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Abstract

The aim of this survey is to outline the state of the art in research on a class of linearized
polynomials with coefficients over finite fields, known as scattered polynomials. These
have been studied in several contexts, such as those described by A. Blokhuis, M. Lavrauw
in 2000, and by G. Lunardon, O. Polverino in 2001. In 2016, J. Sheekey brought to the light
their connection to maximum rank-metric codes. This link has significantly advanced their
study and investigation, sparking considerable interest in recent years.
Here, we will explore their relationship with certain subsets of the finite projective line
PG(1, qn) known as maximum scattered linear sets, as well as with codes made up of
square matrices of order n equipped with the rank metric. We will review the known ex-
amples of scattered polynomials up to date and discuss some of their key properties. We
will also address the classification of maximum scattered linear sets of the finite projective
line PG(1, qn) for small values of n and discuss characterization results for the examples
known so far.
Finally, we will retrace how each scattered polynomial gives rise to a translation plane, as
discussed by V. Casarino, G. Longobardi, C. Zanella in 2022 and by G. Longobardi, C.
Zanella in 2024.
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1 Introduction and preliminaries
Let q = pe where p is a prime number and let Fqn be the finite field of order qn. A linearized
polynomial, or a q-polynomial, with coefficients over Fqn is a polynomial of the form

f := f(X) =

ℓ∑
i=0

ciX
qi ,

where ci ∈ Fqn and ℓ is a non-negative integer. We will denote the set of these polynomi-
als by Ln,q[X]. If ℓ is the largest integer such that cℓ ̸= 0, we say that ℓ is the q-degree
degq(f) of f . It is straightforward to show that if f is a linearized polynomial the map
a ∈ Fqn 7−→ f(a) ∈ Fqn is an Fq-linear endomorphism of Fqn , when Fqn is seen as a
vector space over Fq .
In [56], Sheekey introduced a class of linearized polynomials called scattered. More pre-
cisely, a scattered linearized polynomial over Fqn is an element f ∈ Ln,q[X] such that for
any y, z ∈ F∗

qn , the condition
f(y)

y
=
f(z)

z
(1.1)

implies that y and z are Fq-linearly dependent.
Although scattered linearized polynomials appeared in different contexts and have been
studied for about twenty years because of their interest in various combinatorial contexts,
such as blocking sets, planar spreads and translation planes [6, 7, 43, 50], their link with
the theory of rank-metric codes gave a new gain to their investigation. In this survey we
will outline the state of the art of this research and recall some of their applications.

1.1 Rank-metric codes

Coding theory is the branch of mathematics and computer science that deals with the design
of codes for the efficient and reliable transmission of information across noisy communi-
cation channels. The primary goal is to create methods that allow messages to be transmit-
ted in such a way that errors introduced during transmission (due to noise, interference, or
other issues) can be detected and corrected, ensuring that the original message is accurately
received. Error-correcting codes are specially designed codes that allow the receiver to cor-
rect errors without needing to retransmit the message. Here, the key concept is the use of
a distance function, which measures how different a received message is from valid code-
words, enabling error correction by mapping the received (possibly corrupted) message to
the closest valid codeword.

The codes in Hamming metric are certainly the most widely studied and used. Here,
the codewords are vectors with entries over a finite field and the distance between two of
them is determined by counting how many positions they differ, for more details see [46].
Another approach is rank-metric coding proposed in [28], where codewords are matrices.
In this case, the distance between two codewords is defined as the rank of their difference.
This is very useful in encoding through different types of channels, including networks.

In the following we describe these codes and their representation in the linearized poly-
nomials setting. Throughout this paper, if S is a set of field elements (or vectors), we denote
by S∗ the set of non-zero elements (non-zero vectors) of S. Let Fq be the finite field of q
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elements and let Fm×n
q be the set of m × n matrices with entries over Fq endowed with

rank distance

drk : (A,B) ∈ Fm×n
q × Fm×n

q −→ rk(A−B) ∈ {0, 1, . . . ,min{m,n}}. (1.2)

A subset of Fm×n
q , containing at least two elements, is called a rank-metric code, RM-code

shortly. The minimum distance of a code C is defined by

drk(C) = min
A,B∈C
A̸=B

drk(A,B).

If d = drk(C), C is said to be a rank-metric code with parameters (m,n, q; d). If C is an Fq-
linear subspace of Fm×n

q , then C is called Fq-linear and its dimension dimFq C is defined
to be the dimension of C as subspace over Fq .

For the applications in classical coding theory, given the positive integers m,n and
1 ≤ d ≤ min{m,n}, it is desirable to have rank-metric codes which are as large as possible
in size [19, 28, 59]. In [16, Theorem 5.4], Delsarte proved that the size of a rank-metric
code with parameters (m,n, q; d) must satisfy an upper bound, the so-called Singleton-like
bound. Precisely,

|C| ≤ qmax{m,n}(min{m,n}−d+1). (1.3)

If the size of the code C meets this bound, then C is called maximum rank distance code, or
MRD code for short. The adjoint code of C is defined as the code made up of the transposes
of matrices belonging to C:

Ct = {Ct : C ∈ C},

where the superscript t stands for the matrix transposition. Two Fq-linear rank-metric codes
C, C′ ⊆ Fm×n

q , m,n ≥ 2, are called equivalent, in symbols C ∼= C′, if there exist P ∈
GL(m, q), Q ∈ GL(n, q) and a field automorphism ρ ∈ Aut(Fq) such that

C′ = PCρQ = {PCρQ : C ∈ C} .

When m = n, in addition to being equivalent, two codes are said adjointly equivalent if

C′ = P (Ct)ρQ =
{
PCρQ : C ∈ Ct

}
.

In general, determining whether two RM-codes are equivalent is challenging. The idealisers
provide a useful criterion for addressing this equivalence problem. More precisely, the left
idealiser and right idealiser of a rank-metric code C ⊆ Fm×n

q are defined as

IL(C) = {X ∈ Fm×m
q : XC ∈ C for all C ∈ C},

and
IR(C) = {Y ∈ Fn×nq : CY ∈ C for all C ∈ C},

respectively. Indeed, in [45, Proposition 3.1], the authors proved that equivalent codes have
equivalent idealisers. Moreover, in [45, Theorem 5.4], they showed that if m ≤ n and C is
an Fq-linear MRD code with minimum distance d, then IL(C) is a field with q ≤ |IL(C)| ≤
qm, and if max{d,m− d+ 2} ≥

⌊
n
2

⌋
+ 1, then its right idealiser IR(C) is a field as well,

with q ≤ |IR(C)| ≤ qn, see also [54, Result 3.4]. Actually, the following holds.
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Theorem 1.1 ([40, Theorem 3.1]). Let C ⊆ Fm×n
q be an Fq-linear rank-metric code. If

IL(C) (resp. IR(C)) is a field, then it is isomorphic to a subfield of Fqm (resp. Fqn).

Proof. Let us suppose that M := IL(C) is a matrix field. Since any scalar matrix λIm,
where λ ∈ Fq and Im the identity matrix of order m, is contained in M, we have that
|M| = qa for some 1 ≤ a ≤ m. Moreover, Fmq is a (right) vector space over M with
exterior product xM , x ∈ Fmq and M ∈ M. Let b = dimM Fmq , then we get

qm = |Fmq | = |M|dimM Fm
q = qab.

Hence, a divides m and this concludes the proof.

Finally, the weight of a codeword C ∈ C is defined as the rank of C. In [16], Delsarte
(and later Gabidulin in [18]) determined the weight distribution of an MRD code. Before
stating this result, we recall the following definition. Let n, k be non-negative integers with
k ≤ n. The Gaussian binomial coefficient of n and k is defined as follows:[

n

k

]
q

=

{
(qn−1)···(qn−k+1−1)

(qk−1)···(q−1)
if k > 0

1 otherwise.

Let us denote by Ai(C) the number of codewords of weight i of an RM-code C.

