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ABSTRACT Entanglement is unanimously recognized as the key communication resource of the
Quantum Internet. Thus, the possibility of implementing unparalleled network functionalities by exploiting
entanglement is gaining huge attention. However, the research efforts in this context are mainly focused
on bipartite entanglement, often discarding the wide unexplored classes of entanglement shared among
more than two parties, known as multipartite entanglement. In this paper, we aim at exploiting multipartite
entanglement as inter-network resource. Specifically, we consider the interconnection of different Quantum
Local Area Networks (QLANSs), and we show that multipartite entanglement allows to dynamically generate
an inter-QLAN artificial topology, by means of local operations only, that overcomes the limitations of the
physical QLAN topologies. To this aim, we first design the multipartite entangled state to be distributed
within each QLAN. Then, we show how such a state can be engineered to: i) interconnect nodes belonging
to different QLANS, and ii) dynamically adapt to different inter-QLAN traffic demands. Our contribution
aims at providing the network engineering community with a hands-on guideline towards the concept of

artificial topology and artificial neighborhood.

INDEX TERMS Entanglement, quantum networks, quantum communications, quantum Internet.

. INTRODUCTION
NTANGLEMENT is the foundational resource for
the Quantum Internet [2], [3], [4], [5], [6], [7], [8].
However, the research efforts have mainly focused towards
a specific network functionality, namely, the distribution
of bipartite entanglement. The objective has been sharing
Einstein—Podolsky—Rosen (EPR) pairs [9] between remote
nodes, by leveraging quantum repeaters [10] and well-known
strategies such as entanglement swapping and entanglement
purification for extending the entanglement range over end-
to-end paths, as discussed in [11].
Yet, entanglement does not limit to EPR pairs. In
fact, multipartite entanglement' — i.e., entanglement shared

1By oversimplifying, bipartite entanglement denotes quantum correlation
shared between two subsystems or parties, such as two qubits. In such
composite systems, one can distinguish entangled states from unentangled
(or separable) states. Quantum correlation shared among more than two

between more than two parties — represents a powerful
resource for quantum communication networks [11], [14],
[15], [16], [17], [18], enabling the design of unparalleled
functionalities [17], [19]. In this paper, we exploit such a
resource for one of the fundamental task of the network
layer, namely, the interconnection of remote nodes.
Specifically, entanglement enables a new form
of connectivity, referred to as entanglement-enabled

subsystems — such as three qubit systems — is referred to as multipartite
entanglement. Notably, in multipartite systems, the state classification
becomes broader and different classes of entangled states can be indi-
viduated, such as W states or graph states. The definition of multipartite
entangled states requires a dedicated treatise and represents an ongoing
exploration which goes beyond the scope of this contribution. However,
the interested reader can refer to [11], for an introduction of multipartite
entanglement from a communication perspective and to [12] for a formal
introduction. Furthermore, we refer to [13] for an in depth treatise on graph
states.

(© 2025 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
For more information, see https://creativecommons.org/licenses/by/4.0/
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connectivity [11], [17], which enables half-duplex unicast
links between pairs of nodes sharing entanglement, regardless
of their relative positions within the underlying physical
network topology. Thus, the entanglement-enabled proximity
builds an overlay topology — referred to in the following as
artificial topology — where pair of nodes are connected via
artificial links despite their physical proximity, as long as they
share some form of entanglement. In this context, by exploiting
only bipartite entanglement, the identities of the nodes,
connected via artificial links, have to be fixed a-priory. On
the contrary, through multipartite entanglement, it is possible
to decide on-demand — i.e., at run-time — the identities of the
nodes interconnected within the artificial topology. In other
words, by exploiting multipartite entanglement, it is possible
to secure two promising features in a quantum network: i) the
ability to enable an overlaying artificial topology that differs
from the fixed physical topology, coupled ii) with the ability
to dynamically change the node neighborhood according to
the communication demands. However, the aforementioned
capability activated by multipartite entanglement has yet to
be fully explored.

For this, by departing from traditional literature on
multipartite entangled states (mainly concerning the analysis
of their properties such as the amount of entangle-
ment [13], [18], [20] and the pairability [21], [22], [23],
[24]) we are motivated to provide the community with
an operational and easy-to-use guide to fully leverage and
manipulate the artificial topology enabled by multipartite
entangled states. Indeed, as recently highlighted in [17],
providing the aforementioned hands-on guide is preliminary
and pivotal for facilitating the design of communication
protocols, able to effectively exploit entanglement and its
unprecedented peculiarities. As a consequence, our overall
objective is to engineer the connectivity in large-scale quan-
tum networks towards envisioned applications characterized
by variable traffic demands [25].

In light of the above motivations, in this paper we
consider the interconnection of different Quantum Local
Area Networks (QLANSs) as building-block of the Quantum
Internet, as depicted in Fig. 1, and we engineer multipartite
entangled states distributed across the QLANs. The aim is
to obtain an inter-QLAN artificial topology, where multiple
artificial links among remote nodes are dynamically generated
according to the traffic demands, overcoming so the constraints
imposed by the physical topology. Remarkably, we show
that multiple artificial links can be dynamically obtained
among remote nodes belonging to different QLANs, by
means of local operations only, i.e., via free operations from
a quantum communication perspective. This enriches the
quantum network functioning with adaptability and flexibility,
while maintaining “low-cost” requirements, by avoiding to
deploy additional physical connections. Specifically, our main
contributions can be summarized as follows.

- We discuss how to build an artificial topology that
matches the underlying physical topology, and that can
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FIGURE 1. Schematic representation of the considered physical quantum network
architecture. The network comprises several QLANs. Within each QLAN, a super-node
generates and distributes resources — namely, multipartite entangled states — to a set
of quantum nodes - referred to as clients — with a star-like topology. Inter-QLAN
connectivity is enabled by point-to-point quantum channels interconnecting different
super-nodes. For the sake of illustration consistency, we maintain the super-node and
client node icons used in this figure also in the following figures.

be used as resource for connectivity between different
Quantum Local Area Networks.

- We provide an easy-to-use guide for artificial topology
manipulations with the tools of graph theory.

- We engineer the artificial topology to enable sev-
eral inter-QLAN artificial topologies, where multiple
artificial links among remote nodes are dynamically
generated according to the traffic demands. These
topologies include: peer-fo-peer (hierarchical and pure),
role delegation (type 1 and type II), clients hand-over,
and extranet.

- We achieve the above inter-QLAN artificial topologies
while overcoming the constraints imposed by the
physical topology using only local operations, which
represent free operations from a quantum communica-
tion perspective.

We kindly refer the reader to App. A for an illustrated
guideline on our main contributions.

A. RELATED WORK

Within the context of multipartite entangled states for quan-
tum networks, graph states have been recently exploited for
an all-photonic implementation of quantum repeaters [26].
Furthermore, promising results have been discussed with
reference to a particular class of multipartite entangled
states, namely, the 2D cluster states, which have been
proposed as network resource to be distributed for “routing”
EPRs through network nodes. As instance, in [22] the so-
called X-protocol extracts one EPR between two remote
nodes, by leaving part of the remaining graph state intact.
This result has been extended in [9] where multiple EPRs
among disjoint paths are extracted. Differently, some works
focused on the impact of noise on the distribution of
multipartite entangled states [28], [29] as well as on the
extraction of EPRs from a multipartite state previously
shared between network nodes [23], [27], [33]. Notably, the
“additional material” in [27] includes an explicit example
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TABLE 1. Summary of related works on multipartite entangled states in quantum networks.

Ref. Topic Key Contribution
[13] | Discuss the basic notions and properties of graph states | A tutorial introduction into the theory of graph states
[20] | Structure and properties of local sets in graphs The graphical counterpart of quantum qudit graph states.
[26] | All-photonic quantum repeaters Graph states exploited for quantum repeaters.
[22] | EPR extraction from cluster states X-protocol extracts EPR pairs while preserving part of the 2D cluster state.
[9] Multi-EPR extraction Multiple EPR extraction while restoring the original 2D cluster paths.
[21] | The bounds of EPR extraction Low bounds of EPR extraction between any k disjoint pairs from n-party states.
[23] | EPR extraction from shared multipartite states Protocols for extracting EPRs from different pre-shared multipartite states and
fidelity analisys.
[27] | EPR extraction from linear cluster state Optimization of a linear cluster state for EPR extraction and analysis of impact
of noise on the extracted EPR.

[24] | Stabilizer state extraction from multipartite states Ik?emonstration of an n-qubit quantum state to induce any stabilizer state on any

qubits.

[28] | Study of persistence of entanglement under noise Analysis of noise effects on multipartite entanglement.

[29] | Entanglement purification Review on entanglement purification for bipartite and multipartite entangled
states

[30] | Optimization of EPR distribution LC-orbits of graph states used to minimize required EPRs.

[31] | Optimization of multipartite entanglement distribution | Knowing when to stop entanglement distribution in noisy scenarios.

[32] | Entanglement access control EAC strategy for coordinating quantum nodes in accessing entangled resources.

[18] | Preparation and distribution of high-fidelity multipar- | Identify the optimal purification strategies for entangled states.

tite states

of the effects of decoherence on operations different Pauli
measurements on graph states and the extraction of EPR
pairs. Additionally, in [30] the LC-orbits of graph states
are exploited to minimize the number of EPR required for
their distribution. For multipartite entanglement distribution,
in [31], a framework based on a Markov decision process is
developed for determining when it is convenient to stop early
the distribution process. To solve the contention problem
arising in accessing a multipartite entangled resource, an
entanglement access control (EAC) [32] strategy is proposed
to coordinate the access of quantum nodes. The above con-
tributions represent promising relevant results on multipartite
entanglement as they highlight how this heterogeneous
resource can be exploited for extracting one or more EPRs.

