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ARTICLE INFO ABSTRACT

Article history: We consider the problem of steady pumping of water from a line drain on the surface of a
Received 9 March 2019 wet ground. Unlike the classical formulation, which regards the conductivity parameter K
ie‘“siddzgoMl\‘jerh;g(z)go as uniformly distributed in the domain, the problem here is solved within a stochastic
ceepte vareh 2. framework in order to account for the irregular (random), and more realistic, spatial vari-
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ability of K. Due to the linearity of the problem at stake, we focus on the derivation of the
mean Green function G. This is computed by means of an asymptotic expansion.

I;Z{xsrﬁedia The fundamental result is an analytical (closed form) expression of G which general-
Steady flow izes the classical solution. Based on this, we develop an equivalent conductivity K®@ which
Drain enables one to tackle the problem similarly to the classical one. In particular, it is shown
Heterogeneity that the equivalent conductivity grows monotonically with the radial distance r from the
Stochastic modelling drain, and it lies within the range K®4(0) < K®(r) < K*4(c0) < co.

Equivalent conductivity © 2020 Elsevier Inc. All rights reserved.

1. Introduction

Understanding of pattern of shallow water-tables due to drainage is crucial from an environmental and from an agricul-
tural point of view. While the knowledge of the water-table regime may be sufficient to design drainage network(s) [see,
e.g. 1], precise estimations of the flow pattern determined by a drain (or a battery of drains) are required to assess environ-
mental impacts on hydrological regime and pollutant loads.

Typically, the available field data gives only information on the amount of water that flows along a drain, while the
physical processes controlling water floware hardly measurable. Nevertheless, extra monitoring devices would result ex-
cessively expensive. Within such a view, mathematical modelling of a drain-type flow lends itself as a necessary tool to
characterize flow around a line of drainage. Several models have been developed to simulate drainage processes [see, e.g. 2].
Depending on the specific simulation needs, models have focused on simulating hydrological processes at different scales [a
comprehensive review can be found in 3, and references therein]. Common to all classical analytical studies is regarding as
a constant the conductivity K of the constitutive (Darcy’s) law

q(x) = —KVh(x), (1)
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relating the flux q[L/T] to the gradient of the hydraulic head (energy per unit weight) h[L]. However, geological forma-
tions are de facto heterogeneous with K varying in the space quite largely [see, e.g. the data survey in 4]. These irregular
changes have a tremendous impact upon flow (and transport) taking place in porous formations [5]. The common (and
widely accepted) approach to tackle these erratic spatial variations is a stochastic framework [4-6]. In principle, this ap-
proach recognizes that the conductivity is affected by uncertainty [see, e.g. the field findings in 78], and regards it as a
random space function (RSF). This state of affair renders stochastic the flow equation, and therefore predictions are made in
terms of probabilities rather than in the traditional (deterministic) framework [9]. Since in the applications one is interested
into the spatial average h of the hydraulic head, it is assumed that the space domain over which such an average is com-
puted is large enough as compared with the heterogeneity correlation scale(s) of K, so that one can exchange the spatial
average with the ensemble average (ergodicity), i.e. h~ (h). We shall follow the same avenue in the present study.

The central problem of modelling flow through spatially heterogeneous porous formations can be formulated as follows:
given the domain Q ¢ R? and the boundary conditions on 9%, determine the mean head (h). This problem is similar to
many others encountered in Physics and Engineering [see, e.g. 10,11]. The resulting stochastic flow-equation(s) can be solved
either analytically or numerically by Monte Carlo simulations (MCs). These latter are conceptually simple and applicable to a
large variety of boundary conditions. However, MCs pose a number of serious drawbacks and limitations. Indeed, to account
for high-frequency fluctuations of the input RsFs, very fine numerical grids are required. As a consequence, each realization
may result computer-demanding, especially when one deals with three-dimensional flows. In addition, even if MCs converge
after a sufficiently large number of runs, there is not a systematic procedure to ascertain whether to consider conclusive, and
therefore completed, MCs [a deep discussion upon these issues can be found in 12]. To the contrary, analytical results avoid
the lack of accuracies attached to MCs [a wide survey can be found in 13, and references therein]. Analytical methods enable
one to obtain (by ensemble averaging) deterministic equations which are solved for the mean values of the dependent flow
variables. Not disregarded, analytical solutions serve as benchmark to validate numerical simulations. Finally, unlike MCs,
analytical solutions also provide explicit relationship between the input parameters and the model output, therefore giving
direct physical insight to the problem at stake.