Theorem 1.2 ([16, Theorem 5.6]). Let C ⊆ Fm×n
q be an MRD code with minimum distance

d and suppose m ≤ n. Then,

Ad+ℓ(C) =
[
m

d+ ℓ

]
q

ℓ∑
j=0

(−1)j−ℓ
[
ℓ+ d

ℓ− j

]
q

q(
ℓ−j
2 )(qn(j+1)−1), ℓ ∈ {0, 1, . . . ,m−d}.

(1.4)
In particular, Ad+ℓ(C) > 0 for any ℓ ∈ {0, 1, . . . ,m − d} and the number of codewords
with minimum weight is

Ad(C) =
[
m

d

]
q

(qn − 1) = (qn − 1)
(qm − 1)(qm−1 − 1) · · · (qm−d+1 − 1)

(qd − 1)(qd−1 − 1) · · · (q − 1)
. (1.5)

1.2 Rank-metric codes as subsets of linearized polynomials

As said before, any linearized polynomial f ∈ Ln,q[X] induces an Fq-linear endomor-
phism of Fqn and it is well known that there is a one-to-one correspondence between an
element of EndFq

(Fqn) and a linearized polynomial with q-degree at most n− 1, see [35].
Throughout this article, we will denote by L̃n,q[X] the set of linearized polynomials with
coefficients over Fqn and q-degree at most n−1. The algebraic structure (L̃n,q[X],+, ◦, ·),
where + is the addition of polynomials, ◦ is the composition of polynomials modulo
Xqn − X and · is the scalar multiplication by an element of Fq , is isomorphic to the Fq-
algebra EndFq (Fqn). Let f ∈ L̃n,q[X], the set of the roots and the values set of f are both
Fq-subspaces of Fqn . These are called the kernel and the image of f and they are denoted
by ker f and imf , respectively. We will define rank of f , rkf in symbols, as the dimension
over Fq of imf . Clearly, if degq(f) = k, the rank of f is at least n − k. This follows
from the fact that such a polynomial may have at most qk roots, and hence its kernel has
dimension at most k, implying that imf has at least qn−k elements. This turns out to be a
special case of the following more general result.
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Theorem 1.3 ([21, Theorem 5]). Let L be a cyclic Galois extension of a field F of degree n,
and suppose that σ generates the group Gal(L|F). Let k be an integer satisfying 1 ≤ k < n,
and let c0, c1, . . . , ck−1 be elements of L, not all equal to zero. Then the polynomial

f = c0X + c1X
σ + . . .+ ck−1X

σk

has rank at least n− k.

Taking L = Fqn , F = Fq , and σ : x ∈ Fqn 7−→ xq ∈ Fqn returns the above
statement about linearized polynomials, while if σ : x ∈ Fqn 7−→ xq

s ∈ Fqn for some
s ∈ {1, . . . , n − 1} such that gcd(s, n) = 1, then the polynomial f becomes what is
known as a σ-linearized polynomial, or a qs-polynomial. As before, the set L̃n,q,s[X] of σ-
linearized polynomials can also be structured as an Fq-algebra isomorphic to EndFq

(Fqn).
Given a q-polynomial f =

∑n−1
i=0 ciX

qi ∈ L̃n,q[X], the associated Dickson matrix (or
q-circulant matrix) Df is defined as

Df =


c0 c1 . . . cn−1

cqn−1 cq0 . . . cn−1

...
...

...
...

cq
n−1

1 cq
n−1

2 . . . cq
n−1

0

 . (1.6)

The rank of the matrix Df is equal to the rank of f , see [62, Proposition 4.4]. It is straight-
forward to see that L̃n,q[X] is isomorphic to the Fq-algebra of Dickson matrices Dn,q

with entries over Fqn . Let us fix B = {βi}n−1
i=0 an Fq-basis of Fqn , the map ΨB : f 7−→

B−1DfB, where

B =


β0 β1 . . . βn−1

βq0 βq1 . . . βqn−1
...

...
...

...
βq

n−1

0 βq
n−1

1 . . . βq
n−1

n−1

 , (1.7)

is an isomorphism from L̃n,q[X] to Fn×nq , see [62, Lemma 4.1].
In light of the above, the rank distance introduced in (1.2) can be read in L̃n,q[X] as

drk(f1, f2) = rk(f1 − f2)

with f1, f2 ∈ L̃n,q[X]. After fixing an Fq-basis of Fqn , any rank-metric code C ⊆ Fn×nq

can be seen as a subset of linearized polynomials of L̃n,q[X]. Although also codes whose
codewords are rectangular matrices can be seen in a linearized polynomial setting ([37, Sec-
tion 1.2] and [54]) for the purposes of this survey, we will deal only with square rank-metric
codes. We can reformulate the notions recalled in Subsection 1.1 in terms of q-polynomials
with coefficients over Fqn . An Fq-linear rank-metric code C is an Fq-subspace of the vector
space L̃n,q[X] equipped with the above mentioned rank metric and its minimum distance
is defined as

drk(C) = min
f∈C∗

rkf. (1.8)

Let us denote by B∗ = {β∗
i }
n−1
i=0 the dual basis of B, see [35, Definition 2.30]. The

transpose operation ·t in Fn×nq can be read as the map ·̂ : L̃n,q[X] −→ L̃n,q[X] which
makes commutative the following diagram
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L̃n,q[X]
·̂−−−−→ L̃n,q[X]yΨB

yΨB∗

Fqn×n
·t−−−−→ Fn×nq

Then, if f =
∑n−1
i=0 ciX

qi ∈ L̃n,q[X], the adjoint polynomial of f is defined as

f̂ =

n−1∑
i=0

cq
n−i

i Xqn−i

and it corresponds in L̃n,q[X] to the transpose of the matrix B−1DfB (cf. (1.7)). Let
C ⊆ L̃n,q[X] be a rank-metric code, then the adjoint code of C corresponds to the set

Ĉ = {f̂ : f ∈ C}. Moreover, it is routine to verify that ˆ̂
f = f .

Finally, two Fq-linear rank-metric codes C and C′ are equivalent or adjointly equivalent if
there exists (α, ρ, β) such that α, β ∈ L̃n,q[X] with rkα = rkβ = n, and ρ ∈ Aut(Fq)
such that

C′ = {α ◦ fρ ◦ β : f ∈ C} or C′ = {α ◦ fρ ◦ β : f ∈ Ĉ},

respectively, where the automorphism ρ acts only over the coefficients of a polynomial f
in C or Ĉ, respectively. If C = C′, the set of the triples defined as above is a group which
is called the automorphism group of C and it is denoted by Aut(C). Also the notion of left
and right idealiser can be rephrased in this setting as follows

IL(C) =
{
φ ∈ L̃n,q[X] : φ ◦ f ∈ C for all f ∈ C

}
and

IR(C) =
{
φ ∈ L̃n,q[X] : f ◦ φ ∈ C for all f ∈ C

}
,

respectively. By [45, Corollary 5.6] and Theorem 1.1, if C is an MRD code both the ide-
alisers are isomorphic to subfields of Fqn .