Yet, our main goal is not to extract EPR pairs or explore
applications on a given network architecture. Conversely, we
rather aim at engineering a multipartite entangled state able
to easily adapt to different traffic patterns.

Indeed, while the physical topology is associated with
a fixed pre-determined connectivity, the artificial topology
is associated with a connectivity that can be changed
dynamically. Such a promising possibility represents the
main motivation of our contribution, which aims at exploiting
the features of multipartite entanglement for interconnecting
nodes belonging to different networks according to traffic
patterns. In this paper, we show that this can be achieved by
engineering the multipartite entangled state shared among
quantum network nodes. In this context, a set of remote
nodes is directly connected via artificial links regardless their
relative physical position. In other words, remote nodes can
be in each other’s proximity within the artificial topology.
From this concept, it can be observed that entanglement
redefines the concept of neighborhood and, as our title
suggests, it allows to “neighbor” remote network nodes.

From the above, it follows that, rather than focusing
on the number of EPR pairs consumed or extracted,
we focus on the features of the topologies arising from
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multipartite entanglement. Specifically, we aim at enabling
an inter-QLAN:Ss artificial topology that can be easily tailored
to different traffic patterns by local operations only.

The rest of this paper is organized as follows. In Section II
we provide the reader with the preliminary concepts about
graph theory, graph states and the description of operations
on graph states. In Section III we present the system model
by detailing the considered network architecture as well as
the distribution of the considered graph states. In Section IV
we discuss our main results, by proving a discussion of the
choice of the initial multipartite entangled state distributed in
each QLAN. Then, we show that multiple artificial links can
be dynamically obtained among remote nodes belonging to
different QLANSs, by means of local operations only. Finally,
in Section V we conclude the paper.

Il. PRELIMINARIES

A. GRAPH THEORY BASICS

Here, we collect some definitions that will be used in the
paper and we introduce the adopted notation, as summarized
in Table 2. We refer the readers to [13], [34] for a wider
treatise of graph states, and the correspondence between
operations on graph states and their associated graph.

A graph is a collection of vertices” interconnected by
edges, and it is formally defined as the pair G = (V, E)
of the two (finite) sets of vertices V and edges E C V2,
respectively.

Remark 1: In the following, we will restrict our atten-
tion on finite graphs, namely, graphs with finite V and
E. Furthermore, we will consider undirected and simple
graphs, since these two properties are required for the

2We resort to graph theory for modeling a communication network.
Hence, in the following, we equivalently refer to vertices as nodes,
by assuming that each vertex models a network node and an edge
models an artificial link, i.e., shared entanglement constituting a quantum
communication resource between nodes. The mapping between vertices and
nodes is defined in Section IV-A.
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TABLE 2. Adopted notation.

Symbols Definitions Symbols Definitions
G graph, collection of edges and vertices 7(G) complement graph of a graph G
E set of edges 7 (G) local complementation of the graph G at vertex ¢
Ey set of edges with endpoints belonging to A E complement edge set of &/
%4 set of vertices G—1 deletion of a vertex ¢ from a graph G
V] number of elements in the set V' Kn,,n, | complete bipartite graph with |P| = n1, |P2| = ng
V2 set of edges connecting every pair of vertices in V' |G) graph state associated with the graph G
N; neighborhood of a vertex @ Sh a mn-vertices star graph
P; vertex set partition Sn,,n, binary star graph with |P1| = n1 and |P2| = no
G[A subgraph of graph G = (V, E) induced by A C V' 1}% super-node in QLAN 1
Ky complete graph with n vertices v% super-node in QLAN 2
AXx B set of all the possible edges having one 1';12 i — th client node in QLAN 1
endpoint in vertex set A and the other in vertex set B vf i — th client node in QLAN 2

mapping between graphs and graph states [13], [35], as
analyzed in the following subsection. We further high-
light that wundirected and simple graphs correspond to
graphs with un-directed edges,3 ie., (x,y) = (v,x), and
with edges that cannot connect the same vertex, i.e.,
Egvzé{(x,y) tx,ye VAx #yl

Whenever two vertices i and j are the endpoints of an
edge (i, j), the two vertices are defined as adjacent. We
equivalently refer to adjacent vertices as neighbour nodes,
as in the following.

Definition 1 (Neighborhood): Given a graph G = (V, E)
and a vertex i € V, the neighborhood of i is the set N; of
vertices adjacent to i:

N;={j e V(i) € E}. (1)

Definition 2 (Induced Subgraph): Given a graph G =
(V, E) and a subset of vertices A C V, the subgraph induced
by subset A, denoted with G[A], is the graph having: i) as
vertices, the set A, and ii) as edges, the edges in E that have
both endpoints in A. Formally:

G[A] = (A, Ep), 2)

with Ex 2 {(i,)) € Esi e AN j € A).
Whether the subset of vertices A is the neighborhood N;
of some vertex i, then G[N;] is referred to as the subgraph
induced by the neighborhood of i.

Definition 3 (Complete Graph): A complete graph of
order n = |V| is a graph K,, such that every pair of vertices
is adjacent:

Ky = (v, Vz). 3)

In the following, given two vertex sets A,B C V, we
widely use the symbol A x B C V? to denote the set of all
the possible edges having one endpoint in A and the other
in B:

AxB={(i,j)eViieAnjeB) C V2 (4)

3In the following, with a small notation abuse, we denote un-directed
edges as (i, j) — rather than with angle brackets as {i,j} — for notation
simplicity.
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Definition 4 (Graph Complementation): The complement
(or inverse) of a graph G = (V,E) is the graph t(G) =
(v, L_?) defined on the same vertex set V, such that two
vertices of t(G) are adjacent iff they are not adjacent in G.
Formally:

©(G) = (V. E), 5
with E given by:
ESVI\E={Gj) € V%)) ¢ E}. ©6)

Graph complementation can be done also with respect
to the subgraph G[N;] induced by the neighbourhood N;
of vertex i. In this case, it is usually referred to as local
complementation of G at vertex i and denoted as 7;(G).

Definition 5 (Local Complementation): Given a graph
G = (V,E), the local complement of G at vertex i is the
graph t;(G) obtained by complementing the subgraph G[N;]
induced by neighbourhood N; of vertex i, while leaving the
rest of the graph unchanged:

w(G) = (V. (EUN) \ En)) (7)

with Ey, defined in Def. 2.

Definition 6 (Vertex Deletion): The deletion of a vertex i
from a graph G = (V, E) generates a new graph, denoted
with a small notation abuse as G — i, which is obtained by
removing both vertex i and all the edges connecting i with
its adjacent vertexes:

G—i= (V\{iL,E\ ({i} x N))) (8)

Hence, the edge-set of G —i is the set of edges in G without
the edges with vertex i as endpoint.

B. GRAPH STATES

Graph states constitute a notable class of multipartite
entangled states from a network engineering perspec-
tive [13], [36]. This class of multipartite entangled states
can be described by leveraging the graph theory tools
presented in Section II-A. More into details and according to
a constructive definition, associated with a graph state |G)
there exists a graph G. The mapping between G and |G) can
be described as follows: each vertex in G corresponds to a
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qubit belonging to the state |G) and prepared in the state |4-);
furthermore, each edge in G corresponds to a Controlled-Z
(CZ) logical gate acting on the qubits pair corresponding to
the endpoints of the given edge [36].

Remark 2: The motivation of such a mapping arises from
the correspondence between graph edges and interactions —
i.e., Ising interactions — between subsystems of the composite
entangled system. Accordingly, vertices represent physical
quantum subsystems and edges represent their interactions.

We recall that the CZ operation is an entangling oper-
ation. As a consequence, the distribution of a graph state
among remote nodes of a quantum network establishes an
entanglement-based connectivity among remote nodes.

Formally, the graph state |G) associated to graph G =
(V, E) can be expressed as*:

1G) =[] czuy " ©)
(i.))€E
with |+) = w, n = |V| and CZ j denoting the CZ gate

applied to the qubits associated to the neighbours i,j € V.
A graph state |G) uniquely corresponds to a graph G. This
means that two different graphs G and G’ do not describe
the same graph state. However, graph states of two different
graphs might be equivalent accordingly to some criteria,
determining some equivalence classes among such states.
From a network engineering perspective, an equivalency
class of interest is represented by the so-called local unitary
(LU) equivalence, since local unitaries do not change the
amount of entanglement. Hence they do not change the
communication resources available at the network nodes.
Definition 7 (LU equivalence): Given two n-qubit quan-
tum states, say |G) and |G’), then |G) and |G') are
LU-equivalent iff there exists n local-unitary operators {U;}

so that [37]:
1G') = Q) Ui |G)

The mapping between graph states and graphs is of a
paramount importance, beyond the expression given in (9)
and, hence beyond a merely representation purpose.

In fact, a projective measurement through one of the three
Pauli operators — namely, oy,0y, or o, — on a qubit of
the graph state |G) yields to a new graph state |G) among
the remaining unmeasured qubits. Notably, as discussed
in [13], [36], this new graph state |G) can be obtained — up
to local unitaries — by means of simple transformations on
the graph G associated to the original graph state |G), such
as vertex deletion and the local complementation introduced
in Defs. 6 and 5, respectively.

As illustrated in Fig. 2, |G) denotes the new graph state
that is LU-equivalent to |G’), i.e., the graph state obtained
by performing manipulation on the graph G associated to
the original graph state |G).