In line with the standard practice [4], we assume that conductivity K = K(x) appearing into (1) is a second or-
der stationary (statistically homogeneous) RSF with constant mean (K) and variance o,%. Then, we introduce the zero
mean RSF £(x) = 1 — K(x)/(K), and substitute into (1), to have

a(®) = —({K)[1 - e®)]Vh(x), VxeQ. )

To compute (h), we supplement (2) with the mass conservation law, i.e. V -q = 0. Hence, substituting (2) into the latter
leads to the following Poisson-type stochastic equation:

V2 h(x) =V - [e(x) Vh(x)], VxeQ (3)

to be solved within the domain €2, under the proper boundary condition(s).

Most of the previous studies were limited to the so called mean uniform flow, i.e. a flow with constant mean velocity
that is determined by a constant head gradient on the boundary 92 [see, e.g. 4,5, and references therein]. However, as stated
above there are important real-world situations in which the mean uniform condition is not met. This is the typical case of
source-type flows, the most ubiquitous ones being those of injecting/pumping wells and drains. In spite of their importance
for the applications, these flows (that are characterized by a mean velocity that is not constant) have been studied to a
lesser extent, mainly because of the mathematical complexity. While recently there have been remarkable results in the
theory of wells [e.g. [14-16]], we are not aware about any advancement on the case of a flow toward a drain. The present
study represents a first step on this topic.

The plan of the paper is the following: we consider a steady flow toward a drain located on the boundary of a wet
ground, and we are interested into characterizing the flow-pattern as affected by the medium’s heterogeneity. In particular,
we aim at computing the mean head by means of the appropriate Green function G, which is constructed ad hoc along
the lines traced by Indelman [17]. To our knowledge, such a problem has never been tackled by means of analytical tools
(partly due to the mathematical difficulties). For a formation of isotropic heterogeneity structure, an analytical expression
for G is derived. This enables one to investigate the flow toward a drain through the heterogeneous medium by computing
in analytical form the mean head as: (h) = hy + 0% (h,), being hy the homogeneous (no heterogeneity) head, whereas (h,)
adjusts hg according to the heterogeneity. Finally, the concept of equivalent conductivity is employed in order to cast the
problem at stake within the stand point of the theory of composites.

2. Mathematical statement and computation of the mean Green function

A semi-bounded domain (aquifer) Q = {x = (X1, X2, x3) € R3 : x; <0} is drained at a constant specific (i.e. per unit length
of drain) discharge Qy by a drain of length 2A located on the upper-boundary 2 (Fig. 1). The following assumptions are
adopted in the present study. ¢ The drain is modelled by a horizontal singular segment, i.e. §(x3)[H(x3 + A) —H(x3 — A)],
being §(x) and H(x) the Dirac distribution and the Heaviside step-function, respectively. The numerical error related to such
an assumption is less than 4% if the radius ry of the drain is lesser than I/100 [18], where I = [;°dr p(r) is the integral
scale of the RSF ¢. Since I ~ O(m) [see, e.g. 4] and ry ~ O(cm), the above assumption is fulfilled in most of the practical
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Fig. 1. Sketch of the flow domain  with a drain of constant specific volumetric rate Q., located at the upper boundary x; = 0.

situations. ¢ The non dimensional residual &(x) =1 — K(x)/(K) is modeled as a stationary RsF of variance o2, and two-
point autocorrelation p(x —y) = (e(x)e(y)) (for any ¥ # y). ¢ The ergodic hypothesis is obeyed if the length 2A of the
drain is much larger than the integral scale I, ie. 2A > L This requirement supports the assumption of transversally
unbounded domain and, at the same time, it authorizes to regard the drain as infinite. As such, hereafter we shall deal with
the case A — oc.