1.3 Linear sets of a finite projective space

Let V = V (r, qn) be a vector space over Fqn of dimension r and let Λ = PG(V, qn) =
PG(r − 1, qn) be the projective space associated with it. A set of points LU of Λ is called
an Fq-linear set of rank ν if it consists of the points defined by the non-zero vectors of a
ν-dimensional Fq-subspace U of V , in symbols

LU =
{
⟨u⟩Fqn

: u ∈ U∗} .
The term ‘linear’ was first introduced by Lunardon [41] who considered a particular class
of blocking sets. In the past two decades, in addition to blocking sets, linear sets have
been intensively investigated and applied to construct and characterize various objects in
finite geometry such as two-intersection sets, translation spreads of the Cayley generalized
Hexagon, translation ovoids of polar spaces, semifields and rank-metric codes. The reader
may refer to the surveys [31, 32, 53, 54, 57] and the references therein.
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An Fq-linear set LU could be represented by different Fq-subspaces of V . Indeed, it is clear
that LλU = LU for any λ ∈ F∗

qn , where λU = {λu : u ∈ U}.
Examples of linear sets are the subgeometries of a finite projective space, see [24]. More
precisely, a (canonical) subgeometry Σ of Λ is a linear set with rank r and such that ⟨Σ⟩ =
Λ. Two linear sets LU and LW of Λ = PG(r − 1, qn) are PΓL-equivalent (or simply
equivalent) if there exists a collineation κ ∈ PΓL(r, qn) such that LκU = κ(LU ) = LW .
Clearly, if U and W are Fq-subspaces of V in the same ΓL(r, qn)-orbit, then LU and
LW are equivalent. Indeed, if γ ∈ ΓL(r, qn) such that Uγ = W then, the collineation κγ
induced by γ is a PΓL-equivalence that maps LU into LW . However, this is not a necessary
condition. Indeed, a linear set LU could be represented by different Fq-subspaces which are
not in the same ΓL(r, qn)-orbit. If this is not the case, a linear set LU of rank ν is a said to
be simple. Hence, LU is simple if for each Fq-subspace W of V such that dimFq W = ν
and LU = LW , the subspaces U and W are in the same ΓL(r, qn)-orbit.
A collineation κ ∈ PΓL(r, qn) such that Lκ = LU = L is called an automorphism of L
and the set of all such maps is called the automorphism group of L and it is denoted by
Aut(L). This is a subgroup of PΓL(r, qn).
The most studied linear sets are those that satisfy being maximal in size. Clearly, any Fq-
linear set in Λ = PG(r− 1, qn) of rank greater than n(r− 1) coincides with Λ. Moreover,
it is straightforward to see that

|LU | ≤
qν − 1

q − 1
= qν−1 + qν−2 + . . .+ q + 1.

When the equality is achieved, LU and the underlying vector space U are called scattered.
A scattered linear set LU of Λ with largest possible rank is called maximum scattered linear
set. In [6], Blokhuis and Lavrauw proved a bound on the largest possible rank for a scattered
linear set.

Theorem 1.4 ([6, Theorems 2.1 and 4.3]). Let LU be a maximum scattered Fq-linear set
of rank ν in Λ = PG(r − 1, qn), then if r is even

ν =
rn

2
,

otherwise
n(r − 1)

2
≤ ν ≤ rn

2
.

Actually, in [6] the results above are stated in terms of subspaces and spreads of a given
vector space. We will briefly recall these notions. Let V (m, q) denote an m-dimensional
Fq-vector space. A partial t-spread of V (m, q) is a set S of t-dimensional Fq-subspaces
meeting pairwise in the null space of V . If every non-zero vector of V (m, q) is contained in
exactly one element of S, this is simply called a t-spread of V (m, q). In [55], Segre showed
that a t-spread of V (m, q) exists if and only if t divides m. If we consider V = V (r, qn),
this can be seen as an rn-dimensional vector space over Fq and it is well-known that the
one-dimensional Fqn -subspaces of V , viewed as n-dimensional Fq-subspaces form an n-
spread of V . This spread D is called the Desarguesian spread. Hence, an Fq-linear set
LU ⊆ PG(r − 1, qn) is maximum scattered if and only if the underlying Fq-vector space
U is maximum scattered with respect to D. This means that U meets every element of D
in an Fq-subspace of dimension at most one:

dimFq
(U ∩ ⟨v⟩Fqn

) ≤ 1, ∀ v ∈ V
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and the dimension of U is maximal with respect to the property of being scattered. In this
paper, for a subspace to be scattered will always mean scattered with respect to the Desar-
guesian spread D of V . A generalization of the concept of scattered subspace can be found
in [2] and [11].

We conclude this section by giving the following result that characterizes the coordi-
nates of the points belonging to linear sets of PG(r − 1, qn) of rank n.

Proposition 1.5 ([42, Lemma 7] & [58, Lemma 2.2]). Let L = LU be an Fq-linear set of
rank n in Λ = PG(r − 1, qn). Then there exist f0, f1, . . . , fr−1 ∈ L̃n,q[X] such that

L =
{
⟨(f0(x), f1(x), . . . , fr−1(x))⟩Fqn

: x ∈ F∗
qn
}
, (1.9)

with
⋂r−1
i=0 kerfi = {0}. If ⟨L⟩ = Λ, then the polynomials fi are linearly independent over

Fqn .
Vice versa, if fi ∈ L̃n,q[X], i ∈ {0, . . . , r − 1} with

⋂r−1
i=0 kerfi = {0}, then the point set

in (1.9) is an Fq-linear set of rank n in Λ.

Proof. Since LU is an Fq-linear set of rank n in Λ, the Fq-subspace U is isomorphic to Fqn
as an Fq-vector space. Then, let Φ: U −→ Fqn be an isomorphism and consider{

⟨Φ(x)⟩Fqn
: x ∈ F∗

qn
}
.

Now, Φ(x) belongs to Frqn and hence, it can be written as (f0(x), . . . , fr−1(x)) where
fi ∈ L̃n,q[X], i = 0, . . . , r − 1. If there is a non-zero element in the intersection of the
kernels of fi’s, then the rank of L is strictly less than n, a contradiction. Finally, if the maps
f0, . . . , fr−1 are linearly dependent over Fqn , then there exist αi ∈ Fqn , not all zero, such
that

r−1∑
i=0

αifi(x) = 0

for all x ∈ Fqn , implying that L is contained in the hyperplane with equation α0X0 +
α1X1 + . . . + αr−1Xr−1 = 0, and hence, dim⟨L⟩ < r − 1. Vice versa, if all fi are q-
polynomials, then {(f0(x), . . . , fr−1(x)) : x ∈ Fqn} defines an Fq-subspace U of rank n
if and only if ker f0 ∩ . . . ∩ ker fr−1 = {0}, implying that L = LU is an Fq-linear set of
rank n.

2 Scattered Fq-subspaces of F2
qn and linearized polynomials

From now on, we will focus on maximum scattered Fq-subspaces of F2
qn . These subspaces

are also significant because, via the direct sum construction, they allow us to obtain new
maximum scattered subspaces in higher dimensions, see [3, Section 3]. A linear set asso-
ciated with a subspace of this type turns out to be a point set of the finite projective line
PG(1, qn) and by Theorem 1.4, it has rank equal to n. Since PGL(2, qn) acts 3-transitively
over the points of PG(1, qn), any linear set of PG(1, qn) of rank n is equivalent to an LU
such that the point ⟨(0, 1)⟩Fqn

̸∈ LU . Therefore, by Proposition 1.5, there exists a linearized
polynomial f ∈ L̃n,q[X] such that

U = Uf := {(x, f(x)) : x ∈ Fqn},

and LU = LUf
. We will use Lf to denote the linear set defined by Uf .
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Theorem 2.1 ([56, Section 5]). Let f ∈ L̃n,q[X]. Then, the following are equivalent:

(i) Uf is maximum scattered subspace of F2
qn ;

(ii) f is scattered;

(iii) The set of q-polynomials

Cf = ⟨X, f(X)⟩Fqn
= {aX + bf(X) : a, b ∈ Fqn} ⊂ L̃n,q[X] (2.1)

is a maximum rank distance code with parameters (n, n, q;n− 1).

Proof. (i) =⇒ (ii) Suppose that f(x)/x = f(y)/y for some x, y ∈ F∗
qn . The vector

(y, f(y)) ∈ Uf ∩ ⟨(x, f(x))⟩Fqn
. Since Uf is scattered, dimFq

(Uf ∩ ⟨(x, f(x))⟩Fqn
) ≤ 1.