(10)

4With a (widely-used) notation abuse in (9), since the application of
the CZ(;j gate on the state |[4+)®" requires a reference to n — 2 identity
operations / acting on all the qubits different from i or j.
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FIGURE 2. Schematic diagram of the correspondence between graph domain and
graph state domain, i.e., of the mapping between projective measurements through
Pauli operators on graph states and transformations of the associated graphs.

Since projective measurements through Pauli operators
are exploited in Section III for engineering the artificial
connectivity enabled by entanglement, it is convenient
to summarize their effects on an arbitrary graph state
|G) [13], [36].

Pauli Measurements 1: The projective measurement via a
Pauli operator aé on the i-th qubit of the graph state |G) —
namely, on the qubit associated to vertex i in graph G — yields
to a new graph state |G)° among the unmeasured qubits,
which is LU-equivalent to the graph state |G’) associated
to the graph G’ obtained with vertex deletion and local
complementations:

G—i ifaé =0,
7i(G) — i ifaé. =0y
Tko (ti(rko (G)) — i) ifaé = oy.

In (11), ko € N; denotes an arbitrary neighbor of vertex i.
For more details please refer to [35].

G = (11)

lll. SYSTEM MODEL
A. NETWORK TOPOLOGY
We consider, as the archetype of the future Quantum Internet,
the network resulting from the interconnection of different
Quantum Local Area Networks (QLANSs) [35].
Entanglement generation is a complex hardware-
demanding task, that becomes even more challenging when
it comes to multipartite entanglement. For this, as commonly
adopted in literature [32], [38], [39], [40], [41], it is prag-
matic to assume each QLAN organized in a star-like physical
topology, as represented in Fig. 1, with a set of clients
connected to a specialized super-node, which is responsible
for entanglement generation and distribution. Accordingly,
multipartite entangled states are generated locally at each
super-node, and then distributed to the corresponding clients
via teleportation process, as represented in Fig. 3.

SWith a mild notation abuse, the dependence on qubit i is omitted for
the sake of notation simplicity.

VOLUME 6, 2025



~I|EEE
ComSoc

IEEE Open Journal of the
Communications Society

@ i} ®

& — &
= ol

EPR PAIR
w_* MULTIPARTITE
# ENTANGLED STATE

FIGURE 3. Pictorial representation of the multipartite entanglement distribution process within a single QLAN of Fig. 1. (a) The super-node is responsible for entanglement
generation and distribution within each QLAN. Accordingly, it locally generates the multipartite entanglement state and distribute it via teleportation. For this, one EPR pair per
client must be generated at the super-node. (b) Once an EPR pair is shared between super-node and each client, one e-bit of the multipartite entangled state can be teleported to
the client by consuming such an EPR. (c) Eventually, the multipartite entangled state is distributed to the clients so that all the QLAN nodes, including the super-node, are

entangled.

The rationale for this strategy — i.e., for distributing
multipartite entanglement via teleportation rather than via
direct transmission — lies in the higher robustness against
losses and tolerance to different persistence levels exhibited
by different classes of multipartite states [12], [32], [42].

While intra-QLAN topologies are pragmatically assumed
as star-like physical topologies for the reasons above, no
constraints are enforced to inter-QLAN physical connectivity,
which is enabled by quantum links interconnecting different
super-nodes as shown in Fig. 1.

B. PROBLEM STATEMENT

Stemming from the network architecture introduced so far,
we can now formally define our problem, by focusing on the
toy-model constituted by two QLANSs interconnected by a
single physical link between the corresponding super-nodes.
We highlight that we develop our analysis in a worst-case
scenario, namely the scenario where for each use of this
channel, only an EPR pair can be distributed.

Problem 1: Given two QLANS, interconnected by a single
physical link between the corresponding super-nodes, the
goal is to design and engineer a multipartite entanglement
state distributed in each QLAN so that artificial links among
nodes belonging to different QLANs can be dynamically
obtained on-demand, by overcoming so the constraints
induced by the physical topology.

In essence, an artificial link represents a virtual communi-
cation link established between two remote nodes, since they
share some entanglement. This concept can be exemplified
by considering an EPR pair shared between two nodes.
Specifically, as long as the two node share an EPR, they can
fulfill a communication task. As instance, they can transmit
a qubit through the teleportation process, even in absence
of a physical quantum link. In this sense, we say that the
maximally entangled state acts as a virtual communication
link.

In EPR-based networks, artificial links between distant
nodes can be obtained by relying only on bipartite entan-
glement and thus by performing swapping operations at
intermediate nodes [5] so that an EPR pair between remote
nodes is eventually obtained. Yet, this strategy presents a
drawback: the identities of the nodes to be artificially linked
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must be decided a-priori. In other words, for each EPR pair®
distributed through the inter-QLAN link only one artificial
link among distant nodes can be obtained. This implies
that artificial links via entanglement swapping is reminiscent
of reactive classical routing strategies, where the source-
destination path is discovered when a packet is ready to be
transmitted.

Conversely, in multipartite-based networks, multiple arti-
ficial links between distant nodes can be obtained by
properly choosing the initial multipartite state and by wisely
manipulating it via local operations, i.e., via free operations’
from a quantum communication perspective. Hence, it is
possible to build an artificial network topology intercon-
necting multiple remote nodes via multiple artificial links
upon the physical topologies. In such a way, we can pro-
actively generate and distribute entanglement among subset
of nodes of different QLANs so that the identities of the
nodes eventually communicating can be chosen dynamically
at run time. Clearly, this strategy is reminiscent of proactive
classical routing strategies, where source-destination paths
are discovered in advance, and they remain ready to be used
eventually, when the necessity of transmitting a packet arises.

Remark 3: The artificial topology will be eventually
manipulated — without the need of further quantum com-
munications — when a communication request will be
ready to be served by extracting the ultimate artificial link
interconnecting the effective source-destination pair. In this
regard, we further clarify an important aspect underlying the

SHereafter, we obviously refer to maximally-entangled EPR pairs,
neglecting any noise affecting the EPR generation and distributing for the
sake of exposition simplicity.

7Pauli measurements and local complementation operations are consid-
ered free operations from a quantum communication perspective as they
are local operations, namely, operations that do not require entanglement
distribution nor quantum communications for being performed. Indeed, the
assumption of being freely able to measure one qubit and to perform
single-qubit gates represents a fair and commonly-adopted assumption,
ubiquitous to different research areas ranging from computing [43], through
cryptography [44] to sensing [45]. From a hardware perspective, Pauli
measurements can be implemented through superconducting nanowires,
photon detectors, polarizing beam splitters (PBS) and homodyne detection,
which enable projection via Pauli operators [46]. Furthermore, local
complementation is achieved through single qubit operations [13], which
can be implemented through lasers [47], specific pulses [48] or linear optical
components [49], depending on the underlying quantum technology.
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(a) Path graph P,. (b) Even Cycle graph (c) Tree graph 7'

(ij- CQWP

FIGURE 4. Notable examples of two-colorable graphs.

concept of artificial link. Each artificial link represents the
“possibility” to extract one EPR pair between the two nodes
— i.e., the two endpoints of the artificial link — from a larger
multipartite entangled state, that is a multipartite entangled
state shared between a larger set of nodes. Nevertheless,
the number of EPR pair that can be extracted from a
given multipartite entangled state at the same time strictly
depends on the structure of the considered multipartite
entangled state. Furthermore, some of the artificial link of
the multipartite entangled state are consumed during the
extraction process.

IV. NEIGHBORING REMOTE NODES

A. ENGINEERING MULTIPARTITE ENTANGLEMENT

As anticipated, we aim at engineering the entanglement-
based artificial topology for neighboring distant nodes,
namely, for creating artificial links among network nodes
belonging to different QLANS. To this aim, the choice of the
initial multipartite entangled state distributed in each QLAN
is of paramount importance.

As discussed in Section II-B, we focus our attention on
graph states due to the useful mapping between operations on
a graph state |G) and transformations of the associated graph
G. Yet, graph states represents a wide class of multipartite
entangled states. In the next sections, we design and manip-
ulate a specific class of graph states that allows us to enable
multiple artificial links among distant nodes belonging to
different QLANSs. Before formally introducing this specific
graph state in Def. 11, the following preliminaries are
needed.

More into details, the so-called chromatic number of
a graph denotes the lowest number of colors needed for
coloring® the vertices of a graph, so that no adjacent vertices
are colored with the same color. Graphs with chromatic
number equal to k are often defined as k-colorable, and in
the following we formally define two-colorable graphs, also
referred to as bipartite graphs.

Definition 8 (Two-colorable Graph or Bipartite Graph):
A graph G = (V, E) is two-colorable if the set of vertices
V can be partitioned9 into two subsets {P1, P>} so that there

8n general, coloring assigns labels — namely, colors — to elements of a
graph according to arbitrary partition constraints. In the following, we adopt
the most widely-used partition constraint based on vertex adjacency, since
other coloring problems can be transformed into vertex coloring instances.

9A partition of a set is a grouping of its elements into non-empty subsets,
so that every element is included in exactly one subset. Formally, the sets
{P;} are a partition of V if: 1) P; # @ Vi, ii) |J; P; = V, iil) P; N Pj =
DVYi#j.
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(d) Hypercube graph (e) Complete bipar- (f) Star graph S,,. (g)

Binary  star

tite graph Ky, p,. graph Sy, n,.

exist no edge in E between two vertices belonging to the
same subset. Two-colorable graph G = (V, E) can be also
denotes as G = (P1, Py, E).