External boundary conditions for the stochastic equation (3) are determined by physical processes at the surface, and
away from the drain. Let q = (4, 42, 43) ' denote the flux along the line-drain, from Darcy’s law (1) it yields

_ 0
41 = KHB_X1 h(x)

0 Qwd(x3). (4)

X1=

being the conductivity along the drain localized by means of the harmonic mean, i.e. Ky = (K~')~! [for a deeper discussion,
see 16,19]. Hence, (4) gives rise to a boundary condition:

0
3_X1 h(x)

=Q_W(S(X3) — 00 < X, X3 < +00 (5)
0

X =l

(with Qy = Qu/Ky). Instead, far from the drain, one has
i _ _ /2 142
lim |q(x)[ =0, r=/x3+x%, (6)
and therefore from the Darcy’s law (1), the boundary condition reads as
.0
}Lrgloa—rh(x)zo, r=./x3+x3. (7)

Before proceeding further, we wish to clarify the physical significance of (5). In fact, to honor the mass conservation at
the drain one has to require that, i.e.

QW=/ dxen qm(x), m=1,2, (8)
Q

being e = (e, e;)" a unit vector. As a consequence, the flow at the surface results purely tangential in agreement with the
boundary condition (5).
Due to the linearity of Eqs. (3) and (4), the mean head is calculated by the aid of the Green function G, i.e.,

(o) = [ dEG(x:8) 7-h(E). ©)

Most of the past literature on the subject referred to infinite domains [e.g. [17,20-22]]. Nevertheless, the construction of
G(x; x') for any bounded domain can be treated by the method of images in which the mean Green function, i.e.

Goo(®) = G (x) + 02 G2 (x) (10)
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G2 (x) = G(O)(x)—i-/dx,o(x) |x — x| |:3()22_x.;'¢)2 _1] d

© 4 ~0
T P T ()

y=|x-%]|

. . . 1 . . .
[details are in 17] is reflected across x; = 0. The zero order term Ggg) x) = Trx is the Green function for a domain of

constant conductivity (K). This leads to:
G(%:X') = Goo (X1 — X} +x3) +Gm(x1 + X} +xh), (12)

where x, = ,/x% +x§ is the magnitude of the vector x, = (x,, X3). For simplicity, we limit the present study to formations
of isotropic heterogeneity structure, and we adopt exponential and Gaussian shape for the autocorrelation p, i.e.

X1\% /x> .
exp | — (T) +(T> exponential

p(x1, %) = (13)

T, .
exp [ i (2 + xh)] Gaussian
[see 4,5]. Thus, by employing the above described method of reflection, Gg) is expressed in closed analytical form as:

G(Z)(x) G(O)( X)+ =2 A ) (14)

241w
4 _ _ N, = .
<§ +1- x) exp (—X) + (6 —X )El(—x) exponential p
A(x) = (15)

52

4 _ X T o X .
<§ + nx) exp (—n4) - j(6 + X )erfc(ﬁ 2) Gaussian p

(with X = x/I). Before going further, it is worth noting at this stage that for 62 = 0 one recovers results pertaining to a
homogeneous (no heterogeneity). As a consequence, the mean Green function (12) can be regarded as a generalization of

x/
classical results. The contour-levels of the function G have been computed for 102 < XTl T < 10, and they are depicted in

the Fig. 2 for both exponential (continuous line) and Gaussian (dashed line) autocorrelation p. It is seen that the iso-values
are symmetrically located with respect to the line x; = x} (by virtue of the principle of symmetry). In addition, while the
differences due to different shape of p are immaterial at distances greater than a few integral scales, they appear much
more evident for x;/I,x}/I <0.1.