Therefore (y, f(y)) = λ(x, f(x)) for some λ ∈ Fq , giving that x and y are Fq-linearly
dependent. Hence, f is a scattered polynomial.
(ii) =⇒ (i) Let us suppose by contradiction that Uf is not scattered, i.e., there exists
some x ∈ F∗

qn such that dimFq (Uf ∩ ⟨(x, f(x))⟩Fqn
) > 1. Then, if y ∈ F∗

qn satisfies
(y, f(y)) ∈ Uf ∩ ⟨(x, f(x))⟩Fqn

, there exists λ ∈ Fqn \ Fq such that y = λx with
f(x)/x = f(y)/y. This is a contradiction to the assumption that f is a scattered poly-
nomial.
(ii) =⇒ (iii) It is easy to observe that |Cf | = q2n. In order to be a maximum rank
distance code, by the Singleton-like bound (cf. (1.3)), drk(Cf ) must be n − 1. Then, it is
enough to prove that dimFq ker(aX + bf(X)) ∈ {0, 1} for every (a, b) ∈ F2

qn \ {(0, 0)}.
Clearly, if b = 0, then dimFq

ker aX = 0 for any a ∈ F∗
qn . If b ̸= 0, proving that

dimFq
ker(aX + bf(X)) ∈ {0, 1} for every (a, b) ∈ Fqn × F∗

qn is equivalent to show-
ing that dimFq

ker(mX + f(X)) ≤ 1 for every m ∈ Fqn .
Let x, y ∈ ker(mX + f(X)). Then, mx + f(x) = my + f(y) = 0. This implies that
f(x)/x = f(y)/y and hence y = λx for some λ ∈ F∗

q . This gives dimFq
ker(mX +

f(X)) = 1 and the result follows.
(iii) =⇒ (ii) This follows directly by noting that drk(Cf ) = n−1 implies dimFq ker(mX+
f(X)) is either 0 or 1. Then, if f(x)/x = f(y)/y = −m for some m ∈ Fqn and
x, y ∈ F∗

qn , we get y ∈ ⟨x⟩Fq
. This concludes the proof.

By using Proposition 1.2, we have the weight distribution of an MRD code Cf defined
as in (2.1).
Proposition 2.2. Let f ∈ L̃n,q[X] be a scattered polynomial and consider the MRD code
Cf . Then,

A0(Cf ) = 1, An−1(Cf ) = q(qn − 2qn−1 + 1)
qn − 1

q − 1
, An(Cf ) =

(qn − 1)2

q − 1
.

(2.2)

Let f, g ∈ L̃n,q[X]. They are said to be ΓL-equivalent (resp. GL-equivalent) if the
Fq-subspaces Uf and Ug of F2

qn are in the same ΓL(2, qn)-orbit (resp. GL(2, qn)-orbit). In
[56, Theorem 8], it is shown that two codes Cf and Cg are equivalent if and only if f and
g are ΓL-equivalent. Moreover, note that, since the code Cf in (2.1) is an Fqn -vector space
of L̃n,q[X], its left nucleus is

IL(Cf ) =
{
αX ∈ L̃n,q[X] : α ∈ Fqn

}
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and it is isomorphic to the field Fqn .

Before investigating the right idealiser of an MRD code Cf , let us recall the following.
Let Gf = GL(2, qn){Uf} be the set-wise stabilizer in GL(2, qn) of the Fq-subspace Uf ,
and G◦

f = Gf ∪ {O}, where O is the zero 2× 2 matrix.

Proposition 2.3 ([38, Lemma 4.1], [40, Proposition 3.3 and Remark 3.4]). Let f ∈ L̃n,q[X]
be a scattered polynomial and denote the associated MRD code by Cf . Then Aut(Cf ) con-
sists of elements of the type

g 7→ αXqℓ ◦ gσ ◦ L

with L ∈ L̃n,q[X] invertible , α ∈ F∗
qn , ℓ ∈ {0, 1, . . . , n− 1} and σ ∈ Aut(Fq) such that

C
fσqℓ ◦Xqℓ ◦ L = Cf .

For any α ∈ F∗
qn , ℓ ∈ {0, 1, . . . , n− 1} and σ ∈ Aut(Fq), there is a bijection between the

set of all L such that (αxq
ℓ

, L, σ) ∈ Aut(Cf ) and all linear isomorphism between Uf to
U
fσqℓ . Furthermore, IR(Cf ) and G◦

f are isomorphic fields.

2.1 Known scattered polynomials

In this section we collect the known non-equivalent, up to ΓL(2, qn)-equivalence, scattered
polynomials along with the stabilizers of their related subspaces and the right idealisers of
the associated MRD code. Assume d is a divisor of n; by

Nqn/qd(x) = x(q
n−1)/(qd−1) and Trqn/qd(x) = x+ xq

d

+ . . .+ xq
n
d

−1

,

we denote the norm and the trace of an element x ∈ Fqn over Fqd , respectively. Moreover,
we will identify any non-singular matrix A ∈ F2×2

qn with the map (x, y) 7→ A(x, y)t in
GL(2, qn).

(1) f1,ns := Xqs , gcd(s, n) = 1 (pseudoregulus), see [6].
In this case, it is immediate to see that the stabilizer in GL(2, qn) and the right idealiser
of the MRD code associated C1,n

s := Cf1,n
s

are

G1,n
s := Gf1,n

s
= {diag(α, αq

s

) : α ∈ F∗
qn} and IR(C1,n

s ) = {αX : α ∈ Fqn},
(2.3)

respectively, see [10]. In particular, we have that the associated MRD code with a scat-
tered polynomial of pseudoregulus type is, up to equivalence, the only one which has
both idealisers of the largest possible size. Indeed, if f ∈ L̃n,q[X] is a scattered polyno-
mial not ΓL-equivalent to a polynomial of pseudoregulus type, then G◦

f is matrix field
isomorphic to a proper subfield of Fqn , see [40, Proposition 3.6]. In the remainder of
the survey, we will refer to any linear set PGL-equivalent to L1,n

s := Lf1,n
s

as a linear
set of pseudoregulus type.

(2) f2,ns := Xqs + δXqn−s

, n ≥ 4, Nqn/q(δ) /∈ {0, 1}, gcd(s, n) = 1, see [43]. Here, the
stabilizer in GL(2, qn) of the associated scattered subspace is

G2,n
s := Gf2,n

s
= {diag(α, αq

s

) : α ∈ F∗
qgcd(2,n)} (2.4)
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and the right idealiser of the code Cf2,n
s

is

IR(Cf2,n
s

) = {αX : α ∈ Fqgcd(2,n)}, (2.5)

see [10] and [40]. Similarly to what was done above, we will refer to any linear set
PGL-equivalent to L2,n

s := Lf2,n
s

as a linear set of Lunardon-Polverino type or LP
type.

(3) f3,ns := Xqs + ηXqs+n/2

, n ∈ {6, 8}, gcd(s, n/2) = 1, Nqn/qn/2(η) /∈ {0, 1}, see [10,
Theorem 7.1 and 7.2] and [61]. In this case

G3,n
s := Gf3,n

s
= {diag(α, αq

s

) : α ∈ F∗
qn/2} and IR(Cf3,n

s
) = {αX : α ∈ Fqn/2}.

(2.6)

(4) f4θ := Xq + Xq3 + θXq5 ∈ L̃6,q[X], where θ2 + θ = 1 if q is odd, [12, 47]; some
conditions on θ, if q is large enough and even, [4, Theorem 2.9]. In both odd and even
characteristic,

G4
θ := Gf4

θ
= {diag(α, αq) : α ∈ F∗

q2} and IR(Cf4
θ
) = {αX : α ∈ Fq2}. (2.7)

(5) The quadrinomial with coefficients over Fq2t , q odd t ≥ 3 and gcd(s, 2t) = 1,

ψm,h,s := m
(
Xqs − h1−q

s(t+1)

Xqs(t+1)
)
+Xqs(t−1)

+h1−q
s(2t−1)

Xqs(2t−1)

∈L̃2t,q,s[X],

(2.8)
with (m,h) ∈ Fqt × Fq2t . This polynomial has been studied extensively by several
authors and generalised in various steps which we briefly recap below. More precisely,
the polynomial ψm,h,s turns to be scattered:

(i) for m = 1 and h ∈ Fqt with h2 = −1. This was introduced for t = 3 in [63] and
studied in [5]. Later, it is generalized for any t ≥ 3 in [39] (see also [49]). Note
that h2 = −1 implies that h ∈ Fqgcd(t,2) . So, if t is odd, q ≡ 1 (mod 4);