Remark 4: We focus our attention on two-colorable graph
states without loss of generality, and the rationale is that any
graph state can be converted under relaxed conditions in a
two-colorable one [13]. Indeed, any graph is two-colorable
iif it does not contain cycles of odd length. Furthermore, two-
colorable graphs model a wide range of different network
topologies. Notable examples of two-colorable graphs are
represented in Fig. 4, These include the path-graph, the even
cycle graph and the star graph, which represent relevant
network topologies — i.e., bus, ring and star [35] — commonly
investigated within the classical networking framework.
Furthermore, more complex topologies such as tree and
hypercube are two-colorable graphs as well.

In the following, we will label the vertices in P; and P>
as follows, for the sake of notation simplicity:

} 12)
} 13)

with n; + ny = n.

Definition 9 (Complete Bipartite Graph): Let G =
(P1, P2, E) be a bipartite graph with |P1| = nj and |P3| = ny.
If E=P1 x Py, ie., if

Vol € Py Av? epz,a(v},v}) cE, (14)

G is defined as complete bipartite graph and denoted as
K\ ny-

Hence, in a complete bipartite graph, any vertex belonging
to one part is connected to every vertex belonging to the
complementary part by one edge, as shown in Fig. 4e.

Definition 10 (Star Graph): Let K, ., be a complete
bipartite graph. If n; (or equivalently nj) is equal to 1 —
namely, if one part is composed by a single vertex — then
the graph is called star graph and denoted equivalently as
either Ky ,—1 or S,, where n — 1 is the cardinality of the
other part. From (14), it results:

E=vlxP, (15)

and v} is referred to as the center of the star graph.
QOLAN Entanglement Resource 1: The star graph state
|S,) associated to a star graph S, shown in Fig. 4f represents
the multipartite entangled state generated and distributed
in each QLAN, with each qubit of state |S,) distributed
to a different node. Specifically, by following the labelling
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P
P (it )

P = {if}
Py=A{iif, 0,0}

(a) Each super-node generates and distributes, as described in Fig. 3,
a star graph state in each QLAN, denoted as ‘S.'n]> = (Pl,PQ,E)

and )Sn> = (151., 152, E), respectively. Furthermore, an EPR is shared
between the two super-nodes.

P= i 2 )

Po= (it )

(b) By exploiting the EPR shared between the two QLANS for performing
a remote CZ, a new graph state shared among all the nodes of the two
QLANSs is obtained. Remarkably, also this new graph state is a two-
colorable graph state, and specifically it is a binary star graph |Sp, n,)-

FIGURE 5. Interconnecting two QLANSs through a binary graph state |S,, ,) distributed among all the nodes, obtained from two star graphs distributed in each QLAN and an
EPR pair shared between the two super-nodes. A preeminent feature of the distributed state |S;, »,) is that the qubits associated with the vertices of one part — say P; — are
distributed so that: i) one qubit is at super-node of rightmost QLAN, and ii) the remaining qubits are at clients of the leftmost QLAN.

of (12) and (13), qubit corresponding to vertex v} is stored
at the super-node, whereas qubits corresponding to vertices
{v%, R vﬁ_l} are distributed to the clients.

Such a state corresponds to a graph that perfectly
matches with the QLAN physical topology and it is easy to
generate [7], [39], [41]. It is worthwhile to mention that it
represents the worst-case scenario, since from a star graph
it is possible to extract only one EPR pair, thus limiting the
communication dynamics within the single QLAN. Despite
this, in the next sections we will prove that by properly
manipulating the multipartite states in the different QLANS,
the limitations of the physical topologies can be overcome.

Stemming from the concept of star graph S,, we are
ready now to introduce a two-colorable graph that will be
extensively used in the following, and referred to as binary
star graph Sy, pn,.

Definition 11 (Binary Star Graph): A binary star graph
Sn,.n, 18 a bipartite graph G = (P, P2, E) with the edge set
E defined as:

E=l} x PUP x {v}) (16)
with Py and P, given in (12) and (13), respectively.
From (16), it results that only one vertex in each part of a
binary star graph — namely, v} € Py and v% € Py — is fully
connected, as shown in Fig. 4g.

In Sec IV-B, we will show that — by locally manipulating
at some specific network nodes a binary star state [Sy; »,)
shared between the two QLANs - artificial links among
remote nodes are dynamically generated. Yet, before operat-
ing on such a state, the state must be distributed among all the
nodes. Hence, one preliminary question naturally arises: how
expensive is it — from a quantum communication perspective
— to distribute such a state within the two QLANs? Or, in
other words, how many EPR pairs must be consumed for
distributing such a state? One might believe that the required
number of EPR pairs should somehow depend on the number
of artificial links that must be generated among remote nodes
belonging to different QLANS.
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We answer to this question with the following proposition.

Proposition 1: Let’s assume that a star state 1S, ,) has been
distributed in the first QLAN and that another star state |S’n2)
has been distributed in the second QLAN. Then, a binary
star state |Sy, n,) can be distributed among all the nodes by
consuming only one EPR pair at the two super-nodes.

Proof: Please refer to App. B. |

Fig. 5 depicts the building process of the binary star state,
by also labeling each network node with the vertex-label
corresponding to the associated qubit. We can now define
our global entanglement resource.

Inter-QLAN Entanglement Resource 1: The binary star
state |Sy,, n,) represents the inter-QLAN multipartite entan-
gled resource, which is locally manipulated at network nodes
for dynamically enabling multiple artificial links among
remote nodes.

Remark 5: In this paper, the binary star state [Sy, »,)
represents the entangled resource resulting after the gener-
ation and distribution over intra- and inter-QLAN quantum
channels. Being entanglement a communication resource
(and not information), it is possible to overcome the
constraints imposed by the no-cloning theorem by adopting
entanglement purification protocols, either at the generation
stage or at the distribution stage. As an instance, multiple
rounds of entanglement purification can be employed to
counteract the impact of noise and obtain an inter-QLAN
resource above some fidelity threshold [29]. Furthermore,
even in the worst-case of absorbing quantum channels
— which corresponds to the case of irremediably failed
distribution, thus no farther purification can be attempted
— it is possible to model the entanglement distribution on
noisy quantum channels as Markov chain process, as proved
in [32]. Accordingly, noisy absorbing quantum channels
reduce the probability of successful distribution of the global
entanglement resource, by reducing the number of clients
successfully connected to the super-node. Nevertheless, the
multipartite entangled state distribution can be engineered
such that some requirements, such as for example the
minimum number of connected clients or the maximum
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(a) Hierarchical peer-to-peer artificial topology
discussed in Prop. 2: an artificial fully-connected
topology among all the clients of the same QLAN
and one super-node of a different QLAN.

L
L

B
I

5l

(b) Role delegation type I artificial topology dis-
cussed in Cor. 1: an artificial star topology among
the same set of nodes of Fig. 6a, but centered at
a client of the same QLAN.

(¢) Clients hand-over artificial topology discussed
in Cor. 2: an artificial star topology among the
same set of nodes of Fig. 6a, but centered at a
super-node of a different QLAN.

FIGURE 6. Different artificial inter-QLAN topologies matching with a traffic pattern involving the super-node of one QLAN and clients of the other QLAN. The three topologies
represent three LU-equivalent graph states that can be obtained by local operations'®. Remarkably, all the artificial inter-QLAN topologies are obtained by manipulating a binary

star graph state with local operations and measurements only.

time to be devoted to distribution, are met according to the
application needs, as detailed in [31]. Stemming from the
above, in the following we refer the reader to the wide
existing literature analyzing the noisy effects on entangled
resources (such as [23], [33], [41], [50]), as we focus on the
overlooked topic of entanglement-connectivity manipulation.
Indeed, our aim is to pave the way for engineering the
connectivity in large-scale quantum networks beyond the
classical physical connectivity concept. More into details,
we aim at shedding the light on the artificial neighborhood
concept activated by entanglement to dynamically adapt
to the traffic demands, regardless of the physical distance
among the nodes.

B. DYNAMIC ARTIFICIAL LINKS
Here, we show that multiple artificial links can be dynam-
ically obtained among remote nodes belonging to different
QLANS, by means of local operations only, by overcoming
the limitations induced by the physical inter-QLAN physical
connectivity. Specifically, the set of employed operations
limits to single qubit gates, single qubit Pauli measurements
and classical communications, which all represent free
operations from a quantum communication perspective.

To this aim, we consider four different archetypes sum-
marizing different traffic patterns, namely:

i) peer-to-peer,

ii) role delegation,

iii) clients hand-over,

iv) extranet,

and for each archetype we discuss different artificial topologies
that equivalently satisfy the communication demand.

10 Let us consider the graph G associated with the hierarchical peer-
to-peer artificial topology represented in Fig. 6a. Then, the role delegation
type I artificial topology represented in Fig. 6b, and associated with the
graph G’, can be obtained from the hierarchical peer-to-peer by performing
local complement on G with respect to the leftmost QLAN client iﬁiz,
namely, G’ = 7,2(G). Similarly, by performing local complement on G

1

with respect to the super-node \'/}, we obtain the graph G” corresponding

to the clients hand-over artificial topology represented in Fig. 6¢, namely,

G = 7,1 (G). Clearly, one can obtain G’ from G” and vice versa with
1

local complement operations as well. Specifically, G’ can be converted back
to G by applying an additional local complement operation to the client
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Proposition 2 (Hierarchical Peer-to-Peer): Starting from
a binary star graph state |Sj, ,,) shared between n = n; +
ny nodes belonging to two different QLANS, a n;-complete
graph state |K,,) (with i = 1,2) shared between the super-
node of a QLAN and all the (n; — 1)-clients of the other
QLAN can be obtained.

