to
their occurrences, as to implement efficiently the computation of the skeleton. Moreover,
environments are implemented as doubly linked lists, to split/concatenate them in O(1) in
transitions sea; and seas. The cost of transitions sk and ss is bound by the size of the
value to skeletonize/copy, which is bound by the sub-term property.

» Lemma 30 (Cost of single transitions). Let t <Q ~§up Q' be a run. Implementing any
transitions from Q' costs O(1) but for sk and ss transitions, which cost O(|t|) each.

Putting all together, we obtain a bilinear bound.

» Theorem 31 (The Skeletal MAD is bi-linear). Let r:t<Q ~>&up Q' be a Skeletal MAD run.
Then r can be implemented on random access machiness in O([t| - (|| + 1)).
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Conclusions

We show that skeletal call-by-need provides, in some cases, exponentially shorter evaluation
sequences involving exponentially smaller terms than call-by-need. We also show that the
required skeleton reconstruction can be implemented in linear time and space, by giving a
new simpler and graph-free presentation of ideas by Shivers and Wand. Lastly, we smoothly
plug this result in the existing distillation technique for abstract machines, obtaining an
implementation of skeletal call-by-need with bi-linear overhead. In particular, the bi-linear

overhead allows us to establish that the shrinking of evaluation sequences is a real time

speed-up: the smart specification of skeletal call-by-need does not hide an expensive overhead.
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A OCaml Implementation

We provide at https://github.com/Franciman/fullylazymad a reference implementation
in OCaml of the Skeletal MAD, meant to guarantee the soundness of the assumptions that
underly the complexity analyses. The implementation takes in input a user provided term
and it shows the full run printing all transitions and all intermediate machine states. We
highlight here a few details on the implementation.

Data structures. Pre-terms are represented by the following algebraic data type (ADT):

type term
| Var of { v: var_ref; mutable taken: bool; mutable parent: term option }
| Abs of { v: var_ref; mutable body: term; mutable occurrences: term list; mutable taken: bool; mutable
parent: term option }
| App of { mutable head: term; mutable arg: term; mutable taken: bool; mutable parent: term option }
and var_ref
{ mutable prev : var_ref option;
orig_name : string; (* to help generating new names *)
name : string;
mutable sub : sub;
mutable next : var_ref option ¥
and sub
NoSub | Sub of term | SubSkel of term | Hole | Copy of (term list ref * var_ref)

whose constructors app for applications, abs for abstractions and var for variable occurrence
hold mutable pointers to their subterms, a mutable optional pointer to the parent and a
mutable boolean taken for marking terms during skeleton extraction.

Variable occurrences point to a shared, unique variable declaration/substitution in memory
of type var_ret, which holds the variable name, a substitution description field of type sub
and two optional pointers (prev and next) to insert the variable in an environment, that is
a double-linked lists of variable declarations. A substitution description is an ADT whose
constructors are sub ¢ for the explicit substitution [z+«t], subske1 ¢ for the skeletal substitutions
(x+v), Nosub for bound variables, Hole to represent [z+-] in chain items and copy (parents,z) to
point to another variable declaration x together with the list of its parents. The latter form
is used temporarily to preserve sharing of variable declarations during the implementation of
-%: the first time a variable is to be copied its substitution is make to point to the new copy
and each time an occurrence of the variable is to be copied, the same variable declaration is
reused and a new parent is added for it.

Abstractions also point to the list of occurrences of the bound variable, to implement
rule —p3 in O(1). This is a minor memory-saving divergence from the paper where it was
suggested to have backpointers to the occurrences stored in the bound variable declaration
node, of type var_ref: once an abstraction is consumed, the backpointers become useless and
thus avoiding them in the implementation saves some space.

Machine states are implemented straightforwardly using lists for stacks, chains, and the
set of roots (which is then actually represented as a list, not as a set), and doubly linked
lists of variable declarations for environments:

type env = var_ref option
(* Some head of the doubly-linked list, or None for empty list *)
type stack = term list
type chain = (var_ref * stack * env) list
type state chain * term * stack * env

Skeleton Reconstruction. The rewriting system for marking terms to extract the skeleton
and flesh is implemented sequentially as a recursive function. Each activation record for a
call t0 mark_skeleton in the OCaml stack corresponds in the paper to an occurrence of =" in the
rewritten term.
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let rec mark_skeleton

function
| None O
| Some (Var wv) (v.taken true; mark_skeleton v.parent)

| Some (Abs a)
if not a.taken
then (a.taken true;
List.iter (fun v mark_skeleton (Some v)) a.occurrences;
mark_skeleton a.parent)
| Some (App a)
if not a.taken
then (a.taken true; mark_skeleton a.parent)

Parallel implementations of mark_skeleton are possible, but because of the necessity of syn-
cronization over application nodes and because the size of skeletonized terms is supposed to
be small, it is unclear if actual parallelization would provide any speed-up.

Remaining Code. The code to extract the skeleton and flesh from marked terms, and the
code for machine transitions follow straightforwardly the rules in the paper, up to noisy code
to keep the doubly linked structure of terms and environments. Here is an example of the
code for one transition in the Skeletal MAD:

let step : state string * state
function

| chain, Abs { v; body; _ }, arg :: args, env
set_parent body None; (* unliks body from its parent (double link severed)*)
v.sub Sub arg; (* turns v into an explicit substitution *)
push v env; (* pushes v on top of the env *)
?B3”,(chain, body, args, Some v)

The code that implements - also follows the standard algorithm to copy a graph in
linear time preserving the sharing, described by Accattoli and Barras in [5]. It uses the copy
constructor to temporarily associate each variable to its copy.

B Example of Skeletal MAD Run

We show here an example of invocation of our implementation. Suppose that the file
family_3.lambda contains the following input that encodes the pure term that yields the
third term of the family we studied, where backslashes are ASCII art equivalents of .

Ai. O\g. (\z. (z 1) (z 1)) (g (g (g 1)) (\x.\y. (x 1) x i) y)) (\w. w)

The command

dune exec bin/main.exe fully-lazy-functional-linked-env family_3.lambda

yields the following output?:

The option fully-lazy-functional-linked-env selects the Skeletal MAD implementation described
in the paper, that stays as close as possible to the abstract machine description. The repository also
contains code for alternative implementations of the Skeletal MAD, comprising versions that keep the
machine state garbage free.
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