Mean flow toward a drain

With the mean Green function previously determined, we are now in position to compute the mean head (9). At the o2-
order of approximation it writes as

(h(®)) = ho(x) + 02 (h2 (%)) (16)
The zero-order correction hg, representing the solution pertaining to a homogeneous aquifer (i.e. K = (K) V¥ € Q), can be
obtained by standards methods, and we limit to quote the final result hy(r) = —% Inr [23,24]. The second order correction

(hy) is obtained from (9) as:

(hy(r) = ho(r>+QWw<r) w<r>=/o°°dSA(sz+r2), (17)

where w is computed (see the Appendix A for details) for exponential and Gaussian p, i.e.

o' ®P)(r) = —InT + (r

2
— 2_ -2 — 1 —4 -2 —
3> I(z(r)+§r(r —9)K; (r)+ﬁ(4r — 457 + 36)Ko (7)

+ %Fz (P -9) [Ko (ML1(7) + Ky (NLo () — %] (%)

2
(Gauss) _ To\|4+nT o T 2 T T T T
@) (r) = —InT + exp (—gr ){16 (4+77)Ko g7 ) TTK(gT) [ - 7 ™Woa (5T T=1

(19)
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Fig. 2. Contour levels of the mean Green function G for x;, =1 for exponential (continuous line) and Gaussian (dashed line) autocorrelation p. Other
parameters: x, =1 and 02 = 0.5.
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Fig. 3. The flow-net (half cross-section) in a heterogeneous (o2 = 0.5) medium of exponential autocorrelation p. Dashed lines refer to the iso-values of
the homogeneous (i.e. o2 = 0) head-field.
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Fig. 4. The o2-order correction v to the mean Green function for exponential (continuous lines) and Gaussian (dashed lines) autocorrelation as function
of the scaled distance r/I. The same function is depicted for a source flow.

In (18) and (19), Ky(x), Ly(x) and W, ,(x) represent the modified Bessel, Struve and Whittaker functions, respectively. In
the Fig. 3 we have depicted the flow-net in the vertical cross section. To emphasize the distortion-effect due to the het-
erogeneity upon the head-field, in the same figure we have also represented the homogeneous head distribution (¢ = 0).
Similarly to [17] and [25], we represent the mean head as (h(r)) = W (r)hy(r), where we have set ¥ (r) =1+02(r). In a
different manner, the mean head is expressed as a product between hg, and a characteristic function ¥ which “modifies”

the homogeneous head hy according to the medium’s heterogeneity. The normalized o2-correction v (r) = <Zz E:y results
0
from (17) as
1 w(r)
vo=31-57) (20

In particular, the expression (20) together with (18) and (19), permits one to derive the following asymptotics:

w(r):1+o(h%) F<1), w(r)=%+o<%) 7> 1). (1)

Thus, close to the drain one has ¥ (0) = 1 [in agreement with 17], whereas at large distances it yields: ¥ (co) = 1/3. Note
that this last result coincides with that obtained by Severino et al. [22] in the case of a Dirichlet condition at the source.
This implies that, the type of boundary condition does not impact in the far field. Furthermore, close and far from the drain
the flow behavior is not influenced by the shape of the correlation function. The function v is depicted in the Fig. 4 as
function of the normalized radial distance r/I from the drain. Generally, /(r) results monotonic decreasing approaching to
1/3 at large distances. In particular, the rate of getting such an asymptotic is higher in the case of Gaussian autocorrelation.
For comparison purposes in the Fig. 4 we have also represented (blue face) the second order correction v (r) due to a point-
like source (which can be assimilated to the case of a very short drain) of given strength [see Eqs. (29) and (30) in 17]. It
is seen that for 0 < r/I < 0.1 the correction ¥ to the mean Green function is more persistent for a short drain (blue line)
than that pertaining to a long one (black line). As a consequence, within such a range the flow is more sensitive to the
heterogeneity for a short drain. The situation is completely reversed for r/I > 0.1.