Proof: Please refer to App. C for more details. |
The effect of Proposition 2, depicted in Fig. 6a, is particularly
relevant from a communication perspective. Specifically,
the obtained complete (i.e., fully connected) graph is LU-
equivalent to a GHZ state, which allows the deterministic
extraction of one EPR pair between any couple of nodes sharing
it. As a consequence, the complete graph obtained exhibits
a remarkable flexibility on the choice of the identities of the
nodes exploiting the ultimate artificial link, aka the extracted
EPR. Notably, the completely connected graph includes
the other QLAN super-node. Hence, from a topological
perspective, the involved clients and super-node act as peer-to-
peer entities, which can exploit the shared entangled state either
to accommodate intra-QLAN traffic requests or inter-QLAN
traffic requests. This consideration induced us to label this
proposition as ‘“hierarchical peer-to-peer’ artificial topology,
by including the differentiation — aka hierarchy — in terms of
hardware requirements between clients and super-node.

It is worthwhile to mention that the “Hierarchical Peer-
to-Peer” artificial topology is particularly advantageous
whenever no information is available on the actual network
traffic features of the QLAN clients. Specifically, if a client
may equally need to communicate with clients belonging to
the same QLANs or with clients belonging to a different
QLAN, then the communication request will be ready to
be served by proactively manipulating the ‘“hierarchical
peer-to-peer” artificial topology. And, remarkably, the com-
munication request is easily served by simply performing
local unitaries and measurements, without any additional
quantum communication. Notably, “Hierarchical Peer-to-
Peer” implements a pure mesh topology between different
network nodes, such as the super-node of one QLAN and
the clients nodes of a different QLAN. This is a particularly
node vl2 Then, G can be transformed into G”. Hence, we achieve the
mutual transitions between G’ and G”. The same considerations hold for

the artificial topologies represented in Fig. 7.
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(a) Pure peer-to-peer artificial topology discussed
in Prop 3 : an artificial fully-connected topology
among all the clients of the same QLAN and one
client node of a different QLAN.

(b) Role delegation type II artificial topology, case
1, discussed in Cor. 3: an artificial star topology
among the same set of nodes of Fig. 7a, but
centered at a client of the rightmost QLAN.

(¢) Role delegation type II artificial topology, case
2, discussed in Cor. 4: an artificial star topology
among the same set of nodes of Fig. 7a, but
centered at a cleint of a different QLAN.

FIGURE 7. Different artificial inter-QLAN topologies matching with a traffic pattern involving one client of one QLAN and clients of the other QLAN. These three topologies
correspond to three LU-equivalent graph states that can be obtained by a sequence of local operations'®. Remarkably, the action of “sacrificing” the artificial link between the
two QLAN super-nodes enables inter-QLAN peer-to-peer artificial topologies particular useful for designing distributed network functionalities relying on client communication

capabilities.

useful topology for applications such as multiparty commu-
nications and quantum conference key agreement [51].

Furthermore, from Proposition 1 two further results follow.

Corollary 1 (Role Delegation Type I): Starting from a
binary star graph state [S,, n,) shared between n = ny +np
nodes belonging to two different QLANSs, a n;-star graph
state |S,,) (with i = 1,2) centered at one QLAN client
node and connecting all the remaining (n; — 2)-clients of the
same QLAN and the super-node of the other QLAN can be
obtained. Proof: Please refer to App. E for more details. W

The result of Cor. 1 is represented in Fig. 6b with the client
node sz being the center of the star graph. By looking at
both Fig. 6a and Fig. 6b it is evident that — differently from
the “hierarchical peer-to-peer” artificial topology exhibiting
M artificial links — the “role delegation” artificial
topology provides less freedom for selecting the identities of
the nodes that can proactively extract the ultimate artificial
link. However, this is not less advantageous as the star
graph comes in handy whenever the traffic pattern likely
involves a specific client node iil.z, which may equally need
to communicate with clients belonging to its QLANS or need
a link outside its QLAN. Due to the particular structure of
this artificial topology — having one client as center of the
star graph instead of the super-node — we were induced to
label this topology as “role delegation” topology of type I.
Indeed, a different type of role delegation topology, named
type 11, is introduced in Cors. 3 and 4.

Another remarkable corollary of Proposition 2 is the
possibility of building the so-called “clients hand-over”
artificial topology between two QLANS, as detailed in the
following corollary.

Corollary 2 (Clients Hand-Over): Starting from a binary
star graph state |S,, ,,) shared between n = n| 4+ ny nodes
belonging to two different QLANS, a n;-star graph state
ISy}, (with i =1, 2) centered at one QLAN super-node and
connecting all the (n; — 1)-clients of the other QLAN can
be obtained. Proof: The proof follows by adopting similar
reasoning as in the proof of Cor. 1, and by setting as arbitrary
neighbouring node ko the super-node {/%. |

We note that, accordingly to Cor. 2, artificial links are
built between a super-node of one QLAN and the clients
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of a different QLAN, as shown in Fig 6c¢c. This, from a
topological perspective, is equivalent to virtually move the
clients of a QLAN into a different QLAN, resembling thus
a sort of clients hand-over from one QLAN to the other.
Furthermore, it is worthwhile to anticipate that the star-
like artificial topologies depicted in Fig. 6b and Fig. 6b
are widely used in the satellite-to-ground networks [52],
where the satellite nodes play the role of the super-
nodes interconnecting multiple ground stations, namely,
clients.

Remark 6: As proved in the Appendices, the artificial
topologies represented in Fig. 6 are obtained by leveraging
suitable sequences of Pauli measurements, which, thus,
represent a tool for engineering the artificial connectivity. To
elaborate more, the graph represented in Fig. 6a leverages a
sequence of Pauli-z and Pauli-y measurements. Remarkably,
by replacing the Pauli-y measurement at the super-node with
a Pauli-x measurement, we obtain the LU-equivalent graph
state corresponding to a star graph among all the nodes,
as shown in Fig. 6b. A Pauli-x measurement is equivalent
to the sequence of graph operations given in (11) that
involves the arbitrary neighbor ko. And indeed k¢ represents
an engineering parameter. In fact, by choosing a client as
ko — as instance, say kg = sz — we obtain a graph state
corresponding to a star graph centered at v,2 as shown in
Fig. 6b. Differently, if we set kp = {1}, the star graph is
centered at {/{, as shown in Fig. 6c¢.

From the above, it may be concluded that only artificial
topologies involving super-node and clients can be built
upon the binary star graph state S, ,,). The following
Proposition 3 and the subsequent Cors. 3 and 4 prove,
instead, that artificial topologies involving only clients
belonging to different QLANs can be built by properly
manipulating the binary star graph state.

Proposition 3 (Pure Peer-to-Peer): Starting from a binary
star graph state |S,, ,,) shared between n = n; + ny nodes
belonging to two different QLANS, a n;-complete connected
graph state |K,,), with i = 1, 2, shared between one client
node of a QLAN and all the (n; — 1)-clients of the other
QLAN can be obtained. Proof: Please refer to App. F for
more details. |
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As shown in Fig. 7a, Proposition 3 allows an arbitrary
client belonging to a QLAN to share an artificial link with
any client belonging to a different QLAN. Hence, it generates
an artificial QLAN topology among peer client entities —
thus, the naming “pure” — by neighboring remote nodes,
despite the original constraints imposed by the physical
topologies.

Indeed, a pure peer-to-peer artificial topology extends
the flexibility on the choice of the identities of the nodes
exploiting the ultimate artificial link, by involving only clients
at different QLANSs. This could be particularly advantageous
for designing distributed network functionalities relying on
clients communication capabilities. Indeed, if a client needs
to communicate with a client belonging to a different QLAN,
then — by proactively manipulating the artificial topology — the
communication request is ready to be served, without further
orchestration at the super-node. Indeed, the communication
request is fulfilled by performing local unitaries without any
additional quantum communications. And, actually, the client
of the other QLAN can be selected by properly manipulating
the initial binary star graph. Hence their identities can be
engineered on-demand.

From a communication perspective, as the hierarchical
peer-to-peer, the pure peer-to-peer forms a fully-connected
artificial topology, where each node shares an artificial
link with all others. Hence, this property is particularly
beneficial in multiparty scenarios which require consensus
and coordination such as quantum secret sharing [53], [54]
and quantum voting systems [55], [56].

Corollary 3 (Role Delegation Type II - Case 1): Starting
from a binary star graph state |S,, ,,) shared between
n = nj + ny nodes belonging to two different QLANS, a n;-
star graph state |S,,) (with i =1, 2) centered at one QLAN
client node and connecting all the remaining (n; — 2)-clients
of the same QLAN and a client node of the other QLAN
can be obtained.

Proof: Please refer to App. G for more details. |

Similarly to Corollary 1, due to the particular structure
of this artificial topology shown in Fig. 7b — which has
one client as center of the star graph instead of the super-
node — we are induced to label this topology as ‘“role
delegation topology type II”, since (differently from type
I) no super-node is connected within the star graph. A
different realization of this topology — labeled as “case 2”
for distinguish from the previous one that is labeled as “case
17 — is derived with the following corollary.

Corollary 4 (Role Delegation Type II - Case 2): Starting
from a binary star graph state |[S,, ,,) shared between
n = n1 + ny nodes belonging to two different QLANS, a
n;-star graph state [S,;) (with i = 1,2) centered at one
QLAN client node and connecting all the (n; — 1) clients of
the other QLAN can be obtained.

Proof: The proof follows similarly to Cor. 3, by setting
ko = vj2 |

The result of this corollary establishes that artificial links
are built between a client of one QLAN and all the clients of
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the other QLAN, as shown in Fig. 7c. This topology comes
in handy whenever a client node V> needs to communicate
with clients belonging to a different QLAN.