(ii) for m = 1 and h ∈ Fq2t \ Fqt with Nq2t/qt(h) = −1, see [5] for (s, t) = (1, 3)
and [38, 49] for any integer s coprime to t and t ≥ 3;

(iii) for h ∈ Fq and m ∈ Fqt \ (P+ ∪ P−) where

P+ = {wq+1 ∈ Fqt : w ∈ kerTrq2t/qt} and

P− = {wq−1 ∈ Fqt : w ∈ kerTrq2t/qt}, (2.9)

see [60];

(iv) for (m,h) ∈ Fqt × (Fq2t \ Fqt) with

Nq2t/qt(h) = ±1 and m ∈ Fqt \ (P+ ∪ P−) if t is even
Nq2t/qt(h) = ±1 and m ∈ Fqt \ (P+ ∪ P−) if t is odd, q ≡ 1 (mod 4)

Nq2t/qt(h) = −1 and m ∈ P+ if t is odd, q ≡ 3 (mod 4)

Nq2t/qt(h) = 1 with h2 ̸= −1 and
m ∈ Fqt \ (P+ ∪ P−) if t is odd, q ≡ 3 (mod 4),

(2.10)
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where P+ and P− are as in (2.9), see [20].
Finally, for the cases (i)-(iii), we have the description of the stabilizers Gm,h,s :=
Gψm,h,s

of the scattered subspace Uψm,h,s
and this is isomorphic to the multiplica-

tive group of Fq2 , see [38, 40, 49, 60]. In particular, for t even

Gm,h,s = {diag(α, αq) : α ∈ F∗
q2} and IR(Cψm,h,s

) = {αX : α ∈ Fq2}.
(2.11)

Note that some of the families of linear sets defined by the polynomials listed above, may
share elements, see [5, Proposition 3.10] and [63, Proposition 5.5].

2.2 Standard form for scattered polynomials

In this section, we will show that any scattered polynomial such that the right idealiser of
the associated code is isomorphic to a proper extension of Fq , is equivalent to one with
a particular shape. From now on, we will denote the set of all scattered polynomials f ∈
L̃n,q[X] such that G◦

f is not isomorphic to Fq by Sn,q .

Definition 2.4. Let h =
∑n−1
i=0 biX

qi be a scattered polynomial,

∆h = {(i− j) mod n : bibj ̸= 0 and i ̸= j} ∪ {n},

and let rh be the greatest common divisor of ∆h. If rh > 1 then h is in standard form.

For instance, the scattered polynomial of LP type h := f2,n1 = Xq + δXqn−1

, n even,
is in standard form. Indeed, ∆h = {2, n− 2, n} and rh = 2. On the other hand if n is odd,
f2,n2 is not in standard form. Moreover, if a scattered polynomial h is in standard form, then
it has the following shape:

n/r−1∑
j=0

bjX
qjr+s

,

where r = rh and 0 ≤ s < r with gcd(s, r) = 1, see [40, Remark 4.2].
Any scattered polynomial in standard form is bijective, see [40, Theorem 4.5]. Indeed,

if h is a scattered polynomial in standard form, it induces an Fqr -semilinear map a ∈
Fqn 7−→ h(a) ∈ Fqn where r = rh > 1. This implies that its kernel is an Fqr -subspace
of Fqn . Now, if 0 ̸= x̄ ∈ kerh, then dimFq (Uh ∩ ⟨(x̄, 0)⟩Fqn

) > 1, against the assumption
that h is scattered. Hence, the kernel kerh must be the null space.

Theorem 2.5 ([40, Corollary 4.7]). Let f be a scattered polynomial in Sn,q . Then f is
GL-equivalent to a polynomial h in standard form.

We can refer to the scattered polynomial h above as a standard form of f . Actually,
a standard form for a scattered polynomial f is essentially unique. More precisely, the
following holds.

Proposition 2.6 ([40, Proposition 4.8]). Let h1 and h2 be scattered polynomials in stan-
dard form belonging to L̃n,q[X]. If they are GL-equivalent to a scattered polynomial
f ∈ L̃n,q[X], then there exist a, b ∈ F∗

qn such that

bh2 = h1 ◦ aX or h1 ◦ ah2 = bX.
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Moreover, since any polynomial that is ΓL-equivalent to f is GL-equivalent to fρ for
some automorphism ρ of Fqn , we can state the result.

Theorem 2.7. Let f1,f2 be scattered polynomials in Sn,q having h1 and h2 as standard
forms. These are ΓL-equivalent if and only if there exist a, b ∈ F∗

qn and an automorphism
ρ of Fqn , such that

bh2 = hρ1 ◦ aX or hρ1 ◦ ah2 = bX

As a consequence on the codes associated with two scattered polynomials in Sn,q , we
can state the following.

Corollary 2.8 ([23, Theorem 2.2]). Let Ci = Cfi be maximum rank distance codes as in
(2.1) such that IR(Ci), are not isomorphic to Fq , i = 1, 2. Then, C1 and C2 are equivalent
if and only if there exists a, b ∈ F∗

qn and an automorphism ρ of Fqn , such that

bh2 = hρ1 ◦ aX or hρ1 ◦ ah2 = bX,

where hi is a standard form of fi, i = 1, 2.

Note that for t even, the scattered polynomial ψm,h,s is in standard form. On the other
hand, if t is odd, ψm,h,s is not. In [40, Example 4.10 and 4.11], a standard form for ψm,h,s
with h ∈ Fq and for ψ1,h,s ∈ L6,q,s[X] is computed.
This allowed the study of the equivalence issue among codes of the type
Cψm,h,s

⊂ L̃2t,q,s[X] where t ∈ {3, 4}. Indeed, in [49] Neri et al. determined the equiv-
alence classes of the codes in this family and provided the exact number of inequivalent
ones in it for t ≥ 5. In [23], using the notion of standard form of a scattered polynomials,
the authors completed this study removing this restriction.

3 The ΓL-class of a linear set and the code Cf̂

As seen in Subsection 1.3, an Fq-linear set can be defined by different Fq-subspaces. These
can be in the same orbit under the action of the group ΓL(r, qn) or not. For instance, if
s ̸= 1 the Fq-subspaces U = {(x, xq) : x ∈ Fqn} and W = {(x, xqs) : x ∈ Fqn} are not
ΓL-equivalent but define the same linear set. Indeed,

{⟨(1, xq−1)⟩Fqn
: x ∈ F∗

qn} = {⟨(1, x)⟩Fqn
: x ∈ F∗

qn ,Nqn/q(x) = 1} =

{⟨(1, xq
s−1)⟩Fqn

: x ∈ F∗
qn},

see [14]. This leads to the introduction of the notion of Z(ΓL)-class and ΓL-class of a
linear set of rank n in PG(1, qn), [9]. Precisely,

Definition 3.1 ([9, Definition 2.4]). Let L = LU be an Fq-linear set of PG(1, qn) of
rank n with maximum field of linearity Fq , i.e., L is not an Fqv -linear set for any v > 1.
Then LU has Z(ΓL)-class z, if z is the largest integer such that there exist Fq-subspaces
U1, U2, . . . , Uz of F2

qn with

1. L = LUi
for i ∈ {1, 2, . . . , z}, and

2. there is no λ ∈ F∗
qn such that Ui = λUj for each i ̸= j and i, j ∈ {1, 2, . . . , z}.
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Similarly, the notion of ΓL-class of an Fq-linear set was defined.

Definition 3.2 ([9, Definition 2.5]). . Let L = LU be an Fq-linear set of PG(1, qn) of rank
n with maximum field of linearity Fq . Then L is of ΓL-class c, if c is the largest integer
such that there exist Fq-subspaces U1, U2, . . . , Uc of F2

qn with

1. L = LUi
for i ∈ {1, 2, . . . , c}, and

2. there is no κ ∈ ΓL(2, qn) such that Ui = Uκj for each i ̸= j, i, j ∈ {1, 2, . . . , c}.