Computation of the equivalent conductivity

The non-uniformity of the mean flow defies in general the possibility to regard the effective conductivity as a medium'’s
property [26]. More precisely, although effective properties can be derived at the o2-order of approximation for flows
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Fig. 5. Sensitivity of the normalized equivalent conductivity « to the variance o2 and the scaled distance r/l. Continuous and dashed lines refer to expo-
nential and Gaussian p, respectively.

generated by any source [see, e.g. 20], they nevertheless result function of quantities (such as the head gradient) that can
not be measured in the field. For this reason, we introduce the concept of equivalent conductivity introduced by Matheron
[27]. The equivalent conductivity K®(r) is defined as the one of a fictitious homogeneous medium which conveys the same
discharge Qy as the actual, heterogeneous, formation, i.e.

LK) hy(r)
O =R = iy

The advantage of this definition is that it expresses K®d in terms of quantities which are measurable in the field. Instead, the
drawback of this definition is that K®d is not a medium property, but rather it results position-dependent. As a consequence,
K®4(r) depends on the particular problem at stake, and therefore it cannot be used for other configurations.

In the Fig. 5 we have plotted the contour levels for both the exponential (continuous line), and the Gaussian
(dashed line) autocorrelation. At small and large distances x depends only upon the variance, and in particular one
has: «(0) < k(r) < x(o0). In a different manner, one can say that in these two extreme cases, the equivalent conductiv-
ity is a medium’s property. In the intermediate regimes, the contour values are increasing with the distance r (given the
variance o2).

We would like to emphasize that the present study strictly relies on a small-perturbation analysis, and therefore it is
expected to be applicable whenever o2 is sufficiently small. However, it has been shown [28,29] that the range of applica-
bility of the small perturbation approach is broader. In fact, the ensemble average procedure (that de facto is an expectation
over many single realizations) induces a mutual cancellation of the errors due to the linearization procedure.

=Wl ~1-02y(r). (22)

Summary and concluding remarks

The properties of head fields in porous media depend to a great extent on the flow domain configuration, and the
formation’s heterogeneity. In the past, many analytical (and semi-analytical) solutions of the steady flow equations have
been derived for various boundary conditions in homogeneous aquifers [an extensive survey is provided by Bruggeman 24].
Later, the effect of the spatial variability of the hydraulic conductivity K on the head distribution has been intensively studied
for flows uniform in the mean [5]. Instead, very few studies have dealt with non uniform mean flows, like those occurring
in radial-type configurations [see, e.g. 17,30]. In addition, to our knowledge there are no analytical studies dealing with the
similar problem as generated by a drain.
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In the present paper steady flow toward a drain has been considered. Due to the linearity of the governing equations,
we have focused on the derivation of the fundamental solution G (mean Green function) for the mean head in weakly
heterogeneous porous formations (i.e. a solution which is accurate at the first order in the variance ¢2). Unlike the Green
function valid for homogeneous media, here G depends on the medium statistical structure, as well. Closed-form solutions
for G have been obtained for exponential and Gaussian correlations of isotropic structure.

We have then investigated the steady flow toward a drain by computing the mean head field (h). The main result is the
general representation (16) that enables one to quantify the portion of the flow domain € which is more affected by the
medium’s heterogeneity. In view of its application to real world situations, we have then focused on the computation of the
equivalent conductivity Keq in order to cast this complex problem within the stand point of the theory of composites.

To conclude, besides the application to drains, the present study provides the way to compute the head fluctuation [by
retaining the first order approximation in the perturbation expansion, similarly to 31] which is the prerequisite to investigate
the dispersion mechanisms of agrochemicals in soils under radial-type flow configurations along the lines of [32], and [33].
These topics are already part of ongoing research projects.
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Appendix A. Computation of the function w = w(r)

The evaluation of the o-2-order correction to the mean head is reduced to the computation of the function @ appearing
into (17), with

1 2 VX
w0 =G5 (15 5+ (e wn
for exponential, and
o= o H{1 505 - Foreoen(F)

for Gaussian autocorrelation, respectively. It is convenient to preliminarily decompose the integral appearing into (17) as:
oo

/ d€ A(§2 +1%) =1;(r) + L (r) + I3(r) being the various I(r) defined via the addends in (A1) and (A2).