Remark 7: The theoretical results established via Props. 2
and 3 and their corollaries make evident that it is possible
to overcome the constraints imposed by the physically
topologies by locally and properly manipulating engineered
multipartite entangled states, without any further use of
quantum links. This is equivalent to neighbor remote nodes,
where the concept of neighboring is not meant in terms of
physical proximity via physical links, but it rather should be
intended — as discussed in [17] — as “entangled proximity”.

The degrees of freedom offered by the binary star graph to
select the identities of the nodes sharing the ultimate artificial
link are further highlighted by the following proposition and
its subsequent corollary.

Proposition 4 (Extranet): Starting from a binary star
graph state |Sj, ,,) shared between n = n; + ny nodes
belonging to two different QLANS, a (n] +ny — 2)-complete
bipartite graph state |Kj, _1 ,,—1), shared between all the
(n1 — 1)-clients of one QLAN and all the (n; — 1)-clients
of the other QLAN can be obtained. Proof: Please refer to
App. H for more details. |

Remark 8: The effects of the result in Proposition 4,
depicted in Fig. 8a, are particularly relevant form a com-
munication perspective. Notably, allowing connections only
between nodes in different sets enables the ‘“extranet” to
effectively reflect cross-set interactions. Specifically, artifi-
cial links are created among clients belonging to different
QLANS. Thus, inter-QLANs communication needs can be
promptly fulfilled, by selecting on-demand —i.e., accordingly
to the traffic patterns — the identities of the clients sharing
the ultimate artificial link. With respect to the topology
in Fig. 7c, it is evident that the degrees of freedom in
selecting these identities are higher. This comes without
paying the price of additional quantum communications,
but only by engineering the proper local operations to be
performed — in such a case — at the super-nodes. This,
from a topological perspective, can be seen as obtaining an
“extranet” interconnecting all the clients of the two original
“intranets”, thus the name. Finally, as a practical example,
we note that in quantum software architecture blueprints for
the cloud [57], dynamic supply-demand relationship between
sellers and buyers reflects an interaction pattern similar to
an extranet topology.

Corollary 5 (Double Role Delegation): Starting from a
binary star graph state |S,, ,,) shared between n = n| + np
nodes belonging to two different QLANS, a (n1 + ny — 2)-
binary star graph state |S;,, 1 ,,—1) shared between the (n; —

Upet us consider the graph G corresponding to the extranet artifi-
cial topology represented in Fig. 8a. The graph G can be successfully
transformed into G/ corresponding to the double role delegation artificial
topology represented in Fig. 8b by performing the sequence of local
complementation operations t. z(r z(r z(G))) Clearly, G’ can be converted

back to G by performing locz{l operatlons on some specific nodes of the
double role delegation artificial topology.
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(a) Extranet artificial topology discussed in Prop. 4: an artificial complete
bipartite topology interconnecting each client of one QLANs with each
client of the other QLAN.

(b) Double Role Delegation artificial topology of Cor. 5: an artificial binary
star topology among the same set of clients of Fig. 8a, centered at two

client nodes belonging to two different QLANS.

FIGURE 8. Different artificial inter-QLAN topologies matching with a traffic pattern potentially involving all the clients of the two QLAN. The two topologies represent two
LU-equivalent graph states that can be obtained by leveraging different local operations'’. Although LU-equivalent, the two artificial topologies are able to accommodate

different client traffic patterns.

1)-clients of one QLAN and the (np — 1)-clients of the other
QLAN, centered at one client from each QLAN, can be
obtained. Proof: Please refer to App. I for more details. W

The result of Cor. 5, depicted in Fig. 8b, extends the
dynamics offered by the artificial topology in Fig. 7b.
Indeed, differently from the “extranet” topology, with the
“double role delegation” artificial topology both intra-QLAN
and inter-QLAN traffic demands can be accommodated. The
price is having less degree of freedom in selecting the
identities of the clients sharing the ultimate artificial link.
The same considerations made for role delegation type I
and clients hand-over topologies hold for the remaining role
delegation (type II and double role delegation) topologies,
as they all exhibit a star-like artificial topology. Remarkably,
this topology is widely used in the satellite-to-ground
quantum network [52] and is envisioned to play a key role
in wide-area quantum networks.

Remark 9: As highlighted in Section IV-A, our contribu-
tion can be applied also in presence of noisy distribution
process, by adopting flexible noise network tools and
frameworks as the ones in [31], [32]. Indeed, considerations
on noisy local operations can be easily included too in
our framework. Specifically, the action of local Pauli noise
is equivalent to undesired Pauli-z and Pauli-y measure-
ments [23], [33]. Clearly, such noisy operations reduce the
number of network nodes joining the artificial topology and
hence impact the inter-QLAN connectivity. Thus, similar
considerations developed in Section IV-A continue to hold.

V. CONCLUSION AND FURTHER WORKS

The goal of this paper is to provide an operational and easy-
to-use guide for understanding and manipulating the artificial
topology enabled by multipartite entangled states, with the
aim to facilitate the design and engineering of dynamic
communication protocols. As a consequence, we departed
from the traditional combinatorial study of graph states,
to focus on the theoretical analysis of different artificial
inter-QLAN topologies. Such topologies are enabled by the
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proper manipulation of two-colorable graph states via local
operations, and they are able to accommodate different inter-
QLAN traffic patterns.

More in details, the design of two-colorable graph states
used as inter-QLAN entangled resource follows the simplest
scenario of classical LAN interconnection, such as two
switched LANSs interconnected by a single physical channel.
Remarkably, the designed state is the simplest multipartite
entangled state allowing inter-QLAN connectivity, since
it requires for its preparation only a single EPR to be
distributed between the different QLANSs. Furthermore, even
with this minimal requirement, it enables entanglement-
based connectivity between the client nodes of the two
considered QLANSs, which are not connected in the physical
topology. Indeed, this resource enables a pure mesh topology
between different QLANS clients, such as the peer-to-peer
topologies.

As mentioned in Section I, our proposal represents a
preliminary step toward the design of traffic-dependent
communication scenarios. Besides the use-cases analyzed in
Section IV, further applications of the proposed model can
be envisioned in scenarios involving a variable entanglement
demand, where the variability may concern the identities
of the involved nodes as well as the artificial links inter-
connecting them. One possible use-case in this direction is
the interconnection of multiple quantum sensors [45], [58],
where the set of involved sensors can be dynamically
determined at runtime and according to local feedback. For
instance, suppose the super-nodes retrieve information about
geographical information on target quantity to be measured.
In that case, by properly manipulating the multipartite
entangled state, the identities of sensors actively involved
in the protocol can be adjusted accordingly. Similarly,
our model can support entanglement-based quantum key
agreement, where the set of participants in the agreement
can be modified on-demand [59].

We aim at extending the proposed framework by investi-
gating several future research directions, as:
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FIGURE 9. Summary of the paper contribution and methodology. (a) Initial physical topology. The initial scenario consists of two QLANs: QLAN-1 (blue) and QLAN-2 (yellow).
Each QLAN is equipped with a super-node that serves as a central hub and is connected to a set of local client nodes through quantum physical channels (intra-QLAN physical
channels). The two QLAN are connected through one point-to-point quantum physical channel (inter-QLAN physical channel) which has the two QLAN super-nodes as
endpoints. (b) Inter-QLAN resource. We generate and distribute a particular graph state, referred to as inter-QLAN resource which is associated with an artificial topology that
matches the physical topology. The cost of the inter-QLAN resource corresponds to the cost of distributing one EPR over each physical channel and perform
controlled-operations at the super-nodes. Stemming from the inter-QLAN resource, the topologies represented in subfigures (1), (2), (3), (4) can be extracted “for free”, namely,
by manipulations of the inter-QLAN resource though local operations and Pauli measurements. Notably, we present four of the most representative artificial topologies that
correspond to different traffic patterns: hierarchical peer-to-peer, pure peer-to-peer, double role delegation, and extranet. Remarkably, all these artificial topologies are derived

from the inter-QLAN resource using only local operations and measurements.

- impact of decoherence on the artificial topology;

- analysis of the scalability properties exhibited by our
proposal, as the number of QLANSs and clients scale;

- simulation of the proposal with traffic patterns tailored
for specific applications, through selected quantum
network simulators.

More in details, noise can affect multiple stages of the
proposal. An analysis of noisy entanglement distribution can
be included in the presented framework by leveraging Markov
chains as done in [31], [32]. Furthermore, noisy controlled-
operations impact the average waiting time for fulfilling an
inter-network communication request. In this context, we
envision that the waiting time exhibited by an EPR-based
approach is somehow fixed, being related to the time required
to perform entanglement swapping. Differently, we envision
that the multipartite-based approach could exhibit null waiting
times for inter-network request arrival rates lower than the
time required to prepare the inter-QLAN entangled resource.
However, this requires a quantitative and formal analysis,
which we aim at developing in a future work.

Another important future investigation includes the analy-
sis of the impact of Pauli noise on the proposed framework,
by leveraging the equivalence between this type of noise
and undesired Pauli-z and Pauli-y measurements on graph
states, as shown in [23], [27], [33]. We expect that such
noisy measurements reduce the number of network nodes
connected via the artificial topology. Nevertheless, we
observe that undesired measurements would also destroy
artificial links in EPR-based approaches.

Regarding, instead, the scalability properties exhibited by
our proposal as the number of QLANs and clients scale,
we envision that our approach can maintain topological
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consistency with the archetypes analyzed for the artificial
topologies in Section IV, by changing the designed entangled
resource, i.e., by moving from a bi-star state to a n-
star state. However, this has to be confirmed by a formal
analysis. Indeed, further investigation includes the analysis
of multiple-QLANS interconnection with minimal require-
ments on the inter-QLAN physical channels. Additionally,
it would be beneficial to design inter-QLAN topologies that
enable disjoint node subsets to be interconnected separately,
concurrently, and on-demand.