In the following, we will denote the Z(ΓL)-class and the ΓL-class of a linear set L by
cZ(ΓL)(L) and cΓL(L), respectively. These integers are invariant under equivalence, see [9,
Proposition 2.6], and it is clear that cΓL(L) ≤ cZ(ΓL)(L). The linear set L is called simple
if its ΓL-class is one.
For instance, in [14] the authors proved that an Fq-linear set of pseudoregulus type L1,n

s :=
Lf1,n

s
has ΓL-class ϕ(n)/2, where ϕ is the totient function, hence they are non-simple for

n = 5 and n > 6. The existence of other non-simple linear sets of rank n in PG(1, qn)
is investigated in [9]. In order to understand the idea behind these results, let us recall the
following.

Theorem 3.3 ([3], [9, Lemma 3.1]). . Let Lf be an Fq-linear set in PG(1, qn) of rank
n, f ∈ L̃n,q[X], and let f̂ denote its adjoint. Then, the linear sets defined by f and f̂
coincide, i.e., Lf = Lf̂ . In particular, if f is scattered, then f̂ is also scattered.

Therefore, if L = Lf is an Fq-linear set such that the Uf and Uf̂ are not in the same
ΓL(2, qn) orbit, cΓL(L) > 1 , see [9, Section 3 and 4]. In [52], Pepe studied the link of
subspaces defining the same linear set, characterising those of rank n. This result has the
following consequence for the maximum scattered ones of the projective line.

Theorem 3.4 ([22, Theorem 3.4]). Let Lf be a maximum scattered linear set of PG(1, qn)

with f ∈ L̃n,q[X]. If W is an n-dimensional Fq-subspace of F2
qn such that LW = Lf ,

then one of the following possibilities occurs:

(1) Lf is equivalent to a linear set of pseudoregulus type

L1,n
s = {⟨(x, xq

s

)⟩Fqn
: x ∈ F∗

qn};

(2) W = λUf for some λ ∈ F∗
qn ;

(3) W = λUf̂ for some λ ∈ F∗
qn , where f̂ is the adjoint of f .

In particular, if Lf is not of pseudoregulus type cΓL(Lf ) ≤ 2.

Note that even if the adjoint polynomial f̂ of a scattered polynomial f is scattered
as well, the rank-metric code Cf̂ associated with f̂ may not be equal nor equivalent to

the adjoint code Ĉf of Cf . Clearly, if f1,ns = Xqs , with gcd(n, s) = 1, and considered
C1,n
s := Cf1,n

s
, it is straightforward to check that

C
f̂1,n
s

= C1,n
n−s = C1,n

s ◦Xqn−s

= Ĉ1,n
s . (3.1)

In the remainder of this section, we will show some new results for Cf and Cf̂ where
f ∈ L̃n,q[X] is a scattered polynomial.
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Lemma 3.5. Let f, g ∈ L̃n,q[X] be scattered polynomials. If Cf and Cg are equivalent,
then Cf̂ and Cĝ are equivalent.

Proof. Since Cf and Cg are equivalent, we have that f and g are ΓL-equivalent and hence
fσ is GL-equivalent to g for some automorphism σ ∈ Aut(Fqn), [56, Theorem 8]. Then,
there exist a, b, c, d ∈ Fqn with ad− bc ̸= 0, such that for any x ∈ Fqn(

a b
c d

)(
x

fσ(x)

)
=

(
y
g(y)

)
where y ∈ Fqn . It is a straightforward computation to show that(

−d b
c −a

)(
x
ĝ(x)

)
=

(
y

f̂σ(y)

)
.

Hence, Cĝ is equivalent to Cf̂σ . Since Cf̂σ
∼= Cf̂ , we get the result.

Proposition 3.6. If f ∈ L̃n,q[X] is a scattered polynomial not ΓL-equivalent to a polyno-
mial of pseudoregulus type, then the adjoint code Ĉf is not equivalent to Cf̂ .

Proof. Suppose that Cf̂ is equivalent to Ĉf . Firstly, Cf̂ cannot be equivalent to a code Cf1,n
s

.
Indeed, if this is the case, by (3.1) and Lemma 3.5 we have that f is equivalent to a polyno-
mial of pseudoregulus type, against our hypothesis. Then, by [40, Proposition 3.6], IR(Cf̂ )
is a proper subfield Fqm of Fqn with m | n. By [45, Propositions 4.1 and 4.2, Theorem 5.4
and Corollary 5.6], we get

Fqm ∼= IR(Cf̂ ) ∼= IR(Ĉf ) ∼= ÎL(Cf ) ∼= Fqn ,

a contradiction.

Let h be a scattered polynomial, it is straightforward to see that ∆h = ∆ĥ and hence
rh = rĥ (cf. Definition 2.4). In particular, we have that if h is in standard form, then its
adjoint polynomial ĥ is in standard form as well.

Proposition 3.7. Let f be a scattered polynomial in L̃n,q[X]. Then, IR(Cf ) is a field
isomorphic to IR(Cf̂ ).

Proof. Let f be a scattered polynomial and first assume that it belongs to Sn,q . Since f is
GL-equivalent to a polynomial h in standard form, the code Cf is equivalent to Ch. By [23,
Theorem 2.1] and Lemma 3.5, Cf̂ is equivalent to Cĥ, r = rh = rĥ and

IR(Ch) = IR(Cĥ) = {αX : α ∈ Fqr}.

By [45, Proposition 3.1], IR(Cf ) ∼= Fqr ∼= IR(Cf̂ ). Now, let us assume that f ̸∈ Sn,q .

Then f̂ cannot belong to Sn,q . Indeed, if this is the case then f̂ is GL-equivalent to a
certain scattered polynomial g in standard form. This implies that the field IR(Cf ) is iso-
morphic to IR(Cĝ) = IR(Cg) and this is isomorphic to a field Fqr with r = rg > 1, a
contradiction. Hence, the right idealisers IR(Cf ) and IR(Cf̂ ) are both fields isomorphic to
Fq . This concludes the proof.
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4 Classification and characterization results
In this section, we will retrace the state of the art regarding the classification of maximum
scattered linear sets of the projective line PG(1, qn) and briefly mention some results con-
cerning geometrical characterizations of those arising from the scattered polynomials listed
in Subsection 2.1.
Firstly, a maximum scattered F2-linear set in PG(1, 2n) is equivalent to a translation hy-
peroval in PG(2, 2n). Due to the famous classification result of translation hyperovals in
Desarguesian planes by Payne [51], we have the following result.

Lemma 4.1. Let f be a scattered polynomial in Ln,2[X], then f is equivalent to X2s

where gcd(s, n) = 1.

Hence, every maximum scattered F2-linear set in PG(1, 2n) is of pseudoregulus type.
As seen in Subsection 1.3, (canonical) Fq-subgeometries of a finite projective space are
examples of linear sets. An Fq-subgeometry of PG(r − 1, qn) is a set projectively equiv-
alent to the linear set of rank r + 1 associated with the Fq-subspace Fr+1

q , i.e. the set of
points with rational coordinates over Fq . These sets play a crucial role in the study of the
characterization and the classification of maximum linear sets of the projective line. Their
relevance lies in the following result.

Theorem 4.2 ([36] and [44, Theorem 2]). If L = LU is an Fq-linear set of rank ν in
Λ = PG(d, qn) such that ⟨L⟩ = Λ, then either L is an Fq-subgeometry of Λ or there exists
a projective space PG(ν − 1, qn) ⊇ Λ, an Fq-canonical subgeometry Σ of PG(ν − 1, qn),
and a complement Γ of Λ in PG(ν − 1, qn), such that Γ ∩ Σ = ∅, and L is the projection
of Σ from Γ onto Λ. Conversely, any such projection is a linear set.

The subspaces Γ and Λ are also called vertex (or center) and axis of the projection,
respectively. We will call any such pair (Γ,Σ) a projecting configuration for the linear set
LU . Since the axis is immaterial, the properties of LU can be described in terms of such
projecting configuration. The corresponding projection map is denoted by ℘Γ.
Clearly, the maximum scattered Fq-linear sets of PG(1, q2) are the Baer sublines. Since
subgeometries are simple linear sets, these have Z(ΓL)-class one, cf. [31, Theorem 2.6]
and [25, Section 25.5].