0

Exponential autocorrelation
In this case it is easy to show from the first term on the rhs of (A1) that

L(r) =/0 ?2 —

The integral I, stems from the second term on the rhs of (A1) as

/€2 1 12 2, 42
Iz(r)_Z/ \/W(H_ 54—” _§ Ir )exp(—\/éﬁ—rz). (A4)

In order to evaluate (A4) we introduce the new variable u = sinh™ (&/r) so that

—Inr. (A3)

L(r)= % /w dul[4 + rcoshu(1 — rcoshu)]exp (—rcoshu) = (2 — r22>KO(r) (A5)
0
[34]. Finally, I5(r) is (third term on the rhs of (A1))
e} 2 2
I(r) =/0 d& (2— § ;” )Ei(—\/éz +r2)
o] d&- %—2 %—2
= 0 §2+r2<9 +3—2>exp<—m), (A%)

being the second integral obtained after integrating by parts. The last quadrature into (A6) is performed similarly to the
previous case, i.e.

L(r) = Py () + f(rz —9){2[1( (r) + 1K (r)]+ftr[l( "Ly (r) + K (Lo (r) — 1]} (A7)
3 9 2 9 1 0 0 1 1 0 r .

Hence, summing the second of (A5) with (A6) and (A7) leads to (18).
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Gaussian autocorrelation
The first integral I1(r) coincides with (A3). The integral I(r) comes from the integration of the second term of on the rhs
of (A2), i.e.

Iz(r)zzfom;irz[l+2(§2+r2)]exp [—%(€2+r2)]. (A8)

By performing the same change of variable as before, one has

I(r) = exp (—%ﬂ) [%r2 Ky (%ﬂ) + (1 + %r2>1(0<%r2)] (A9)

[34]. Last, I3(r) is obtained by integrating the third term on the rhs of (A2), i.e.
T

-7 OOO dg[6+m (5% + rz)]erfc[; (&2 +r2)}

o d 2 2
L e Sl e

where the last derivation has been achieved by integrating by parts. By carrying out the last quadrature gives

L(r)= %rexp (—%r2>{£(6+nr2) [Ko<%r2> - K (%rz)] —W71,1(%fz>}- (A11)

Summing the three contributions I;(r) yields (19).

L(r)

Appendix B. List of symbols

A - Drain’s length

e= (e, e)’ - Unit vector

£(x) - Residual of 1 —K(x)/(K)

Ggg’(x) - Homogeneous Green function pertaining to the free space R3
G(x, x’) - Mean Green function pertaining to the half space in R?
G (x) - Second order correction to the mean Green function in R?
h(x) - Hydraulic head

hy (%) - o2 order correction to h

I=["dxp(x) - Integral scale of heterogeneity

L, (x) - v-order Struve function

A(x) - Characteristic function (15)

K(x) - Hydraulic conductivity

(K) - Arithmetic mean of K

Ky - Harmonic mean of K

Kea(r) - Equivalent conductivity

K, (x) - Modified v-order Bessel function

K (r) - Normalized equivalent conductivity

Q - Flow domain

W (x) - Characteristic heterogeneity function

¥ (X) - Normalized second order correction to the Green Function
p(X) - Autocorrelation function of &(x)

Qu - Volumetric (per unit length) discharge at the drain

Qw - Qu divided by Ky

q=(q91,q2,93)" - Flux

r=/x+x3 - Radial distance from the drain

Tq - Drain radius

o? - Variance of g(x)

o} - Variance of K(x)

W (X) - Whittaker function

X = (X1,X2,X3) - Position in

a=lal=/a?+ a3 +d} - Magnitude of the vector a

() - Ensemble average operator

- - “Dot” product

MCs - Monte Carlo simulations

RSF - Random space function
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