Finally, another promising direction is simulating the
proposed framework in realistic use-cases, using network
simulators.

We underline that our contribution should be intended
as hands-on guideline for the network engineering com-
munity to recognize the marvels — with no-classical
counterpart — enabled by entanglement for networking and
inter-networking tasks.

APPENDIX A

A GUIDED EXAMPLE OF PROPOSED FRAMEWORK

In the following paragraph we provide a guided example
for our framework, summarizing the main steps of our
contribution. Specifically, we refer to a pictorial illustration
in Fig. 9 as a summary of the contribution. We start from the
physical topology shown in the upper left corner of Fig. 9.
This represents the considered quantum network architecture
which comprises two QLANs: QLAN-1 (blue) and QLAN-2
(yellow). Each QLAN is equipped with a super-node that
serves as a central hub and is connected to a set of local client
nodes through quantum physical channels (intra-QLAN
physical channels). The two QLAN are connected through
one point-to-point quantum physical channel (inter-QLAN
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FIGURE 10. Generation of a binary star state starting from two star states distributed in each QLAN, with physical topology (quantum links) omitted for the sake of simplicity.

(a) Initial scenario where three entangled resources are shared: i) star state |$,,1) among QLAN1 nodes, ii) star state |§,.2) among QLAN2 nodes, and iii) an EPR pair between the
two super-nodes |'/1‘ and i},‘). (b) By consuming the EPR shared between the two super-nodes, a remote cz operation is performed. This results in the generation of the additional
edge (|'/,1 . i}1‘ ), represented by the purple wavy line. (c) By re-coloring the overall graph, it becomes evident that it is a two-colorable graph corresponding to the binary star graph

state |s,,1 g )

physical channel) which has the two QLAN super-nodes
as endpoints. Stemming from this physical topology, we
establish an artificial topology that matches the physical
topology. This is achieved by distributing the multipartite
entangled state, referred to as inter-QLAN resource and
represented in Fig. 9.b. Such a distribution process requires,
as a communication cost, the distribution of one EPR pair
for each physical channel and controlled-operations to be
performed at the super-node.

Our aim is to be able to obtain artificial links (purple lines
in Fig. 9.b) between nodes that are not connected in the
physical topology, without additional quantum communica-
tion overhead. Furthermore, we aim at achieving different
artificial topologies for being able to accommodate different
traffic patterns.

Notably, we show that, once the inter-QLAN resource is
distributed, different artificial topologies — that significantly
differ from the physical one — can be achieved without further
cost from a quantum communication perspective, as no
additional entanglement distribution or controlled-operations
are required. More in details, the inter-QLAN resource is
manipulated and transformed by the means of only local
operations, that can be considered as free operations from
a quantum communication perspective. Here, we provide
four examples of the most representative inter-QLAN traffic
patterns for illustration:

1) The super-node in QLAN-1 requests to connect with the
clients belonging to QLAN-2;

2) One client node — instead of the QLAN-I super-
node— requests to connect with the clients belonging to
QLAN-2;

3) One client node in QLAN-2 requests to be delegated as
a super-node;

4) The entire set of clients belonging to QLAN-2 collec-
tively request to connect with the entire set of clients
belonging to QLAN-1.

By engineering multipartite entangled states distributed
across the QLANSs, we first construct a dynamic inter-QLAN
artificial topology, as shown in lower left corner of Fig. 9.
Here “dynamic” implies that such an artificial topology
can be manipulated on-demand so that the identities of the
nodes interconnected within the artificial topology change at
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run-time. In this work, we flexibly adjust the artificial inter-
QLAN topologies to different traffic patterns. For example,
in response to the traffic patterns mentioned above, we can
exploit the following artificial topologies:

1) Hierarchical peer-to-peer artificial topology: an artifi-
cial fully-connected topology among all the clients of
QLAN-2 and the super-node of QLAN-1. This config-
uration appears particularly advantageous whenever no
information is available on the actual network traffic
features of the QLAN-2 clients;

2) Pure peer-to-peer artificial topology: an artificial fully-
connected topology among all the clients of QLAN-2
and the client node of QLAN-1. This could be partic-
ularly advantageous for designing distributed network
functionalities relying on clients communication capa-
bilities;

3) Double Role Delegation artificial topology: an artificial
binary star topology among each client of QLAN-1 and
QLAN-2, centered at those two client nodes belonging
to two different QLANs. This results advantageous to
release the super-nodes resources while being able to
preserve the artificial topology structure;

4) Extranet artificial topology: an artificial complete bipar-
tite topology interconnecting each client of QLAN-1
with each client of QLAN-2. This configuration comes
handy whenever no detailed information on the clients
inter-QLAN traffic features is available.

APPENDIX B

PROOF OF PROPOSITION 1

Let us label the vertices of the graphs Snl = (P, P52, E) and
S‘,,z = (p],Pz,E), associated to the graph states |S’n1) and
|:§n2) distributed in the first and second QLANSs respectively,
according to (12) and (13):

A7)
(18)

P =l APy =2, ...
Py =l APy =, ...

02
’vnlfl}’
XY
7vn2_1}7
with E = P; x Py and E = Py x P,. Accordingly and

as shown in Fig. 10-a, the qubits of graph state |Sn1> are

distributed among the nodes of the first QLAN, with the

super-node storing the qubit associated to vertex \'1% and
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the clients storing the qubits associated to 1'/%, . ..,i}ﬁl_l
Similarly, the qubits of the graph state |S,,2) are distributed
among the nodes of the second QLAN, with the super-node
storing the qubit associated to the vertex 33} and the clients
storing the qubits associated to 15%, ey i)ﬁl_l. By consuming
an EPR pair, the two super-nodes can perform a CZ operation
between the two qubits at their sides, which corresponds
to adding edge (i/{,iil) between the associated vertices in
the corresponding graph, as shown in Fig. 10-b. Hence, this
additional edge connects the (only) vertex in P; with the

(only) vertex in 152, and it results:

E=EUEU{(l, ). (19)

If we want to color the overall graph, then these two
vertex sets must be colored with two different colors, say
orange and cyan. However, no edges connect the vertex in
P1 with vertices in Pz, and hence all these vertices can be
colored with the same color, orange. Similarly, no edges
connect vertex in Pl with the vertices in 152, hence all these
vertices can be colored with the same color. It follows that
the overall graph G is a two-colorable graph with parts P
and P, given by:

PL=P UPy =i}, ¥,.... 70 |} (20)
Py =P UPy={i],¥],....70 ) (21)

and with edge-set E in (19). The proof follows by acknowl-
edging that (19) coincides with (16).

APPENDIX C

PROOF OF PROPOSITION 2

Let us adopt Fig. 5 labeling and let us suppose that the state
|K,;) to be obtained must interconnect the clients of the
right-most QLAN, which implies n; = ny.'> Accordingly,
the final state must be the complete graph state |K,,), which
corresponds to complete graph K, = (Pl,Pf), with Py
defined in (20).

The proof follows by performing: i) (n; — 1)-Pauli-z
measurements on the qubits stored at the clients of QLAN-
1, and ii) a Pauli-y measurement on the qubit stored at the
super-node of the second QLAN. From (11), it results that
the action of (n; — 1)-Pauli-z measurements is equivalent to
remove all the client vertices in P, in (21), which yields to
the graph:

— P\ (B} = (PLU L P x (B])) =S4, (22)

We observe that the graph S/ 41 In (22) corresponds to a
star graph connecting the Vert1ces in the set P; U {v }, with
the super-node i}i being the center of the star.

Then, a Pauli-y measurement is performed on the qubit
stored at super—node of second QLAN and associated to
the vertex i}l From (11), the action of this measurement is

equivalent to the local complementation of the graph Sn 41

Snl n2

12Clearly, the same final state shared among a set of n; < n; nodes
can be obtained straightforwardly, by simply removing the undesired nodes
with Pauli-z measurements at their qubits.
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at vertex 331, followed by the deletion of 33} from the graph,
ie., T, 1(S,12 )~ pl 1- Step-by-step, we first perform the local

cornplernentatlon T 1(S’ 1) which yields to the graph:
Tﬁ% (S;lz-‘rl) =

.1 .1 2

= (Pru Gl (PrU )

This equals to adding to the edge-set of the star graph S/, 1
all the possible edges having both endpoints in the subset
Pi. Asa result, we obtain the complete graph connecting the
set P U {i5 }. We then proceed by removing the super-node

vl, and the proof follows: t 1(Sn L) (P1,P%) =K,

(P U1}, P1 x {¥]) UN% \En,)
1

(23)

APPENDIX D

INTERMEDIATE RESULTS: PAULI-X MEASUREMENT AT
STAR GRAPH CENTER

In the following, we prove an intermediate result widely
used thorough the remaining appendices, namely, the Pauli-
x measurement on the qubit stored at the center of a star
graph state. Hence, it is convenient to collect it in a separate
appendix for the sake of clarity.

Lemma 1: Performing an x-measurement of the qubit held
at the center 1'/1 of a star graph Snl (Pl, P2, E) with ko
set equal to v yields to a new star graph Sn1—1 among the
. Proof: Let us adopt

Fig. 5 labeling and let us consider the initial graph S,,1 as
defined in App. B. According to (11), the x-measurement on
the qubit corresponding to vertex {1} is equivalent to perform
the following sequence of graph operations, where we set

ko = 1'1/2 as from the thesis:

i (Tv} (%}2 (Su)) — Vl)

We proceed step-by-step. First, the local complementation
at node 1')2 does not alter the graph, i.e., rz(Snl) = S,”,

since the nerghborhood N, 2 of v vj has cardlnalrty equal to 1.