According to Theorem 4.2, for n ≥ 3, a maximum Fq-linear set LU of the projective
line can be seen embedded in PG(n− 1, qn), and it has as a vertex an (n− 3)-dimensional
projective subspace Γ projecting a subgeometry Σ, Σ∩Γ = ∅, on a line ℓ such that Γ∩ℓ = ∅.
The mutual position of Γ and Σ and the behavior of the vertex Γ under the action of the
pointwise stabilizer G = PΓL(n, qn)Σ of Σ in PΓL(n, qn) have been the subjects of
investigation in various papers [9, 13, 14, 22, 31, 34, 48, 63]. This has allowed the classifi-
cation of maximum scattered linear sets of the line for small values of the rank n, and the
characterization of linear sets known so far via the geometric properties of the projecting
configuration.
In [14] it was proved that for some linear sets of PG(1, qn) the projecting configuration is
not unique up to collineations of PG(n − 1, qn). Indeed, the ΓL-class of a linear set may
be rephrased via a group action property on its projection vertices, see [9, Section 5.2], [14,
Theorem 6 and 7] and [63, Theorem 3.4]. More precisely, let Aut(Σ) be the automorphism
group of a subgeometry Σ in PG(n − 1, qn), i.e. the group made up of all the maps in
PΓL(n, qn) which commute with a generator σ of G. Then, the following result holds.
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Theorem 4.3 ([63, Theorem 3.4]). Let Σ be a canonical subgeometry and ℓ be a line of
PG(n − 1, qn). The ΓL-class of a linear set L = LU ⊂ ℓ is the number of orbits, under
the action of Aut(Σ) of (n − 3)-subspaces Γ of PG(n − 1, qn) disjoint from Σ and from
the line ℓ such that ℘Γ(Σ) is equivalent to L.

Assume that (Γ,Σ) is a projecting configuration in PG(n − 1, qn) for a linear set LU
and let σ be a generator of G = PΓL(n, qn)Σ. The rank of a point P ∈ PG(n − 1, qn)
with respect to the Fq-subgeometry Σ is

rkP = 1 + dim⟨P, P σ, Pσ
2

, . . . , P σ
n−1

⟩,

and it is straightforward to see that the following assertions are equivalent:

(i) ℘Γ(Σ) is scattered;

(ii) the restriction of ℘Γ to Σ is injective;

(iii) every point of the projecting vertex Γ has rank greater than two.

In the following, we will state a characterization result for the linear sets of pseudoreg-
ulus and LP type by means of some geometric properties of their vertices and classifica-
tion results for a maximum linear set of the projective line PG(1, qn) with q > 2 and
n ∈ {3, 4, 5}.

Theorem 4.4 ([13, Theorem 2.3]). Let Σ be a canonical subgeometry of PG(n − 1, qn),
q > 2, n ≥ 3. Assume that Γ and ℓ are (n − 3)-subspace and a line of PG(n − 1, qn),
respectively, such that Σ ∩ Γ = ℓ ∩ Γ = ∅. Then the following assertions are equivalent:

(1) the set ℘Γ(Σ) is a scattered Fq-linear set of pseudoregulus type;

(2) there exists a generator σ of the group G such that dim(Γ ∩ Γσ) = n− 4;

(3) there exists a point P and a generator σ of G such that rkP = n, and

Γ = ⟨P, P σ, . . . , P σ
n−3

⟩.

As consequence of the previous result, we obtain that a maximum Fq-linear set of
PG(1, q3) has a rank three point of PG(2, q3) as its projecting vertex. Hence, Condition 3.
in the theorem above is always satisfied.

Theorem 4.5. Any maximum scattered Fq-linear set in PG(1, q3) is of pseudoregulus type.

This has been already obtained using that the stabilizer of a subgeometry Σ of PG(2, q3)
is transitive on the set of those points of PG(2, q3) \ Σ which are incident with a line of Σ
and on the set of points of PG(2, q3) not incident with any line of Σ, see [9, Example 5.1,
Section 5.2 and Remark 5.6] and [33].
Since the Fq-linear sets of rank 4 in PG(1, q4) with maximum field of linearity Fq are
simple [9, Theorem 4.5], in [15] Csajbók and Zanella proved the following classification
result.

Theorem 4.6 ([15, Theorem 3.4]). Any maximum scattered Fq-linear set in PG(1, q4) is
of pseudoregulus type or LP type.
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Similarly to what was done for pseudoregulus type linear sets, in [63] the authors character-
ized linear sets of LP type and introduced the notion of intersection number of a subspace
with respect to a collineation fixing pointwise a canonical subgeometry. More precisely, let
Γ be a non-empty k-dimensional subspace of PG(n− 1, qn), the intersection number of Γ
with respect to σ, denoted by intnσ(Γ), is defined as the least positive integer γ satisfying

dim(Γ ∩ Γσ ∩ . . . ∩ Γσ
γ

) > k − 2γ.

Clearly, the intersection number intnσ(Γ) is invariant under the action of Aut(Σ).
By Theorem 4.4, a maximum scattered linear set is of pseudoregulus type if and only if
intnσ(Γ) = 1 for some generator σ of the group G. In [22], by a slight strengthening of
[63, Theorem 3.5], the following result that characterizes maximum scattered linear sets of
LP type is stated.

Theorem 4.7 ([22, Theorem 3.7]). Let L be a maximum scattered linear set in a line ℓ of
PG(n − 1, qn), n ≥ 4 and q > 2. Then L is a linear set of LP type if and only if for each
(n− 3)-subspace Γ of PG(n− 1, qn) such that L = ℘Γ(Σ), the following holds:

(i) there exists a generator σ of G such that intnσ(Γ) = 2;

(ii) if P is the unique point of PG(n− 1, qn) such that

Γ = ⟨P, P σ, . . . , P σ
n−4

, Q⟩,

then the line ⟨Pσn−1

, Pσ
n−3⟩ meets Γ.

Also in [34, 48], in order to classify maximum scattered Fq-linear sets of PG(1, q5), the
geometric properties of their projecting vertex in PG(4, q5) are investigated. In this case,
every maximum scattered linear set is the projection of an Fq-subgeometry Σ of PG(4, q5)
from a plane Γ external to the secant variety to Σ (see [17, 29] and [30] for the notion of
secant variety in this context).
Let σ be a generator of G = PΓL(5, q5)Σ, and let A = Γ ∩ Γσ

4

, B = Γ ∩ Γσ
3

. By The-
orem 4.4, if A and B are not both points, then the projected linear set is of pseudoregulus
type. If they are both points and at least one of them has rank 5, then the associated max-
imum scattered linear set must be of LP type, see [34, Theorem 6.1]. So, if a maximum
scattered linear set of a new type exists, it must be such that rkA = rkB = 4. In [34,
Section 6], the authors derived that any maximum scattered Fq-linear set in PG(1, q5) is,
up to equivalence in PΓL(2, q5), one of the following:

(C1) pseudoregulus type L1,5
s ;

(C2) LP type L2,5
s,δ ;

(C3) Lη,ρ = {⟨(η(xq − x) + Trq5/q(ρx), x
q − xq

4

)⟩Fq5
: x ∈ F∗

q5} where η, ρ ∈ Fq5 ,
η ̸= 0 and Trq5/q(η) = 0 ̸= Trq5/q(ρ);

(C4) Lξ = {⟨(x, ξ(xq + xq
3

) + xq
2

+ xq
4

)⟩F5 : x ∈ F∗
q5} with Nq5/q(ξ) = 1.

The classes of sets of types (C3) and (C4) might be empty. Indeed, as an exhaustive analy-
sis by computer showed, no maximum scattered linear sets exist with rkA = rkB = 4 for
q ≤ 25.
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Finally, in the spirit of [14, 63], in [22] the authors characterized the other families of
maximum scattered linear sets of PG(1, qn) arising from the scattered polynomials listed in
Subsection 2.1. This was achieved by studying specific subspaces that intersect the project-
ing vertices, yielding characterization results similar to Theorems 4.4 and 4.7 mentioned
above.

5 Translation planes arising from scattered polynomials
In this section, we will explore a different property of scattered polynomials; precisely, a
connection they have with translation planes. In order to ensure that the survey is as self-
contained as possible, we will first introduce the necessary notions and definitions.
A (partial) planar spread of a finite 2n-dimensional vector space V is a (partial) n-spread B
of V . As seen in Subsection 1.3, the Desarguesian spread of the 2n-dimensional Fq-vector
space F2

qn

D =
{
⟨v⟩Fqn

: v ∈
(
F2
qn
)∗}

is a planar spread of F2
qn .

A finite (right) quasifield is an ordered triple (Q,+, ◦), where Q is a finite set

(i) (Q,+) is an abelian group,

(ii) (Q∗, ◦) is a loop,

(iii) ∀x, y,m ∈ Q, (x+ y) ◦m = x ◦m+ y ◦m,

(iv) ∀a, b, c ∈ Q with a ̸= b, ∃!x ∈ Q such that x ◦ a = x ◦ b+ c.

The kernel of the quasifield (Q,+, ◦) is

K(Q) = {k ∈ Q : k ◦ (x+ y) = k ◦ x+ k ◦ y and k ◦ (x ◦ y) = (k ◦ x) ◦ y
for any x, y ∈ Q}.

The kernel of Q is a finite field and Q is a left vector space over K(Q), see [1] and [27,
Chapter 1]. A quasifield satisfying the right distributive property is called a semifield; an
associative quasifield is called a nearfield. Let us define B∞ = {0} ×Q, and

Bm = {(x, x ◦m) : x ∈ Q} for m ∈ Q.

Then, B(Q) = {Bm : m ∈ Q ∪ {∞}} is a planar spread of the K(Q)-vector space Q2.
Conversely, for any planar spread B a quasifield Q exists such that B = B(Q).

Let B be a planar spread of V . Other planar spreads can be constructed by using the
following technique of net replacement. If B′ and B′′ are distinct partial planar spreads of
V such that B′ ⊆ B, and ⋃

B′∈B′

B′ =
⋃

B′′∈B′′

B′′,

then (B \ B′) ∪ B′′ is a planar spread of V . If |B′| = |B′′| = (qn − 1)/(q − 1), the
partial spreads B′ and B′′ are called hyper-reguli [26, Chapter 19]. Such hyper-reguli are
also called replacement set of each other.

The translation plane A (B) associated with the planar spread B of a finite vector
space V is the plane whose points are the elements of V and whose lines are the cosets
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of the elements of B in the group (V,+). Let Q be a quasifield, then the translation plane
A (Q) associated with Q is the translation plane A (B(Q)) associated with B(Q). Any
line is represented by the equations of type X = b and Y = X ◦m + b with m, b ∈ Q. It
is easy to see that if A (Q) and A (Q′) are isomorphic translation planes associated with
the quasifields Q and Q′ respectively, then K(Q) and K(Q′) are isomorphic fields. Hence
the kernel of Q is a geometric invariant of the plane A (Q), also called the kernel of the
translation plane A (Q), see [26, 27] and all the references therein. A class of the most
investigated translation planes in the litereature is that of André q-plane. More precisely,
an André q-plane is associated with the planar spread of F2

qn obtained from D by replacing
each partial spread of type

B′
ξ = {⟨(1,m)⟩Fqn

: m ∈ Fqn with Nqn/q(m) = ξ}, ξ ∈ F∗
q

with
B′′
µ(ξ) =

{
{(x, xµ(ξ)m) : x ∈ Fqn} : Nqn/q(m) = ξ

}
,

where µ : F∗
q −→ Gal(Fqn |Fq) is a map. Any B′

ξ is called André q-net and if µ is the map
ξ 7→ ξq

s

, the partial spread B′′
µ(ξ) is called an André qs-replacement [26, Definition 16.1

and 16.3].
In [43], Lunardon and Polverino showed that the pseudoregulus linear set, contained in

D, is a hyperregulus of F2
qn and it leads to a net replacement. In [8], the authors showed that

this argument can be applied to any scattered Fq-linear set of maximum rank in PG(1, qn).
Indeed, by the 3-transitivity of PGL(2, qn) on the points of the finite projective line
PG(1, qn) and since the size of an Fq-linear set of PG(1, qn) is at most (qn − 1)/(q − 1),
if q > 2, then any linear set of maximum rank is projectively equivalent to an LU such that

⟨(1, 0)⟩Fqn
, ⟨(0, 1)⟩Fqn

, ⟨(1, 1)⟩Fqn
̸∈ LU . (5.1)

Hence, there exists a linearized polynomial f ∈ L̃n,q[X] such that U = Uf and ker f =

{0} = ker(f −X). If f ∈ L̃n,q[X], we will denote Df = {f(x)/x : x ∈ F∗
qn} the set of

the non-homogeneous projective coordinates of the points belonging to the set Lf . Hence,
by (5.1), 0, 1 /∈ Df .
As the next result states, from each scattered polynomial a quasifield arises.

Theorem 5.1 ([8, Proposition 3.1]). Let f ∈ L̃n,q[X], q > 2, be a scattered polynomial
such that 0, 1 ̸∈ Df . Let Qf = Fqn be endowed with the sum of Fqn , and define

x ◦m =

{
xm if m /∈ Df ,
h−1f(hx) if m ∈ Df and f(h)−mh = 0, h ̸= 0

(5.2)

for any x,m ∈ Qf . Then (Qf ,+, ◦) is a quasifield, and K(Qf ) = Fq .

Let Bf = B(Qf ) and Af be the planar spread ofQ2
f associated withQf and the related

translation plane, respectively. Then, the elements of Bf distinct fromB∞ are of two types:

(1) if m ∈ Fqn \ Df , then Bm = ⟨(1,m)⟩Fqn
;

(2) if m ∈ Df and f(h)−mh = 0, h ̸= 0, then

Bm = {(h−1x, h−1f(x)) : x ∈ Fqn} = h−1Uf .
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In particular, Uf = Bf(1) and {Bm : m ∈ Df} and {⟨(1,m)⟩Fqn
: m ∈ Df} are hyper-

reguli covering the same vector set.
For instance, let L1,n

s be a linear set of pseudoregulus type. Then, L1,n
s is projectively

equivalent to the linear set Lg where g = ωXqs with ω ∈ Fqn ,Nqn/q(ω) ̸∈ {0, 1},
gcd(s, n) = 1. In this way, we get 0, 1 /∈ Dg . In [8, Section 3], Casarino et al. under-
lined that the plane Ag associated with the scattered polynomial g is the André q-plane
obtained by one qs-André net replacement.
However, if there is no need for a quasifield framework, the assumption 0, 1 /∈ Df can be
deleted. Indeed, if f ∈ L̃n,q[X] is a scattered Fq-linearized polynomial, the collection Bf
of the following subspaces of F2

qn :

⟨(1,m)⟩Fqn
(m ∈ Fqn \ Df ), hUf (h ∈ F∗

qn), {0} × Fqn .

defines a planar spread and, hence a translation plane associated with f , Af = A (Bf ).
However, the translation planes that come from scattered polynomials are neither coordi-
natizable over a semifield nor over a nearfield, see [8, Corollary 4.4].
Let f1, f2 ∈ L̃n,q[X] be scattered linearized polynomials, q > 3 and let A1 := Af1 and
A2 := Af2 be the translation planes associated. These are isomorphic if and only if Uf1
and Uf2 belong to the same orbit under the action of ΓL(2, qn), [8, Theorem 4.2]. This
implies that any scattered Fq-linear set L = LU of maximum rank in PG(1, qn) gives rise
to cΓ(L) pairwise nonisomorphic translation planes.
Finally, in [40, Section 5] by investigating the affine collineation group of the translation
plane associated with a scattered polynomial, the authors showed that, a maximum scat-
tered linear set Lf of the projective line PG(1, qn), n > 2 and q > 3, is of pseudoregulus
type if and only if Af is a (generalized) André plane [40, Theorem 5.9].
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