Then, the local complementatlon at v1 adds to the edge-set
of Sn] all the possible edges among the vertexes in P2 As a
result, the complete graph K,ll connecting the set P> U {v }
is obtained:

set of nodes P2 with center node v

(24)

75y (5n) = (P2 U 13]), (P2 x (9]) UNG \ Ewy)
= (P, U]}, (P2 x {0])) UPZ) K,. (25
Then, by removing \'/}, the resulting graph is:
Ky =91 = (P2, P3) = Ku, 1, (26)

which corresponds to the complete graph involving the set
of nodes P,. Finally, the local complementation at node 19].2
yields to the graph:

1—‘,}]2(['{”1_1) = (Pz, <P% UN§g> \EN‘.Q)

= (P2, (7} x (Pz \ {7 })) 27)

nl 1
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where N22 = EN2 = P\ {vZ}. Accordingly, the local

] J

compl ementation at V2

removes from the edge-set of Knl 1
all the possible edges among the vertexes in P \ {v2} and

returns the star graph Snl 1 involving the cons1dered nodes
with node vj being the center of the star. |

APPENDIX E

PROOF OF COROLLARY 1

The proof follows by adopting similar reasoning as in
Proposition 2. Specifically, we adopt Fig. 5 labeling and
we suppose, without any loss in generality, that the star
graph state |S'n,> has to be shared among all the right-most
QLAN clients. Accordingly, the ﬁnal star graph state is |Sn2)
correspondmg to the star graph Sn2 = ({vz} {v YU Py
{v2} E) with P, defined in (18) and with E= v X {{vl}UPz\
{v2}} Specifically, Snz corresponds to a star graph centered
at one arbitrary client i vl of second QLAN and connecting
the super-node of first QLAN and the remaining clients of
second QLAN. The thesis follows by performing: i) (n; —1)-
Pauli-z measurements on the qubits stored at the clients of
QLAN-1, and ii) a Pauli-x measurement on the qubit stored
at the super-node of the second QLAN, by setting ko equal
to v . The effects of (n; — 1)-Pauli-z measurements are the
same as analyzed in App. C, by yielding so to the star
graph S/ my+1 10 (22). Then, as proved in App. D, the Pauli-x
measurement on the qubit v} returns a star graph 3‘,,2 shared
between the set P in (20) and super-node v% with one client
node vt2 in P being the center of the star.

APPENDIX F

PROOF OF PROPOSITION 3

Similarly to the previous proofs, we adopt Fig. 5 labeling
and we suppose, without any loss in generality, that the
n;-complete connected graph state |K,,) has to be shared
between one client node of the first QLAN and all the
(ny — 1)-clients of the right-most QLAN. Accordingly,
|Kn2) corresponds to the complete graph K,, = ({v } U
P, ({v2} U P»)?) with P, defined in (18). The proof follows
by performmg i) (n1 — 2)-Pauli-z measurements on the
qubits stored at the clients of the left-most QLAN, with the
exception of the client V2, ii) a Pauli-y measurement at the
super-node of the first QLAN, and iii) a Pauli-y measurement
at the super-node of the second QLAN. From (11), by
performing (n; — 2) Pauli-z measurements on the clients of
first QLAN is equivalent to remove all the clients in P,
in (21), except for the client node v . Thus the resulting

graph is Sy, n, — (P> \ {v2}) which is equal to:

(LU o) ) x Pru(i7,
—— ——
V/ E/

v})}) 26 (29

Then, a Pauli-y measurement is performed on the qubit —
associated to the vertex v{ — stored at super-node of the first
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QLAN. From (11), and by reasoning as in Appendix C, this
yields to the graph:

71 (G') =i = (V. E UN2 \EN,)—v{

= (V. E U{vl, 1-2}2\“)_ V=

We observe that the graph S 1 in (29) corresponds to a
star graph connecting the set P2 U {vl, 2} with super-node
v1 being the center of the star. Then, a Paull -y measurement
is performed on the qubit v} stored at super-node of second
QLAN. From (11), this is equivalent to perform the following
sequence of graph operations T {(Snz ) - v} Step-by-step,
the local complementation yields to the graph:

. . 2
7 (Spa) = (B2 U 62,50, (B U G2 50)) G0)

This equals to adding to the edge-set of the star graph SZ 41
all the possible edges among the subset P> with node {vz}
As a result, we obtain the complete graph connecting the set
PyU {v}, v]?}, namely, the client nodes of the second QLAN,
one client node {vz} and the super-node of the first QLAN.

Then, by removing the super-node i vl, the proof follows:
f‘v‘}( 1) =

APPENDIX G

PROOF OF COROLLARY 3

Similarly to the previous proofs, we adopt Fig. 5 labeling
and suppose that the state to be obtained is shared among all
the right-most QLAN clients. Accordingly, the final state has
to be |S,,) corresponding to star graph §,, = ({v2} {v2} U
P> \ {v2} E), with P,, defined in (18) and with E = v X
{{v’} Upby\ {vlz}} Thus the star graph is shared between
the client node vf of the left-most QLAN and the clients of
the right-most QLAN with one client node vl2 of right-most
QLAN being the center of the star. The proof follows by
performing: i) (n; — 2)-Pauli-z measurements on the qubits
stored at the clients of the left-most QLAN except at the
client 2, ii) a Pauli-y measurement of the super-node of the
first QLAN, and iii) a Pauli-x measurement of the super-
node of the second QLAN with the arbitrary node ko set
equal to v . By reasoning as in the Appendix F, it is easy
to recognize that the graph before the x-measurement at the
super-node v}, is the star graph S’ +1 expressed in (29).
By accounting for this, for the result in Appendlx D, and
by performing a Pauli-z measurement on v , the star graph
Sy, with the client node i v € Pz being the center of star is

obtained by setting ky = vl2

B = (7} U By, ({vf} U 132) ) = Ky, (31)

APPENDIX H

PROOF OF PROPOSITION 4

We adopt Fig. 5 labeling again, and the proof follows by
performing: 1) a Pauli-x measurement on the qubit associated
to the vertex v} of the super-node of the first QLAN, with
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ko set equal to iﬁi, and ii) a Pauli-z measurement on the

qubit associated to the vertex iﬁ} of the super-node of the

second QLAN. From (11), a Pauli-x measurement on 1')}

with ko = i}{ is equivalent to perform the sequence of graph
operations Tl (‘L"-}{ (‘L'v{ (Snym)) — {/}). Step-by-step, the local

complementation at super-node iﬁ} adds all the possible edges
having both endpoints belonging to the set Py, by yielding
to the graph tﬁ (Sny,n):

(P1UPy, (P1 x {v}}) U (P2 x {v}}) UPY). (32

We observe that the neighborhood N{)} of 1'/} in Tl (Sny,n)

is Pt UP, \ {{1%}. Hence, the local complementation at the
super-node 1'1{ yields to the graph:

o)
= (Pl U Py, ({V%} X Pz) UP% U (Pz X Pz)), (33)

where Py, P are defined in (20) and (21). Then, we proceed
by removing the super-node \'/i, which yields to the graph:

% (zﬂ (sm,,,z)) — ¥l = (ByU Py, P2U (Py x ). (34)

We observe that the neighborhood N1 of v% in (34)

corresponds to the set P,. Hence, the local complementation
at the super-node i V1 yields to the graph:

751 (g (5 (Sm)) = 1) =

= (Pz U Py, ({V%} X P2) U (P2 X P2) 35)
The proof follows after a Pauli-z measurement on 33}:
o (71 (71 (Sm)) = 71) = 1) =
= (P2 U Py, Py x Py) = Kny—1,m,—1. (36)

APPENDIX |

PROOF OF COROLLARY 5

Similarly to the previous proofs, we adopt Fig. 5 labeling.
The proof follows by performing: i) a Pauli-x measurement
on the qubit associated to vertex izi of the super-node of the
first QLAN with the arbitrary node kg set equal to \'/J.z, and
ii) a Pauli-x measurement on the qubit associated to vertex
'\3} of the super-node of the second QLAN with the arbitrary
node ko set equal to v . From (11), a Pauli-x measurement
on v1 with ko = VJZ is equ1va1ent to perform the sequence of
graph operations ‘K‘-)g(‘r‘-)} (732 Snymp)) — \'}}). By reasoning as
in the previous appjendix, 1t can be easily verified that one
obtains the following graph:

7 (5 (13 (Soe)) = 1) =
= (P,uP,, ({vi} x Pz) U ({9} x (Pz \ {Vf}))) =G.

14

E
(37
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We then perform a x-measurement on the super-node '\5%
of second QLAN with the arbitrary node ko set equal to
1},2. From (11), this is equivalent to perform the following
operations:

72 (fﬂ (7:2(G)) — v}). (38)
Step-by-step, the local complementation at client v does
not change the graph G. Then the local complementatlon at
super-node 1 v1 yields to the graph:

7 (G) = (V, ({v}} x ﬁ2) U B2 UE) (39)
—_—

E

By removing 33}, the resulting graph is given by Tl (6) —pl

VAGDEU (O = (P\6)) =T @0)

The proof follows by observing that the neighborhood N; 2

of v in G corresponds to the set P,. Thus, the local
complementatlon at v yields to the graph t. z(G’ ):

A .2 . 2 .
(P2, Py, ({17} x P2) U ({#7} x P2) = Suy—1.my—1.  (41)
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